7.0

Data-Stack Theory

syntax: stack empty push pop top

axioms:

or

empty: stack
push: stack—X—stack
pop: stack—stack

top: stack—X

empty, push stack X: stack
empty, push B X: B = stack: B

P empty A Vs: stack: Vx: X- Ps= P(push s X)
= Vs stack- Ps

push s X &= empty
pushsx=pushty = s=ta x=y
pop (pushsx) =s
top (push s x) = x



7.1

Data-Stack | mplementation

stack = [*int]

empty = [nil]

push = As: stack- Ax: int- st[X]

pop = As: stack:if ssempty then empty else s[0;..#s-1]

top = As: stack:if ssempty then O else s (#s-1)

Proof (last axiom):

top (push s x) = x

top ((As: stack: AX: int- st[X]) SX) = X

top (s*[x]) = X

(As: stack- if ssempty then 0 else s (#s-1)) (st[X]) = x

(if s*[X]=[nil] then 0 else (s[x]) (#(s*[X])-1)) = x

(s*[X]) (#s) = x

X=X



7.2

usage:
var a, h: stack

a:=empty. b:=pusha?2

consistent? yes, we implemented it.

complete? no, the boolean expressions
pop empty = empty
top empty =0

are unclassified. Proof: implement twice.

user ensures that only theory implementer ensures that

stack properties are as all stack properties

relied upon firewall are provided



7.3

Simple Data-Stack Theory

pop: stack—stack istoo strong; it implies pop empty: stack
top: stack—X istoo strong; it implies top empty: X
induction is unnecessary

empty is unnecessary

stack # null

push s x: stack
pop (pushsx) =s
top (push sx) = x



7.4

Data-Queue Theory

emptyq: queue
join: queue—X—Qgueue Or join g Xx: queue
join g x £ emptyq
joingx=joinry = qg=r A x=y
leave: queue—queue or leaveq: queue or
g+ emptyq = leave q: queue
front: queue—X or frontg: X or
g+ emptyg = front g: X
emptyq, join B X: B = queue: B
leave (join emptyqg X) = emptyq
g+=emptyq = leave (join q X) =join (leave Q) X)
front (join emptyq X) = X

g+=emptyq = front (join g x) =front q



7.5

Strong Data-Tree Theory

emptree: tree

graft: tree—=X—tree—tree

emptree, graft B XB: B = tree: B

graft t X u & emptree
grafttxu=graftvyw = t=v A Xx=y A U=w
left (graftt xu) =t

root (graft t x u) = x

right (graftt xu) =u

Weak Data-Tree Theory

tree = null

graftt x u: tree

left (graftt xu) =t
root (graft t x u) = x

right (graftt xu) =u



7.6

Data-Tree | mplementation
tree = emptree, graft treeint tree
emptree = [nil]
graft = At: tree- AX: int- Au: tree- [t; X; U]
left = At: tree-tO

right = At: tree-t 2

root = At: tree-tl

[[[nil]; 2; [[nil]; 5; [nil]]]; 3; [[nil]; 7; [nil]]]

[ '2'/[];3;[]\'7' ]
[nilfl,[ ¥5 ][f%], ’[§|]
[\

[ nil ] [ nil ]



7.7

tree = emptree, graft treeint tree
emptree = 0
graft = At: tree- AX: int- Au: tree:

“left"—t | "root"—x

"right"—u
left = At: tree- t "left”
right = At: tree- t "right"

root = At: tree-t "root"

"left’ —  ("left" — 0
| "root" — 2
| "right” — ("left" —0

‘root"” — 5

"right" = 0))

“root" — 3

"right” — ("left" — 0
| "root" — 7

| "right” —0)



7.8

Program-Stack Theory

syntax: push (aprocedure with parameter of type X)

pop (aprogram)
top (of type X)

axioms.
top'=x <= push X

ok <= push x. pop

ok
< push x. pop

push x. ok. pop
< push x. pushy. pop. pop

top’'=x

f

push x. ok

f

push X. pushy. pushz pop. pop



7.9

Program-Stack | mplementation

var s. [*X] Implementer's variable
push = Ax: X-s=st[X]

pop = s.=s]0;.#s-1]

top = s(#s-1)

Proof (first axiom):

(top'=x < push x) replace push and top
= (S(#Hs-1)=x < s=st[x]) List Theory
= T

consistent? yes, implemented.

complete? no, we can prove very little if we start with pop



7.10

Fancy Program-Stack Theory

top'=x A misempty’ <= push x
ok <= push x. pop

isempty’ <= mkempty

Weak Program-Stack Theory

top'=x <= push X
top'=top <= balance
balance <<= ok

balance < push x. balance. pop

Thisalows
count' =0 < start
count’ = count+l <= push X

count’ = count+l <= pop



7.11

Program-Queue Theory

isemptyq’ <= mkemptyq

isemptyq = front'=x A -isemptyq’ < join X
sisemptyq = front'=front A -isemptyqg’ <= join x
isemptyg = (join X. leave = mkemptyq)

~isemptyqg = (join x. leave = leave. join X)



7.12

Program-Tree Theory

Variable node tellsthe value of the item where you are.
Variable aim tellswhat direction you are facing.
Program go moves you to the next node in the direction you are

facing, and turns you facing back the way you came.,

(aim=up) = (aim'+up) < go

node'=node A aim'=aim <= go. work. go

work < ok

work <= node:= x

work < a=aim%b A (aim:=Db. go. work. go. aim:=a)

work < work. work

Specification work says do anything but do not go from this
node (your location at the start of work ) in this direction (the
value of variable aim at the start of work ). End where you

started, facing the way you were facing at the start.



7.13

Data Transfor mation

user's variables u
implementer's variables v

new implementer's variables w

datatransformer D relates v and w such that

Yw-3v-D

gpecification S istransformed to

VvD=3Vv-D' A S

S

Vv-D=3dv-D'A S ,
W



7.14

Example:

user's variable u: bool
implementer's variable v: nat
operations
zero = vi=0
increase = v.=v+1

inquire = u:=evenv

new implementer's variable w: bool

data transformer w =evenv



7.15

zero becomes

Vv-w=evenv = Jv-w =evenVv A (v:i=0)

Vv-w=evenv = dv-w =evenVv' A U=u A V=0 1-pt

Vv-w=evenv = W =even0 A U=u change variable
Vr:evennat-w=r = wW=T A U=U 1-pt
w=T A U=u

w=T

INncrease becomes

Vv-w=evenv = JV-wW =evenVv' A (V.= v+l)
Vv-w=evenv = JvV-w =evenVv' A U=U A V=v+l 1-pt
Vv-w=evenv = W =even (v+1) A u'=u change var
Vr.evennat-w=r = W =-r A U=U 1-pt
W =-w A U=U

W.= W

inquire becomes

Vv-w=evenv = JV-w =evenV' A (U:=evenv)
Vv-w=evenv = JV-w =evenVv AU =evenva Vv=v
Vv-w=evenv = W =evenv A U =evenv  changevar
Vr:.evennat-w=r = w'=r A U'=r 1-pt
W=w A U=wW

u=w



7.16

Example:

user's variable u; bool

implementer's variable v: bool

operations
set = vi=T
flip = vi=-v
ask = u=v

new implementer's variable w: nat

data transformer v =evenw



7.17

set becomes
Vv-v=zevenw = V-V =evenw A (Vi=T)
— evenw A U=U

< w=0

flip becomes
Vv-v=zevenw = IV-V =evenw A (Vi= =V)
= evenw *evenw A U=U

<< w=w+1

ask becomes
Vv-v=evenw = IV-V =evenw A (U:=V)
= evenw =—evenw=u'

<< u:=evenw



7.18

Limited Queue

Old implementer's variables: Q: [n*X] and p: nat

mkemptyqg = p:=0

isemptyq = p=0
isfullg = p=n

joinx = Qp:=x. p:=ptl

leave = for i:=1;.pdo Q(i-1):=Qi. p:=p-1
front = QO

New implementer's variables. R: [n*X] and f, b: 0,..n

leave from here

\Ljoinhere
. N
leave from here and shift Ieft }—Hﬂﬂ{ﬂ{—l—l

— 0 b n

\|/ join here
N%
|leave from here

Qct-}rnmg ] A

Datatransformer D :
O<p=bf<n a Q[O0;..p] = R[f;..]
O<p=nHf+b=n A Q[O;..p] = R[(f;..n); (0;..b)]

\Y

join here \I/
v

O b J[ n




7.19

VQ, p-D=3Q, p’- D' A mkemptyq
= VQ,p-D=3Q,p-D' Ap=0aQ=0Q
f'=b’
< f=0. bi=0

VQ,p-D=3Q, p'-D’ A (u:=isemptyq)
VQ,p-D=3Q, p- D’ au=(p=0) » p'=p A Q'=Q
f<b A f'<b’ A bSf=b'—F
A R[f.b] =R[f;.b'] A =U

v f<b A f>b" A bAf=n+b'—f

A R[f;..b] = R[(f;..n); (0;..0b)] A =U
v f>b A f'<b’ A ntb-f=b'-f

A R[(f;..n); (0;..0)] =Rf;..b] A =U
v f>b A >0 A b =b'—f

A R[(f;..n); (0;..0)]=R[(f';..n); (0;..0)] A =U

-U" inevery case. f=b ismissing. unimplementable.
New transformer D :
maAa Osp=b-f<n A Q[0;..p] = RI[f;..b0]
v —maA O<p=nf+tb=n A Q[0;..p] = R[(f;..n); (0;..b)]



7.20

VQ, p-D=3Q, p’- D' A mkemptyq
= VQ,p-D=3Q,p-D' Ap=0aQ=0Q

m A f'=b'

<= m=T. f:=0. b:=0

VQ,p-D=3Q, p'-D’ A (u:=isemptyq)
VQ,p-D=3Q, p- D’ au=(p=0) » p'=p A Q'=Q
ma f<b A m A f'<b’ A b-f=Db'-f
A Rf.b] =R[f;.b'] A =U

v ma f<b A =m" A 50" A bAf=n+b'f

A R[f.b] = R[(f;.n); (0..b)] A —U

Vv -maA >5bam A f'<b A n+tb—f=b'—f
A R[(f;..n); (0;..0)] =Rf;..b] A =U
Y -mA >b A -m A 50" A bf=b'—f

A R[(f;..n); (0;..b)] = R[(f';..n); (0;..0")] A -U
v. maf=bamaf=b aU
v -ma f=b A -m' A =0
A R[(f;..n); (0;..b)]=R[(f";..n); (0;..0)] A =U
< u=(maf=b)Af=fab=barR=R

= u=maf=b
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VQ,p-D=3Q, p'- D' a (u:=isfullqg)
VQ’ P D= HQl’ p,' D' A U’:(p:n) A p,:p A Q,:Q

= =m~a f=b

VQ,p:-D=3Q, p’- D' Ajoinx

VQ, p-D=13Q, p- D’ A Q=Q[0;..p] *x Q[p+1;..n]
A p'=ptl

Rb:= x. if b+1=nthen (b:=0. mi= 1) elseb:=b+1

VQ,p-D=3Q, p'-D’ A leave

VQ, p-D=3Q, p- D’ A Q=Q[(3;..p); (p;--N)] A p'=p-1
if f+1=nthen (:=0. m:=T) elsef.=1+1

VQ,p-D=3Q, p'- D" A (u:=front)

VOQ,p:D=3Q, p- D' Au=Q0 A p'=p A Q=Q
u= Rf



7.22

Data Transfor mation

No need to replace the same number of variables

can replace fewer or more

No need to replace entire space of implementer's variables

do part only

Can do parts separately

data transformers can be conjoined

People really do data transformations by
- defining the new data space

- reprogramming each operation
They should

+  state the transformer

+  transform the operations



