6.0

RECURSIVE DATA DEFINITION
construction:
0: nat

nat+1: nat

0: nat
O+1:nat+1
1: nat
1+1:nat+1

2: nat

O O O 0o o

induction:

0:B U0 B+1:B [ nat: B

0, nat+1: nat

0,B+1:B [ nat: B



6.1

construction:
POO0On: nat-Pn O P(n+1) [ On: nat-Pn
induction:

POO0On: nat-Pn 0 P(n+1) [J On: nat-Pn

induction:
POO0On: nat-Pn 0 P(n+1) [J On: nat-Pn
PO O[h: nat- -PnOP(n+1) [ [h: nat-Pn
On: nat-Pn 0 P(n+1) [ On:nat- PO Pn)
[h: nat- =Pn OP(n+1) [l [h: nat- (<POOPN)

alternative induction:
On: nat- m: nat-m<n O Pm)O Pn [ On:nat- Pn

[h: nat- 0m: nat-m<n 0 =Pm) OPn [ [h: nat- Pn



6.2

In philosophy,
induction means guessing the general case from special cas
(an important skill in mathematics)

deduction means proving, via the rules of logic

In mathematics,
induction is an axiom (sometimes presented as a proof rule)

(mathematical induction is philosophical deduction)

Engineering induction means

test a few cases and hope for the best



6.3

Define
pow = 2Znat
or
pow = §o: nat- [m: nat-p=2m
or
1, Zpow: pow
1, 2B: B 0 pow:B
or

P1 O Op: pow- Pp O P(2xp) = Op: pow- Pp

Define
int = nat, nat
or
0,int+1,int—1:int
0,B+1,B-1:B 0 int:B
or
PO O (Ti:int- Pi O P(i+1)) O (i int- Pi O P(i—1))
= [Oi:int-Pi



6.4

L east Fixed-Points

construction; 0, nat+1: nat

induction: 0,B+1:B [0 nat: B

fixed-point construction:  nat = 0,nat+1

fixed-point induction: B=0,B+1 [0 nat:B
grammar:
exp — "X", exp’ ||+||; exp

B =% B;"+B U exp:B



6.5

Recur sive Data Construction

name = (expression involvingame)

0. Construct

nameg = null

namen+1 = (expression involvingamen )

1. Guess

namen, = (expression involvingh but not name)

2. Substituteco for n

name» = (expression involving neithar nor name)

3. Test fixed-point

name» = (expression involvinghames )

4. Test least fixed-point

B = (expression involvingB) [ namex: B



6.6

pOwW

0. Construct

POWO

pow1

pPOw2

POW3

1. Guess

POWn

1, Zpow

null

1, Zpowo
1, Znull
1,null

1

1, Zpow1
1, %1
1,2

1, Zpows
1, (1, 2)
1,2,4



6.7

2. Substituteco for n

POWo = 20,.0 = 2nat

3. Test fixed-point.

[]

2nat = 1 ZX2nat
2nat = 20 21x2nat
2nat = 20 21+nat

2nat 20, 1at

nat = 0O,nat+1

T

4. Test least fixed-point

[]

[]

1 [

onat- g

[In: nat- 20 B use nat induction
20 B O On:nat- 2B 00 2n+1: B change variable
1:B O Om: 2nat. m: B [0 2m: B iIncrease domain
1:B O Om:nat- m:B O 2m: B

1:B O Om: nat'B- 2m: B increase domain
1:B U Om:B-2n: B

B=1, 4B



6.8

Alternative step O: instead olull use

nameg = whatever

Alternative step 2: instead olame» use

8x- LIM n- xX; namen



6.9

RECURSIVE PROGRAM SPECIFICATION DEFINITION
zap = ifx=0theny.=0else (x:=x-1. t:=t+1. zap)

solutions:

(@) x=0 0 X=y=00t =t+x

(b) if x>0then x'=y'=0 Ot' = t+x elset'=co
() X=y=00000 t' =t+x)

(d) x'=y'=00if x>0 then t' =t+x else t'=co
(e) X=y'=00t =t+x

() x20Ox=y'=00t =t+x

S (a)

O
b
(b) Q(C)

% %
d e
(d) Q()

“

x>0 0 x=y=00t =t+x L zap

zap [l if x=0then y:= Oelse (x;= x=1. t:=t+1. zap)



6.10

Recur sive Pregram Specification Construction

Zap

Zapo

ZapP1

Zap?

ZaPn

ZaPoo

iIf x=0then y:= 0else (x:=x-1. t:=t+1. zap)

if x=0theny:= 0else (x:=x-1. t:=t+1. zapo)
x=0 00 X=y=00t=t

if x=0then y:= 0else (x;=x-1. t:=t+1. zap1)
Os<x<2 O xX=y'=00t =t+x

O<x<n O x=y'=00t =t+x

O<x<eo [] X=y'=001 =1t+X



6.11

Alternative step 0: instead df use

nameg = whatever

Alternative step 2: instead olame» use

LIM n- namen



6.12

Zap

Zapo

ZapP1

Zap?

ZaPn

ZaPoo

iIf x=0then y:= 0else (x:=x-1. t:=t+1. zap)

t'>t

if x=0theny:= 0else (x:=x-1. t:=t+1. zapo)

if x=0then xX=y'=00t'=telset’ >t+1

if x=0then y:= 0else (x;=x-1. t:=t+1. zap1)
If x=0then xX'=y'=0 t'=t

elseif x=1then X=y'=0 Ot'=t+1 elset’ > t+2
If O<x<2then x'=y'=0 Ot' =t+x elset > t+2

If O<x<nthen xX'=y'=0 Ot'=t+x elset’ > t+n

If O<xthen x'=y'=0 Ot'=t+x else t'=oo



6.13

L oop Definition

t>t [1 whilebdoP

if bthen (P. t:=t+inc. whileb do P) else ok
[1 whilebdoP

Oo, o'~ (t'=t O (if bthen (P. t:=t+inc. W) elseok) L] W)
[l Oo, o' whilebdoP 1 W)

least fixed-points

whileb do P

t'>t O (if bthen (P. t:=t+inc. whileb do P) else ok)

Ho,o'- W = t'>t U (if bthen (P. t:=t+inc. W) else 0k))
[] Oo, o' whilebdoP 1 W)



