CSC165H1Y MIDTERM 2 — SOLUTIONS August 2005

QUESTION 1. [15 MARKS]

Recall the base —2 representation of an integer, where (b, - --bo)_2 represents .7 o b;(—2)?, and the b; €

{0,1}.

1. Which integers (in our usual, base 10 representation) do the following represent? No justification
required.

(a) (11111)_5 = (11)19

(b)  (101010) 5 = (~42)10

() (10101)_ = (21)10

(@)  (111111) 5 = (~21)50

2. What is the base —2 representation of the following integers? No justification required.

(a) 24 = (1101000)_5

(b) —15 = (110001)_

(c) 30 = (1100010)
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QUESTION 2. [15 MARKS]

Let p(e), g(d), r(z,d), and s(z,e) be unknown predicates, and let K be an unknown domain. Consider

statement S1:
Si: Ve € K,p(e) = (3d € K,q(d) A (Vz € K,r(z,d) = s(z,d))).

1. Write a structured proof outline for S1, filling in “ : ” for the missing parts.

SAMPLE SOLUTION:

Letec K
Suppose p(e)
Let d. = : (something depending on e).
Then d. € K
Also g(d.).
Letz e K
Suppose 7(z, d)
. (proof that s(z,d.))
Hence s(z, d.)
Since z is an arbitrary real number, Vz € K, r(z,d.) = s(z, de)
Since d. € K, 3d. € K,q(d) A (Vz € K, r(z,d) = s(z,d.))
Hence p(e) = (3d € K,q(d) A (Vz € K,r(z,d) = s(z,d)))
Since e is an arbitrary element of K, Ve € K,p(e) = (3d € K, q(d) A (Vz € K,r(z,d) =
s(z,d)))

2. State the negation of S1 in precise notation, moving the negation symbol “—=" as close as possible to
the predicates p, ¢, 7, or s.

SAMPLE SOLUTION:

Jde € K,p(e) N (Vd € K,—q(d) V (Fz € K, r(z,d) A —s(z,d)))
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QUESTION 3. [15 MARKS]

Let P = {g: N~ R2%} (the set of functions from the natural numbers to the non-negative real numbers).
Let O(f) ={g9g € P|3c e N,IB € N,Vn € N,n > B = g(n) < cf(n)}. Prove or disprove the following:

Vfe PVf' e PVYge P,(f€O(g)Af €0(g))= (f + f') € O(g)

SAMPLE SOLUTION: The statement is true.
Let f € P. Let f' € P. Let g € P. Assume f € O(g) A f' € O(9).

Then f € O(g). (By assumption)

SodceRT,BeN,Vn e N,n > B = f(n) <cg(n). (definition of f € O(g)).
Let ¢c; € RT and B; € N be such that Vn € N,n > B; = f(n) < c1g(n).
Then f' € O(g). (By assumption).

SodceR,BeN,¥neN,n> B = f'(n) <cg(n). (definition of f' € O(g)).
Let ¢; € RY, By € N be such that Vn € N,n > By = f'(n) < c29(n).

Let ¢ = ¢; + ¢; and B’ = max{B, B2}

Then ¢’ € RT. (since the positive real numbers are closed under addition).
Then B’ € N. (the maximum of two natural numbers is a natural number).
Sovn e N,n' > B=mn> B; An > By. (since B’ is the maximum of B; and Bj3).

SoVn € N,n > B' = f(n) <cig(n). (since n > B’, by construction of ¢;, and
assumption that f € O(g)).
So Vn € N,n > B' = f'(n) < cag(n). (since n > B’, by construction of ¢c;, and
assumption that f' € O(g)).

Sovn e N,n > B = f(n)+ f'(n) < (c1 +¢2)g(n). (adding the last two
inequalities).
Hence Vn € N,n > B' = (f(n) + f'(n)) < c'g(n). (By construction of ¢').

Since ¢ € RT and B' € N, 3¢ € R",3IB' € N,Vn € N,n > B' = (f(n) + f'(n)) < dg(n).
So (f + f') € O(g). (by definition).

So f € O(g) N f' €O(g) = (f + f') € O(g)

Since f, f', and g are arbitrary functions in P,
Vi€ PVf e PVge P(fecO(g) N[ €0(9) = (f+f) € O(g)

Total Marks = 45
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