4.0

PROGRAM THEORY

state space (memory) [int; (0,..20); char; rat]

state (memory contents) [-2; 15; A; 3.14]
prestate (initial state) o
poststate (final state) o

o =[0c0,0l1,02 03 =[i; n; c; Xx]
addresses vs. variables

State variables

initial values i, n, ¢, X

fina vauesi’, n', ¢, X

For now: prestate, poststate

L ater: time (termination = finite time), space,

Interaction, communication, ...



4.1

SPECIFICATIONS

specification of computer behavior:

a boolean expression in variables o and o'

We provide a prestate as input. A computation satisfies a
specification by computing a satisfactory poststate as output. The
given prestate and computed poststate must make the specification

true.

specification of computer behavior:
aboolean expression intheinitia values x, vy, ...

and final values X', Yy, ... of some state variables

We provideinitial values. A computation satisfies a specification by

computing satisfactory final values.
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Specification S isunsatisfiable for prestate o :

¢8-S =0

Specification S issatisfiable for prestate o :
¢8-S >0

Specification S isdeterministic for prestate o :

¢(80-9 =< 1

Specification S isnondeterministic for prestate o :

¢(8"-9 > 1

Specification S issatisfiable for prestate o :

do’- S

Specification S isimplementable:

Yo-d0'-S
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Examples

X=xt1l Ay =y

X' > X

T

1

x=0 A y'=0

x=0 = y'=0

ok — 0'=0
= X=XAY=YA ..

X=e = (substitute e for x in ok)
= X=eAY=yA ..

X:= X+y = X'=X+y A Y'=y

if x=ythen x:=x+yelsex'+y' =3
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Dependent Composition

SR

= Iy, ... (substitute X', y"’, ... for X,¥y, ... In S)

A (substitute X,y ... for x,v, ... in R)

In integer variable X

X'=Xv X=x+1. X'=xv X'=x+1

= IX'"- (X'=xXv X'=x+1) A (X=X" v X=X"+1)

distribute A over v

= X' X'=X A X=X" v X'=x+1 A X'=X"

v X'=XAX=X"+1 v X'=x+1 A X=X"+1

distribute 3 over v

= (AX'-X'=AX=X") v (AX'-X"=x+1 A X'=X")

v (AX'-X"'=x A X'=X"+1) v (X' X'=x+1 A X'=X"+]1)

= X=Xv X=x+1v X=x+2

One-Paint, 4 times
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X X X X x x' X X X!

S
%) ) Ny = Ix" A i 2>\§2
T 3 %3 33 3>\§3
Ty 232 N, 5%4

: :\5 \5 5

In integer variables x and y
X:=3. Y= X+y

eliminate assignments first

X'=3 A Y==Y. X=XAY=X+y

then eliminate dependent composition
= IX', Yy int- X'=3Ay'=y A X=X A Y=XHY
use One-Point Law twice

— X=3 A Yy =34y
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Specification Laws

ok P = P.ok = P |dentity Law
P.(Q.R) = (P.Q).R Associative Law
if bthenPelseP = P |dempotent Law

if bthen Pelse Q if —bthen QelseP

Case Reversal Law
P = ifbthenb=Pese-b=P Case Creation Law
if bthen SelseR = baSv -baAR Case Analysis Law
if bthen SelseR = (b=9 A (-b=R) Case AnaysisLaw
PvQ.RVS = (P.RIv(P.9 Vv (Q.R v (Q.9
(if bthen Pelse Q)AR = if bthen PARelse QAR
(if bthen Pelse Q). R = if bthen (P.R) else (Q. R)
x=if btheneelsef = if bthen x=eedsex="f

Functional-lmperative Law

x.=e.P = (for x substitute e in P)  Substitution Law
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Substitution Law Examples
X=y+l. y>X = y >%
X=X+l yY>SXAX>X = Yy >x+l A X >x+l
X=y+l. Y =2xx = Yy =2x(y+1)
X:=1. x=1= 3dXx-y = 2xX = 1Iz1=3dxy =2xx
= eveny
X=y. X21l=3dy-y =xxy = y=1= 3k y =yxk
X=1. ok = x=1 X=xAay=y = X=1ay=y

X=1 y=2 = x=1 X=xaAay=2 = X=1AYy=2

X.=1 y:=2. X=x+y

X=1 y:=2. X =Xty A Y=y

X=1 X =x+2 A y=2

X=3 A Yy=2

=1 X >x X =x+1

X>1 X =x+1

HXN’ yll. XH>1 A X! — XH+1

X'>2
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REFINEMENT

Specification P (the problem) is refined by specification S (the
solution) if and only if P issatisfied whenever S is satisfied.
Vo, o - P<S

Examples:

X>X <= X=x+1laAy=y

X=x+1lAay=y <= x=x+1

X'=sx < if x=0then x'=x else x'<x

= X=0AX=x v x*0 A X<X

X>Y>X <= y=x+1. x=y+l

= y=x+1l X=y+lay=y

— X=X+2 A y'=x+1
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CONDITIONS
condition:

specification that refers to (at most) one state

initial condition, precondition:

refersto (at most) the initial state (prestate)

final condition, postcondition:

refersto (at most) the final state (poststate)

The exact precondition for P toberefinedby S is Vo' P<S

The exact postcondition for P to berefinedby S is Vo P<S

sufficient = exact = necessary
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(the exact precondition for x'’>5 to berefined by x:=x+1)

VX' X'>5 < (x:= x+1)

VX - X'>5 < x'=x+1 One-Point Law

Xx+1>5

X>4

>4 = xX'>5 < x=x+1

(the exact postcondition for x>4 to berefined by x:=x+1)

VX x>4 < (X:= x+1)

VX x>4 <= X'=x+1 One-Point Law

xX-1>4

X >5

X>5 = x>4 < x=x+1

x4 = xX'sb <= x=x+1
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“make x be farther from 0"~

= abs X > abs x

(the exact precondition for P to be refined by x:=x2)
VX'-absx >absx < x' =x2 One-Point Law
abs (x2) > abs x propertiesof abs and 2

X¥F-1 A X0 A X£1

(the exact postcondition for P to berefined by x:=x2)
Vx-absx >absx < X =x2 several omitted steps

X+E0AX*1
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Condition Laws
CA(P.Q) <= CaP.Q
C=(P.Q) <= C=P.Q
(P.Q)AC < P.QaC
(P.Q)<=C < P.Q<C
P.CAQ <= PAC.Q
P.Q <= PaAC.C=0Q

Precondition Law:
C isasufficient precondition for P to berefined by S
if and only if C=P isrefinedby S.

Postcondition Law:
C' isasufficient postcondition for P to berefined by S
if and only if C'=P isrefined by S.
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PROGRAMS
A program is an implemented specification.
ok
X=e
if bthen P else Q
P.Q

An implementable specification that is refined by a program

IS aprogram.

Recursion is allowed.

x=0= x'=0 <= if x=0then ok else (X:= x-1. x=0 = x'=0)
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Refinement Laws

Refinement by Steps

If A<= ifbthenCelseD and C<=E and D < F,
then A <<= if bthen EelseF.

If A<= B.Cand B<D and C<E,
then A < D.E.

If A<B and B< C,then A<= C.

Refinement by Parts

If A < ifbthenCelseD
and E <= ifbthen FelseG,
then AAE < if bthen CAF else DAG .
If A<= B.C and D < E.F,
then AAD <= BAE. CaF.
If A<B and C<= D, then AA\C <= BaAD.

Refinement by Cases

P < ifbthen QelseR
ifandonlyif P <= baQ and P < -baAR
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List Summation

List of numbers L : number variable s.

S=3L <= s=0. ni=0. s=s+ZL[n;.#7]

S=s+XZL[n.#H] <

if n=#L then n=#L = s =s+ XL [n;..#L]

gsenk# = S =s+3L[n;.#L]

Nn=#L = s =s+XL[n.#.] < ok

N£#L = S =s+XL[n.#] <

s=stln. ni=n+l. S =s+ XL [n;.#L]
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Compilation
s=0. ni=0. B
If n=#L then C else D
ok

N

O O ®™ >

s=s+Ln. ni=n+1. B

Refinement by Steps = in-line macro-expansion

B < if n=#L then ok else (s;=stLn. n:=n+1. B)

Trangation
void B(void)
{if (n==sizeof (L)/sizeof(L[Q])); else {s+=L[n]; n++; B();}}
s=0;, n=0; B();

s=0: n=0;

B: if (n==sizeof(L)/sizeof(L[0])); else{s+=L[n]; n++; goto B;}
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Binary Exponentiation

Given natural variables x and y, write aprogram for y' = 2x.

y'=2X < if x=0then x=0 = y'=2x else x>0 = y'=2x
X=0=y'=2x <= y=1 x=3

x>0 = y=2x < x>0= y=2x1 y=2xy

X>0= y=2x1 < x'=x-1. y'=2x

y=2xy < Yy.=2xy. X=5

X=x-1 <= x=x-1 y=7
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if x=0then BelseC
y.=1 x=3

D. E

F. A

y.=2xy. X:=5

m m O O W >»
L N

X=x-1 y=7

>
f

if x=0then (y:=1. x:=23)
gse(x=x1. y:=7. A y.:=2xy. X=5)

int X, y;
void A (void) { if (x==0){y =1, x=3;}

dse{x=x-1, y=7 A(); y=2"y; x=5}}
X =5; A(); printf ("%iI",y);
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TIME
o=[t; x;y; .l
state = [time variable; memory variables]
t isthetime at which execution starts
t' isthe time at which execution ends

t,t': xnat or xint or xrat or xreal

Specification S isimplementableif and only if

Yo-d0'-Sat'=t
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Real Time
t:= t+(the time to evaluate and store e). x.=e
t:= t+(the time to evaluate b and branch). if bthen P else Q

t:= t+(the time for the call and return). P

t=t+fo
t<t+fo

t=t+fo

P < t:=t+1. if x=0then ok else (t:= t+1. x;= x-1. t:=t+1. P)

IS a theorem when

xX'=0

If x=0then t'=t+3xx+1 elset'=x

If x=0then X'=0 A t'=t+3xx+1 elset'=x

U U U T

X'=0 A If x=0then t'=t+3xx+1 elset'=x
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Recursive Time
. Each recursive call coststime 1.

. All dseisfree

P < if x=0then ok else(x:=x-1. t:=t+1. P)
Is a theorem when
= x=0

= ifx=0thent'=t+x elset'=w

If x=0then xX'=0 A t'=t+x elset'=w

U U U T

= X=0 A if x=0thent'=t+x elset'=x

Recursion can be direct or indirect.

In every loop of calls, there must be a time increment of at least

one time unit.
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Prove

R < ifx=1thenokese(x=divx2 t=t+l. R)
where

R = xX=1aifx=1lthent <t+logxelset'=c

= X=1A (X2l = t'st+logx) A (X<1 = t'=00)

use Refinement by Parts; prove:

xX'=1 <= if x=1then ok

ese (x:=divx 2. t=t+l. x'=1)

x=1 = t'st+logx <
if x=1 then ok

gse(x=divx2 t=t+l. (x=21) = (t' <t +log X))

X<l = t'=0 <
if x=1 then ok

else (x=divx2 t=t+l. (x<1)= (t'=))
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use Refinement by Cases; prove:

X'=1 <= x=1AX=xXnat=t

X=1 <= x*1laAX=1

x=1 = t'st+logx <= x=1AX=xat=t

x=21 = t'st+logx <

X1 A (divx2=1 = t'<st+1+Ilog(divx?2)

X<l =t'=0 <= x=1AX=XAaAt=t

X<IL=t'=0 <= Xx#1A(dvx2<1l = t'=x)
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)

x=1 = t'<t+logx
< x#1a(divx2=1 = t'st+1+log(divx2) )

portation: (a=b)<=c = b<anc

t'<t+logx
<= x21laxxEla(divx2=1= t'st+1+log(divx?2))

ssimplify and discharge

t'<t+logx

<= x>1 A t'st+1+log(divx2) portation

(t'st+1+log(divx2) = t'st+logx) <= x>1
Notethat t'=sa=t'<sb < a<b.
< t+1+log(divx2)<st+logx <= x>1

subtract 1 from each side

t+log(divx2) <st+logx—1 <= x>1

t+log(divx2) <t+log(X¥2) <= x>1

log and + are monotonic for x>0
< divx2=x?2
= T



4.25

(X<l=t'=0o < x=1 A X=X A t'=t) Portation

t'=0 «< X<l AXx=1 A X=X A t'=t generic, base
=0 <= 1 base
T

(X<l=t'=0 <= x*1 A (divx2<1l = t'=w)) Portation
=0 <« X<LAX*1A(divx2<1l = t'=x) Discharge
t'=0 <« X<l At'=c Specidization
T
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Termination

X=2 < t=t+1. x'=2

complainonly if x'%2

X'=2 A t'<w

unimplementable

X'=2 A (I<o = t'<w) <= t=t+]l. X'=2 A (t<o = t'<o0)

complanonly if X2 v t<co A t'=

X=2At'st+1l <= x=2
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Linear Search

Find the first occurrence of item X inlist L. The execution time

must belinear in #L .

- X: L (0,..n") A (Lh'=xv h'=#L)

Define

R = -xL(h.h) A (Lh'=xv h'=#L)

~x L(0,.h) A (Lh=xv h'=#L) < h:=0. h=#L = R

h<#L = R <= if h=#L then ok else h<#L = R

h<#L =R <= if Lh=xthen ok else (h:=h+1. h=#L = R)
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Timing:

t'<t+#L <= h:=0. h=#L = t' <t+#L-h

h<#L = t' <t+#L-h < if h=#L then ok
elseh<#L = t' <t+#L—h

h<#L = t' <t+#Ll-h <
if Lh=x then ok
else (h:=h+1l. t:=t+1. h<#L = t' <t+#L-h)

If L isnonempty,

~x L(0,.h) A (Lh=xv h'=#l) < h:=0. h<#L = R
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Binary Search
Find an occurrence of item X in nonempty sorted list L .
The execution time must be logarithmicin #L .
X:L(0,.#L) = p° = Lh'=x
Define R = (x:L (h,.]) = p° = Lh'=X)

< search in here >
| | |
| | | | |

0 h i j #L

(xL(0,.#.) = p = Lh'=x) <= hi=0. |;=#L. hxj=R

h<j = R < if ]|-h=1then p:= Lh=xelse|-h=2 = R

jh=2=R < [-+h=2 = h'=h<i'gj5'.

If Li=sxthen h:=1 elsej:=1.

h<j =R

i—h=2 = h=h<i'<j=zj’ < i:=div (h+) 2
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#HL

't

T

U

< h=0. j;=#L. U

< ifj-h=1then p:=Lh=xelseV

< i:=div(h+) 2
if Li=x then h:=i elsej:=i.

t=t+1. U

1234567891011 12 13 14 15 16 17 18
0122333344 4 4 4 4 4 45 5

= t' =t+cel (log (#L))
= h<j =t <t+ceil (log (j-h))
= j-h=2=t <t+ceil (log (j-h))
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a
program for Z =xy that runs fast without using exponentiation.

P = Z=zxy

Z=xy <= z=1. P
P < ify=0Othenokelsey>0= P

Vy>0=P < z=zX y=y-1. P

y>0=P < ifevenytheneveny a y>0= P elseoddy= P
evenyAy>0=P < x=xxX. y:=y/2. P

oddy=P < z=zx y=y-1. P

evenyAy>0=P < Xx=xxX. y:=y/2. y>0=P

oddy=P < z=2zx y=y-1. eveny=P

eveny=P < ify=0thenokelseeveny A y>0= P

P < ifevenytheneveny= Pelseoddy = P
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evenyAy>0=P < x=xxX. y.=Vy/2. t:=t+1. y>0=P

012345678910 11 12 13 14 15 16 17 18

<
[

t4+=0011222233 3 33 3 3 3 4 4 4

if y=0Othent'=telset'<t+logy

if y=Othen t'=telset’' =t + floor (log y)
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Fibonacci Numbers

fO=0
fl1=1
f(n+t2) = fn+f(n+l)

X=fn <= P
where

P = X=fn A y =f(ntl)

P < ifn=0then (x=0. y:=1)

else(n:: n—1. P. X,:y A y’:X+y)

Xy A Y=X+y <= =X X=Y. yi=nty

t'=t+n < if n=0then (x:=0. y:=1)

else (ni=n-1. t.:=t+1. t'=t+n. t'=t)

t'=t < n=Xx. X=Yy. y.:=nty
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f(2xk+1) = fk 2+ f(k+1) 2
f(2xk+2) = 2xfkuf(k+1) + F(k+1) 2

P < ifn=0then (x=0. y:=1)

gseifeven nthenevenna Nn>0=P

glseoddn= P

oddn=P <= n=(n-1)/2. P. X =x2+y2 A Y = 2xXxy + Y2

eavennAnN0=P <

N=n/2—1. P. X =2xXxy+y2 A Yy =x2+Yy2+X

X =X2+y2 A Yy =2xXxy + Y2 <

=X, X:= X2 + Y2, yi= 2xNnxy + y2

X =2xXxy + Y2 A Y =X2+y2+ X <=

Ni=X. Xi= 2xXxy + Y2, y:=n2+y2 + X
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T = t'<t+log(n+l)

Nn=0=T < x=0.vy=1

oddn=T < n=(n-1)/2. t=t+1. T. t'=t
eeennAanN>0=T < n=n/2-1 t=t+1l. T. t'=t
t'=t < ni=X X=X2+Yy2 y.=2xnxy + Y2

t'=t < ni=X X=2Xxy+VYy2. y:=n2+y2+X

void P (void)
{ if(h==0){x=0; y=1}
elseif (N%2==0)
{ n=n/2-1; P(); n=X; X =2*x*y + y*y;
y=nn+yty +x
}
ese{ n=(n-1)/2; P(); n=X; X =X*X+Yy*y;
y =2ty +y*y;
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Towers of Hanoi

MovePile fromto using <=
if n=0 then ok
else ( ni=n-1.
MovePile from using to.
MoveDisk from to.
MovePile using to from.

ni=n+l)

Time
t=t+2n-1 <
if n=0 then ok
ese( ni=n-1.
t=t+2n-1.
t=t+1.
t=t+2n-1.

ni=n+l)
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n=0 A ok expand ok

N=0 A N'=nat=t arithmetic

= t=t+2n-1

n>0
An=n-1l t=t+2n-1 t=t+l. t.:=t+2n—-1. n:=n+l)
drop conjunct n>0; expand final assignment
= n=n-1 t=t+2n-1 t=t+l. t:=t+2n -1 n'=n+l A t'=t

use substitution law repeatedly from right to left

n'=n-1+1 A t'=t+2n-1-1+1+2n-1-1 amplify

n'=n A t'=t+2n-1

t=t+2n-1
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Space

s=s <= if n=0then ok
ese( ni=n-1
S=stl. sS=s. s=s-1.
oK.
S=stl. s=s. s=s-1.

ni=n+l)

Maximum Space
M=s = (M= max m(s+n)) <
if n=0 then ok
else( ni=n-1
s=stl. m=maxms. m=s=> (m:= max m(stn)).
s=s-1.
ok.
S=stl. m=maxms. m=s= (M= max m(stn)).
si=s-1.

ni=n+l)
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Average Space

P=p+sx(2n—1) + (-2)x2n + 2 <
if n=0 then ok
ese( n=n-1
S=stl. p=p+sx(2n—-1) + (N-2)x2n + 2. s.=s-1.
p:= pts.
S=stl. p=p+sx(2n—-1) + (N-2)x2n + 2. s.=s-1.

ni=n+l)
Space
N
N=2)x2N + 2
s (n=2)x
b sx(2n—1)
1

i ¥ > time

average space = ((n—2)x2n+2)/ (2n-1)

n+n/(2n-1) -2

Easier: p’' <p+ (stn)x(2n-1)

average space < n
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MovePile <=
if Nn=0 then ok

else ( ni=n-1.

s=st1l. m=maxms. MovePile. s;=s-1.

t:=t+1. p:=p+s. ok

s=st1l. m=maxms. MovePile. s;=s-1.

ni=n+l)

MovePile =

n'=n

t=t+2n-1

S=s

(Mm=s= m" = max m(s+n))

PP=p+sx(2n—-1) + (N-2)x2n + 2



