5.0

Variable Declaration

var . T-P = 3Ax, X:T-P

var X:int- X;=2. y:=x+z

dx, X:int- X'=2 A Y =24z A Z=2

y =2+z A Z=2

var X int- y:=x

dx, X' int: X'=X A Y=X A Z=2

Z=z

var X int- y:= x—Xx

= y=0AZ=z

var X T-P = 3x: undefined- AX': T, undefined- P

var . T:=ee P = 3Ax e IX:T-P
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Variable Suspension

Suppose the state consists of variables w, x, y,and z.

framew,x-P = PaAy=yaAZ=z

Xx=e = framex- X =e

s=3L <= frames var n:nat- s =L

S =3L <=
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Array

Ail=e = Ali=ea (V) jxi=AJ=A) AX=XAY=YA ...

A(A2):=3
A(A2) =3 A (V] j£A2= AJ=A])) A X=X A Y=Y A ...

A2:=3. i:=2. Ai:=4. Ai=A2

= A2=3. ii=2. 4=A2
= A2=3. 4=A2
= 4=3
= 1
A2:=2. A(A2):=3. A2=2
= A2=2 A2=2
= 2=2
= T
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Ai:=e

Ali=e A (V) jxi=AjJ=A])) A X=X A Y=Y A ..

A=zi—e|A A X=X A Y=Y A ..

A=i—el|A

A=2—-3|A ii=2. A=i—=4|A A =A2
A=2—-3|A ii=2. (i=4|A)i=(i—4|A)2
A=2-3|A (2—4|A)2= (24| A)2
A=2—-3|A T

T

A=2-2|A A=A2-3|A A2=2

A=2-2|A (A2—3|A)2=2

(22| A)2—3| 22| A) 2=2

(2—3[2-2|A)2=2

3=2
1
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Ai:=e becomes A=i—e|A

Aiji=e becomes A= (i;j))—e| A

update in place, like i:=i+1

A=i—e|B

update in placeif B not used further

A= i—A |j—Ai | A

do not update in place, like 1:=i+1+i
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Record

person = "name” — text

"age’ — nat

var p: person

p:="name" — "Josh"

llmeﬂ - 17

p"age’:=18

p:="age" — 18 p
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While L oop

W < whilebdoP
means

W < if bthen (P. W) else ok

Example: prove
S=s+ZL[n.#] A t'=t+H#H.-—n <

whilen+#L do (s=s+Ln. ni=n+l. t:=t+1)

Proof:
S=s+ZL[n.#] A t'=t+#H.-—-n <
If n£#L then (ss=s+Ln. ni=n+1l. t.=t+1
S=s+XZL[n.#.] A t'=t+#L—n)

else ok
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Exit Loop

L < loop
A.
exit when b.
C
end
means

L < A ifbthenokelse(C. L)
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Deep Exit

P < loop
A.
loop
B.
exit 2 when c.
D
end.
E
end
means
P< AQ

Q < B. ifcthenok else(D. Q)
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P < loop

A.

exit 1 when b.

C.

loop
D.
exit 2 when e.
F.
exit 1 when g.
H

end.

I

end

means

P < A. ifbthenokelse(C. Q)
Q < D. ifethenokese(F. if gthen (I. P) else(H. Q))
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Two-Dimensional Search
P = ifx A(0,..n) (0,.m)thenx=Ai") elsei’=n A J’=m

Q = ifx:A(i,..n) (0,.m) thenx=Ai"j elsei’=n A j'=m

R = ifx Ai(,.m), A(i+1,..n) (0,.m) then x=Ai'j’

elsei’=n A j'=m

P < 1:=0. i=sh=0Q

i=sn=0Q <= ifi=nthenj:=mesei<n=Q

I<n=0Q <= |:=0. i<nA j=sm=R

I<n A jsm= R <= if j=mthen (i:=i+1. isn= Q)
elsei<n A j<Km=R

i<n A j<m= R <= if Aij=xthen ok
else (j:=j+1. i<n A jsm=R)
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P < =0 LO

LO < ifi=nthenj:=mese(j:=0. L1)

L1 < ifj=mthen (i:=i+1. LO)
elseif Aij =xthen ok
dse(ji=j+1. L1)

inC:

| =0;
LO: if (i==n)j=m;
dse { j=0;
L1: if (j==m) {i =i+1; gotoLO;}
eseif (A[i][j]==X);
else{j =j+1, gotoL1;}
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t<t+nxm < i=0. isn = t' <t + (n-)xm

i=sn = t'st+ (nH)xm <

if i=nthen j;:=melsei<n = t' <t + (n-)xm

i<n = t'<t+ (n-H)xm <

ji=0.i<n A jsm = t' <t + (n=)xm—]

<N A jsm = t'st+(nH)xm—] <
t=t+1.
if j=mthen (i:=i+1l. i=sn = t' <t + (nH)xm)

elsei<n A j<m = t' =t + (n—=)xm—j

<N A j<m = t' st + (NH)xm—j <
if Aij=xthen ok

else (j:=j+1. i<n A jsm = t' <t + (n-)xm—})
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For Loop

for i:-=m;.ndo P
| isafresh name (alocal constant)
m and n areinteger expressions such that m=n

P isaspecification

I Frmn <= m=n A ok
and Fik <= m<i<j<k=n A (Fij. Fjk)

then Fmn <= for i:=m;,..ndo m=i<n = Fi(i+1)

Example: integer variable x. Define
F = A, j:nat- X' = xx2-

Then
x'=2n <= x:=1. FOn
FOn < for i:=0;.ndo Fi(i+1)

Fi(i+l) <= x=2xX
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Example:
t'=t+2Zi:m,..n-fi < fori:=m;.ndot' =t+Hfi
If fi =c (aconstant) then

t'=t+(n—m)xc < for i:=m;,..ndot' =t+c

Example: add 1 toeachiteminalist
#'=#L A Vi:0,.#L-L'i=Li+1
Fik describes an arbitrary segment of iterations:
Fik = H#L'=#HL
A (Vj:i,.k L'j=Lj+1)
A (Vj: (0,..0), (k..#L)- L'j=Lj)
check
FOW#L) < O0=#L A Ok
Fik < O=i<j<ks#L A (Fij. FjK)

FOM#L) < fori:=0;.#L doFi(i+1)
Fi(i+l) < L:=i—Li+1|L
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Im=1'n <= for i:=m;.ndom=i<n A li = I'(i+1)

Let IIi = x=2i

X=2n <= x=1 10=I'n
|I0=I'n < fori:=0;.ndoli = 1'(i+1)

li = l'(i+1) < Xx:=2xX
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Minimum Sum Segment

Given alist L of integers, possibly including negatives, write a

program to find the minimum sum of any segment.
P = s = MINi,j-ZL[i;.j]

k k+1
U
[4;-2;-8;7;3;0;-1]

|k = s = (MINi:0,.k+1- MINj:i,.k+1- Z L [i;..]])
AC = (MINi:O,..k+1- 2 L [i;..K])

P < s=0.¢c=0.10=1I'(#L)
I0=I'(#L) < for k=0;..#L do lk= I'(k+1)

lk=1'(k+1) < c:=min(c+LK)0. s=mincs
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GoTo

acceptable in an execution language

jump, branch

unacceptable in a programming language

no specification
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Time Dependence

deadline=t+5

no problem

if t<deadlinethen ... else...

no problem

t:=5

problem: unimplementable

wait untilw = t=maxtw

wait until w <= if t=wthen ok else (t:= t+1. wait until w)
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Assertions

assertb = if bthen okelse (print "error: ...". wait until )
adds robustness
ensureb = ifbthenokelsel

= baok

unimplementable by itself, but may be used in some contexts

Nondeterministic choice (a programming notation):

PorQ = PvQ

x:=0or xx=1. ensurex=1

X',y X'=0Ay'=y v X'=1 Ay =y)
AX'=LA X=X AY=Y!

= X=1ay=y

- x=1

Implementation: backtracking
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Result Expression

P result e

X=(Presulte) = P. x=e

var term, sum: rat := 1-
for i:=1;..15 do (term:=ternm/i. sum;= sun+term)

result sum

y=y+lresulty = vy+1

X:= (y:=y+1lresult y)
= X =(y=y+lresulty) A y=y
= (y:=y+l X=y) A y'=y
= X' =y+tl A y=y
— X=y+l
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Side-Effects

notif x = (y:=y+lresulty) withsde-effect y.=y+1

X:= (P result e
becomes

(P. x:=¢€)
X:=y+ (Presult €
becomes

(var z=y- P. x;=zte)

Don't neglect the time for expression evaluation.
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Function

C function = assertion about the result
+ name of function
+ parameters
+ scope control

+ result expression

int bexp(int n)
{ intr=1,
inti;
for (i1=0; i<n; i++) r = r*2;

returnr; }

bexp = An:int
( varr:int:=1.
for i:=0;..ndor:=rx2.
assert r:int

resultr )
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Procedure

procedure = name of procedure

+ parameters

+ scope control

P = Axint-a <x<b

P3 = a <3<l

P(a+tl) = a <atl<lb

a<x<h <= a=x1 b=x+1

(A\p: D-B)a = (var p: D :=a- B)
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reference parameter (var parameter)

(A*x:int-x:=3. b:=a) a

a=3. b=a

a=b=3

(M*p:D-B)a = (Ap,p:D-B)aa
Warning: substitute arguments for parameters before any other
manipulations. Do not manipulate the procedure body by itself.
Apply programming theory separately for each call.

Xx=3. bb=a = b=a. x=3 ?
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Alias

I: integer variable
A: array

r. reference parameter

p: pointer
ri 2
p| addressof A[1]
4
A[0] 1
*p, Al1] 3
Ali], A[2] 2
Al 3] 3

“... the necessary prerequisite for being able to think in terms of safely
Independent variables is, of course, the condition that no part of the

store may assume more than a single name.” [Wirth, 1974]



5.26

two-level mapping

one-level mapping

>o —.
. AwNR O

[1;3; 2 3]:

- OBk wWOWDNEFEO

address of A[1]
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Probabilistic Programming

probability: real number between 0 and 1

prob = 8r:real- O=r=<1
T=1
1=0

distribution: valueisajprobability, sumis 1

tells the frequency of occurrence of values of its variables

21 sadistribution of n: nat+1 because
(Vn: nat+1- 2-n: prob) A (2n: nat+1- 2-n)=1

2—n saysthat n hasvaue 3 one-eighth of the time

2-+m [sadistribution of n, m: nat+1 because
(Vn, m: nat+1- 2-+-m; prob) A (Zn, m: nat+1- 2-+—m)=1
2-—m sgysthat n hasvalue 3 and m hasvaue 1

one-sixteenth of the time
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The average value of number expression e asvariables v vary over
their domains according to distribution p is

2V e x p

The averagevalueof n2 as n variesover nat+1 according to

distribution 2 is Xn: nat+1- n2 x 2, whichis 6.

The average value of n—m as n and m vary over nat+1 according

to distribution 2-+m s Xn, m: nat+1- (n—m) x 2-+m whichis O.

Let S be animplementable deterministic specification.
Let p bethedistribution describing the initial state o .
The distribution describing the final state o' is

20 Sxp
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Example: integer variables x and vy
Let X = (x=7)/3 + (x=8) x 2/3 distribution of X
Let Y = (y=7)/3 + (y=8) x 2/3 distribution of y

The probability that x hasvalue 7 is
(7=7) x U3 + (7=8) x 2/3
= TxU3+ 1x2/3
= 1x1/3 + 0x2/3
= 13
The probability that x hasvalue 8 is 2/3
The probability that x hasvalue 9 is O

Let S = if x=ythen (x=0. y:=0) else (x;= abs(x~y). y:= 1)
The distribution of final statesis
ZX, Y- Sx XxY
= 2ZXY  (Xx=yaAxX=y=0 v x££y A X=abs(x-y) A y'=1)
x ((x=7)/3 + (x=8) x 2/3)
< ((y=7)/3 + (y=8) x 2/3)
(X'=y'=0) x 5/9 + (X'=y'=1) x 4/9
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If b isaprobability, and P and Q aredistributions of final states,
if bthenPelseQ = bxP + (1-b)xQ
P.Q = X0 - (substitute ¢’ for o' in P)
x (substitute o'’ for o in Q)

are distributions of final states.

Example: in one integer variable x
if /3then x:=0elsex:= 1.
if x=0then if 1/2 then x;= x+2 else x;= x+3

eseif 1/4 then x;= x+4 else x;= x+5

X' ((X'=0)/3 + (X'=1)x/3)
x ( (X'=0) x (X'=X"+2)/2 + (X=X""+3)/2)
+ (X'#0) x (X'=x"+4)/4 + (X' =X'"+5)x3/4))

(X=2)/6 + (X =3)/6 + (X'=5)/6 + (X'=6)/2

20:-Sxp = p.S
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Random Number Generators

rand n hasvalue r with probability (r: 0,..n)/n

x=X therefore randn=randn ?

Xx+X=2xX theefore randn+randn = 2xrandn ?

Replace rand n with r:int with distribution (r: 0,..n) / n

Replace rand n with r: 0,..n with distribution 1/n

x:=rand 2. x=x+rand3

replace thetwo randswith r and s

2r:0,..2-2s.0,.3- (x:=r. Xx=X+95)x1/2x1/3

Substitution Law

2r:0,.2-2s.0,,.3- (X =r+s) / 6 sum

( (X =0+0) + (X =0+1) + (X = 0+2)
+(X =1+0)+ (X =1+1) + (X =1+2)) / 6

(X=0)/6 + (xX=1)/3+(xX=2)/3 + (x=3)/6
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x:=rand 2. x:=x+rand 3 replace assignments

(X:0,..2)/2. (X:x+(0,..3))/3 dependent composition

X" (X":0,.2)/2 x (X: X"+(0,..3))/3 sum

1/2 x (X:0,.3)/[3 + 1/2x (X:1,.4)/3

(X=0)/6 + (xX=1)/3+(x=2)/3 + (x=3)/6

rand 8 < 3 hasboolean value b with distribution
>r:0,.8- (b=(r<3))/8

= (b=T)x3/8 + (b=1) x 5/8

= b5/8-bl4



5.33

Blackjack
You are dealt acard from adeck; itsvaueisintherange 1 to 13
inclusive. Y ou may stop with just one card, or have a second card if
you want. Y our object isto get atotal as near as possibleto 14, but
not over 14 . Your strategy isto take a second card if thefirst is

under 7.

X:= (rand 13) + 1. if x<7 then x:= x + (rand 13) + 1 else ok

replace rand and ok

(X": (0,..13)+1)/13. if x<7 then (X": x+(0,..13)+1)/13 else x'=x

replace . and if

X' (X' 1,..14)/13
x (X'<Tx(X: X'+1,.X"+14)/13 + (X"'=7)x(X'=X"))

by several omitted steps

((2=X'<T)x(X'-1) + (7=x'<14)x19 + (14=Xx'<20)x(20—x")) / 169
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Player x plays“under n” and player y plays“under n+1”

c.=(rand 13) + 1. d:=(rand 13) + 1.
If c<nthen x;=c+d else x:=c. if c < n+1then y.=c+d elsey:=c.
y<x=14 v x<14<y

Replace rand and use the functional-imperative law twice.

(c:(0,..13)+1 A d:(0,..13)+1 A xX=x A y'=y)/13/13.
x:=ifc<nthenct+delsec. y:=if c<n+lthenc+desec.

y<x=l4 v x<14<y Use the substitution law twice.

(c: (0,..13)+1 A d: (0,.13)+1 A X'=x A y'=y)/ 169.
(ifc<ntlthenct+desec)<(ifc<nthenct+delsec) <14

v (if c<nthen c+tdelsec) < 14 < (if c<n+1then ctd else )

(c: (0,..13)+1 A d: (0,.13)+1 A X'=x A y'=y)/ 169.
c=n A d>14-n

ZC”, dll’ X’,, yl/_
(c":(0,..13)+1 A d": (0,..13)+1 A X'=x A Y'=y)/ 169
x (C"'=n A d''>14-n)

sd": 1,..14- (d">14-n)/169

c=n-1 A d>13n
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probability that x winsis (n-1) / 169
probability that y winsis (14-n)/ 169
probability of atieis 12/13

For n<8, “under n+1 " beats “under n”.
For n= 8, “under n” beats “under n+1 ".

Apparently “under 8" isthe best strategy.
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Dice

If you repeatedly throw a pair of six-sided dice until they are equal,
how long does it take?

R < u=(rand6)+ 1. vi=(rand6) + 1.

if u=vthen ok else (t.:=t+1. R)

hypothesis: t' hasthedistribution (t'=t) x (5/6)t—t x 1/6

u=(rand 6) + 1. v.=(rand 6) + 1. replace rand

if u=vthent'=t else (t:=t+1. (t'=t) x (6/6)ttx 1/6)  Subs Law

if u=vthent'=t else (t'=t+1) x (5/6)t+1/6 amplify
= ((U:1,..7) A (V:1,.7) A t'=t)/36. replace .
if u=vthen t'=t else (t'>t+1) x (5/6){+-1/6 replace if

U, VLT 2 (=36 x ((U'=VY) < (=)

((U:1,..7) AV=vat'=t)6. (U=una (V:1,.7) at'=t)/6. replace.

+ (U V) x (U=t"+1) x (5/6)t~"-1/6)  sum

= 1/36x (6x (t'=t) + 30 x (t'=t+1) x (5/6)I—-1/6) combine

— (t’zt) X (5/6)t'—t x 1/6

The averagevalueof t' is Zt'-t' x (t'=t) x (5/6)1-tx 1/6 = t+5
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Functional Programming

gpecification AL: [*rat]- ZL

L = (An: 0, #L+1-Z L [n;..#L]) O
= (Mn:0,.#L , #L-Z L [n;.#] O

An: 0, #L+1- 3 L [n;.4L]

(An: O,.#L-Z L [n;.#L]) | (\n: #L- Z L [n;..#L])

A0, #L-Z L [n;. . #]

A0, #L-Ln+ X L [n+1;..#L]

AMi#L-ZL[n #] = An#L-0

SL[n+L.#] = (w0, #L+1- 3 L[n.#L]) (n+1)
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time specification AL: [*rat]- #L

suppose we charge 1 for addition, O for all else

#L = (An: 0,.#L+1-#LNn) 0

An: 0, #L+1- #L—

(An: O,..#L- #L—n) | (An: #L- #L-—n)

an: 0, .#L- #L—n

A0 AL 1+ #Ln-1

An#HL-#L—nN = An:#L-0

#H—n-1 = (An: 0O, #L+1 #L-—1) (n+1)
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time specification AL: [*rat]- #L

recursivetime: charge 1 for recursivecall, O for al else

#L = (An: 0,.#L+1-#LNn) 0

a0, #L+1- #L—
= (Wn: O,.#L-#L—) | (\n: #L- #L—)

an: 0, .#L- #L—n

AN O, #L-#L—n

An#HL-#HL-—n = An:#L-0

#-—n = 1+ (An: 0, #L+1- #—0) (n+1)
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Function Refinement

Specification S isunsatisfiable for domain element X :
¢Sx =20

Specification S isdeterministic for domain element x:

¢Sx =1

Specification S isnondeterministic for domain element X :

¢CSx = 2

Specification S issatisfiable for domain element x:

dy-y: Sx

Specification S isimplementable:
Vx- dy-y: Sx

VX Sx * null
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P::S “P isrefined by S”
= SP

problem: search for aniteminalist.

AL: [*int]- AXx: int- 8n: O,..#L- Ln = X isunimplementable

AL: [*int]- AX: int-
if x: L (O,..#L) then 8n: 0,.#L- Lh=x else #L,..00

if x: L (0,.#L) then 8n: O,.#L- Ln=x else #L,..c0 ::
(M:nat-if x: L (i,..#L) then 8n:i,.#L- Ln=X
else#l,..©) 0

if x: L (i,.#L) then 8n:i,.#L- Ln=xelse#lL,..0 ::
if i =#L then #L
elseif x=Li theni
else(Mi- if x L (i,.#L) then 8n:i,.#L- Ln=Xx
ese#l,. o) (i+1)
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recursivetiming AL-Ax-0,.#L+1

0, #L+1: (Ai-0,.#L—i+1) 0

O, #lL—+1:: ifi=#L then O

elseif x=Lithen O
elsel+ (\i- O,.#L—+1) (i+1)



