CSC165, Summer 2014
Assignment 4
Weight: 8%

Due Jul. 4th, 2:00 p.m.

You are allowed to use (i.e., put in your justifications), without proof, the following facts:
e VzeR, 22> 0

e For a,b,creal, a > 0, [b? — 4ac < 0] = [Vz,ax® + bx + ¢ >= 0]

e f(n) =1/nis a decreasing function for n > 0. In other words,

Vni € N,Vngy € N,Tlg >nyp = I/TLQ < 1/77,1

1. Prove or disprove using a detailed structured proof, justifying every step:
Ve e Z,Vy € Z,[x(z+1) =y(y+ 1)] & [z = y]

Solution: The statement is false.

Proof:
Let xo = —1,4990=0
Then xg € Z, Yo € Z
Then zp(zo+1) =0 #x0+1=0
Then yo(yo +1) =0 # yo=0
Then zo(xo+ 1) = yo(yo +1) # both equal 0
Then also —~[zg =yo] # —1#0
Then [z(z+1) =y(y+1)] A-[x =y] F# conjunction of two true statements
Then 3z € Z,Jy € Z, [x(z+ 1) =yly+ )] A-[xr =y] # xo,yo are such z,y
Then 3z € Z,3y € Z,~([z(x + 1) =y(y + 1)] = [t =y]) # implication negation
Then 3z € Z,3y € Z,[~([z(x + 1) = y(y+ )] = [z =y])] V [=([z(z + 1) = y(y + 1)] <= [z = y])]
# True V R is True for any R
Then 3z € Z,3y € Z,~([x(z + 1) =y(y+ 1)] & [t =y]) F# equivalence negation
Then 3z € Z,~Vy € Z,[z(z + 1) =y(y + 1)] & [xr = y]] # quantifier negation
Then —[Va € Z,Vy € Z,[z(z + 1) =y < [z =y]] # quantifier negation
"‘

Note: less detailed arguments that still end with the same conclusion may be fine.



2. Prove or disprove using a detailed structured proof, justifying every step:
Vo € R,Vy € R, [(z%y < 0) A (z #0)] & [#'%y < 0]

Solution: The statement is true.

Proof:
Assume z € R,y € R
Then 2% € R # the reals are closed under multiplication and 2%’ =z *z xx * ... x z
Also 2 40 #VreRz=0s2"=0
Then (z%9)2 >0 #VaeR,a#0=a?>>0
Then 2% >0  # algebra

Assume (z2y < 0) A (z # 0)
Then 2% (2%y < 0) #VaeR,VbER,[a>0,b<0]=ab<0
Then 2%y < 0  # algebra/associativity of multiplication

Then [(z%y < 0)A(x # 0)] = [2!1%% < 0] # assuming the antecedent leads to the consequent

Assume 2190y < 0
Then 2% (2%y) <0  # algebra/associativity of multiplication
Also 1/2%8 >0 # Va € R,a > 0 = 1/a > 0 Then (1/29)2%(2%y) < (1/2°%)0 #
multiply both sides by the same value
Then 2%y < 0  # algebra

Then 219 < 0] = [(z%y < 0)A(x # 0)] # assuming the antecedent leads to the consequent
Then [(z%y < 0) A (z # 0)] & [#'%% < 0]  # equivalence

Then Vz € R,Vy € R, [(z%y < 0) A (x # 0)] & [2!1%% < 0] # introduce universal

3. As of Jun.17, I predict that Brazil, Germany, Italy, and Argentina will make it to the semi-finals of the
FIFA World Cup. Suppose you have a group of 25 footballers from those four countries. Prove that
out of those 25, there is a group of at least 6 footballers who come from the same country. It is not
necessary to use the detailed structured proof format, but you still must justify every step.

Solution: The statement is true.

Proof:
Let N, be the number of footballers in the group who come from country ¢ € {Brazil, Italy,
Argentina, Germany}
Let N be the total number of footballers in the group
Assume there is no group of 6 footballers who come from the same country and N = 25
Then Ve € Brazil, Italy, Argentina, Germany, N. < 5 # By assumption, the natural number
N, is smaller than 6
Then N = Npyazit +Nrtaty + Nargentina + NGermany < 9+5+54+5 =20  # Only footballers
from the 4 countries are in the group + substitution
But it is not the case that 25 < 20 # arithmetic, we assumed that N = 25
Contradiction!
Then there is a group of at least 6 footballers who come from the same country # assuming
otherwise leads to a contradiction
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4. Prove or disprove the following equivalence. If you decide it is true and so need to prove it, do not use
a truth table. Justify every step in your derivation using the equivalences in Section 2.17 of the notes.

[(FQAP)V—=Q] & [(-QAN—R)V (=Q A R)]

Solution: The statement is true.
Proof:

(FQAP)V-Q & (mQAP)V(-mQA(PV—P)) # identity laws
S (CQAP)V(~QAP)V (-QA-P) # distributive laws
< (-QAP)V (=QAN—-P) # idempotency laws
& (2Q A (PV~—P)) # distributive laws
& Q) # identity laws
< QA (-RV R) # identiy laws
< ("QA-R)V (-Q A R) # distributive laws
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5. Let RT be the set of positive real numbers. Prove or disprove using a detailed structured proof,

justifying every step:

366R+,VBGN,Vn€N,[n>B]:s[ 5

2n? + 15n ’ }
— 2| <€
n

Solution: The statement is true.
Proof:
Let ¢g = 16

Assume B € Nyn € N

Assume n > B
Then B >0  # The smallest natural number is zero
Thenn>1 #n>B2>0

2

Then |2"n# —-2| = |%| = % <15 4 algebra, Vn; € N;Vny € Nyng > ny = 1/ng <
1/n; applied to n; =1
Then 2224152 _ 9| < ¢ # 16 > 15

Then [n > B] = |2”2wa —2| <€ # assuming the antecedent implies the consequent

Then VB € N,¥n € N, [n > B] = [

2 . .
w — 2‘ < e} # introduce universal

Then 3 € R*,YB € N,¥n e N,[n > B] = {

2
W—2‘<e} # €9 = 16 is such an €
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6. Assume that D C N and D # @. Prove or disprove using a detailed structured proof, justifying
every step:
Vx € D,3y e N,y < z] < [0 € D]

Solution: The statement is true.

Proof:
Assume 0 € D
Let o = 0
Then xqg € D

Then Vy € N,y > 29 # 0 is the smallest natural number

Then dz € D,Vy e Ny > x  # x¢ is such an x

Then ~(Vx € D,3y € N,y <) # quantifier negation
Then 0 € D = —~(Vx € D,y € Nyy < &  # assuming the antecedent leads to the consequent
Then Ve € D,y e Ny <ax=0¢ D # contrapositive

Assume 0 ¢ D
Assume z € D
Then x 20 # 0 fnD but z € D Let yo =0
Then yg € N # definition of naturals
Then Vz € D,yg <z  # the minimum natural number is 0 and 0 ¢ D so x # 0
Then dye Ny <ax # ypissuchay
Then Vz € D, 3y € Ny < x # introduce universal
Then [0 ¢ D] = Vo € D,3y € N,y < z] # assuming the antecedent implies the consequent

ThenVz e D,y e Nyy<ax < 0¢ D  # equivalence
I.‘
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