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Face routing is a simple method for routing in wirelessad-hoc networks. It only uses

location information about nodesto do routing and it provably guaranteesmessagede-

livery in static connectedplanegraphs. However, a static connectedplanegraph is often

di�cult to obtain in a real wirelessnetwork.

This thesisextendsfacerouting to more realistic modelsof wirelessad-hoc networks.

We present a new version of face routing that generalizesand simpli�es previous face

routing protocolsand develop techniquesto apply facerouting directly on general,non-

planar network graphs. We alsodevelop techniquesfor facerouting to deal with changes

to the graph that occur during routing. Using thesetechniques,we createa collection of

face routing protocols for a seriesof increasinglymore generalgraph models and prove

the correctnessof theseprotocols.
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Chapter 1

In tro duction

A wirelessad-hoc network consistsof a collection of nodesthat communicate with each

other through wirelesslinks without a pre-establishednetworking infrastructure. It orig-

inated from battle�eld communication applications, where infrastructured networks are

often impossible. Due to its 
exibilit y in deployment, there are many potential appli-

cations of a wirelessad-hoc network. For example,it may be usedas a communication

network for a rescue-teamin an emergencycausedby disasters,such as earthquakesor


o ods, where�xed infrastructures may have beendamaged.It may alsoprovide a com-

munication systemfor pedestriansor vehiclesin a city. Another exampleof a wireless

ad-hoc network is a rooftop network [9, 12], which consistsof a number of wirelessnodes

spreadover an area to provide local networking serviceand accessto wired networks,

such as the Internet, for residents in the neighborhood. Another application of wireless

ad-hoc networks is a sensornetwork, which consistsof a largenumber of small computing

devicesdeployed in a region that collect data and may sendthe information to a central

server.
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Chapter 1. Intr oduction 2

1.1 Routing in Wireless Ad-ho c Net works

In a data communication network, if two nodesare not connecteddirectly by a commu-

nication link, their messagesto each other needto be forwarded by intermediate nodes.

Finding a path between two nodes on which to sendmessagesin data communication

networks is a fundamental problem, called routing. In a traditional computer network,

there are nodesdedicatedto the routing task, calledrouters. Applications on hostscom-

municate with servers and messagesare forwarded by routers to their destinations. In

contrast to traditional computer networks, wirelessad-hoc networks do not distinguish

between hosts, servers, and routers. Wireless ad-hoc networks are also di�eren t from

wirelessnetworks with basestations, such as cellular phonesystems,in which messages

are relayed by the basestations. In wirelessad-hoc networks, nodes are not only ap-

plication hosts, but also function as routers to forward messagesfor other nodes that

are not within direct wirelesstransmissionrangeof each other. The participating nodes

form a self-organizednetwork without any centralized administration or support [25].

Therefore,wirelessad-hoc networks are purely distributed systems.

The characteristicsof wirelessad-hoc networks that aredi�eren t from traditional net-

works posetwo speci�c challengesin routing. First, sincethere are no dedicatedrouters

nor persistent routing databases,wirelessad-hoc networks require fully distributed rout-

ing protocols. Second,the topology of a wirelessad-hoc network can changefrequently

and unpredictably. A routing protocol for a wirelessad-hoc network must bewell adapted

to the constant changesof topology. Thesecharacteristicsmakerouting in wirelessad-hoc

networks an interesting and challengingproblem.

A large variety of ad-hoc routing protocolshave beenproposed,ranging from modi�-

cations and optimizations of traditional routing approachesfor static networks to inno-

vative methods for ad-hoc networks that utilize geographiclocation information about

nodes. One approach to ad-hoc routing is to modify traditional routing algorithms by

maintaining up-to-date topology information [52, 10, 49]. This is done by periodically
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broadcasting updates to routing information throughout the network. However, this

involveslarge communication overhead. To avoid periodically exchanging routing infor-

mation, another approach is to establish a route only when it is neededby 
o oding a

route requestthroughout the network [29, 53, 51, 23, 20]. Both approachesare e�cien t

only in small and moderate sizednetworks [55, 8, 28, 11, 50, 60, 48].

Location-basedrouting, also known as geometricrouting or geographicrouting, has

beenproposedto addressthe scalability issue. Instead of using topological information,

location-basedrouting protocols use geographicallocation information about nodes to

route packets. Theseprotocols assumethat nodesknow their own geographiclocations

(for example, from a Global Positioning System [30]) and the sourcenode knows the

location of the destination node.

A naive way to uselocation information is to broadcastroute query messageswithin

a restricted area to construct a route to the destination [6, 35]. More e�cien t location-

basedrouting protocols transmit data packets directly without explicitly constructing a

route in advance [14, 47, 36, 7, 31, 37]. In theseprotocols, nodes do not keep routing

information, except for the locations of their neighbors, and a packet is not duplicated

during routing. When a node receivesa packet, the simplest way to route the packet is

to forward it to the neighbor that is closestto the destination [14, 47, 36]. This is called

greedy routing. Comparedto other protocols, greedyrouting has extremely low routing

overheadand scaleswell to largenetworks. However, greedyrouting may fail to deliver a

packet, becausethe packet may reach a node whoseneighbors are all farther away from

the destination [36, 31].

A techniquecalledface routing provably guaranteespacket delivery in static connected

plane graphs[36, 7, 31]. Facerouting is applied on a plane graph, and the packet is for-

wardedalongthe boundariesof the facesthat are intersectedby the line segment between

the sourcenode and the destination node. The face routing protocols in the literature

[7, 31, 38, 37] have the following two constraints: they need a separatelyconstructed
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spanning plane subgraph of the network for routing, and they assumethat the plane

subgraph remains static during the routing process. Extracting a connectedspanning

plane subgraph in a distributed manner may be di�cult in real networks. Experimen-

tal results [33, 57] indicate that most existing algorithms have problemsin real wireless

networks due to radio rangeirregularities and impreciselocation information. Problems

with the resulting routing graph can lead to failure of facerouting protocols. Moreover,

experiments show that links in wirelessad-hoc networks, such as rooftop networks, are

often unstable even when nodesare stationary [9, 1]. As a result, theseprotocols may

not be practical in real wirelessad-hoc networks.

Other routing protocolsthat guarantee messagedelivery in static networks have been

obtained by combining face routing with greedy routing [7, 31, 40, 37]. The protocols

operate in the greedyrouting mode until the packet reachesa node wheregreedyrouting

fails to proceed. Then, the protocols switch to the face routing mode as a recovery

mechanism and switch back to greedymode when possible.

This thesisextendsfacerouting to moregeneraland more realistic modelsof wireless

ad-hoc networks with the goal of developing geometricrouting protocols that guarantee

messagedelivery in thosemodels. We considera seriesof graph models with increasing

generality, which are de�ned in Section1.2. We develop techniquesthat generalizeand

extend facerouting, and designa collection of provably correct facerouting protocolsfor

thesemodels.

1.2 Mo dels

All graphsdescribed in this thesisareconsideredto bedrawingsin the plane: verticesare

represented by distinct points in the plane,and an edgeis represented by the straight line

segment betweenits endpoints. If no edgesintersect exceptat their commonendpoints,

we say it is a plane graph. The edgesof a plane graph partition the plane into disjoint
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regionscalled faces [62]. A graph H = (V 0; E 0) is a subgraph of graph G = (V; E) if

V 0 � V , E 0 � E , and each vertex in V 0 is placedat the samepoint in the plane as in G.

If V 0 = V, then H is a spanningsubgraphof G.

We assumethat all nodes in a wirelessad-hoc network are located in a plane. For

networks with stationary nodes,we assumethat the nodesare in generalposition, i.e.,

no two nodes lie on the samepoint in the plane, and no three nodes lie on the same

straight line. A network graph that represents a wirelessad-hoc network is drawn in the

natural way: a vertex representing a network node is drawn at the point that represents

the location of the node in the plane. For convenience,whenwe refer to a nodeor vertex,

we do not distinguish betweenthe network node, the vertex in the graph that represents

the network node, and the point in the plane that represents the vertex. Similarly, when

we refer to a link or edge,we do not distinguish betweenthe wirelesslink, the edgein

the graph that represents the link, and the line segment in the plane that represents the

edge.

A simple graph model for wirelessad-hoc networks is the unit disk graph (UDG)

model, in which each pair of vertices are connecteddirectly by an edgeif and only if

they are at most distance1 apart. A unit disk graph models a wirelessad-hoc network

in which nodeshave the samecircular transmissionrange. Nodesare consideredto be

stationary during the routing process,soa unit disk graph is a static graph representing

a snapshotof the network at a point in time. A connectedunit disk graph contains

a connectedspanningplane subgraph,which can be usedas the routing graph for face

routing. Although the unit disk graph model is widely employedbecauseof its simplicity,

it is unrealistic since nodes in a wireless ad-hoc network often do not have circular

transmissionrangesdue to obstacles.

The �rst extensionwe consideris the quasi unit disk graph (QUDG) model [5, 39],

which allows the transmissionregion of nodes to be non-circular. In a quasi unit disk
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graph, there is a constant " , where0 � " � 1, such that nodesat most distance" apart

are connectedby an edge,nodes more than distance 1 apart are not connectedby an

edge,and nodeswith distancein betweenmay or may not be connectedby an edge.It is

a static graph model whereno changeof the network graph is allowed during the routing

process.If " < 1, a connectedquasiunit disk graph may not have a connectedspanning

plane subgraph. For example,seeFigure 1.1. Note that any graph can be viewed as a

quasi unit disk graph with " = 0 by taking the maximum length of any edgeto be 1.

PSfrag replacements

u v

w

x

Figure 1.1: A quasiunit disk graph that doesnot have a connectedspanningplane sub-

graph

Next, we extend our study to non-static graph models. An edgedynamic graph is a

graph whosenodesremain stationary, but whoseedgesmay changeover time. An edge

dynamic quasi unit disk graph (EDQUDG) is a quasi unit disk graph at all points in

time: nodes that are at most distance" apart are always connectedby an edge,nodes

that are more than distance 1 apart are never connectedby an edge. The di�erence

betweenan EDQUDG and a QUDG is that, in an EDQUDG, an edgewhoselength is

between" and 1 may repeatedly changebetweenbeing active and inactive at arbitrary

times. Edge dynamic quasi unit disk graphs represent networks in which the wireless

connectionsbetween the nodes that are more than distance " apart are unstable, or

there exist moving obstaclesthat can interfere with connectionsbetweennodesduring

the routing process.



Chapter 1. Intr oduction 7

Finally, we extend the network graph model to graphsconsistingof mobile nodes. A

mobile graph is a graph each of whoseverticesmay move along a continuous tra jectory,

representing the movement of a mobile node in the network. A mobile quasi unit disk

graph (MQUDG) is a mobile graph that is a quasi unit disk graph at all times. When

two nodesare within distance" of one another, they are connectedby an edge. When

their distance from one another is greater than 1, they are disconnected. When their

distancefrom oneanother is greaterthan ", but lessthan or equalto 1, they may or may

not be connected.

The transmissiontime of a packet from a nodeto a neighbor is assumedto bebounded

above by a constant. A transmission is successfulas long as the connectionexists for

this length of time from the beginning of the transmission. Thus, in a static graph, no

transmissionfailures occur. In edgedynamic and mobile graphs, it is possiblethat an

edgebecomesinactive when a packet is being transmitted along the link. We assume

that such a transmissionfailure can be detectedby the senderand, if this happens, it

re-routesthe packet.

1.3 Outline of Our Research and Con tributions

The main contributions of our research are a better understandingof the capability and

limitations of facerouting and a collection of geometricrouting protocolsthat guarantee

messagedelivery in more realistic models of wirelessad-hoc networks. In the following,

we give an outline of our research and contributions.

First, we present a new version of face routing that usesa more general rule to

decidethe face to be traversed. In static graphs, this version of face routing is similar

to someprotocols that combine greedyrouting with face routing. Our new protocol is

conceptually simpler. Moreover, in non-static graphs, our new protocol can be usedto

extend previous face routing protocols to obtain more generalconditions under which
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messagedelivery is guaranteed.

Then westudy techniquesto directly apply facerouting on generalnon-planarnetwork

graphs, without extracting a plane subgraph. A (virtual) plane graph can be obtained

from any graph by replacing each edge crossingwith a virtual node. We show how

to simulate face routing on the resulting plane graph without requiring real nodes to

maintain extra information about virtual nodes. This extends face routing to more

generalgraphsand simpli�es geometricrouting protocols that usefacerouting.

Wehavedevelopeda collectionof provably correctprotocolsthat simulate facerouting

on unit disk graphsand quasi unit disk graphswith " � 1p
2

using di�eren t assumptions

about how much information is available at each node. The protocols that are basedon

more knowledgeof the local neighborhood are straightforward, but those that require

lessinformation at each node are more complicated.

Next, we extend facerouting to edgedynamic quasi unit disk graphs. In our earlier

work, we presented a protocol for edgedynamic graphs, where we assumedthat the

graph is always a plane graph [21, 22]. However, edgedynamic quasi unit disk graphs

are not necessarilyplane graphs. Therefore, that protocol may not work for general

edgedynamic graphs. We deviseanother protocol that combinesour techniquesfor edge

dynamic plane graphs with our techniquesfor applying face routing on quasi unit disk

graphs. We prove that, under generalconditions, this protocol works correctly in edge

dynamic quasi unit disk graphswith " � 1p
2
.

Finally, we study face routing in mobile quasi unit disk graphs. It is challenging to

do facerouting in such graphs,becausecomplicatedchangesto the network graph may

happen during routing. We considera restricted family of mobile quasiunit disk graphs

in which each node may move only within a small circular region. We show that our

protocol for edgedynamic quasi unit disk graphs can be applied to do routing in such

graphs. We alsoconsidera family of mobile quasiunit disk graphsin which the speedof

the movement of nodesis limited. We present a variant of our protocol for routing to a
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stationary destination node and give someevidencefor its correctness.

1.4 Thesis Organization

The rest of this thesisis organizedasfollows. In Chapter 2, we give a survey of location-

basedrouting protocolsin the literature, in particular, the original facerouting protocols

and a variety of protocolsthat usefacerouting. In Chapter 3, wedescribeour newversion

of facerouting that usesa moregeneralfaceswitching rule. In Chapter 4, wedescribehow

to apply facerouting on generalnon-planar network graphsdirectly. Then, in Chapters

5 to 7, we discussthe challengesof doing face routing in unit disk graphs, quasi unit

disk graphs, and edgedynamic quasi unit disk graphs, and give routing protocols for

each. Chapter 8 describes our results on somerestricted versionsof mobile quasi unit

disk graphs. Finally, we highlight the main results in this thesis and discussdirections

for future work in Chapter 9.



Chapter 2

Related Work

Location-basedrouting is done using physical location information about nodes. This

is a very di�eren t approach than traditional routing, in which nodes needto maintain

routing information [11, 42, 60]. Instead, location-basedrouting usesinformation about

the geographiclocation of the neighbors of the current node to direct a packet to its

destination.

In location-basedrouting protocols,it is assumedthat nodesknow their own locations

and the sourcenode knows the location of the destination node. A node equipped with

a Global Positioning System(GPS) receiver can obtain its own geographiccoordinates

[30]. When GPS support is unavailable, there are other localization techniques that

mobile nodescan use[24, 54, 56, 58]. In order to obtain the location of the destination

node, a location service is neededfrom which a node can query about the locations

of other nodes. Most location-basedrouting protocols assumethat a location service

exists as an external resource. Indeed, in the literature, location servicehas often been

consideredasan independent research topic. For research in this area,we refer the reader

to [6, 19, 59, 32, 42].

According to how the location information is used, location-basedrouting protocols

can be divided into three categories,restricted directional 
o oding, greedy routing, and

10
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face routing. In the next two sections, we brie
y describe protocols in the �rst two

categories.Then, we describe face routing in more detail and discussthe variants of it

that appear in the literature.

2.1 Restricted Directional Flo oding

Restricted directional 
o oding protocols, including Location-Aided Routing (LAR) [35]

and the DistanceRouting E�ect Algorithm for Mobilit y (DREAM) [6], are designedfor

mobilead-hoc networkswherethe up-to-date location of the destinationnodeis unknown.

They use
o oding to search for a path to the destination, but utilize location information

sothat packet broadcastsare con�ned to a subsetof nodesinsteadof the entire network.

LAR assumesthat the sourcehassomeknowledgeabout the movement of the desti-

nation node, for instance, its averageor maximum speed. When the sourcenode needs

to senda message,it calculatesa region, called the expected zone, in which it expects

the destination node to be currently located. The sizeand shape of the expected zone

dependson what information the sourcenode knows about the destination. For exam-

ple, if the sourcenode knows the location of the destination node at sometime in the

past and its averagespeed, the expected zone is the circular region centered at that

location with radius the distanceit may have moved. If the sourcenode doesnot know

a previous location of the destination node, the entire region that may potentially be

occupiedby the ad-hoc network is the expectedzone. Then, a requestzoneis determined

that includesboth the sourcenode and the expectedzone. The requestzoneis usedto

restrict the region of 
o oding in route discovery: only the nodeswithin the requestzone

broadcastthe route requestpacket to their neighbors. Therefore,choosingthe sizeof the

requestzoneinvolvesa trade-o� betweenthe routing communication overheadand the

possibility that a path is found in it.

The DREAM protocol is usedfor sendingdata packets directly without route discov-
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ery. Each node recordsthe locations of all other nodesin the network and disseminates

its current location to all other nodes with a frequencydetermined by its distancesto

them and its mobilit y rate. More speci�cally, the farther apart two nodesare, the less

frequently they update their locations to each other; the faster a node moves, the more

frequently it broadcastsits location. This approach reduceslocation update overhead

without compromisingthe routing accuracy. When a node wants to senda messageto

another node, it obtains the direction of that node from its location information, and

sendsthe messageto all its neighbors in that direction. Each neighbor relays the message

in the sameway until the destination node is reached.

2.2 Greedy Routing

Greedy routing protocols use location information in a similar way, but they apply a

greedyheuristic in path selectionso that packet delivery is through point-to-point com-

munication rather than through broadcast. A node forwards the packet to the neighbor

that is closestto the destination in terms of distance[47] or direction [36], which is de-

�ned as the angle between the line segment from the node to the destination and the

edgeto a neighbor. Greedy routing is very simple and e�cien t sincenodesdo not need

to maintain routing information, and packets are forwarded immediately without being

duplicated. Comparedto other protocols,greedyrouting hasextremely low routing over-

headand it scaleswell to large wirelessad-hoc networks. However, greedyrouting does

not guarantee that a packet reachesits destination. If the distanceto the destination is

usedto choosethe next edgeto senda packet, a local minimum may be reached. Even

if the direction is usedto choosethe next edge,a loop may be formed [36].
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2.3 Face Routing

Facerouting, proposedin [36], wasthe �rst geometricrouting algorithm that guaranteed

messagedelivery without 
o oding. Several variants of facerouting protocols [7, 31, 38,

40, 37,41] weresubsequently proposed.Facerouting is appliedon a planesubgraphof the

network graph. A plane graph divides the plane into faces. The line segment between

the sourcenode and the destination node intersects somefaces. In face routing, the

packet is forwarded along the boundariesof thesefaces.A speci�c facerouting protocol

providesa set of rules for each node to decidewhereto senda packet usingonly the local

information about its neighbors and the information in the packet header.

A typical face routing protocol works as follows [7]. When face routing starts, the

packet is forwarded along the boundary of the �rst face intersectedby the line segment

from the starting point to the destination. The �rst edgeof the traversal of a face is

the �rst edgein clockwise order around the starting point from the line segment to the

destination. After the traversal of an edge(u; v), the next edgeof the face traversal is

the �rst edgeafter (v; u) in clockwise order around v. In this way, the packet traverses

the edgeson the boundary of the face in the counterclockwise direction. The traversal

in this way is called using the right-hand rule. When the traversal reachesan edgethat

intersectsthe line segment from the starting point to the destination at a point closer

to the destination than the starting point is, that point becomesthe new starting point

and the traversalswitchesto the next face. This procedurerepeatsuntil the destination

is reached.

Figure 2.1 shows an exampleof the route computedby such a facerouting protocol.

In this example,a packet is sent from nodes to noded. It �rst travelsalongthe boundary

of faceF1, until it reachesp1, the next intersectionpoint of the boundary of F1 and the

line segment sd, where the traversal is switched to the next face,F3. Subsequently, the

packet travels along the boundariesof facesF3 and F5.

Although the basicideaof facerouting is simple,somevariants of facerouting canfail
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Figure 2.1: An exampleof the path followed by a packet using a facerouting protocol

to deliver a packet in certain planegraphs[16]. For example,if a facetraversalalgorithm

only usesnodescloserto the destination than the starting node asnewstarting points, it

may not �nd a new starting point on someface,such asfaceF1 in Figure 2.2 (a). In this

example,node s is the sourcenode, and node d is the destination node. The other two

nodesv1 and v2 on the boundary of F1 are farther away from node d than s. Another

casewhen facerouting can fail is if, when an edgeintersectingthe line segment between

the starting point and the destination is found, a facetraversalalgorithm always usesthe

current node, instead of the intersectionpoint, as the new starting point. In this case,a

packet may loop along a sequenceof faceswithout ever reaching the destination. This is

illustrated in the examplein Figure 2.2 (b), wherethis algorithm will forward the packet

along (s1; s2), (s2; s3), and (s3; s1).

The Gabriel Graph [17], the Relative Neighborhood Graph [61], and several special

subgraphsof the Delaunay triangulation [18, 43, 44, 45] are known to be plane graphs

of a set of points in the plane. The intersection of any of them with a connectedunit

disk graph is a connectedplane subgraphand can be extracted in a distributed manner,
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Figure 2.2: Examples of routing failure if a face routing algorithm only usesnodes as

new starting points

i.e., usingonly local information about neighbors. Theseplanesubgraphscan be usedas

routing graphsfor facerouting. For example,it is easyfor a node in a unit disk graph to

check whether each incident edgeis in the Gabriel Graph of the sameset of nodes,using

only location information about its neighbors. If the unit disk graph is connected,the

subgraphof the unit disk graph consistingof thoseedgesis a connectedplane subgraph.

It is known that facerouting guaranteesthe delivery of a packet in static connected

plane graphs[7, 21]. It has beencombined with a greedyrouting approach to make the

overall routing protocol more e�cien t. One such protocol is GreedyPerimeter Stateless

Routing (GPSR) [31]. The main routing strategy in GPSR is greedyrouting. A node

sendsa packet to one of its neighbors in the network that is closestto the destination,

provided that neighbor is closer to the destination than it is. However, when a node

is closerto the destination than any of its neighbors, facerouting is usedas a recovery

mechanism.

Like the GPSR protocol, the GOAFR+ protocol [37] is alsoa combination of greedy
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routing and facerouting. GOAFR+ usesmuch more complicatedtechniquesto combine

facerouting with greedyrouting sothat the length of the route found by this protocol is

always within a constant factor of the squareof the length of the shortest path. Speci�-

cally, it de�nes an areathat may be adaptively resizedduring the routing process.When

the protocol is operating in facerouting mode, the traversal is con�ned to this area. If

the traversalalong the boundary of the facein the counterclockwisedirection will go out

of this area,it turns around and traversesthe facein the oppositedirection. If traversing

in both directions reachesthe boundary of the con�ned area, this area is expanded. It

also usesan involved set of rules to determinewhen the protocol should switch back to

greedymode from facetraversalmode. It is shown in [38] that, for any geometricrouting

protocol, the length of the route found by the protocol is, in the worst case,at least a

constant times the squareof the length of the shortest path betweenthe sourceand the

destination. Thus, GOAFR+ is asymptotically optimal with respect to the length of the

route. Their simulation results show that GOAFR+ is alsoe�cien t on random graphs.

There have beena few papers on geometric routing in quasi unit disk graphs. For

connectedquasi unit disk graphswith " � 1p
2
, Barri�ere et al. [5] proposea technique to

construct a super-graphby addingextra edgesto the network graph, which correspond to

paths in the network graph. Their technique involvesnodesexchanginginformation with

neighbors so that they set up extra edgeswhen needed.The extra edgesguarantee that

a connectedspanningplane subgraphof the super-graph exists. Although the resulting

super-graph is not a unit disk graph, the algorithm for extracting the intersectionof the

Gabriel Graph and a unit disk graph can be applied to extract a plane subgraphof the

super-graph. They prove that if the network graph is connected,the resulting subgraph

of the super-graph is a connectedspanningplane graph of the network nodes.

Face routing can be performed on the resulting subgraph. Each node maintains a

routing table for its incident extra edges,sothat a messagethat is supposedto be routed

alongan extra edgeis forwardedalongthe correspondingpath in the network to the other
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endpoint of the extra edge.For static quasiunit disk graphs,this approach may result in

long routes. It is unclear whether this approach can be extendedto edgedynamic quasi

unit disk graphs. When there is a changein the network, the nodeswhoseneighborhood

is changed need to re-compute the super-graph and the routing subgraph. This may

have a ripple e�ect through the network: the changesat thesenodesmay causechanges

to the extra edgesat their neighbors, which in turn can a�ect more nodes. If there are

frequent changesin the network during the routing process,their routing protocol may

fail to deliver the packet.

For quasiunit disk graphswith 0 � " � 1, Kuhn et al. [39] givea distributed algorithm

to construct a sparsespannerof the network graph. Then they apply Barri�ere et al.'s

technique to obtain a sparsespanningplane graph for routing in quasi unit disk graphs

with " � 1p
2
.

Lillis et al. [46] considerquasi unit disk graphs with " � 1p
2
. They use the idea of

adding virtual nodes(where edgescross)on a sparsespanningsubgraphof the network

graph to obtain a planegraph for routing. This idea is alsobrie
y mentioned by Kuhn et

al. [39]. Oneof the endpoints of the edgescrossingat each virtual node servesasa proxy

for that virtual node, sendingand receivingmessageson its behalf, and maintaining its

routing table. However, they do not explain how proxiesarechosen,nor do they describe

the detailedbehavior of the proxies. Their approach requiresextra storagespaceat nodes

for keepingrouting tables. To keep this storageexpensesmall, the sparsesubgraph is

extracted from the network graph to limit the number of virtual nodesmanagedby each

real node. In addition, they still assumethe network graph to be static for routing.

Barri�ere et al. [5] showed that, for any constant k, there exists a quasi unit disk

graph with " < 1p
2

that contains two crossingedgese and e0, and any path connecting

one endpoint of e and one endpoint of e0 has length at least k hops. This meansthat

the edgecrossingcannot be detectedat thoseendpoints with (k � 1)-hop neighborhood

information. Thus, a local routing algorithm basedon face routing (without 
o oding)
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may miss a crossingedgeand fail to deliver a packet in a quasi unit disk graph with

" < 1p
2
.

The face routing protocols discussedabove assumethat the routing processis done

instantaneouslyso that the protocolsare executedon a static graph. This assumptionis

relaxedin my M.Sc. thesis[21] and my paper [22], wheretwo new facerouting protocols

are proposedand proved to be correct in edgedynamic graphs that are always plane

graphs. The Timestamp-Traversal protocol stores a time stamp in the packet header

to record the departure time of the packet from its starting point. Links that become

available after this time are ignored. The Tethered-Traversal protocol fully exploits all

available edges,and takesadvantage of new edges.To achieve this, it usesinformation

about the path followed by a packet, carried in the packet header,to determinewhether

the next edgealongthe boundary of the current faceshouldbe traversedor not. As in the

original facerouting protocols,nodesdo not keepany history information about links or

about packets that they havereceived. Both protocolsguaranteemessagedelivery if, dur-

ing the traversalof each face,the graph contains a stable connectedspanningsubgraph.

Sinceedgedynamic quasiunit disk graphsare not necessarilyplanegraphs,Timestamp-

Traversal and Tethered-Traversaldo not necessarilyguarantee messagedelivery in edge

dynamic quasi unit disk graphs.

For mobile wirelessad-hoc networks, Ioannidou [27] addressedthe routing problem in

a di�eren t framework. Shepresented a simple model that can be simulated in a mobile

ad-hoc network, given explicit bounds on the speed of nodes. The connectionsin this

simpli�ed model remain relatively stable for su�cien tly long so that facerouting can be

applied to route a packet along the boundary of a stable facein this model.



Chapter 3

A New Version of Face Routing

In this chapter, we present a new version of face routing for that guarantees message

delivery while naturally incorporating a greedy approach. Although we devised it to

apply facerouting to mobile graphs,it generalizesand is better than the original version

described in Chapter 2. The main di�erence between our new version of face routing

and the classical face routing protocols is the rule to choose the new starting point

[7, 31, 37, 16]. Our rule for selecting a new starting point is more general. In our

protocol, the new starting point can be, but is not necessarily, an intersection point on

the line from the sourceto the destination.

Speci�cally, in our new version,starting from the starting point of a face,the packet

is forwarded along the boundary of the face intersectedby the line segment from the

starting point to the destination, until it �nds a point on the face that is closerto the

destination than the starting point is. Then this point becomesthe new starting point

and the packet starts to traversethe face intersectedby the line segment from the new

starting point to the destination. This procedurerepeats until the packet reaches the

destination.

Figure 3.1 shows an exampleof the path followed by a packet usingour newprotocol.

It is the samegraph as in Figure 2.1 on page14 wherewe explainedthe original version

19
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of facerouting. In this example,from node s to node d, the packet traversesfacesF1, F2,

F4, and F5 successively. Our traversaldoesnot necessarilyswitch to another facewhen

a new starting point is found: In our example,each node visited on faceF5 is closerto

the destination than its predecessor.For comparison,notice that previous face routing

protocols would switch from face F1 to F3 at node x, when it seesedge(x; y), which

intersectssd, but our new protocol switchesfrom F1 to F2 at node u.
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Figure 3.1: Di�eren t paths followed by a packet travelling from node s to node d

A new starting point can be any point on the boundary of the current face that is

closerto the destination than the current starting point is. In our versionof facerouting,

oncewe seean edgethat contains such a point, we choosethe point on that edgeclosest

to the destination asthe newstarting point. In static graphs,such a point can always be

found, as long as the sourceand the destination are in the sameconnectedcomponent

of the graph. Note that, as in the original facerouting protocols,a new starting point is

not necessarilyat a node.

In static graphs, the behavior of our new protocol is similar to someprotocols that
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combine greedyrouting with face routing, such as GPSR [31]. During the traversal of

a face, if the packet reachesa node, say, node u, that is closer to the destination than

the starting point is, GPSR switchesto greedymode, whereasour protocol switchesto

the next face. Now, if node u does not have a neighbor closer to the destination than

itself, GPSR will switch back to facerouting and start to traversethe samefaceas our

protocol. Otherwise,GPSRforwardsthe packet to the neighbor of u that is closestto the

destination. This node may or may not be the samenode to which our protocol forwards

the packet. In the examplein Figure 3.1,GPSRforwards the packet from nodeu to node

w, but our protocol forwards the packet to node v. Both protocolssubsequently forward

the packet to node z, and the packet follows the samepath in both protocols thereafter.

A bene�t of our protocol is that it uni�es a greedyheuristic into facerouting so that it

is not necessaryto switch betweenmodes.

In non-static graphs,there aresituations whenthe original facerouting protocolsfail,

but our new protocol succeeds.One exampleis shown in Figure 3.2. The graph is the
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sameas in Figure 3.1, except that the edgebetweennodesv and w becomesavailable

after the packet passesw, but beforeit reachesv. The original facerouting protocolsfail

becausethe packet will be forwarded from v to w and will loop on the new faceF 0
1. Our

new facerouting is not a�ected by this changeto the graph and routes the packet to the

destination as before.

The Tethered-Traversalprotocol in my M.Sc. thesisextendsthe original facerouting

protocols to deal with problems like the one illustrated in Figure 3.2. If the graph is

an edgedynamic plane graph, Tethered-Traversal succeedsas long as there is a stable

connectedspanningsubgraphduring the traversal of each face,becausea new intersec-

tion point will be found within the face of this stable subgraph that contains the face

being traversedat the beginning of the traversal. However, in mobile graphs,Tethered-

Traversal has somedi�culties even when a stable connectedspanningsubgraphexists.

One problem is when the faceof the stable subgraphcontaining the current facemoves

sothat it no longer intersectsthe line segment from the starting point to the destination.

In this case,a new starting point cannot be found. In Section8.2, we present a variant

of Tethered-Traversal that usesthis new versionof facerouting. Under a reasonableset

of assumptions,we prove that the current facewill always contain a point that is closer

to the destination than the starting point was at the beginning of the traversal,and we

conjecturethat our new variant of Tethered-Traversalguaranteesmessagedelivery.



Chapter 4

Simulating Face Routing On Virtual

Graphs

There are two problems with using face routing on a non-planar network graph: the

network graph may not have a connectedspanning plane subgraph, and, even if such

a subgraph exists, extracting it may be di�cult or complicated [33, 57, 5, 34]. In the

following, we describe a generalapproach to apply face routing on non-planar graphs

without extracting a plane subgraph.

A non-planar network graph can be viewed as a virtual plane graph. Conceptually,

we add a virtual node at each point wheretwo or moreedgescross,and split the edgesat

thesevirtual nodes. Thus, we obtain a virtual plane graph that consistsof the original

network nodesand the virtual nodes. If the original graph is connected,so is the virtual

planegraph, and if weapply facerouting in this virtual planegraph, wewould �nd a path

to the destination. We call this path a virtual path, becauseit may contain virtual nodes.

A virtual node cannot receive or send a packet. Kuhn et al. [39] and Lillis et al. [46]

maintain routing tables at real nodesto enablemessagesto be sent to and from virtual

nodes. In our approach, additional routing information does not need to be stored at

real nodes. We simply computea real path in the network graph that follows the virtual

23
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path. We say that such a protocol simulates facerouting in the virtual plane graph.

To formally de�ne what it meansfor a real path to follow a virtual path, we �rst

introduce somenotation and de�nitions. We useGreek letters � , � , etc., to denote the

nodesin a virtual path, which may be virtual or real, and uselowercaseletters to denote

real nodes. Each edgein the virtual graph is either an entire edgein the network graph

or a part of it. We call an edgein the virtual graph a virtual edge. We usethe beginning

node or point and endingnode or point to refer to the two endpoints of a real or virtual

edge.

Given a virtual path whoselast node is a real node, we de�ne a function that maps

this virtual path to a sequenceof real nodesas follows.

De�nition 4.1. Let � = � 0; � 1; : : : ; � k = u, for k � 1, be a virtual path whoselast node

� k is a real node. Let F (� ) = u0; u1; : : : ; uk� 1; u, where ui is the beginning node of the

real edgethat contains the virtual edge(� i ; � i +1 ) for i = 0; : : : ; k � 1. We say that a real

path P follows a virtual path � if F (� ) is a subsequenceof P.

Prop osition 4.2. A protocol that simulatesface routing in all virtual planegraphsguar-

antees messagedelivery in static connected graphs.

Proof. The virtual plane graph of a connectedgraph is also connected,becauseadding

virtual nodesand splitting an edgeat a virtual node do not disconnectany path in the

original graph. Becauseface routing guaranteesmessagedelivery in a static connected

planegraph, the virtual path obtainedby applying facerouting in the virtual planegraph

of a static connectedgraph leadsto the destination node. By de�nition, a protocol that

simulates face routing computesa real path that follows the virtual path and, hence,

leadsto the destination node.

To simulate facerouting in a virtual graph, there are two issuesto be addressed.The

�rst is to compute the virtual path, and the secondis to �nd a real path in the network
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that followsthe virtual path. All the computation shouldbedonein a distributed manner

and useonly local information available at each node, plus the information the protocol

puts in the packet header.

The virtual path will be computedoneedgeat a time. A natural way to do this is to

let the beginningnode of the real edgecontaining the current virtual edgedeterminethe

next virtual edge. Given the current virtual edge(� ; � ), the next virtual edge(� ; 
 ) is

the �rst virtual edgeafter (� ; � ) in clockwiseorder around � , asillustrated in Figure 4.1.

Suppose(� ; � ) is contained in the real edge(u; v), and (� ; 
 ) is contained in the real edge
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Figure 4.1: Computing the next virtual edge

(w; x), which intersects (u; v) at � . If node u knows its neighbors, which (real) edges

intersect its incident (real) edges,and which (real) edgesintersect them, then it is easy

for u to compute (� ; 
 ). However, if node u only knows its neighbors and the real edges

that intersect its incident edges,node u cannot necessarilydeterminethe endingpoint 


of the next virtual edge.

With this limited information, the virtual path canstill bedetermined,if wedistribute

the computation in a di�eren t way. At each step of the traversal, given the beginning

point � of the current virtual edgeand the real edge (u; v) that contains it, node u

computes the ending point � of the current virtual edge,which is also the beginning
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point of the next virtual edge,and the real edge(w; x) that contains it. To �nd a real

path that follows the virtual edge,node u computesa real path to w. Notice that, in

this distributed computation of the edgesin the virtual path, the two endsof a virtual

edgemay be determinedat di�eren t real nodes: the beginning point of the virtual edge

and its underlying real edgeare determined in one step at a node, and its ending point

is determinedin the next step at a possiblydi�eren t node.

Now we give an algorithm, EPND (Ending Point & Next Direction), which performs

the computation in this procedure. The input parametersof EPND are (u; v) and � ,

where(u; v) is the real edgethat contains the current virtual edgeand � is the beginning

point of the current virtual edge. So, � could be either node u or an interior point on

edge(u; v). The output of EPND is � , the ending point of the current virtual edge,

which is also the beginningpoint of the next virtual edge;(w; x), the edgethat contains

the next virtual edge;and � , a path from node u to node w, along which the packet

can be forwarded to w to continue the traversal. Figure 4.2 illustrates the geometric

relationshipsamongthe input and output parametersof EPND. The code for EPND is

shown in Figure 4.3.
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From the speci�cations of EPND and the de�nition of face routing, we get the fol-

lowing result.
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Algorithm EPND((u; v); � ; � ; (w; x); � )

. Executed by node u.

. Input: edge(u; v) and a point � on (u; v);

. Output: � , the �rst node on (u; v) after � in the virtual graph; (w; x), the edgecontaining the �rst

virtual edgeafter (� ; u) in clockwiseorder around � ; and � , a path from u to w in network graph.

1 begin

2 if there is an edgethat crosses(� ; v) then . the next virtual edge is along the closest crossing edge

3 let � be the crossingpoint on (� ; v) that is closestto �

4 let (w; x) be the edgethat contains the next virtual edgeafter (� ; � ) in clockwise order

around �

5 let � be a path from u to w in network graph

6 else . no edge crossing (�; v), the next edge begins at v

7 �  v

8 (w; x)  the next edgeafter (v; u) in clockwise order around v . note that w = v

9 �  u; w

10 end

Figure 4.3: Algorithm EPND

Prop osition 4.3. If the input (u; v) contains the current virtual edgealongthe boundary

of a virtual face and � is a point on that virtual edge,the output � of EPND is the ending

point of the current virtual edgeand (w; x) is the edgethat contains the next virtual edge

along the boundary of the samevirtual face.

Note that the if part in EPND speci�es what the outputs shouldbe without explicitly

stating how to computethem, becauseit will depend on what information is available at

node u and what is the network graph model. In Chapter 5 and Chapter 6, we will show

that in unit disk graphsand quasiunit disk graphs,if nodeu knowsthe information about

the real nodeswithin 2 hopsand 3 hopsfrom it, respectively, EPND canbe implemented

locally at node u. Furthermore, we will show that if lessinformation is available at each

node, the computation of EPND can be distributed amongmultiple nodes.
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Once the ending point � of the current virtual edgeis determined, node u checks

whether (� ; � ) contains any point that is closerto the destination than the starting point

of the current virtual face. If so,the traversalswitchesto the next virtual face;otherwise,

node u forwards the packet to node w, and the traversal is continued.



Chapter 5

Routing in Unit Disk Graphs

Oneof our research goalsis to apply facerouting on a non-planarnetwork graph directly

without extracting a plane subgraph. If we can do this, nodesdo not needto maintain

information about the planesubgraph. More importantly, this will extendthe application

of facerouting to graphsthat do not contain a connectedspanningplane subgraph.

In this chapter, we present two protocols that apply the ideas in Chapter 3 and 4

and prove their correctness.The �rst protocol is a simple implementation of the virtual

face routing approach described in Chapter 4, which requires that each node has two

hopsneighbor information. The secondoneis a moreclever versionsothat only onehop

neighbor information is required at each node. We prove that both protocols simulate

facerouting in the virtual plane graph of connectedunit disk graphs.

5.1 Geometric Prop erties of Unit Disk Graphs

We�rst study the propertiesof unit disk graphsto investigatewhat information is needed

at each node to simulate facerouting. The following lemma givesa geometricproperty

of any two edgesthat crosseach other in a unit disk graph.

De�nition 5.1. For any edge(u; v), the lens with chord (u; v) is the intersectionof the

29
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two circleswith unit radius that contain (u; v) as a chord.

The shadedarea in Figure 5.1 is an example. Note that if a node is in the lenswith

chord (u; v), it is a neighbor of both u and v.
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Figure 5.1: The lenswith chord (u; v)

Lemma 5.2. In a unit disk graph, if edge (x; y) intersects edge (u; v), and neither x

nor y is in the lens with chord (u; v), then x and y are both neighbors of u or are both

neighbors of v.

Proof. In a unit disk graph, every edgehas length at most 1. Consider Figure 5.2, in

which the two straight lines are parallel to (u; v) and have distance 1 from (u; v), and

the two circlesare centered at u and v, respectively, with radius 1. Thus, the thick curve

is the set of all points distance1 from (u; v). Suppose(x; y) intersects(u; v) at point z.

Then x is distanceat most 1 from z and, hence,(u; v); and y is distanceat most 1 from

z and, hence,(u; v). Hencex and y are both located inside or on the thick curve.

Next, we will show that under the assumptionsin the lemma, x is a neighbor of at

least oneof u and v. Supposenot. Then x is inside oneof the two triangle-shaped areas

that are not coveredby the two circles,say, the oneformed by the line segment between

a and b, the arc betweena and c, and the arc betweenb and c, in Figure 5.3.

By assumption,(x; y) intersects(u; v) and y is not in the lenswith chord (u; v). Then,

(x; y) must intersect the lower arc betweenu and v, say, at point y0. Also, (x; y) must
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Figure 5.2: Proof of Lemma 5.2
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Figure 5.3: Proof of Lemma 5.2

intersect either the arc between a and c or the arc between b and c. Suppose (x; y)

intersects the arc between a and c at point x0, and (x; y) intersects the line segment

between c and u at point m, as shown in Figure 5.3. From the triangle inequality,

jx0mj + jmuj � jux0j, and jy0mj + jmcj � jcy0j. We have that jux0j = jcy0j = 1. So,

jx0mj + jmuj + jy0mj + jmcj = jx0y0j + jucj � 2. Sincejucj = 1, it follows that jx0y0j � 1.

Becausex is not a neighbor of u, jxuj > 1 so jxx 0j > 0. Becausey is not in the lenswith

chord (u; v), jyy0j > 0. Hence,jxyj = jx0y0j + jxx 0j + jy0yj > jx0y0j � 1. This contradicts

the fact that every edgein a unit disk graph has length at most 1. Therefore, x is a



Chapter 5. Routing in Unit Disk Graphs 32

neighbor of at least oneof u and v. The sameis true for y.

Finally, by contradiction, supposeneither u nor v is a neighbor of both x and y, say,

x is a neighbor of u but not v, and y is a neighbor of v but not u, as illustrated in

Figure 5.4.
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Figure 5.4: Proof of Lemma 5.2

Then we have 6 yvu > 6 uyv, becausejuyj > 1 � juvj. Also, because(x; y) intersects

(u; v), 6 xyv � 6 uyv and 6 yvx � 6 yvu. Thus, 6 yvx > 6 xyv, which yields jxyj > jxvj > 1.

This contradicts the fact that jxyj � 1. Therefore,either u or v must be a neighbor of

both x and y.

Corollary 5.3. In a unit disk graph, if edge(x; y) intersects edge(u; v), both x and y

are at most two hopsaway from u and v.

Proof. Case1: Neither of x and y are in the lens with chord (u; v). From Lemma 5.2,

either u or v is a neighbor of both x and y. Say, u is a neighbor of both x and y. Then

x and y are onehop from u and at most two hops from v.

Case2: At least oneof x and y is in the lenswith chord (u; v). Say, x is in the lens.

Then, x is a neighbor of both u and v. Hence,y is at most two hops away from u and

v.

Corollary 5.3 implies that if each node has two-hop neighborhood information, it

knows all the edgesthat intersect each of its incident edges.Thus, the EPND algorithm

described in Chapter 4 can be implemented locally at each node.
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5.2 Virtual-F ace-Traversal-F or-UDG-With-Tw o-

Hop-Info

Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info is a local routing protocol for unit

disk graphsthat illustrates the virtual facerouting approach described in Chapter 4. It

assumesthat nodeshave two hop neighbor information. It calls the EPND algorithm in

Chapter 4 to compute the ending point of the current virtual edgeand the direction of

the next virtual edge. Face switching occurs when a point closer to the destination is

found.

The overall ideaof the Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Infoprotocol

is asfollows. Starting at the sourcenodes, computethe edge(s;v) that contains the �rst

virtual edge. Then node s executesEPND((s;v); s; � ; (w; x); � ) to compute the ending

point � of the �rst virtual edge,which is the beginning point of the next virtual edge.

It also computesthe real edge(w; x) that contains the next virtual edge. Then, node s

forwards the packet to node w, and w continuesthe traversal. This procedurecontinues

until a point closerto the destination is found. Then a new starting point is determined

and the traversalon the next virtual facestarts from there.

Now we explain the components of Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-

Info in more detail. We �rst describe the packet header�elds the protocol usesto store

information about the routing process.They includepacket.destination, packet.nextedge,

packet.lastpoint, and packet.distance. The destination node of the packet is stored

in packet.destination. The packet.nextedge �eld stores the network edge that con-

tains the next virtual edge along the boundary of the current virtual face. At each

step, once packet.nextedge is computed, the packet is forwarded to the beginning

node of packet.nextedge. The packet.lastpoint �eld stores the beginning point of

the virtual edge contained in packet.nextedge. When the packet reaches the begin-

ning node of packet.nextedge, that node usesthe current value of packet.nextedge and
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packet.lastpoint to call EPND and updates packet.nextedge and packet.lastpoint with

the output from EPND. Finally, packet.distance stores the distance from the starting

point of the current virtual face to the destination. This distance is used to check

whether the traversalshould switch to the next virtual face.

Next, wedescribethe algorithmscalledby the Virtual-F ace-Traversal-For-UDG-With-

Two-Hop-Info protocol. At the sourcenode or at an intermediate node where a new

starting point is found, the node needsto determinethe direction of the �rst virtual edge

on the virtual faceto be traversed.This is donein the algorithm INIT-UDG2HOP, shown

in Figure 5.5. The input of INIT-UDG2HOP is the starting point of the virtual face.

The �rst virtual edgeis along the �rst edgefrom the line to the destination in clockwise

order around the starting point. INIT-UDG2HOP assignsthe edgethat contains the

�rst virtual edgeto packet.nextedge, assignsthe starting point to packet.lastpoint, and

assignsthe distancefrom the starting point to the destination to packet.distance.

Algorithm INIT-UDG2HOP( p)

. Input: p, the starting point of the virtual face to be traversed

. Executed by a node that currently holds the packet and that has an incident edgecontaining p

(which may be either endpoint of this edge).

. It computesthe network edgethat contains the �rst virtual edgealong the boundary of the virtual

face and setsup packet header.

. It requires that the node has two hop neighbor information.

1 begin

2 (v1; v2)  the �rst edgein clockwise order around p starting from the line segment from p to

packet.destination. . note that 6 (packet.destination )pv2 < 180�

3 packet.next edge  (v1; v2)

4 packet.last point  p

5 packet.distance  the distance from p to packet.destination

6 end

Figure 5.5: Algorithm INIT-UDG2HOP
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From the de�nition of face routing and the right-hand rule, the �rst virtual edge

along the boundary of the virtual faceto be traversedis the �rst edgein clockwiseorder

around the starting point starting from the line segment from the starting point to the

destination node. Thereforewe have the following result.

Prop osition 5.4. When INIT-UDG2HOP returns, packet.nextedge is the edge that

contains the �rst virtual edge on the boundary of the virtual face to be traversed, and

packet.lastpoint is the starting point on that virtual face.

At the start of the routing process,the sourcenode createsa packet containing the

packet destination and executesINIT-UDG2HOP to initialize the rest of the packet

header. It then executesAlgorithm Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-

Info, which is the main algorithm of the protocol, executedby each node during the

routing process.

During the traversal along the boundary of the current virtual face, the beginning

node of packet.nextedgecalls EPND to compute the ending point of the current virtual

edgeand the edgethat contains the next virtual edge. During the call of EPND, the

current node u �nds the edgecrossing(u; v) that is closestto � , if one exists. From

Corollary 5.3, when a node has two hop neighbor information, it can locally �nd all

edgescrossingits incident edges.Therefore,EPND can be performedlocally.

In more detail, EPND can be implemented as follows. From Lemma 5.2, there are

three (not necessarilydisjoint) casesto consider for an edgecrossing(u; v): (i) both

endpoints of the edgeareneighborsof nodeu; (ii) both endpoints of the edgeareneighbors

of node v; and (iii) oneendpoint is a neighbor of both u and v and the other endpoint is

neither a neighbor of u nor a neighbor of v. In the last case,oneendpoint of the crossing

edgeis in the lens with chord (u; v), as shown in Figure 5.1. In any of thesecases,an

edgecan be found locally by node u, becausenode u has two hop neighbor information.

Therefore,nodeu checks all possibleedgescrossing(u; v) and �nds the intersectionpoint

� that is closestto � , the edge(w; x) that contains the next virtual edgeafter (� ; � ) in
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clockwise order around � , and a path � from u to w.

The path � returned by EPND has at most two hops,becauseboth endpoints of an

edgecrossing(u; v) areat most two hopsaway from u by Corollary 5.3. If there is not any

crossingedge,the beginningnode of the edgecontaining the next virtual edgeis v, which

is a neighbor of u. Hence,in Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info, the

path � returned by EPND is not storedin the packet header.Nodeu just checks whether

the beginning node of packet.nextedge is its neighbor. If so, it forwards the packet to

that node directly; otherwise,it forwards the packet to a node that is a neighbor of them

both. When this intermediate node receives the packet, it will �nd that it is not the

beginningnode of packet.nextedge. In this case,it just relays the packet to that node.

Finally, we describe the procedure for face switching. Face switching occurs when

the packet reachesa point on the boundary of the current virtual face that is closerto

the destination than the current starting point is. Hence,after a node has computed

the ending point of the virtual edgecontained in packet.nextedge, it checks whether the

distance from any point on this virtual edgeto the destination node is less than the

distance from the current starting point. If so, the closestpoint to the destination on

this virtual edgewill be the new starting point for the next virtual faceto be traversed.

The node calls INIT-UDG2HOP to �nd the edgecontaining the �rst virtual edgealong

the boundary of the next virtual face and update the packet header �elds. Then the

packet should be forwarded to the beginning node of the new packet.nextedge to start

the traversal of the new virtual face. It is possiblethat the beginning node is just the

current node. In this case,no packet forwarding is neededand the current node just

executesAlgorithm Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info again. If the

beginning node of the new packet.nextedge is not the current node, it is at most two

hops away, becauseboth endpoints of the new packet.nextedge are within two hops of

the current node. Hence,the current node forwards the packet to that node in the same

way as we described before.
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The complete code for Algorithm Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-

Info is shown in Figure 5.6.

Theorem 5.5. Virtual-F ace-Traversal-For-UDG-With-Two-Hop-Info simulates face

routing in the virtual plane graph of connected unit disk graphs.

Proof. Let � denote the virtual path obtained by applying face routing in the virtual

planegraph. To prove the theorem,we needto show that the path computedby Virtual-

Face-Traversal-For-UDG-With-Tw o-Hop-Info follows the virtual path � , i.e., it contains

the subsequenceF (� ), de�ned in Chapter 4. Becausethe packet is always forwarded to

the beginningnode of the current packet.nextedgeduring the routing process,it su�ces

to prove that the sequenceconsistingof the beginning node of each successive value of

packet.nextedge is F (� ).

At the sourcenode or when a new starting point is found, INIT-UDG2HOP is called

to computethe �rst virtual edge.From Proposition 5.4, when INIT-UDG2HOP returns,

packet.nextedge is the edgethat contains the �rst virtual edgeon the boundary of the

virtual face to be traversed. At the beginning node of each packet.nextedge, EPND is

called to compute the next edge. From Proposition 4.3, the output (w; x) from EPND

is the edgecontaining the next virtual edgealong the boundary of the current virtual

face. If no new starting point is found, (w; x) is assignedto packet.nextedge. Other-

wise, the traversal switches to the next virtual face. Therefore, during the traversal,

packet.nextedge is always the edgethat contains each virtual edgein the virtual path

� . Hence,the sequenceof beginning nodes of packet.nextedge is F (� ). Thus Virtual-

Face-Traversal-For-UDG-With-Tw o-Hop-Info simulates facerouting in the virtual plane

graph.
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Algorithm Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info
. Performed by node u, the node that currently holds the packet.

. The information stored in the packet header is:

� packet.destination, the destination node of the packet;

� packet.next edge, the network edgecontaining the next virtual edge;

� packet.last point, the ending point of the previous virtual edgeor the starting point on the

current virtual face if packet.next edgecontains the �rst virtual edgeon that face; and

� packet.distance, the distance from the starting point of the current virtual face to the

destination node.

1 begin

2 if u is packet.destination then

3 releasethe packet; return

4 if packet.destination is a neighbor of u then

5 forward the packet to packet.destination; return

6 if u is not the beginning node of packet.next edge then

7 forward the packet to the beginning node of packet.next edge; return

. u is the beginning node of packet.next edge

8 let v denote the ending node of packet.next edge

9 EPND(( u; v); packet.last point ; � ; (w; x); � )

10 d  shortest distance from a point on edge(packet.last point ; � ) to packet.destination

11 if d < packet.distance then . switch faces

12 p  the closestpoint to packet.destination on edge(packet.last point ; � )

13 INIT-UDG2HOP( p)

14 if u is the beginning node of packet.next edge then

15 Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info

16 return

17 else

18 packet.next edge  (w; x)

19 packet.last point  �

. route the packet to the beginning node of packet.next edge

20 let y denote the beginning node of packet.next edge

21 if y is a neighbor of u then

22 forward the packet to y

23 else

24 �nd node z such that z is a neighbor of both u and y . z is either v or the ending node of

packet.next edge

25 forward the packet to z

26 return

27 end

Figure 5.6: Algorithm Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info
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5.3 Virtual-F ace-Traversal-F or-UDG-With-One-

Hop-Info

Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info is another distributed local routing

protocol for unit disk graphsthat applies the virtual facerouting approach. It assumes

that nodes have only one hop neighbor information. With only one hop neighbor in-

formation, a node cannot �nd all edgescrossingits incident edgeswithout exchanging

information with its neighbors. Onesimplesolution to this problem is that, whena node

has a packet to be forwarded, it �rst sendsa query to all its neighbors to collect the

information about its two-hop neighbors. Then the node has su�cien t information to

compute all virtual nodeson its incident edgesand, thus, to compute the boundary of

the current virtual face.

Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info usesa di�eren t approach. Face

routing repeatedly computesthe next edgealong the boundary of the current face. In

a virtual plane graph, this becomesthe computation of the underlying network edge

that contains the next virtual edgealong the boundary of the current virtual face. Re-

call that, in Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info, this is doneby calling

EPND at the beginning node of packet.nextedge. In Virtual-F ace-Traversal-For-UDG-

With-One-Hop-Info, this computation is carried out collectively by the beginning node

of packet.nextedge, the nodesinside the lenswith chord packet.nextedge, if any, and the

ending node of packet.nextedge. This requires lesscommunication than having a node

query its neighbors about its two-hop neighbors.

To compute the next edge,we want to �nd the �rst virtual node on (� ; v) after � , if

one exists. As discussedin section5.2, there are three casesfor an edgecrossing(u; v):

(i) both endpoints of the edgeare neighbors of node u; (ii) both endpoints of the edge

are neighbors of node v; and (iii) one endpoint is a neighbor of both u and v and the

other endpoint is neither a neighbor of u nor a neighbor of v. With one hop neighbor
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information, node u can �nd all edgesthat belong to case(i), node v can �nd all edges

that belongto case(ii), and nodesinside the lenswith chord (u; v) can collectively �nd

all edgesthat belong to case(iii). Therefore, the computation of �nding the next edge

is divided into three stages. A packet header�eld, packet.mode, is usedto indicate the

stageof the computation. In each stage,onecaseis checked and a candidatefor the next

edgeis computed. When the packet reachesnode v, the endingnode of packet.nextedge,

all edgescrossing(� ; v) have beenconsideredand node v can determinethe new valueof

packet.nextedge. To provethe correctness,weshow that the newvalueof packet.nextedge

is the sameas computedby node u in Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-

Info.

Now we describe the computation in detail. When the routing processstarts at the

sourcenode, the sourcenode createsa packet containing the packet destination and

executesthe INIT-UDG1HOP algorithm, shown in Figure 5.7, to computethe edgecon-

taining the �rst virtual edgealong the boundary of the virtual faceto be traversedand

initialize the rest of the packet header. Note that in INIT-UDG2HOP, the initialization

algorithm usedin the previous section, the starting point can be any point on an edge

incident to the current node, but it requiresthat the node has two hop neighbor infor-

mation. The INIT-UDG1HOP algorithm can only be applied when the starting point is

at the current node. Later, we will explain how to compute the edgecontaining the �rst

virtual edgeand update the packet headerwhen the starting point is not at a node.

The computation of �nding the next edgebeginswhen the current node is the be-

ginning node of packet.nextedge and packet.mode is \ tr aversing". At this stage, the

algorithm is concernedwith crossingedgesthat belongto case(i). Let (u; v) denoteedge

packet.nextedge, and let � denotepoint packet.lastpoint, the beginningpoint of the cur-

rent virtual edge,which may be either node u or an interior point on edge(u; v). Node u

calls a subroutine, LCC (Local ClosestCrossing), to �nd the edgescrossing(� ; v) both

of whoseendpoints are neighbors of u and to compute a candidate for the next edge.
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Algorithm INIT-UDG1HOP

. Executed by node u that currently holds the packet and is the starting point of the virtual face to

be traversed.

. It computesthe network edgethat contains the �rst virtual edgealong the boundary of the virtual

face and setsup packet header.

1 begin

2 (u; v)  the �rst edgein clockwise order around u starting from the line segment from u to

packet.destination

3 packet.next edge  (u; v)

4 packet.last point  u

5 packet.distance  the distance from u to packet.destination

6 packet.mode  \ tr aversing"

7 end

Figure 5.7: Algorithm INIT-UDG1HOP

A packet header �eld, packet.closestpoint, is used to store the next node after � on

(� ; v) among those real and virtual nodeswhich are currently known by the node that

has the packet. It is initialized to v by node u. In LCC, node u �nds all the edgesit

seesthat cross(� ; v). If there exist such edges,it computesthe intersection points of

theseedgeswith (� ; v) and determineswhich is closestto � . This point is assignedto

packet.closestpoint. Another packet header�eld, packet.crossingedge, is used to store

the current candidate for the next edge. It is initialized to nul l by node u. Among

the edgesknown to node u that cross(� ; v) at packet.closestpoint, LCC computesthe

edgethat contains the next virtual edgeafter (packet.closestpoint; � ) in clockwiseorder

around packet.closestpoint. This edgeis the current candidate for the next edgeand is

assignedto packet.crossingedge. The code for the LCC algorithm is shown in Figure 5.8.

Next, node u setspacket.mode to \ on side path" and storesthe list of the nodes in

the lensarea,excluding itself but including the endingnode v of packet.nextedge, in the

packet header�eld packet.sidepath. This list contains the nodesin nondecreasingorder
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Algorithm LCC (Local ClosestCrossing)

. Executed by node z that currently holds the packet, which can be the beginning node of

packet.next edge, the ending node of packet.next edge, or a node in the lens with chord

packet.next edge.

. It computesthe �rst real or virtual node on packet.next edgeafter packet.last point that is known

to the current node. It also computesa candidate for the next edgeand updatespacket.closestpoint

and packet.crossingedge.

1 begin

2 let (u; v) denote packet.next edge and let � denote packet.last point

3 if z = u or z = v then

4 let E = f (v1; v2) j v1 and v2 are neighbors of z and (v1; v2) is an edgethat crosses(� ; v)g

5 else

6 let E = f (z; v0) j

v0 is a neighbor of z and not a neighbor of either u or v and (z; v0) crosses(� ; v)g

7 if E is not empty and packet.crossingedge is not nul l then

8 E E [ f packet.crossingedgeg

9 if E is not empty then

. update packet.closestpoint and packet.crossingedge

10 �  the closestpoint to � at which an edgein E intersects (� ; v)

11 (w; x)  the edgein E intersecting (� ; v) at � that contains the next virtual edgeafter

(� ; � ) in clockwise order around � . note that 6 �� x < 180�

12 packet.closestpoint  �

13 packet.crossingedge  (w; x)

14 end

Figure 5.8: Algorithm LCC
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of their distanceto node u. It always endswith node v. Node u then forwards the packet

to the �rst node in this list.

When a node in the lensareareceivesthe packet with packet.mode= \ on side path"

and it is not node v, it calls LCC to recompute the valuesof packet.closestpoint and

packet.crossingedge, taking account of possibleedgescrossing(� ; v) that are seenby the

current node but were not seenby the previous nodes. LCC �nds every edgeincident

to the current node that crosses(� ; v) and whoseother endpoint is not a neighbor of

either u or v. Such an edgebelongsto case(iii). If there are such edges,LCC com-

putes the intersection points of these edgeswith (� ; v) and, among these points and

the point stored in packet.closestpoint, LCC �nds the point closestto � and assignsit

to packet.closestpoint. This point is the virtual node on (� ; v) currently known to be

closest to � . Then, among the edgesthat intersect (� ; v) at this point, which might

include packet.crossingedge, LCC �nds the edgecontaining the next virtual edgeafter

(packet.closestpoint; � ) in clockwise order around packet.closestpoint and assignsit to

packet.crossingedge. Then the packet is forwarded to the next node in packet.sidepath.

When the packet reachesthe endingnodev of packet.nextedge, which is the last node

in packet.sidepath, all crossingedgesthat belongto case(i) or (iii) have beenconsidered

as the candidate for the next edge. Node v sets packet.mode to \ f inding next edge".

Then it calls LCC to considerthe crossingedgesseenby node v that belongto case(ii)

and update packet.closestpoint and packet.crossingedge if necessary.

When LCC returns at node v, all three casesfor edgescrossingthe interior of (� ; v)

have been considered. Therefore, we have the following proposition about the LCC

algorithm.

Prop osition 5.6. If there exist edgescrossingthe interior of (� ; v), then after node v

performs LCC, packet.closestpoint is � , the node on (� ; v) that is closestbut not equal

to � , and packet.crossingedgeis the edgecontaining the next virtual edgeafter (� ; � ) in

clockwiseorder around � .
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Proof. Let (w; x) be the edgethat contains the next virtual edgeafter (� ; � ) in clockwise

orderaround� . From Lemma5.2,edge(w; x) belongsto oneof the threecases:(i) both w

and x areneighborsof nodeu; (ii) both w and x areneighborsof nodev; and (iii) oneof w

and x is a neighbor of both u and v and the other is neither a neighbor of u nor a neighbor

of v. Therefore,edge(w; x) belongsto the edgeset E in LCC when LCC is performed

at one or more nodesin the lens with chord (u; v), including u and v. At the �rst such

node, LCC assigns� to packet.closestpoint and (w; x) to packet.crossingedge. In the

subsequent calls to LCC, packet.closestpoint and packet.crossingedge do not change,

becausepacket.crossingedge is always consideredin the computation. Therefore, after

node v performsLCC, packet.closestpoint is � and packet.crossingedge is (w; x).

If no edgecrossesthe interior of (� ; v), packet.closestpoint and packet.crossingedge

are not updated in LCC. Therefore,after LCC returns at node v, packet.closestpoint is

v and packet.crossingedge is nul l , which are their initial values. In this case,node v is

the node on (� ; v) that is closestbut not equal to � . Therefore,whether there are edges

crossingthe interior of (� ; v) or not, after LCC returns at node v, packet.closestpoint is

the ending node � of the current virtual edge.

After performing LCC, node v checks whether there is a point on the virtual edge

(� ; � ) that is closerto the destination than the starting point is. First, supposethere is

no such point. Then the packet will continue to travel along the boundary of the current

face. Node v assignspacket.closestpoint to packet.lastpoint. If packet.crossingedge is

not nul l , node v assignspacket.crossingedgeto packet.nextedge. Otherwise,node v sets

packet.nextedge to the next edgeafter (v; u) in clockwise order around v.

From the above description and the de�nition of face routing, we get the following

result.

Prop osition 5.7. When no face switching occurs, the new value of packet.lastpoint is

the ending node of the current virtual edgeand the new value of packet.nextedgeis the

edgethat contains the next virtual edgealong the boundary of the samevirtual face.
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If there existsa point on the virtual edge(� ; � ) that is closerto the destination than

the starting point is, the point p on edge(� ; � ) that is closestto the destination will be

the newstarting point for the next virtual faceto be traversed,and the traversalswitches

to the next virtual face. In this case,node v needsto �nd the network edgethat contains

the �rst virtual edgealong the boundary of the next virtual face. We call this network

edgethe �rst edge.

There are three casesto consider: (i) p is the real node v (i.e., p = � = v), (ii) p is

a virtual node (i.e., p = � 6= v), and (iii) p is not at a node (i.e., p 6= � ). In the �rst

case,the current node v is the starting point of the next virtual face. Then, node v calls

INIT-UDG1HOP. Recall that INIT-UDG1HOP computesthe �rst edgewhenthe current

node is the starting point and it alsoupdatespacket header�elds.

The secondcaseis when � is a virtual node and p is at � . Then, the �rst edgeis the

network edgethat contains the �rst virtual edgein clockwiseorderaround� starting from

the line segment between� and packet.destination. Figure 5.9 illustrates an exampleof

this case.In this example,the �rst edgeis edge(x; w). However, node v might not know

all the edgesthat cross(u; v) at � . To handle this problem, Virtual-F ace-Traversal-For-

UDG-With-One-Hop-Info usespacket.�rst edge to keeptrack of a candidate for the �rst

edge.Speci�cally, after a node calls LCC, if packet.closestpoint is a virtual node and its

distanceto the destination is lessthan packet.distance, the node calls LFE (Local First

Edge) to computea value for packet.�rst edge. LFE �nds the edgethat contains the �rst

virtual edgein clockwiseorder around packet.closestpoint starting from the line segment

betweenpacket.closestpoint and packet.destinationamongthoseedgesthe current node

knows about. This edgeis storedasthe newvalueof packet.�rst edge. The code for LFE

is shown in Figure 5.10. Initially , packet.�rst edge= nul l . After node v performs LCC

and has determined that p = � 6= v, it also calls LFE. The following proposition shows

that when LFE returns at node v, packet.�rst edge is the �rst edge. Therefore,node v

assignspacket.�rst edge to packet.nextedge.
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Figure 5.9: Example of the �rst edgewhen more than oneedgecross(u; v) at �

Algorithm LFE (Local First Edge)

. Executed by node z that currently holds the packet.

1 begin

2 let � denote packet.closestpoint

3 let E be the set of the (directed) network edgescontaining � that are known to z

4 if packet.�rst edge is not nul l then

5 E E [ f packet.�rst edgeg

6 packet.�rst edge  the edgein E that contains the �rst virtual edgein clockwise order around

� starting from the line segment between� and packet.destination

7 end

Figure 5.10: Algorithm LFE

Prop osition 5.8. If p = � 6= v, after node v performs LFE, packet.�rst edge is the

edgecontaining the �rst virtual edgein clockwiseorder around � starting from the line

segment between � and packet.destination.

Proof. Let (v1; v2) be the edgecontaining the �rst virtual edgein clockwiseorder around

� starting from the line segment between� and packet.destination. Edge(v1; v2) may be

(u; v), (v; u), or an edgecrossing(� ; v) at � . Any edgecrossing(� ; v) is known to one

or more nodesin the lenswith chord (u; v), including u and v. Therefore,� and (v1; v2)
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are known to at least oneof thesenodes.

After the �rst node z that knows about � and (v1; v2) calls LCC, packet.closestpoint

is � . Becausepacket.closestpoint is a virtual node and its distance to the destination

is lessthan packet.distance, node z calls LFE and, after LFE returns, packet.�rst edge

is (v1; v2). In subsequent calls to LFE, packet.�rst edge doesnot change,by de�nition.

Therefore, after node v performs LFE, packet.�rst edge is the edgecontaining the �rst

virtual edgein clockwise order around � starting from the line segment between� and

packet.destination.

The third caseof the new starting point is when p is an interior point on edge(� ; � ).

Then the �rst edgeis either (u; v) or (v; u) { the direction dependson the location of the

destination node with respect to (u; v). As illustrated in Figure 5.11, if the destination

nodeis on the left sideof (u; v) (i.e. 6 vud > 180� ), the �rst edgeis (u; v); if the destination

node is on the right side of (u; v) (i.e. 6 vud < 180� ), the �rst edgeis (v; u). Sincethe

current value of packet.nextedge is (u; v), packet.nextedge is updated to (v; u) in the

latter case.
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Figure 5.11: The direction of the �rst edgewhen p is an interior point on edge(� ; � )

Thus, in every case,whena newstarting point is found, node v can �nd the �rst edge

and update packet.nextedge. It also updates packet.lastpoint and packet.distance with

the new starting point and its distance to the destination. From the de�nition of face
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routing and the right-hand rule, we have the following result.

Prop osition 5.9. When a new starting point p is found, the new value of

packet.nextedge is the edge that contains the �rst virtual edge on the boundary of the

virtual face to be traversed, and the newvalueof packet.lastpoint is the starting point on

that virtual face.

Whether or not a new starting point is found, packet.nextedge is now the network

edge containing the next virtual edge along the virtual path. Node v then changes

packet.mode back to \ tr aversing".

If the beginning node of packet.nextedge is now node v, the computation of the

next edgeis complete. However, the beginning node could also be a neighbor of v or

a node two hops away from v. In these cases,the packet is routed to the beginning

node of packet.nextedge either directly or via an intermediate node. If an intermedi-

ate node receives the packet, it knows to forward the packet to the beginning node of

packet.nextedge, sincepacket.mode is \ tr aversing".

The stagesof the computation are illustrated in Figure 5.12. In the diagram, a solid

arrow line indicates that the packet is forwarded to another node, and a dashedarrow

line indicates that the packet stays at the samenode.

The code for Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info, which

is the main algorithm of the protocol, executedby each node during the routing process,

is shown in Figure 5.13,5.14,and 5.15. Note that the algorithm can be optimized to use

fewer packet header �elds. For example, the stageof the computation can be inferred

from packet.sidepath, therefore it is not necessaryto have the packet.mode �eld in the

packet header. Furthermore, the candidate for the next edge can be stored directly

in packet.nextedge, which will have the correct value at the end of the computation,

so packet.crossingedge is not necessary. To make the code clearer and easierto prove

correct, we do not make theseoptimizations.
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Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info
. Performed by node z, the node that currently holds the packet.

. The information stored in the packet header is as follows:

� packet.destination, the destination node of the packet;

� packet.next edge, the network edgecontaining the next virtual edge;

� packet.last point, the ending point of the previous virtual edgeor the starting point on the

current virtual face if packet.next edgecontains the �rst virtual edgeon that face;

� packet.distance, the distance from the starting point of the current virtual face to the

destination node;

� packet.mode, the stageof the computation;

� packet.sidepath, the list of the nodes in the lens with chord packet.next edge including the

ending node of packet.next edge, in non-decreasing order of their distance to the beginning

node of packet.next edge;

� packet.closestpoint, the closestvirtual node after packet.last point that is known to the

current node;

� packet.crossingedge, the candidate for the next edge; and

� packet.�rst edge, the network edgecontaining the �rst virtual edge in clockwiseorder around

packet.closestpoint starting from the line segment from packet.closestpoint to

packet.destination.

1 begin

2 if z is packet.destination then

3 releasethe packet; return

4 if packet.destination is a neighbor of z then

5 forward the packet to packet.destination; return

6 let (u; v) denote the edgepacket.next edge

7 if packet.mode = \ on side path" then

8 if z is not the last node in packet.sidepath then

9 LCC

10 if packet.closestpoint 6= v and

j(packet.closestpoint)(packet.destination)j < packet.distance then

11 LFE

12 forward the packet to the next node in packet.sidepath after z; return

13 else

14 packet.mode  \ f inding next edge"

(Continued on the next page)

Figure 5.13: Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info
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Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info (Con't)
15 if packet.mode = \ f inding next edge" then

. z = v, the ending node of packet.next edge

16 LCC

. packet.closest point is the ending point of the curr ent virtual edge containe d in packet.next edge

17 d  shortest distance from a point on (packet.last point ; packet.closestpoint) to

packet.destination

18 if d < packet.distance then . switch faces

19 p  the closestpoint to packet.destination on (packet.last point ; packet.closestpoint)

20 if p is v then

21 INIT-UDG1HOP

22 Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info; return

23 else if p is packet.closestpoint then . packet.closest point is a virtual node

24 LFE

25 packet.next edge  packet.�rst edge

26 else . p is a point on (packet.last point ; packet.closest point )

27 if 6 vu(packet.destination) < 180� then . packet.destination is at the right side of (v; u)

28 packet.next edge  (v; u)

29 packet.last point  p

30 packet.distance  d

31 else . next virtual edge is along the boundary of the curr ent virtual face

32 if packet.crossingedge is nul l then . no crossing edge

33 packet.next edge  the next edgeafter (v; u) in clockwise order around v

34 packet.last point  v

35 else

36 packet.next edge  packet.crossingedge

37 packet.last point  packet.closestpoint

. route the packet to the beginning node of packet.next edge

38 packet.mode  \ tr aversing"

39 if z is not the beginning node of packet.next edge then

40 let u0 denote the beginning node of packet.next edge

41 if u0 is a neighbor of z then

42 forward the packet to u0; return

43 else

44 �nd node y such that y is a neighbor of both z and u0

45 forward the packet to y; return

(Continued on the next page)

Figure 5.14: Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info (con't)
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Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info (Con't)
46 if packet.mode = \ tr aversing" then

47 if z is not the beginning node of packet.next edge then . in tr ansit

48 forward the packet to the beginning node of packet.next edge; return

. z = u, the beginning node of packet.next edge

49 packet.closestpoint  v

50 packet.crossingedge  nul l

51 LCC

52 packet.�rst edge  nul l

53 if packet.closestpoint 6= v and j(packet.closestpoint)(packet.destination)j < packet.distance

then

54 LFE

55 let v1; � � � ; vm be the nodes inside the lens with chord packet.next edge in non-decreasing

order of their distance to u

56 packet.mode  \ on side path"

57 packet.sidepath  v1; � � � ; vm ; vm +1 = v

58 forward the packet to v1; return

59 end

Figure 5.15: Algorithm Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info (con't)

From Proposition 4.2, the following result su�ces to prove that Virtual-F ace-

Traversal-For-UDG-With-One-Hop-Info guarantees messagedelivery in connectedunit

disk graphs.

Theorem 5.10. Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info simulates face

routing in the virtual plane graph of connected unit disk graphs.

Proof. By Theorem5.5, it su�ces to prove that the sequenceconsistingof the successive

values of packet.nextedge is the same in both Virtual-F ace-Traversal-For-UDG-With-

Two-Hop-Info and Virtual-F ace-Traversal-For-UDG-With-One-Hop-Info algorithms.

At the sourcenodes, packet.nextedgeis initialized by INIT-UDG2HOP( s) in Virtual-

Face-Traversal-For-UDG-With-Tw o-Hop-Info and by INIT-UDG1HOP in Virtual-F ace-

Traversal-For-UDG-With-One-Hop-Info. In both cases,packet.nextedge is set to the

�rst edge in clockwise order around s starting from the line segment from s to

packet.destination. Furthermore, packet.lastpoint is initialized to the sourcenode s in



Chapter 5. Routing in Unit Disk Graphs 53

both algorithms.

In Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info, packet.nextedge and

packet.lastpoint are updated at node u. If no face switching occurs, they are updated

with the edge(w; x) and the node � returned by EPND. Thus, from Proposition 4.3

and Proposition 5.7, the new values of packet.nextedge and packet.lastpoint are the

samein both algorithms. If face switching occurs, it follows from Proposition 5.4 and

Proposition 5.9 that the new values of packet.nextedge and packet.lastpoint are the

samein both algorithms.

Therefore, the sequenceconsistingof the successive valuesof packet.nextedge is the

samein both algorithms.



Chapter 6

Routing in Quasi Unit Disk Graphs

In this chapter, we will present two routing protocols for quasi unit disk graphs that

apply facerouting on the network graph directly. Similar to the two protocolspresented

in Chapter 5, in the �rst protocol, each node maintains enoughinformation so that it

can compute the next edgeon which to route a packet; in the secondprotocol, this

computation is distributed to multiple nodesso as to reducethe amount of information

required at each node. We take advantage of somegeometric properties of quasi unit

disk graphsto make the secondprotocol quite simpleand e�cien t. Beforedescribingthe

protocols,we �rst show thesegeometricpropertiesof quasiunit disk graphsin section6.1.

6.1 Geometric Prop erties of Quasi Unit Disk Graphs

Our study of routing protocolsfor the quasiunit disk graph model and all the subsequent

models that contain it as a special casefocuseson graphs with " � 1p
2
. The designof

our routing protocolsis basedon a geometricproperty of intersectingedgesin quasiunit

disk graphs,whoseproof, in turn, usesa property of chords of a circle.

Prop osition 6.1. Let AB and CD be two chords and let dAB and dCD denote their

distance to the center, respectively. If dAB � dCD , then jAB j � jCDj.

54
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Proof. The perpendicular bisectorof a chord of a circle passesthrough the center of the

circle. From this property and the Pythagorean theorem, we have ( 1
2 jAB j)2 + d2

AB =

( 1
2 jCDj)2 + d2

CD = (radius of the circle)2. Therefore, if dAB � dCD , then jAB j � jCDj.

Lemma 6.2. In a quasiunit disk graph with " � 1p
2
, if edge(x; y) intersects edge(u; v)

at a point q between u and the midpoint m of (u; v), then at least one of x and y is a

neighbor of u.

Proof. To obtain a contradiction, supposeboth x and y arenot a neighbor of u. From the

de�nition of quasi unit disk graphs,both x and y are outside of the circle centered at u

with radius ". Let x0 and y0 be the intersectionsof (x; y) with that circle, sojxyj > jx0y0j.

SeeFigure 6.1.

Becausethe length of any edgein quasi unit disk graphs is at most 1, jumj � 1=2.

Consider the circle centered at u with radius ". Let ab be the chord of the circle that

is perpendicular to (u; v) and intersects (u; v) at m. Then m is the midpoint of ab,

jumj2 + jamj2 = "2, " � 1p
2
, and jumj � 1=2. Thus jamj � 1=2 and jabj � 1.
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Figure 6.1: Proof of Lemma 6.2

Let a0b0 be the chord of the circle centered at u with radius " that is perpendicular

to (u; v) and intersects (u; v) at q. The distance from u to a0b0 is juqj. Becausex0y0
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intersects(u; v) at q, the distancefrom u to chord x0y0 is lessthan or equal to juqj. From

Proposition 6.1, jx0y0j � ja0b0j. Furthermore, sinceq is betweenu and m, juqj � jumj.

From Proposition 6.1, ja0b0j � jabj.

Therefore,we get jxyj > jx0y0j � jabj � 1. This contradicts the fact that (x; y) is an

edgein a quasi unit disk graph. Hence,at least oneof x and y is a neighbor of u.

Corollary 6.3. In a quasi unit disk graph with " � 1p
2
, if edge (x; y) intersects edge

(u; v), then at least one endpoint of (x; y) is at most two hopsaway from u and v.

Proof. Without loss of generality, supposeedge(x; y) intersectsedge(u; v) at a point

between u and the midpoint of (u; v). From Lemma 6.2, at least one of x and y is a

neighbor of u and thus onehop away from u and at most two hopsaway from v.

From Corollary 6.3, we know that if a node hasthree-hopneighborhood information,

i.e., it knows the set of nodesthat areat most three-hopsaway and the locationsof these

nodes, it can determine all the edgesthat intersect each of its incident edges. Thus,

each node has su�cien t information to locally perform the computation in the EPND

algorithm and to simulate face routing in the virtual plane graph of a quasi unit disk

graph with " � 1=
p

2.

6.2 Virtual-F ace-Traversal-F or-QUDG-With-Three-

Hop-Info

Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info is a simple virtual facerouting

protocol for quasiunit disk graphswith " � 1=
p

2. It assumesthat nodeshave three-hop

neighbor information, so that computing the next virtual edgealong the boundary of

the current virtual faceis done locally at a singlenode. The main idea of Virtual-F ace-

Traversal-For-QUDG-With-Three-Hop-Info is the sameasfor the Virtual-F ace-Traversal-

For-UDG-With-Tw o-Hop-Info protocol. At each step during the routing process,the
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packet is initially at the beginning node of the network edgethat contains the current

virtual edge. The node calls the EPND algorithm to compute the ending point of the

current virtual edgeand the network edgecontaining the next virtual edgealong the

boundary of the current virtual face. It then checks whether there is a point on the

current virtual edgethat is closerto the destination than the current starting point is.

If so, the traversal switches to the next virtual face. Otherwise, the packet continues

to travel along the boundary of the current virtual face. In both cases,the packet is

forwarded to the beginningnode of the network edgecontaining the next virtual edgeto

be traversed.

Most parts of the Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info protocol

are the sameas the Virtual-F ace-Traversal-For-UDG-With-Tw o-Hop-Info protocol. The

main di�erences are in the implementation of the initialization algorithm and the EPND

algorithm.

At the sourcenodeor whena newstarting point is found, INIT-QUDG3HOP is called

to compute the network edgethat contains the �rst virtual edgeon the boundary of the

virtual faceto be traversedand to setup the packet header.The high-level codeof INIT-

QUDG3HOP is shown in Figure 6.2, which is almost the sameas INIT-UDG2HOP. The

implementation of line 2 of INIT-QUDG3HOP is slightly di�eren t. To �nd the network

edgethat contains the �rst virtual edgein clockwiseorder around p starting from the line

segment betweenp and packet.destination, the current node considersall the edgesthat

contain point p. When the starting point p is a virtual node, the current node needsto

know all the edgesintersectingp. From Corollary 6.3, this requiresthat the node knows

three-hop neighbor information. Therefore, the current node considersthe edgesin its

three-hop neighborhood that intersect p. The other di�erence is that there is one more

�eld, packet.transit path, in the packet header.This �eld is usedto route the packet from

the current node to the beginningnode of packet.nextedge.

From Corollary 6.3 and the de�nition of face routing, we have the following result
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Algorithm INIT-QUDG3HOP( p)

. Input: p, the starting point of the virtual face to be traversed

. Executed by a node that currently holds the packet and that has an incident edgecontaining p

(which may be any point on this edge including both endpoints).

. It computesthe network edgethat contains the �rst virtual edgealong the boundary of the virtual

face and setsup packet header.

. It requires that the node has three-hop neighbor information.

1 begin

2 (v1; v2)  the network edgecontaining the �rst edgein clockwise order around p starting from

the line segment betweenp and packet.destination.

3 packet.next edge  (v1; v2)

4 packet.last point  p

5 packet.distance  the distance from p to packet.destination

6 packet.transit path  a path from the current node to v1 . at most 3 hops

7 end

Figure 6.2: Algorithm INIT-QUDG3HOP
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similar to Proposition 5.4.

Prop osition 6.4. When INIT-QUDG3HOP returns, packet.nextedge is the edge that

contains the �rst virtual edge on the boundary of the virtual face to be traversed, and

packet.lastpoint is the starting point on that virtual face.

Similarly, to implement EPND, node u considersthe edgesin its three-hopneighbor-

hood to �nd the virtual or real node on (� ; v) that is closestto � . From Corollary 6.3,

oneendpoint of each edgecrossing(� ; v) is within two hopsof node u. Therefore,EPND

can be performedlocally at node u.

The path � returned by EPND is usedto route the packet to the beginning node of

packet.nextedge. It contains at most three hops,and it is assignedto packet.transit path

after EPND returns. The current node u removes the �rst node in packet.transit path,

which is u, and forwards the packet to the new �rst node in packet.transit path. If that

node is not the beginning node of packet.nextedge, it continues to forward the packet

along the path in packet.transit path.

Alternativ ely, we can avoid using the extra packet header�eld packet.transit path in

this algorithm. Instead, the nodeson the path from the current node to the beginning

node of packet.nextedge may compute the path on the 
y . Each node has su�cien t

information to carry out this computation locally. Therefore, it is a tradeo� between

communication overheadand computation time.

The code for Algorithm Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info is

shown in Figure 6.3, which is the main algorithm of the protocol.

Theorem 6.5. Virtual-F ace-Traversal-For-QUDG-With-Thr ee-Hop-Info simulates face

routing in the virtual plane graph of connected quasiunit disk graphswith " � 1p
2
.

Proof. As in the proof of Theorem5.5, it su�ces to prove that the sequenceconsistingof

the beginningnode of each successive value of packet.nextedgeis F (� ), where� denotes



Chapter 6. Routing in Quasi Unit Disk Graphs 60

Algorithm Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info
. Performed by node u, the node that currently holds the packet.

. The information stored in the packet header is:

� packet.destination, the destination node of the packet;

� packet.next edge, the network edgecontaining the next virtual edge;

� packet.last point, the ending point of the previous virtual edgeor the starting point on the

current virtual face if packet.next edgecontains the �rst virtual edgeon that face;

� packet.transit path: a path from the current node to the beginning node of packet.next edge;

and

� packet.distance, the distance from the starting point of the current virtual face to the

destination node.

1 begin

2 if u is packet.destination then

3 releasethe packet; return

4 if packet.destination is a neighbor of u then

5 forward the packet to packet.destination; return

6 if u is not the beginning node of packet.next edge then

. the last node in packet.tr ansit path is the beginning node of packet.next edge

7 update packet.transit path by removing its �rst node

8 forward the packet to the �rst node in packet.transit path; return

9 let v denote the ending node of packet.next edge . u is the beginning node of packet.next edge

10 EPND(( u; v); packet.last point ; � ; (w; x); � )

11 d  shortest distance from a point on edge(packet.last point ; � ) to packet.destination

12 if d < packet.distance then . switch faces

13 p  the closestpoint to packet.destination on edge(packet.last point ; � )

14 INIT-QUDG3HOP( p)

15 if u is the beginning node of packet.next edge then

16 Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info

17 return

18 else

19 packet.next edge  (w; x)

20 packet.last point  �

21 packet.transit path  � . the last node in � is the beginning node of packet.next edge

. route the packet to the beginning node of packet.next edge

22 update packet.transit path by removing its �rst node

23 forward the packet to the �rst node in packet.transit path

24 return

25 end

Figure 6.3: Algorithm Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info
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the virtual path obtained by applying facerouting in the virtual plane graph and F (� )

is de�ned in Chapter 4.

At the sourcenode or when a new starting point is found, INIT-QUDG3HOP is

called to compute the �rst virtual edge. From Corollary 6.3 and the de�nition of face

routing, when INIT-QUDG3HOP returns, packet.nextedgeis the edgethat contains the

�rst virtual edgeon the boundary of the virtual faceto be traversed. At the beginning

node of each successive value of packet.nextedge, EPND is called to compute the next

edge. From Proposition 4.3, the output (w; x) from EPND is the edgecontaining the

next virtual edgealongthe boundary of the current virtual face. If no newstarting point

is found, (w; x) is assignedto packet.nextedge. Otherwise, the traversal switchesto the

next virtual face. Therefore, during the traversal, packet.nextedge is always the edge

that contains each virtual edgein the virtual path � . Hence,the sequenceof beginning

nodesof packet.nextedgeis F (� ). Thus Virtual-F ace-Traversal-For-QUDG-With-Three-

Hop-Info simulates facerouting in the virtual plane graph of connectedquasi unit disk

graphswith " � 1p
2
.

6.3 Virtual-F ace-Traversal-F or-QUDG-With-Tw o-

Hop-Info

Analogous to the second protocol for unit disk graphs, Virtual-F ace-Traversal-For-

QUDG-With-Tw o-Hop-Info is another routing protocol for quasi unit disk graphs that

applies the virtual face routing approach. It assumesthat nodes have only two-hop

neighbor information. From our analysisof the geometricproperties of quasi unit disk

graphs,with only two-hopneighbor information, a nodecannot �nd all the edgescrossing

its incident edges.Thus, the beginning node of packet.nextedge cannot perform EPND

locally as in the Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info protocol.

However, we will show that to compute the ending point of the current virtual edge
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and the edgecontaining the next virtual edge,the current node doesnot needto know

all the crossingedges. Let edge(u; v) denote packet.nextedge, and let � denote the

beginning point of the current virtual edge. If the closestpoint to � at which an edge

crosses(� ; v) is between � and the midpoint of (u; v), then, from Lemma 6.2, node u

knows all the edgescrossing(� ; v) at that point. In this case,node u can completethe

computation with its local information.

On the other hand, if node u doesnot seeany edgecrossing(� ; v) at a point between

� and the midpoint m of (u; v), no such an edgeexists. The closestpoint to � at which

an edgecrosses(� ; v) must be betweenm and v. By Lemma6.2, all edgescrossing(� ; v)

between m and v are known to node v. Therefore, in this case,node v can complete

the computation with its local information. Moreover, if node v doesnot seeany edge

crossing(� ; v), no such an edgeexists. In this case,the endingpoint of the current virtual

edgeis v and the edgecontaining the next virtual edgeis the next edgeafter (v; u) in

clockwise order around v. Thus, in both cases,node v can complete the computation

with its local information.

Therefore, in Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info, the computa-

tion of �nding the network edgethat contains the next virtual edgeis carried out either

entirely by the beginning node of packet.nextedge or by both the beginning node and

the endingnode of packet.nextedge, and both nodesperform the computation with only

their local information.

Now we describe this protocol in more detail. At the beginning of the routing pro-

cess,the source node s creates a packet containing the packet destination and calls

INIT-QUDG2HOP( s) to initialize the rest of the packet header.The INIT-QUDG2HOP

algorithm computesthe edgecontaining the �rst virtual edgealong the boundary of the

virtual face to be traversed. This algorithm is also executedat an intermediate node

when a new starting point is found. The input of INIT-QUDG2HOP is the starting

point of the virtual faceto be traversed.The code for the INIT-QUDG2HOP algorithm
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is shown in Figure 6.4.

Algorithm INIT-QUDG2HOP( p)

. Input: p, the starting point of the virtual face to be traversed

. Executed by a node that currently holds the packet and that has an incident edgecontaining p.

. It computesthe network edgethat contains the �rst virtual edgealong the boundary of the virtual

face and setsup packet header.

. It requires that the node has two-hop neighbor information.

1 begin

2 (v1; v2)  the network edgecontaining the �rst edgein clockwise order around p starting from

the line segment betweenp and packet.destination.

3 packet.next edge  (v1; v2)

4 packet.last point  p

5 packet.distance  the distance from p to packet.destination

6 end

Figure 6.4: Algorithm INIT-QUDG2HOP

The computation of the network edgethat contains the next virtual edgealong the

boundary of the current virtual facebeginswhen the node currently holding the packet

is the beginning node of packet.nextedge. Let (u; v) be the edgepacket.nextedge, and

let � be the point packet.lastpoint. Node u checks whether it seesany edgethat crosses

(� ; v) at a point between� and the midpoint of (u; v). If so, it assignsto � the closest

point to � at which an edgecrosses(� ; v) and assignsto (w; x) the network edgethat

contains the next virtual edgeafter (� ; � ) in clockwiseorder around � . Otherwise,it just

forwards the packet to node v.

If node v receives the packet, it checks whether it seesany edgecrossing(� ; v). If

so, it assignsto � the closestpoint to � at which an edgecrosses(� ; v) and assignsto

(w; x) the network edgethat contains the next virtual edgeafter (� ; � ) in clockwiseorder

around � . Otherwise, it assignsv to � and assignsto (w; x) the next edgeafter (v; u) in

clockwise order around v.
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After � is determined, either at node u or node v, the current node determines

whether the traversal should switch to the next virtual face or not. The current node

computesthe shortestdistancefrom points on (� ; � ) to the destination. If it is lessthan

packet.distance, the distance from the starting point of the current virtual face to the

destination, faceswitching occurs. The new starting point p is the closestpoint to the

destination on (� ; � ). Note that p 6= � , because� is either the current starting point, in

which caseits distanceto the destination is equal to packet.distance, or the ending node

of the previousvirtual edge,in which caseif � is closerto the destination, faceswitching

would have occurred when the packet traversedthe previous virtual edge. The current

node calls INIT-QUDG2HOP( p) to set up packet header. If the distancefrom (� ; � ) to

the destination is not lessthan packet.distance, the packet will continue to travel along

the boundary of the current virtual face. In this case,the current node assigns� and

(w; x) to packet.lastpoint and packet.nextedge, respectively.

From the above description and the de�nition of face routing, we get the following

result.

Prop osition 6.6. When no face switching occurs, the new value of packet.lastpoint is

the ending node of the current virtual edgeand the new value of packet.nextedgeis the

edgethat contains the next virtual edgealong the boundary of the samevirtual face.

Finally, after the new value of packet.nextedge has been determined and this �eld

is updated, the current node forwards the packet to the beginning node of (the up-

dated) packet.nextedge. It is possible that the beginning node of packet.nextedge is

the current node. In this case,no forwarding is needed:the current node just executes

Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info again. If the beginning node of

packet.nextedge is not the current node, it is at most two hops away, becauseat least

one of the endpoints of packet.nextedge is a neighbor of the current node. The packet

is forwarded to the beginning node of packet.nextedge either directly or via the ending

node of packet.nextedge.
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Notice that, as described above, in Virtual-F ace-Traversal-For-QUDG-With-Tw o-

Hop-Info, whenever a packet is sent to node z, z is either the beginning node or the

ending node of packet.nextedge. If z is the beginning node of packet.nextedge, it per-

forms the computation of �nding the next edge.There are two circumstanceswhen z is

the ending node of packet.nextedge. First, the packet is sent from the beginning node

of packet.nextedge. In this case,z performs the computation of �nding the next edge

as previously described. Second,the packet is sent from a node that is not an endpoint

of packet.nextedge. This happens when that node has completed the computation of

�nding the next edgeand has updated packet.nextedge. In this case,z just relays the

packet to the beginning node of packet.nextedge. Therefore, when the ending node of

packet.nextedge receives a packet, it must determine which action to perform. This

can be determined by checking whether the packet is sent from the beginning node of

packet.nextedgeor not.

The completecode for Algorithm Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-

Info is shown in Figure 6.5, which is the main algorithm of the protocol.

In the Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info protocol, whenever

INIT-QUDG2HOP is called, its computation is performedbasedon the local information

at the node that calls it. Therefore,it is critical whether that nodehassu�cien t informa-

tion for the computation, speci�cally, whether that nodeknowsall the edgesthat contain

the starting point p. We say that a node knows certain information if that information

can be inferred from the node's local information.

In the following, we �rst show that the nodes that call INIT-QUDG2HOP do have

su�cien t information for the computation. Thus, when INIT-QUDG2HOP returns, the

packet header�elds aresetcorrectly for the traversalon the current virtual face. Namely,

packet.nextedge is the edgethat contains the �rst virtual edgeon the boundary of the

virtual face to be traversed,and packet.lastpoint is the starting point on that virtual

face. Then, we will prove that Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info
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Algorithm Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info
. Performed by node z, the node that currently holds the packet.
. The information stored in the packet header is as follows:

� packet.destination, the destination node of the packet;

� packet.next edge, the network edgecontaining the next virtual edge;

� packet.last point, the ending point of the previous virtual edgeor the starting point of the
current virtual face if packet.next edgecontains the �rst virtual edgeon that face; and

� packet.distance, the distance from the starting point of the current virtual face to the
destination node.

1 begin
2 if z is packet.destination then
3 releasethe packet; return
4 if packet.destination is a neighbor of z then
5 forward the packet to packet.destination; return
6 let (u; v) denote packet.next edge and let � denote packet.last point
7 if z is the beginning node of packet.next edge then
8 let m denote the midpoint of edge(u; v)
9 if � is betweenu and m and there exist edgescrossing(� ; v) at a point between� and m

then
10 �  the closestpoint to � at which an edgecrosses(� ; v)
11 (w; x)  the edgecrossing(� ; v) at � that contains the next virtual edgeafter (� ; � )

in clockwise order around � . note that 6 �� x < 180�

12 else
13 forward the packet to the ending node of packet.next edge; return
14 else . z is the ending node of packet.next edge

15 if the packet was not sent from the beginning node of packet.next edge then
16 forward the packet to the beginning node of packet.next edge; return
17 if there exist edgescrossing(� ; v) then
18 �  the closestpoint to � at which an edgecrosses(� ; v)
19 (w; x)  the edgecrossing(� ; v) at � that contains the next virtual edgeafter (� ; � )

in clockwise order around � . note that 6 �� x < 180�

20 else
21 �  v
22 (w; x)  the next edgeafter (v; u) in clockwise order around v
23 d  shortest distance from a point on (� ; � ) to packet.destination
24 if d < packet.distance then . switch faces

25 p  the closestpoint to packet.destination on (� ; � )
26 INIT-QUDG2HOP( p)
27 else
28 packet.next edge  (w; x)
29 packet.last point  �
30 if z is the beginning node of packet.next edge then
31 Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info
32 return
33 else . route the packet to the beginning node of packet.next edge

34 let (u0; v0) be the value of packet.next edge
35 if u0 is a neighbor of z then . at least one of u0 and v0 is a neighbor of the curr ent node z

36 forward the packet to u0; return
37 else
38 forward the packet to v0; return
39 end

Figure 6.5: Algorithm Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info
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simulates face routing in the virtual plane graph of connectedquasi unit disk graphs

with " � 1p
2
, and therefore, it guaranteesmessagedelivery.

Prop osition 6.7. In Virtual-F ace-Traversal-For-QUDG-With-Two-Hop-Info, whenever

INIT-QUDG2HOP is called, the node that calls it knowsall the edgesthat contain the

starting point p.

Proof. At the sourcenode s, INIT-QUDG2HOP is called with s as the input. Node

s knows all the edgeswith s as one endpoint and, thus, has su�cien t information to

perform the computation in INIT-QUDG2HOP.

At an intermediate node, INIT-QUDG2HOP is called when a new starting point p

is found. Let (u; v) be the value of packet.nextedge beforeINIT-QUDG2HOP is called,

and let (� ; � ) be the current virtual edgecontained in (u; v). The new starting point p

is on edge(� ; � ) and p 6= � . There are the following two cases:(i) � is between� and

the midpoint of (u; v); (ii) � is betweenthe midpoint of (u; v) and v.

In the �rst case,sincenode u will �nd � and completethe computation of �nding the

new value of packet.nextedge, INIT-QUDG2HOP is called at node u. Node u knows all

the edgesthat contain point p, becausep is betweenu and the midpoint of (u; v).

In the secondcase, since no edgescrossing (� ; v) at a point between � and the

midpoint of (u; v), node u will forward the packet to node v, which determines� and

p and then calls INIT-QUDG2HOP. If p is betweenthe midpoint of (u; v) and v, then

node v knows all the edgesthat contain p. Otherwise p is strictly between � and the

midpoint of (u; v). In this case,the only edgesthat contain p are edge(u; v) and edge

(v; u), becausethere are no edgesthat cross(u; v) strictly between � and � . Node v

knows both edges.

Therefore,in all cases,the statement of this proposition is true.

Theorem 6.8. Virtual-F ace-Traversal-For-QUDG-With-Two-Hop-Info simulates face

routing in the virtual plane graph of connected quasiunit disk graphswith " � 1p
2
.
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Proof. By Theorem6.5, it su�ces to prove that the sequenceconsistingof the successive

valuesof packet.nextedge is the samein both Virtual-F ace-Traversal-For-QUDG-With-

Three-Hop-Info and Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info algorithms.

At the source node s, packet.nextedge is initialized by INIT-QUDG3HOP( s) in

Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info and by INIT-QUDG2HOP( s)

in Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info. In both cases,

packet.nextedge is set to the �rst edge in clockwise order around s starting from

the line segment between s and packet.destination. Furthermore, packet.lastpoint is

initialized to the sourcenode s in both algorithms.

In Virtual-F ace-Traversal-For-QUDG-With-Three-Hop-Info, packet.nextedge and

packet.lastpoint are updated at node u. If no face switching occurs, they are updated

with the edge(w; x) and the node � returned by EPND. Thus, from Proposition 4.3 and

Proposition 6.6, the new values of packet.nextedge and packet.lastpoint are the same

in both algorithms. If faceswitching occurs, it follows from Proposition 6.4 and Propo-

sition 6.7 that the new valuesof packet.nextedge and packet.lastpoint are the samein

both algorithms.

Therefore, the sequenceconsistingof the successive valuesof packet.nextedge is the

samein both algorithms.



Chapter 7

Routing in Edge Dynamic Quasi

Unit Disk Graphs

In this chapter, we describe our protocol that applies the virtual facerouting approach

for edgedynamic quasiunit disk graphswith " � 1p
2
. Recall that our Tethered-Traversal

protocol [21, 22] works for edgedynamic graphs that are always plane graphs. It uses

information about the packet path to deal with the changesof edgesduring routing. An

edgedynamic quasi unit disk graph is not, in general,a plane graph. Moreover, as in

static quasiunit disk graphs,extracting a connectedspanningplanesubgraphin an edge

dynamic quasi unit disk graph is not always possible,becausea connectedquasi unit

disk graph may not have a connectedspanningplane subgraph. So, Tethered-Traversal

doesnot work in an arbitrary edgedynamic quasi unit disk graph.

In the following, we present a protocol, Virtual-F ace-Traversal-With-Tether, for edge

dynamic quasi unit disk graphs, which combines the techniques in Tethered-Traversal

with the virtual facerouting approach described in Chapter 4.

69
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7.1 Virtual-F ace-Traversal-With-T ether

Sincean edgedynamic quasi unit disk graph is a quasi unit disk graph at each point

in time, we can apply a virtual face routing protocol, such as Virtual-F ace-Traversal-

For-QUDG-With-Tw o-Hop-Info. In an edgedynamic graph, a new edgemay split the

virtual face currently being traversedinto two. If the packet is travelling on a newly

formed virtual face that does not contain a point that is closer to the destination, the

packet couldbetrappedon that virtual face. Virtual-F ace-Traversal-With-Tetherextends

Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info to edgedynamic quasi unit disk

graphs with " � 1=
p

2, using techniques in Tethered-Traversal. The idea is to store

information about the current virtual face in a �eld of the packet header, called the

tether, and then usethis information to avoid such problems. If following the next edge

would causethe packet to loop back, that edgeis ignoredby the current node. Thus, the

useof the tether will keepthe traversalon the edgesthat existedwhen the packet starts

to traversethe current virtual faceand the new edgesthat do not causeproblems.

Speci�cally, the tether storesthe path followed by the packet on the current virtual

face. Each time the starting point of a new virtual face is determined, the tether is

initialized. As the traversalproceeds,additional nodesareappendedto the tether. If the

network edgethat contains the next virtual edgeon the current virtual faceintersectsthe

tether and forms a cycle whosedirection is counterclockwise, the current node ignores

this edgeand recomputesthe next edgeof the traversal. (Since the right-hand rule is

used to select the next edge,clockwise cyclesare not a problem, as discussedin [22].)

Otherwise, the packet headeris updated and the packet is forwarded to the beginning

node of the next edge. Figure 7.1 shows an exampleof a counterclockwise cycle formed

by a candidatenext edgewith the tether during the traversal.

Now we describe this protocol in detail. At the beginning of the routing process,

the sourcenode s createsa packet containing the packet destination and calls INIT-

EDQUDG(s) to initialize the rest of the packet header. INIT-EDQUDG performs the
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Figure 7.1: (a) Traversalof the current virtual face. (b) Newedge(w; x) formsa counter-

clockwisecyclewith the tether, and packet is on the new virtual faceF 0. (c)

Traversalcontinueson the virtual faceintersectedby the line to destination

by ignoring edge(w; x).

same initialization as INIT-QUDG2HOP, computing the edge that contains the �rst

virtual edge along the boundary of the virtual face to be traversed and initializing

packet.nextedge, packet.lastpoint, and packet.distance. In addition, INIT-EDQUDG also

initializes packet.tether, the �eld that storesthe tether.

The tether is a sequenceof real or virtual nodes,with the possibleexceptionof the

starting point on the virtual face. The starting point on the virtual face is the input

parameterof INIT-EDQUDG, denotedby p, which may be a real or virtual node, or an

interior point on an edge.Conceptually, the traversalon the current virtual facestarts at

the starting point p. As the tether grows, a cyclecanbe formedat any point on the path,

in particular, at the starting point p. If a cycle is formed at the starting point p, in order

to determinethe direction of the cycle,we needto know the edgethat contains the �rst

virtual edgein counterclockwiseorder around p starting from the line segment between

p and the destination at the starting of the traversal. We could usea separate�eld in

the packet header to store this edge,but for simplicity of the algorithm and its proof

of correctness,we make this edgepart of the tether and store it in packet.tether. The
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details of how to determinethe direction of a cycleusing packet.tetherwill be described

later in this section.

Thus, the �rst node of the tether is the endingnode of the edgethat contains the �rst

virtual edgein counterclockwiseorder around p starting from the line segment between

p and packet.destination. The secondnode of the tether is always the starting point

p. This is illustrated in Figure 7.2 where d = packet.destination. The examplesin this

�gure indicate the initial value of packet.tether when the starting point p is a real node,

a virtual node, or an interior point point on an edge, respectively. The code for the

INIT-EDQUDG algorithm is shown in Figure 7.3.
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Figure 7.2: Initialization of packet.destination

After INIT-EDQUDG returns, the current node executesAlgorithm Virtual-F ace-

Traversal-With-Tether to route the packet. A large part of the computation is the same

as that in the Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info algorithm. Specif-

ically, the beginningnode of packet.nextedge, say, edge(u; v), tries to �nd � , the ending

node of the current virtual edge, and to �nd (w; x), the edgethat contains the next

virtual edgealong the boundary of the current virtual face. This is done by checking

its two-hop neighborhood for edgescrossing(u; v) at a point betweenpacket.lastpoint

and the midpoint of (u; v). If it doesnot seeany such edges,it forwards the packet to

node v. Then node v candetermine� and (w; x) using its two-hopneighbor information.

Once � is identi�ed, the current node checks whether there is a new starting point on
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Algorithm INIT-EDQUDG( p)

. Input: p, the starting point of the virtual face to be traversed

. Executed by a node that currently holds the packet and that has an incident edgecontaining p.

. It computesthe network edgethat contains the �rst virtual edgealong the boundary of the virtual

face and setsup packet header.

. It requires that the node has two-hop neighbor information.

1 begin

2 packet.next edge  the network edgecontaining the �rst edgein clockwise order around p

starting from (and including) the line segment betweenp and packet.destination

3 packet.last point  p

4 packet.distance  the distance from p to packet.destination

5 let (v2; v1) be the network edgecontaining the �rst edgein counterclockwise order around p

after the line segment betweenp and packet.destination

6 packet.tether  v1, p

7 end

Figure 7.3: Algorithm INIT-EDQUDG

(� ; � ). If a new starting point is found, the current node calls INIT-EDQUDG and the

traversal proceedsto the next virtual face. So far the computation is the sameas that

in Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info.

However, if a new starting point is not found, an additional procedure from the

tethered-traversal technique is performed. We say that edge(w; x) forms a cycle with

the tether if it intersectsthe tether excluding the �rst edgein the tether but including

p, the starting point. As illustrated in Figure 7.4, there are two casesdepending on

the geometric relationship between(w; x) and the tether. In the �rst case,edge(w; x)

intersects the tether at a real or virtual node in the tether excluding the �rst node of

the tether. Let x0 be that node in the tether, let � 0 be the previous node before x0 in

the tether, and let � 0 be the next node after x0 in the tether. We say that this cycle

is counterclockwise if edge(x0; w) is betweenthe clockwise angle from (x0; � 0) to (x0; � 0)

around x0, i.e., the angle from (x0; � 0) to (x0; w) is lessthan the angle from (x0; � 0) to
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(x0; � 0) in the clockwise direction around x0.

In the secondcase,edge(w; x) intersectsan edgein the tether excludingits �rst edge.

Say, (w; x) intersectsedge(� 0; � 0). Let q be the intersection point. Analogously, we say

that this cycle is counterclockwise if the angle from (q; � 0) to (q; w) in the clockwise

direction around q is lessthan 180� .
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If edge (w; x) forms a counterclockwise cycle with the packet tether, the current

nodeupdatesits two-hopneighborhood information by removing the connectionbetween

w and x. Then, it executesVirtual-F ace-Traversal-With-Tether again to re-compute

the next edge. If edge(w; x) does not form a counterclockwise cycle with the packet

tether, the current node assigns(w; x) and � to packet.nextedge and packet.lastnode,

respectively. Moreover, it updatespacket.tether by adding node � to the end of its cur-

rent list. Then, asin Virtual-F ace-Traversal-For-QUDG-With-Tw o-Hop-Info, the current

node routes the packet to the beginning node of packet.nextedge if it is not that node.

The beginning node of packet.nextedge continues the computation of �nding the next

edgefor the traversal.

The code for Algorithm Virtual-F ace-Traversal-With-Tether is shown in Figure 7.5

and 7.6, which is the main algorithm of the protocol.
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Algorithm Virtual-F ace-Traversal-With-Tether
. Performed by node z, the node that currently holds the packet.

. The information stored in the packet header is as follows:

� packet.destination, the destination node of the packet;

� packet.next edge, the network edgecontaining the next virtual edge;

� packet.last point, the ending point of the previous virtual edgeor the starting point of the

current virtual face if packet.next edgecontains the �rst virtual edgeon that face;

� packet.distance, the distance from the starting point of the current virtual face to the

destination node; and

� packet.tether, a sequence of nodes that tracks the path followed by the packet along the

boundary of the current virtual face.

1 begin

2 if z is packet.destination then

3 releasethe packet; return

4 if packet.destination is a neighbor of z then

5 forward the packet to packet.destination; return

6 let (u; v) denote packet.next edge and let � denote packet.last point

7 if z is the beginning node of packet.next edge then

8 let m denote the midpoint of edge(u; v)

9 if � is betweenu and m and there exist edgescrossing(� ; v) at a point between� and m

then

10 �  the closestpoint to � at which an edgecrosses(� ; v)

11 (w; x)  the edgecrossing(� ; v) at � that contains the next virtual edgeafter (� ; � )

in clockwise order around � . note that 6 �� x < 180�

12 else

13 forward the packet to the ending node of packet.next edge; return

14 else . z is the ending node of packet.next edge

15 if the packet is not sent from the beginning node of packet.next edge then

16 forward the packet to the beginning node of packet.next edge; return

17 if there exist edgescrossing(� ; v) then

18 �  the closestpoint to � at which an edgecrosses(� ; v)

19 (w; x)  the edgecrossing(� ; v) at � that contains the next virtual edgeafter (� ; � )

in clockwise order around � . note that 6 �� x < 180�

20 else

21 �  v

22 (w; x)  the next edgeafter (v; u) in clockwise order around v

(Continued on the next page)

Figure 7.5: Algorithm Virtual-F ace-Traversal-With-Tether
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Algorithm Virtual-F ace-Traversal-With-Tether (Con't)
23 d  shortest distance from a point on (� ; � ) to packet.destination

24 if d < packet.distance then . switch faces

25 p  the closestpoint to packet.destination on (� ; � )

26 INIT-EDQUDG( p)

27 else

28 if (� ; x) forms a counterclockwise cycle with packet.tether then

29 remove (w; x) and (x; w) from the two-hop neighborhood of node z

30 Virtual-F ace-Traversal-With-Tether

31 return

32 else

33 packet.next edge  (w; x)

34 packet.last point  �

35 packet.tether  packet.tether, �

36 if z is the beginning node of packet.next edge then

37 Virtual-F ace-Traversal-With-Tether

38 return

39 else . route the packet to the beginning node of packet.next edge

40 let (u0; v0) be the value of packet.next edge

. at least one of u0 and v0 is a neighbor of the current node z

41 if u0 is a neighbor of z then

42 forward the packet to u0; return

43 else

44 forward the packet to v0; return

45 end

Figure 7.6: Algorithm Virtual-F ace-Traversal-With-Tether (Con't)
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7.2 Conditions for Guaran teeing Message Deliv ery

Now we discussthe conditions under which Virtual-F ace-Traversal-With-Tether works

correctly. First, the delivery guarantee condition for Tethered-Traversal requiresthat a

stable connectedspanningsubgraphexists during the entire traversal of each face [22].

This is also neededfor Virtual-F ace-Traversal-With-Tether. Second,for the virtual face

traversal approach to work correctly, when an edgeis assignedto packet.nextedge, it

must remain connecteduntil packet.nextedge is updated. We can bound this time

period as follows. Once packet.nextedge is determined, the current node sends the

packet to the beginning node of packet.nextedge, either directly or via the ending node

of packet.nextedge, and during the computation of the next edge, the packet may be

forwarded along packet.nextedge. Hence, the time between two successive updates of

packet.nextedge is at most the time neededfor three transmissionsplus a small amount

of the computation.

Therefore, we have the following conditions for messagedelivery guarantee using

Virtual-F ace-Traversal-With-Tether.

Condition 7.1. A stable connectedspanning subgraph of the network graph exists

during the entire traversalof each virtual face.

Condition 7.2. If an edgeis assignedto packet.nextedge, it remainsconnectedfor at

least the time neededfor three transmissionsplus a small amount of computation.

7.3 Pro of of Correctness of Virtual-F ace-Traversal-

With-T ether

Now we will prove that Virtual-F ace-Traversal-With-Tether guaranteesmessagedelivery

in edgedynamic quasi unit disk graphs with " � 1p
2

under Condition 7.1 and 7.2. We

beginby introducing somede�nitions. Supposethat, at time t, a packet starts traversing
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a virtual faceF in the edgedynamic quasi unit disk graph. By Condition 7.1, a stable

connectedspanningsubgraphG0 exists during the entire traversal of F . F is contained

within a virtual face F 0 of G0. The main idea of the proof is to show that the packet

travels roughly along the boundary of F 0.

Let WF 0 denote the traversal of the boundary of F 0 using the right-hand rule. This

consistsof a sequenceof directed edges.We observe the following geometricproperties

regarding the edgesin WF 0.

Prop osition 7.1. Let (� ; � ) and (� ; 
 ) be two consecutive edgesin WF 0, then, any edge

that intersects both � and the interior of the clockwise angle around � from (� ; � ) to

(� ; 
 ) intersects the interior of F 0.

Prop osition 7.2. If edge(� ; � ) intersects an edgein WF 0 at � , the interior of (� ; � ) is

in the interior of F 0, and e is the �rst edgein WF 0 in clockwiseorder around � starting

from (� ; � ) then, any edgethat intersects both � and the interior of the clockwiseangle

around � from (� ; � ) to e intersects the interior of F 0.

Furthermore, notice that sinceF 0 is a virtual faceof a connectedspanningsubgraph

of the network graph, there cannot exist any real nodes inside F 0. Thus, we have the

following observations.

Prop osition 7.3. If (� ; v) intersects the interior of F 0 and v is a real node, then (� ; v)

must intersect WF 0 at a point that is not � .

Prop osition 7.4. For any virtual or real edge (� ; � ) whoseinterior is in the interior

of F 0, the network edge(u; v) that contains (� ; � ) must intersect WF 0 at least twice, and

at least one intersection point is between u and � , and at least one intersection point is

between v and � .

Let (� (k� 1); � (k)) denotethe kth edgeof packet.tether, and let packet.nextedge(k) de-

note the kth value of packet.nextedge, for k � 1, if they exist. Note that (� (k) ; � (k+1) )
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is contained in the real edgepacket.nextedge(k) and intersectspacket.nextedge(k+1) at

� (k+1) . From observation of the algorithm, (� (0) ; � (1) ) and packet.nextedge(1) are set in

INIT-EDQUDG. The algorithm computes� (k+1) and packet.nextedge(k+1) together.

We will prove the following properties of packet.tether and packet.nextedge.

Lemma 7.5. Supposethat a packetstarts traversinga virtual face F with starting point

p and let F 0 be the stable virtual face containing F . Let k � 1. Before the traversal

switchesto anothervirtual face, if (� (k� 1); � (k)) andpacket.nextedge(k) exist, the following

properties hold:

(a) Any edgein the stablesubgraph G0 that intersects � (k) doesnot intersect the interior

of the clockwiseanglearound � (k) from (� (k) ; � (k� 1)) to packet.nextedge(k) ;

(b) If k � 2, then either (� (k� 1); � (k)) is contained in an edgein WF 0, or the interior of

(� (k� 1); � (k)) is in the interior of F 0.

Proof. We will prove the lemma by induction on k.

Base caseFrom line 2 of INIT-EDQUDG, packet.nextedge(1) is the network edgethat

contains the �rst edgein clockwiseorder around the starting point p starting from (and

including) the line segment between p and packet.destination, as shown in Figure 7.7.

From line 5-6 of INIT-EDQUDG, � (1) = p and (� (0) ; � (1) ) contains the �rst edge in

counterclockwiseorder around p after the line segment betweenp and packet.destination.

Therefore, if an edgeintersectsp and is a stable edgein G0, it does not intersect the

interior of the clockwise angle around p from (� (0) ; � (1) ) to packet.nextedge(1) . Hence,

(a) is true for k = 1.

Let (u; v) denote packet.nextedge(1) , and let � be the point closest to p at which

someedgeintersects(p;v). Thus, (p; � ) is on the boundary of F . SinceF is contained

within F 0, (p; � ) is within F 0. Furthermore, since � is the closestintersection point to

p, no nodes on the boundary of F 0 are on the interior of (p; � ). Thus, either (p; � ) is
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Figure 7.7: Basecaseof the proof of Lemma 7.5

contained in an edgein WF 0 or the interior of (p; � ) is in the interior of F 0. Let (w; x) be

the network edgethat contains the �rst edgein clockwise order around � starting from

(� ; p). Thus, any stableedgein G0 that intersects� doesnot intersect the interior of the

clockwise anglearound � from (� ; p) to (w; x).

Considerthe computation to determinethe endingnode � (2) of the secondedgeof the

tether and packet.nextedge(2) . From the algorithm, if there is somepoint on (p;� ) that is

closerto packet.destinationthan p is, the traversalwill beswitchedto anothervirtual face.

Otherwise,(w; x) will be a candidatefor packet.nextedge(2) , and it is packet.nextedge(2)

if and only if it does not form a counterclockwise cycle with the tether (excluding its

�rst edge). From the de�nition of counterclockwise cycles,if a candidate edgeforms a

counterclockwisecyclewith the tether, either it intersectsa node in the tether excluding

its �rst and last nodes, or it intersects an edgein the tether excluding its �rst edge.

Sincethe tether currently contains only one edge,the tether excluding its �rst edgeis

empty. Thus, � (2) = � and packet.nextedge(2) = (w; x). Also notice that � (1) = p, so

(� (1) ; � (2) ) = (p; � ). Therefore,properties 1 and 2 are true for k = 2.

Induction step Assumethat the lemmaholdsfor all 1 � i � k, wherek � 2. By the
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induction hypothesis,either (� (k� 1); � (k)) is contained in an edgein WF 0, or the interior

of (� (k� 1); � (k)) is in the interior of F 0. So� (k) is either on the boundary of F 0 or is inside

F 0. Let (u; v) denotepacket.nextedge(k) , which intersects(� (k� 1); � (k)) at � (k) .

Suppose � (k) is on the boundary of F 0 and the rest of (� (k) ; v) is outside F 0. We

considertwo cases:(a) (� (k� 1); � (k)) is contained in an edgein WF 0, and (b) the interior

of (� (k� 1); � (k)) is in the interior of F 0. Theseare illustrated in Figure 7.8.

PSfrag replacements

u u

v v

� (k� 1)
� (k� 1)

� (k)� (k)

F 0 F 0

packet.nextedge(k)
packet.nextedge(k)

e e

WF 0

WF 0

WF 0

WF 0

WF 0

WF 0

(a) (b)

Figure 7.8: Edge(� (k) ; v) is outside F 0

Let ebethe �rst edgein WF 0 in clockwiseorderaround� (k) starting from (� (k) ; � (k� 1)).

From Proposition 7.1 and 7.2, any edgethat intersects� (k) and the interior of the clock-

wise angle around � (k) from (� (k) ; � (k� 1)) to e intersects the interior of F 0. Therefore,

(� (k) ; v) must be outside the clockwise anglearound � (k) from (� (k) ; � (k� 1)) to e. Then,

edgee intersects� (k) and also intersectsthe interior of the clockwise angle around � (k)

from (� (k) ; � (k� 1)) to (� (k) ; v). Sinceevery edgein WF 0 is contained in a stableedgein G0,

there is a stable edgein G0 (containing e) that intersects� (k) and intersectsthe interior

of the clockwise angle around � (k) from (� (k) ; � (k� 1)) to (� (k) ; v), which is contained in

packet.nextedge(k) . This contradicts the induction hypothesis (a) . Therefore, (� (k) ; v)

cannot be outsideF 0. Thus, either (i) (� (k) ; v) intersectsthe interior of F 0, or (ii) (� (k) ; v)

overlapsan edgein WF 0.
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Figure 7.9 gives someexamplesof the geometric relationship between (� (k� 1); � (k))

and packet.nextedge(k) . In examples(a) and (b), (� (k� 1); � (k)) is contained in an edgein

WF 0, and in (c) and (d), the interior of (� (k� 1); � (k)) is in the interior of F 0. Examples(a)

and (c) correspond to case(i) where(� (k) ; v) intersectsthe interior of F 0, and examples

(b) and (d) correspond to case(ii) where(� (k) ; v) overlapsan edgein WF 0.
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Figure 7.9: Induction step of the proof of Lemma 7.5

If (� (k) ; v) belongsto case(i), by Proposition 7.3, (� (k) ; v) must intersect WF 0 at a

point that is not � (k) . Let � 0 be the intersectionpoint of (� (k) ; v) and WF 0 that is closest

to � (k) . If (� (k) ; v) belongsto case(ii), let � 0 be the next node in WF 0 after � (k) . Hence,

either the interior of (� (k) ; � 0) is in the interior of F 0, or (� (k) ; � 0) is contained in an edge
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in WF 0. In both cases,let (w0; x0) be the network edgecontaining the �rst edgein WF 0

in clockwise order around � 0 starting from (� 0; � (k)).

We claim that (w0; x0) does not form a counterclockwise cycle with the tether. To

obtain a contradiction, suppose(w0; x0) forms a counterclockwise cycle with the tether.

Then, (w0; x0) either intersectsa node � (i ) in the tether, where 1 � i < k, or intersects

the interior of an edge(� (i � 1); � (i )) in the tether, where 1 < i � k. In the former case,

by the de�nition of counterclockwise cycles, (w0; x0) also intersects the interior of the

clockwise anglearound � (i ) from (� (i ) ; � (i � 1)) to (� (i ) ; � (i +1) ). However, this contradicts

the induction hypothesis(a) since(w0; x0) is a stable edgein G0. In the latter case,from

the induction hypothesis(b), either edge(� (i � 1); � (i )) is contained in an edgein WF 0, or

the interior of (� (i � 1); � (i )) is in the interior of F 0. Thus, the stable edge(w0; x0) either

intersectsthe interior of an edgein WF 0 or intersectsthe interior of F 0. This contradicts

the de�nition of virtual faces.Therefore,(w0; x0) doesnot form a counterclockwisecycle

with the tether.

Now, considerthe computation to determine� (k+1) and packet.nextedge(k+1) . Notice

that � 0 is the closestpoint to � (k) at which a stable edgeintersects(� (k) ; v), and (w0; x0)

contains the �rst stable edgein clockwise order around � 0 starting from (� 0; � (k)). So,

either packet.nextedge(k+1) = (w0; x0), or it is a nonstableedgethat intersectsthe interior

of (� (k) ; � 0), or it is a nonstableedgethat intersects� 0and is between(� 0; � (k)) and (w0; x0)

in the clockwise direction around � 0.

In all cases,(� (k) ; � (k+1) ) is contained in (� (k) ; � 0). Therefore, either the interior of

(� (k) ; � (k+1) ) is in the interior of F 0, or (� (k) ; � (k+1) ) is contained in an edge in WF 0.

Furthermore, any stableedgethat intersects� (k+1) doesnot intersectsthe interior of the

clockwise anglearound � (k+1) from (� (k) ; � (k+1) ) to packet.nextedge(k+1) . Therefore,the

lemma holds for k + 1.

Lemma7.5showsthat beforethe traversalswitchesto anothervirtual face,the packet

tether excluding its �rst edgeis within F 0 and never crossesthe boundary of F 0. Next,
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we will prove that the traversal eventually has to switch to another virtual face until

the destination is reached. The proof is establishedthrough a seriesof propositions and

lemmas.

Prop osition 7.6. For k � 2, if the clockwiseangle around � (k) from (� (k) ; � (k� 1)) to

(� (k) ; � (k+1) ) is at least 180� , then � (k) is a real node.

Proof. Proof by contradiction. Recall that every node in the packet tether is either a

real or virtual node, with the only possibleexceptionof � (1) that is the starting point p,

which may be a real node, a virtual node, or an interior point on an edge,as shown in

Figure 7.2.

Suppose� (k) is a virtual node, and the clockwiseanglearound � (k) from (� (k) ; � (k� 1))

to (� (k) ; � (k+1) ) is at least 180� . Let (u; v) and (w; x) be the network edgesthat contain

(� (k� 1); � (k)) and (� (k) ; � (k+1) ), respectively. Then, (u; v) and (w; x) intersect at � (k) ,

which is an interior point on both edges.This is illustrated in Figure 7.10.
PSfrag replacements

u

v

w

x

� (k� 1)

� (k)

� (k+1)

Figure 7.10: Proof of Proposition 7.6

Considerthe computation of packet.nextedge(k) . Starting from (� (k) ; � (k� 1)) and pro-

ceedingclockwisearound � (k) , we hit (� (k) ; w) before(� (k) ; x). If edge(� (k) ; w) doesnot

form a counterclockwise cycle with the packet tether, (x; w) will be packet.nextedge(k)

and (� (k) ; � (k+1) ) should be contained in (� (k) ; w). Then, the clockwise angle around
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� (k) from (� (k) ; � (k� 1)) to (� (k) ; � (k+1) ) is lessthan 180� . This contradicts our supposi-

tion. If edge(� (k) ; w) does form a counterclockwise cycle with the packet tether, from

lines 28-29of Virtual-F ace-Traversal-With-Tether, edges(x; w) and (w; x) are ignored in

the subsequent computation of packet.nextedge(k) , which contains (� (k) ; � (k+1) ). Thus,

(� (k) ; � (k+1) ) cannot be contained in (w; x). This alsocontradicts our supposition.

Therefore,we have shown that if � (k) is not a real node, the clockwise anglearound

� (k) from (� (k) ; � (k� 1)) to (� (k) ; � (k+1) ) is lessthan 180� . Hencethe proposition is true.

Next, we de�ne a point � 0(k) on the boundary of F 0, and we will show that the �rst k

edgesof the tether followed by � 0(k) followed by part of the boundary of F 0 followed by

part of the line betweenp and the destination form a region inside F 0. More precisely,

for k � 2, if � (k) exists, then from Lemma 7.5 (b), either (� (k� 1); � (k)) is contained in an

edgein WF 0, or the interior of (� (k� 1); � (k)) is in the interior of F 0. In the former case,let

� 0(k) = � (k) . In the latter case,let (u; v) denotethe underlying network edgecontaining

(� (k� 1); � (k)). From Proposition 7.4, there is at least one intersectionpoint of (u; v) and

WF 0 between� (k) and v. Let � 0(k) be the intersection point between� (k) and v that is

closestto � (k) (including � (k)).

From the de�nition of � 0(k) , we can get the following property.

Prop osition 7.7. For k � 2, if � 0(k) 6= � (k) , then � (k) is a virtual node.

Proof. Suppose� (k) is a real node. From Lemma 7.5 (b), any node in the tether except

the �rst one is either on the boundary of F 0 or inside F 0. Thus, � (k) is on the boundary

of F 0 sinceno real node is inside F 0. Furthermore, either (� (k� 1); � (k)) is contained in

an edgein WF 0, or the interior of (� (k� 1); � (k)) is in the interior of F 0. If (� (k� 1); � (k)) is

contained in an edgein WF 0, then � 0(k) = � (k) by the de�nition of � 0(k) . If the interior

of (� (k� 1); � (k)) is in the interior of F 0, then � (k) = v where(u; v) denotethe underlying

network edgecontaining (� (k� 1); � (k)). Thus, from the de�nition of � 0(k) , � 0(k) = � (k) = v.

Therefore,the proposition holds.
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Recall that F 0 is intersected by the line segment from the starting point p to

packet.destination, and F 0 is a virtual face in the stable connectedspanning subgraph

G0. Therefore,there is at least onepoint other than p at which the line segment from p

to packet.destinationintersectsWF 0. Let p0 be such an intersection point that is closest

to p. Notice that in our notation, letters with a prime, e.g. � 0(k) and p0, denotepoints on

the boundary of F 0.

Prop osition 7.8. If the tether has length at least 2, then the line segment from p to p0

is not on the boundary of F 0.

Proof. Supposethe tether has length at least 2 and the line segment from p to p0 is on

the boundary of F 0. Let (u; v) denote the underlying network edgeon the boundary of

F 0, wherep0 is betweenp and node v. Then, all points on (p;v) excludingp are closerto

the destination than p is.

From line 2 of INIT-EDQUDG, packet.nextedge(1) is the network edgethat contains

the �rst edgein clockwise order around the starting point p = � (1) starting from (and

including) the line segment betweenp and packet.destination. Thus,packet.nextedge(1) =

(u; v), and � (2) is a virtual or real nodeon (p;v) after p. So� (2) is closerto the destination

than p is. This is a contradiction, becauseif � (2) exists, it cannot be closer to the

destination than p is. Hence,the proposition holds.

Prop osition 7.9. If the tether has length at least 2, then (� (2) ; � 0(2) ) does not intersect

the interior of the line segment between p and p0.

Proof. Supposethe tether haslength at least2, i.e., � (2) exists,and (� (2) ; � 0(2) ) intersects

the interior of the line segment betweenp and p0. By the de�nition of � 0(k) , � (1) , � (2) ,

and � 0(2) are collinear, and � (2) is between� (1) = p and � 0(2) . Thus, � (2) is on the line

segment betweenp and p0. Since� (2) 6= p, � (2) is closerto the destination than p is. This

is a contradiction, becauseif � (2) exists, it cannot be closerto the destination than p is.

Hence,the proposition holds.
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Prop osition 7.10. If the tether has length at least 2, then the part of the tether from

p to � (2) , (� (2) ; � 0(2) ), the part of WF 0 from � 0(2) to p0, and the line segment from p0 to p

form a closed curve that is the boundary of a region whoseinterior is entirely contained

in the interior of F 0.

Proof. Supposethe tether has length at least 2. From Lemma 7.5 (b), either (� (1) ; � (2) )

is contained in an edgein WF 0 or the interior of (� (1) ; � (2) ) is in the interior of F 0.

In the former case,as illustrated in Figure 7.11, the line segment betweenp and p0

divides F 0 into two regions,becauseit intersectsF 0 and is not on the boundary of F 0 by

Proposition 7.8. The part of the tether from p to � (2) , (� (2) ; � 0(2) ), the part of WF 0 from

� 0(2) to p0, and the line segment from p0 to p is the boundary of oneof thesetwo regions,

shown as the darker-shadedarea in Figure 7.11.
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Figure 7.11: First caseof the proof of Proposition 7.10

In the latter case,as illustrated in Figure 7.12,packet.nextedge(1) divides F 0 into two

regions,and one of them is intersectedby the line segment from p to p0, which further

divides that regioninto two subregions.The part of the tether from p to � (2) , (� (2) ; � 0(2) ),

the part of WF 0 from � 0(2) to p0, and the line segment from p0 to p is the boundary of one
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Figure 7.12: Secondcaseof the proof of Proposition 7.10

of the resulting subregions.Seethe darkest area in Figure 7.12.

Prop osition 7.11. Let k � 2. If the tether has length at least k + 1, if (� (i ) ; � 0(i )) does

not intersect the interior of the line segment between p and p0 for all 2 � i � k + 1, and

if the part of the tether from p to � (k) , (� (k) ; � 0(k)), the part of WF 0 from � 0(k) to p0, and

the line segment from p0 to p form a closed curve that is the boundary of a region whose

interior is entirely contained in the interior of F 0, then � 0(k+1) 6= � 0(k) , � 0(k+1) is on the

part of WF 0 from � 0(k) to p0, and the part of the tether from p to � (k+1) , (� (k+1) ; � 0(k+1) ),

the part of WF 0 from � 0(k+1) to p0, and the line segment from p0 to p form a closed curve

that is the boundary of a region whoseinterior is entirely contained in the interior of F 0.

Proof. Assumeall the conditionsin the proposition hold. Let Rk denotethe regionwhose

boundary consistsof the part of the tether from p to � (k) , (� (k) ; � 0(k)), the part of WF 0

from � 0(k) to p0, and the line segment from p0 to p. SeeFigure 7.13for an examplewhere

F 0 is an interior virtual faceof the stablesubgraphG0, and seeFigure 7.14for an example

whereF 0 is the outer virtual faceof G0.



Chapter 7. Routing in Edge Dynamic Quasi Unit Disk Graphs 89

PSfrag replacements

p0

F 0

� (1) = p

� (k� 1)

� (k)

� (k+1) = � 0(k+1)

w

x
� 0(k)

packet.destination

Rk

unstableedge
stable edge

tether

Figure 7.13: An examplewhereF 0 is an interior virtual faceof G0



Chapter 7. Routing in Edge Dynamic Quasi Unit Disk Graphs 90

PSfrag replacements

p0

F 0

Rk
� (1) = p

� ( k � 1)

� ( k ) = � 0( k )

� ( k +1) = � 0( k +1)

w

x

packet.destination

unstable edge

stable edge

tether

Figure 7.14: An examplewhereF 0 is the outer virtual faceof G0



Chapter 7. Routing in Edge Dynamic Quasi Unit Disk Graphs 91

Let (w; x) denotethe network edgecontaining (� (k) ; � (k+1) ). First suppose� 0(k) = � (k) .

SeeFigure 7.15 for an example in this casewhere k = 2. Recall that � 0(k) is a point
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Figure 7.15: Example for the proof of Proposition 7.11wherek = 2

on WF 0. Let (� (k) ; 
 ) be the �rst edge in WF 0 in clockwise order around � (k) after

(� (k) ; � (k� 1)). Sincethe clockwise angle around � (k) from (� (k) ; � (k� 1)) to (� (k) ; 
 ) is in

Rk and the boundary of Rk contains (� (k� 1); � (k)) followed by the part of WF 0 from � 0(k)

to p0, (� (k) ; 
 ) is on the part of WF 0 from � 0(k) to p0. From Lemma 7.5 (a), (� (k) ; 
 )

does not intersect the interior of the clockwise angle around � (k) from (� (k) ; � (k� 1)) to

(� (k) ; � (k+1) ). Therefore,(� (k) ; � (k+1) ) is either contained in (� (k) ; 
 ) or is strictly between

(� (k) ; � (k� 1)) and (� (k) ; 
 ) in clockwise order around � (k) .
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If (� (k) ; � (k+1) ) is contained in (� (k) ; 
 ), then � 0(k+1) = � (k+1) by de�nition. Figure 7.15

is an exampleof this casefor k = 2. In this case,(� (k) ; � (k+1) ) is on the boundary of

Rk . Thus, Rk+1 = Rk and the proposition holds. More formally, � 0(k+1) 6= � 0(k) since

� 0(k+1) = � (k+1) , � 0(k) = � (k) , and � (k+1) 6= � (k) . Furthermore, � 0(k+1) is on the part of

WF 0 from � 0(k) to p0, and the part of the tether from p to � (k+1) is the sameasthe part of

the tether from p to � (k) , (� (k) ; � 0(k)), plus the part of WF 0 from � 0(k) to � (k+1) = � 0(k+1) .

Therefore,the part of the tether from p to � (k+1) , (� (k+1) ; � 0(k+1) ), the part of WF 0 from

� 0(k+1) to p0, and the line segment from p0 to p is just the boundary of Rk .

Therefore, we may assumethat either (i) � 0(k) = � (k) and (� (k) ; � (k+1) ) is strictly

between(� (k) ; � (k� 1)) and (� (k) ; 
 ) in clockwise order around � (k) ; or (ii) � 0(k) 6= � (k) . In

both cases,we show that the �rst point after � (k) on (w; x) at which (w; x) intersectsthe

boundary of Rk is not on (� (k) ; � 0(k)).

In case(i), the interior of (� (k) ; � (k+1) ) is in the interior of F 0. Edge (w; x), which

contains (� (k) ; � (k+1) ), intersectsthe interior of Rk and, thus, it intersectsthe boundary

of Rk in at least one point other than � (k) . Let � be the �rst point after � (k) on (w; x)

at which (w; x) intersectsthe boundary of Rk . Since� (k) = � 0(k) , � is not on (� (k) ; � 0(k)).

Seek = 3 in Figure 7.16 for an exampleof this case,where� 0(3) = � (3) and the network

edge(w; x) containing (� (3) ; � (4) ) intersectsthe boundary of R3 at another point � 0(4) .

An example of case(ii) is k = 4 in Figure 7.17. From Proposition 7.7, � (k) is a

virtual node. From Proposition 7.6, the clockwiseanglearound � (k) from (� (k) ; � (k� 1)) to

(� (k) ; � (k+1) ) is lessthan 180� . Thus, edge(w; x) intersectsthe network edgecontaining

(� (k� 1); � (k)) at � (k) and is not parallel to that edge.By the de�nition of � 0(k) , (� (k) ; � 0(k))

is contained in that network edge. Therefore, (w; x) does not intersect any point on

(� (k) ; � 0(k)) except � (k) . Furthermore, since � (k) 6= � 0(k) , � (k) is not on WF 0. Then, by

Lemma7.5(b), the interior of (� (k) ; � (k+1) ) is in the interior of F 0. So(w; x) intersectsthe

interior of Rk and, thus, it intersectsthe boundary of Rk in at least onepoint other than

� (k) . Let � be the �rst point after � (k) on (w; x) at which (w; x) intersectsthe boundary
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of Rk . Since(w; x) and (� (k) ; � 0(k)) intersect only at � (k) , � is not on (� (k) ; � 0(k)).

Thus, in both cases,� is not on (� (k) ; � 0(k)) and the interior of (� (k) ; � ) is in the interior

of Rk . Thus, (� (k) ; � ) divides Rk into two subregions. The boundary of Rk consistsof

the part of tether from p to � (k) , (� (k) ; � 0(k)), the part of WF 0 from � 0(k) to p0, and the

line segment from p0 to p. We next show that � can only be on the part of WF 0 after

� 0(k) up to and including p0.

� cannot be on the part of the tether from p to � (k) . Otherwise, (� (k) ; � ) forms

a counterclockwise cycle with the tether and (w; x) would have been ignored by the

algorithm. This contradicts the fact that (� (k) ; � (k+1) ) is contained in (w; x).

Suppose� is on the interior of the line segment from p0 to p. Becausethe interior of

(� (k) ; � ) is in the interior of Rk and � 0(k+1) is on WF 0, � is between � (k) and � 0(k+1) on

edge(w; x). Since� is closer to the destination than p is, and, by de�nition, no point

on (� (k) ; � (k+1) ) is such a point, � is not on (� (k) ; � (k+1) ). Since(� (k+1) ; � 0(k+1) ) doesnot

intersect the interior of the line segment betweenp and p0, � is not on (� (k+1) ; � 0(k+1) ).

This is a contradiction.

Therefore,� can only be on the part of WF 0 after � 0(k) up to and including p0. Since

the interior of (� (k) ; � (k+1) ) is in the interior of F 0, � (k+1) is between� (k) and � . Thus,

by the de�nition of � 0(k+1) , � 0(k+1) = � . Hence,� 0(k+1) 6= � 0(k) , � 0(k+1) is on the part of

WF 0 from � 0(k) to p0, and (� (k) ; � 0(k+1) ) divides Rk into two subregions.The part of the

tether from p to � (k+1) , (� (k+1) ; � 0(k+1) ), the part of WF 0 from � 0(k+1) to p0, and the line

segment from p0 to p is the boundary of one subregionof Rk divided by (� (k) ; � 0(k+1) ).

Therefore,the proposition is true.

Prop osition 7.12. Let k � 2. If the tether has length at least k, and if (� (i ) ; � 0(i )) does

not intersect the interior of the line segmentbetween p and p0, for all 2 � i � k, then the

part of the tether from p to � (k) , (� (k) ; � 0(k)), the part of WF 0 from � 0(k) to p0, and the line

segment from p0 to p form a closed curve that is the boundary of a region whoseinterior

is entirely contained in the interior of F 0.
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Proof. By induction on k using Proposition 7.10and 7.11.

Lemma 7.13. Let k � 2. If the tether has length at least k + 1, and if (� (i ) ; � 0(i )) does

not intersect the interior of the line segmentbetween p and p0, for all 2 � i � k + 1, then

� 0(k+1) 6= � 0(k) and � 0(k+1) is on the part of WF 0 from � 0(k) to p0.

Proof. By Proposition 7.12, the part of the tether from p to � (k) , (� (k) ; � 0(k)), the part

of WF 0 from � 0(k) to p0, and the line segment from p0 to p form a closedcurve that is the

boundary of a region whoseinterior is entirely contained in the interior of F 0. Then, the

lemma follows from Proposition 7.11.

In the following proposition, we show a property of the tether when(� (k) ; � 0(k)) inter-

sectsthe interior of the line segment betweenp and p0 for the �rst time as k increases.

Prop osition 7.14. If the tether has length at least k0, and � (k0 ) is the �rst node in the

tether such that (� (k0 ) ; � 0(k0 )) intersects the interior of the line segment between p and

p0, then the part of the tether from p to � (k0 � 1), (� (k0 � 1); � ), and the line segment from

� to p form a closed curve that is the boundary of a region whoseinterior is entirely

contained in the interior of F 0, where � is the intersection point of (� (k0 ) ; � 0(k0 )) and the

line segment between p and p0.

Proof. Supposethe tether has length at least k0, and � (k0 ) is the �rst node in the tether

such that (� (k0 ) ; � 0(k0 )) intersectsthe interior of the line segment betweenp and p0. Fig-

ure 7.18 is an examplefor k0 = 8.

From Proposition 7.9, if � (2) exists, (� (2) ; � 0(2) ) doesnot intersect the interior of the

line segment between p and p0. Therefore, k0 � 3. Thus, from Proposition 7.12 with

k = k0 � 1, the part of the tether from p to � (k0 � 1), (� (k0 � 1); � 0(k0 � 1)), the part of WF 0

from � 0(k0 � 1) to p0, and the line segment from p0 to p form a closedcurve that is the

boundary of a region whoseinterior is entirely contained in the interior of F 0. Let Rk0 � 1

denotethis region.



Chapter 7. Routing in Edge Dynamic Quasi Unit Disk Graphs 97
PSfrag replacements

p0
� (1) = p

� (2)

� (3)

� (4)

� (5)
� (6)

� (7) = � 0(7)

� (8)

� 0(8)

packet.destination�

R7 � R8

R8

w

x

� 0

unstableedge
stable edge

tether

Figure 7.18: Example for the proof of Proposition 7.14



Chapter 7. Routing in Edge Dynamic Quasi Unit Disk Graphs 98

Since(� (k0 ) ; � 0(k0 )) is contained in (� (k0 � 1); � 0(k0 )), and (� (k0 ) ; � 0(k0 )) intersectsthe in-

terior of the line segment between p and p0 at � , (� (k0 � 1); � ) divides Rk0 � 1 into two

subregions. The part of the tether from p to � (k0 � 1), (� (k0 � 1); � ), and the line segment

from � to p is the boundary of onesubregionof Rk� 1. Hence,the proposition holds.

The next proposition shows the propertiesof the next edgein the tether if the preced-

ing edge(� (k) ; � 0(k)) intersectsthe interior of the line segment betweenp and p0. Notice

that in the assumptionsin this proposition, (� (k) ; � 0(k)) may not be the �rst edgethat

intersectsthe interior of the line segment betweenp and p0, which is di�eren t from the

assumptionin Proposition 7.14.

Prop osition 7.15. If the tether has length at least k + 1, if (� (k) ; � 0(k)) intersects the

interior of the line segment between p and p0 at � , and if the part of the tether from

p to � (k� 1), (� (k� 1); � ), and the line segment from � to p form a closed curve that is

the boundary of a region whoseinterior is entirely contained in the interior of F 0, then

(� (k+1) ; � 0(k+1) ) intersects the interior of the line segmentbetween p and � at somepoint

� 0, and the part of the tether from p to � (k) , (� (k) ; � 0), and the line segment from � 0 to p

form a closed curve that is the boundary of a region whoseinterior is entirely contained

in the interior of F 0.

Proof. Let Rk denote the region whoseboundary is the part of the tether from p to

� (k� 1), (� (k� 1); � ), and the line segment from � to p.

Since� (k) exists, all points on (� (k� 1); � (k)) are farther from packet.destinationthan

p is. Furthermore, sinceall point on the interior of the line segment betweenp and p0

are closerto packet.destinationthan p is, (� (k� 1); � (k)) doesnot intersect the interior of

the line segment between p and p0. If � 0(k) = � (k) then (� (k) ; � 0(k)) does not intersect

the interior of the line segment between p and p0, contrary to the assumption. Thus,

� 0(k) 6= � (k) , so by Proposition 7.7, � (k) is a virtual node.

Let (w; x) denote packet.nextedge(k) . Edge (w; x) intersects (� (k� 1); � ) at � (k) and
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� (k+1) lies on (� (k) ; x). From Proposition 7.6, the clockwise angle around � (k) from

(� (k) ; � (k� 1)) to (� (k) ; � (k+1) ) is lessthan 180� . Therefore,(w; x) intersectsthe interior of

Rk .

The boundary of Rk consistsof the part of the tether from p to � (k� 1), (� (k� 1); � ),

and the line segment from � to p. Edge (w; x) intersects(� (k� 1); � ) at � (k) , so it must

intersect the boundary of Rk at another point that is not on (� (k� 1); � ). Edge (w; x)

cannot intersect the part of the tether from p to � (k� 1), becauseotherwise it forms a

counterclockwise cycle with the tether and would have been ignored by the algorithm.

Thus, (w; x) intersectsthe interior of the line segment from � to p. Let � 0 be the point at

which they intersect. (� (k) ; � 0) dividesRk into two subregions.The part of the tether from

p to � (k) , (� (k) ; � 0), and the line segment from � 0 to p is the boundary of one subregion

of Rk .

Since� (k+1) exists,all points on (� (k) ; � (k+1) ) must be farther from packet.destination

than p is. Thus, as above, � 0(k+1) 6= � (k+1) and (� (k+1) ; � 0(k+1) ) intersectsthe interior of

the line segment betweenp and � at � 0. Therefore,the proposition holds.

Using Proposition 7.14 and 7.15, we can prove that if � (k0 ) is the �rst node in the

tether such that (� (k0 ) ; � 0(k0 )) intersectsthe interior of the line segment betweenp and

p0, then (� (k) ; � 0(k)) intersectsthe interior of the line segment betweenp and p0, for all

k � k0 if � (k) exists.

Prop osition 7.16. If the tether has length at least k � k0 and � (k0 ) is the �rst node in

the tether suchthat (� (k0 ) ; � 0(k0 )) intersects the interior of the line segmentbetween p and

p0, then (� (k) ; � 0(k)) intersects the interior of the line segment between p and p0 at some

point � , and the part of the tether from p to � (k� 1), (� (k� 1); � ), and the line segmentfrom

� to p form a closed curve that is the boundary of a region whoseinterior is entirely

contained in the interior of F 0.

Proof. By induction on k � k0.
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Base case k = k0: follows from Proposition 7.14.

Induction step Assumethe proposition is true for somek � k0 and considerthe

casefor k + 1. Assumethe tether haslength at least k + 1. By the induction hypothesis,

(� (k) ; � 0(k)) intersectsthe interior of the line segment betweenp and p0 at somepoint � ,

and the part of the tether from p to � (k� 1), (� (k� 1); � ), and the line segment from � to p

form a closedcurve that is the boundary of a regionwhoseinterior is entirely contained in

the interior of F 0. Then, it follows from Proposition 7.15 that (� (k+1) ; � 0(k+1) ) intersects

the interior of the line segment betweenp and � at somepoint � 0, and the part of the

tether from p to � (k) , (� (k) ; � 0), and the line segment from � 0 to p form a closedcurve

that is the boundary of a regionwhoseinterior is entirely contained in the interior of F 0.

Notice that, since� is on the interior of the line segment betweenp and p0, and � 0 is on

the interior of the line segment betweenp and � , it follows that � 0 is on the interior of

the line segment betweenp and p0. Thereforethe proposition holds for k + 1.

Combining Proposition 7.16and 7.15givesthe following result.

Corollary 7.17. If the tether has lengthat least k + 1 > k0 and � (k0 ) is the �rst node in

the tether suchthat (� (k0 ) ; � 0(k0 )) intersects the interior of the line segmentbetween p and

p0, then (� (k) ; � 0(k)) intersects the interior of the line segment between p and p0 at some

point � and (� (k+1) ; � 0(k+1) ) intersects the interior of the line segment between p and � .

Lemma 7.13 implies that as the tether grows, if (� (k) ; � 0(k)) does not intersect the

interior of the line segment betweenp and p0, then the length of the part of WF 0 from

� 0(k) to p0 decreases.Note that � 0(k) is a real or virtual node. Since there are a �nite

number of real and virtual nodeson WF 0, eventually, for somek, either the destination

is reached, (� (k� 1); � (k)) contains a point closerto the destination (and thus the traversal

switchesto the next virtual face),or � (k) exists and (� (k) ; � 0(k)) intersectsthe interior of

the line segment betweenp and p0.

If � (k0 ) is the �rst node in the tether such that (� (k0 ) ; � 0(k0 )) intersects the interior
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of the line segment between p and p0, and the tether has length at least k + 1 > k0,

then Corollary 7.17implies that (� (k+1) ; � 0(k+1) ) intersectsthe interior of the line segment

betweenp and � k , where� k is the point at which (� (k) ; � 0(k)) and the line segment between

p and p0 intersect. Sincethere are only a �nite number of network edgesintersectingthe

line segment betweenp and � k0 , there exists k0 � k0 such that either the destination is

reachedor (� (k0) ; � (k0+1) ) contains a point closerto the destination (and thus the traversal

switchesto the next virtual face). This provesthat messagedelivery is guaranteed.

Theorem 7.18. Under Condition 7.1 and 7.2, Virtual-F ace-Traversal-With-Tetherguar-

antees messagedelivery in edgedynamic quasiunit disk graphswith " � 1p
2
.



Chapter 8

Some Results on Restricted Mobile

Quasi Unit Disk Graphs

In this chapter, we present someresults from our study on restricted mobile quasi unit

disk graphs. First, we considera special mobile quasiunit disk graph in which nodesdo

not move far away from their central locations and describe how to apply the Virtual-

Face-Traversal-With-Tether protocol for routing in such a graph. Then, weconsidermore

generalmobilequasiunit disk graphsand discussthe di�culties in applying Virtual-F ace-

Traversal-With-Tether in such graphs. We study what kind of changesin the mobile

graphs may causeproblems for face routing. Finally, under the assumptionsthat the

destination node is stationary and the speed of the movement of nodes is limited, we

prove several properties of the graphs and conjecture that a slight variant of Virtual-

Face-Traversal-With-Tether works correctly under theseassumptions.

8.1 Routing in a Restricted Mobile Quasi Unit Disk

Graph

In this section,we discussan application of the Virtual-F ace-Traversal-With-Tether pro-

tocol in a restricted mobile wirelessad-hoc network where each node may move only

102
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within a small region around a central location.

Let G be a mobile quasi unit disk graph with parameter " whosenodeseach have a

central location and may move only within a disk of radius � around its central location.

In this discussion,we considerthe casewhere � is small comparedto the transmission

range. Recall that the connectivity model of a mobile quasi unit disk graph is the same

asfor quasiunit disk graphs. If the distancebetweenthe central locationsof two nodesis

greater than 1+ 2� , then the closestdistancebetweenthem is greater than 1, sothey are

never connectedby an edge. If the distancebetweenthe central locations of two nodes

is lessthan or equal to " � 2� , then the maximum distancebetweenthem is lessthan or

equal to " , so they are always connectedby an edge. If the distancebetweenthe central

locationsof two nodesis greater than " � 2� and at most 1+ 2� , thesetwo nodesmay or

may not be connectedby an edgeas they move around.

Givensuch a mobilequasiunit disk graphG, weconstruct an edgedynamicquasiunit

disk graph G0 with parameter(" � 2� )=(1+ 2� ) asfollows: For each node in G with central

location (x; y), there is a corresponding node in G0 at location (x=(1 + 2� ); y=(1 + 2� ))

and, at each point in time, there is an edgebetweentwo nodesin G0 if and only if there

is an edgebetweenthe corresponding nodesin G.

If the distancebetweentwo nodesin G0 is greater than 1, then the distancebetween

the central locations of the corresponding nodesin G is greater than 1 + 2� , so they are

never neighbors; if their distance in G0 is at most (" � 2� )=(1 + 2� ), then the distance

betweentheir central locationsin G is at most " � 2� , and thus they arealways neighbors.

Therefore, if (" � 2� )=(1 + 2� ) � 1=
p

2 or, equivalently, � � (
p

2" � 1)=(2(
p

2 + 1)),

we can apply Virtual-F ace-Traversal-With-Tether on G0 to do routing in G. Note that

to apply Virtual-F ace-Traversal-With-Tether on G0, nodes in G should use the scaled

coordinatesof their central locationsinsteadof their current locationsin the computation.

This may bedoneby having nodesbroadcastingtheir scaledcentral locationsrather than

current locations to their neighbors. Becausethe edgesetsof G0 and G are the same,a
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route found in G0 works in G as well.

Figure 8.1 shows the rangesof � and " for which Virtual-F ace-Traversal-With-Tether

guaranteesmessagedelivery in G. For example, if " = 1, then � � (
p

2 � 1)=(2(
p

2 +

1)) � 0:086, i.e., about 8:6% of the transmissionrange. According to the IEEE 802.11

standards,a typical transmissionrangeof current wirelessdevicesis about 100 meters.

In this case,� � 0:086 meansthat the mobile nodes may move only within a disk of

radius about 8:6 � 100� meters. As " decreases,the maximum value of � alsodecreases.

So, using this approach to guarantee messagedelivery, the mobile wirelessnetwork is

quite restricted. One possibleexample of such a network is a collection of users in a

residential areawhereeach userhasa laptop or handheldwirelessdeviceand may move

within its own house. Another exampleis a wirelesssensornetwork for a smart home,

wheresensorsare embeddedinto furniture and appliances[2].

There are techniquesusing long-rangeantennasto increasethe wirelesstransmission

range from 100 meters to several kilometers. If such techniques are applied, a more

realistic application could be a sensornetwork for tracking the locations of patients and

doctors in a hospital.
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8.2 Towards More General Mobile Quasi Unit Disk

Graphs

Now we considermore generalcasesof mobile quasiunit disk graphswith " � 1p
2

where

nodesare not constrainedto remain near their central locations. We �rst identify some

problemsthat canarisewhenthe Virtual-F ace-Traversal-With-Tether protocol is applied

directly on such graphs. For routing to a stationary destination node,weprove that these

problemscannot ariseif we limit the speedat which nodestravel and usea slight variant

of Virtual-F ace-Traversal-With-Tether. We conjecturethat this variant of Virtual-F ace-

Traversal-With-Tether works correctly in this restricted setting.

8.2.1 Problems caused by node movements

Node movements in mobile quasi unit disk graphscan causechangesto the graph that

are much more complicated than that in edgedynamic quasi unit disk graphs. These

changescausedi�culties for a routing protocol. First of all, in a generalmobilequasiunit

disk graph, the destination nodemay move during the routing process.Nodesforwarding

a packet needto obtain the up-to-date location of the destination node if the destination

node movesto a di�eren t location. How to keeptrack of the location of the destination

node is a challengingproblem.

Even if the destination node is stationary, problems can arise if other nodes move

around during the routing process. In the following, we describe someproblems that

may arise when we apply the Virtual-F ace-Traversal-With-Tether protocol to route a

packet to a stationary destination node in mobile quasi unit disk graphs.

A problem may arise if, when a packet traversesthe boundary of a face, the whole

face moves farther from the destination. If all the points on the boundary of the face

becomefarther away from the destination than the starting point is at the beginningof

the traversal, then, Virtual-F ace-Traversal-With-Tether will not switch to the next face,
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and the packet returns to the starting point of the current face.

A facemay changewhen a packet is travelling along its boundary. This happens if

a new edgecuts through the face, an edgeon the boundary of the face disappears, or

a node movesacrossthe boundary of the face. New edgesand disappearing edgesalso

occur in edgedynamic quasi unit disk graphsand thesechangescan be handled by the

techniquesin Virtual-F ace-Traversal-With-Tether.

Problems can arise when nodes move acrossthe boundary of the face. Consider

the example in Figure 8.2. A packet is sent from node s to node d at time t0. Due
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Figure 8.2: Example when Virtual-F ace-Traversal-With-Tether cannot make progress

to the movements of nodes w and x, the graph has changedby the time t1 at which

the packet arrives at node v. In Virtual-F ace-Traversal-With-Tether, the packet keeps

track of the path it has followed. Edge (v; w) crossesan edge,(a;b), in that path. In

Virtual-F ace-Traversal-With-Tether, node v will sendthe packet back to node u, sincea

counterclockwise cycle is formed. However, as the packet continuesto travel, the graph

is restored to its original con�guration. At time t2, the packet returns to node s. In
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this example,a is the only neighbor of s, so the samepath is followed repeatedly. Thus,

an adversary can prevent Virtual-F ace-Traversal-With-Tether from making progressby

repeatedly moving nodesw and x.

Notice that for the packet to be delivered to d, it must eventually be forwarded to

node w. Even if a protocol did forward the packet to node w at time t1, the right-hand

rule implies that the packet would be forwarded to node q, beginningof the traversalof

faceF 00. If the packet reachesb at time t2, then it will, again, continue back to node s.

8.2.2 Limiting the speed of nodes

In the following, we restrict to the casewherethe destination node is located at a �xed

location. For example,in many applications of wirelesssensornetworks, there is a sta-

tionary sink node in the network that acts as a data center, which collects information

generatedat sensornodesthat may move around [2, 63, 4].

Assumption 8.1. The destination node is stationary.

In the example in Figure 8.2, two edges(a;b) and (v; w), that were far away from

each other at time t0 intersect at time t1. Theseedgesare far away from each other in

the sensethat no endpoint of (a;b) can communicate directly with either endpoint of

(v; w). The changesin Figure 8.2 are causedby nodesw and x moving a long distance

during the traversalof the face. If nodescannot move too far during the traversal,such

changeswill not occur.

If nodesdo not move too fast, then during the traversalof a face,the graph doesnot

changedramatically. In this case,we conjecture that the Virtual-F ace-Traversal-With-

Tether protocol guaranteesmessagedelivery. Speci�cally, we bound the distancenodes

can travel during the traversalof one face.

Assumption 8.2. Nodesmay move at most distance� = 1
2

q
"2 � 1

4 during the traversal

of one face.
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Note that 1=4 � � �
p

3=4 for 1=
p

2 � " � 1. With current technology, this is

a reasonableassumptionfor a wirelessmobile network. According to the IEEE 802.11

standards, at a typical transmission rate of 1 Mbit/sec, the link delay of a packet of

length 512 bytes, typical for 802.11packets, is 4 milliseconds. The transmissionrange

of current wirelessdevicesis about 100meters. If the speedof mobile nodesis at most,

say, 120km/hour, typical for vehicleson a highway, the time for a node to move 1/4 of

the transmissionrange is about 0.75 second.This is long enoughfor a packet to travel

more than 150hops.

All of the applications mentioned at the end of Section8.1 could be implemented in

this setting. Another exampleis a wirelesssensornetwork deployedon vehiclesto monitor

tra�c. Sensorsembeddedin cars can interact with each other and sendinformation to

�xed roadside data centers, where the data is processedto provide servicessuch as

tra�c control. Yet another possibleexampleis a wirelesssensornetwork for tracking the

movements of animals [2, 3].

Under Assumption 8.2, we have the following lemma.

Lemma 8.1. During the traversal of a face, if node w movesacross edge (u; v), then

node w is a neighbor of either u or v at the start of the traversal.

Proof. Supposenode w is not a neighbor of u nor a neighbor of v at the start of the

traversal of a face. As illustrated in Figure 8.3, at the start of the traversal, node w is

located outside the two circles with radius " centered at u and v. Let a be one of the

two intersectionsof the two circles, and let l , l � 1, be the length of edge(u; v). The

distancefrom a to edge(u; v) is
q

"2 � l2
4 �

q
"2 � 1

4 = 2� .

During the traversal of the face,nodesu and v can move at most distance � , so all

points on edge(u; v) are within the shadedarea in Figure 8.3. The distance from a to

the shadedareais
q

"2 � l2
4 � � � � . Sinceall points, including w, that are outsideboth

circlesarefarther from the shadedareathan a, and w canmoveat most distance� during
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the traversal, it cannot reach the shadedareaand hencecannot crossedge(u; v).

Thus, if edge(v; w) does not intersect edge(a;b), and neither a nor b is directly

connectedto v or w, then edges(v; w) and (a;b) cannot intersect each other during

the traversal of one face. For example,if edges(v; w) and (a;b) do not intersect at the

beginning of the traversal of a face, the subgraph induced by f a;b;v; wg is depicted in

Figure 8.4 (a) or Figure 8.4 (b). During the traversalof the face,the inducedgraph may

changefrom (a) to (b), or from (b) to (c), but not from (a) to (c). Hencethe changesin

Figure 8.2 cannot happen under Assumption 8.2.
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Assumption 8.2 also provides a bound on the distance a face can move while it is

being traversed.Using the following lemma,we show that if the starting point p of a face

is the closestpoint to the destination amongall paths known by a nearby node, then the

distancefrom the faceto the destination throughout the traversalof the faceis lessthan

the distancebetweenp and the destination at the beginningof the traversal.

Lemma 8.2. Let p be the starting point of the traversalof a virtual face F of a connected

graph, and let edge(u; v) be a real edgethat contains point p. Supposethat, at the start of

the traversal, jpvj � jpuj, l is the distance from p to the destination node d, and jp0dj � l

for all points p0 on paths of at most two hops starting from v. Then, throughout the

traversalof F , the distance from F to d is lessthan l.

Proof. Considerthe location of nodesat the start of the traversal. Sincejp0dj � l for all

points p0 on paths of at most two hops starting from v, it follows that p is the closest

point to node d on edge(u; v) and d is not a neighbor of v. Thus, in our model, jvdj > ".
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Let C2�
v be the circle centered at node v with radius 2� =

q
"2 � 1

4 . Since" � 1=
p

2,

2� � 1=2. Let m be the midpoint of (u; v). Then, jpvj � jmvj � 1=2 � 2� , because

jpvj � jpuj and juvj � 1. Thus, p is inside or on the boundary of the circle C2�
v . Since

jvdj > " > 2� , it follows that d is outside the circle C2�
v . Let C jpdj

d be the circle centered

at node d with radius jpdj. Since p is the closestpoint to node d on edge(u; v) and

jpvj � jpuj, either p = v or edge(u; v) is perpendicular to pd, the line segment between

p and d.

Figure 8.5 shows an exampleof the special casewhere p = v, Figure 8.6 illustrates

the geometryof a generalcasewherep is betweenv and m, and Figure 8.7 is a special

casewhere" = 1=
p

2, 2� = 1=2 = jpvj, and jvdj = 1=
p

2 + � for some� << 1.
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Let A be the area in the intersection of C2�
v and C jpdj

d , including the arc on C2�
v and

excluding the arc on C jpdj
d and their intersectionpoints, shown as the shadedareain the

�gures. We prove that A and F have a non-empty intersectionby consideringtwo cases:

jpvj < 2� and jpvj = 2� .

If jpvj < 2� , then p is insideC2�
v and, thus, A is not empty. Figure 8.5 and Figure 8.6
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are examplesof this case.Let q be the intersectionpoint of the line segment pd and C2�
v .

Sincep is inside C2�
v and q is on the boundary of C2�

v , the interior of pq is inside C2�
v .

Also, sincepq is part of a radius of C jpdj
d , the interior of pq is inside C jpdj

d . Therefore,the

interior of pqis insideA. From the de�nition of facerouting, F is intersectedby an initial

part of the line segment pd with non-zerolength. Thus, the interior of pq intersectsF .

Therefore,A intersectsF .

Otherwise,jpvj = 2� . In this case,p is on the boundaryof C2�
v . Since2� � 1=2 � jpvj,

it follows that 2� = 1=2 = jpvj and " = 1=
p

2. Sincejuvj � 1 and jpvj � jpuj, it follows

that juvj = 1 and p is the midpoint of (u; v). Figure 8.7 is an exampleof this case.

Sincepd is perpendicular to (u; v), it followsby the Pythagoreantheoremthat jvdj2 =

jvpj2 + jpdj2. Sincejvdj > " = 1=
p

2 > 1=2 = jpvj, we have jpdj > 0. Thus, (2� + jpdj)2 =

(jvpj + jpdj)2 > jvpj2 + jpdj2 = jvdj2. Hence2� + jpdj > jvdj and the interior of the

intersectionA of the circlesC2�
v and C jpdj

d is non-empty.

Let e0 be the �rst virtual edgein the counterclockwise direction around p starting

from pd, and let e be the real edgethat contains e0. From the de�nition of facerouting,

e0 is on the boundary of F . If e0 overlaps pd, then p is the closestpoint to v on edgee

and the distancefrom e to v is 1=2. At leastoneof the endpoints of e is at most distance

" from v: otherwisethe length of e is greater than 2
q

"2 � ( 1
2)2 = 1, which is not true.

Therefore,at least one endpoint of e is a neighbor of v, and e is on a path of two hops

starting from v. Hencejp0dj � l for all points p0 on edgee. Becausee0 overlaps pd, it

contains a point p0 that is closer to d than p is, i.e. jp0dj < l. This is a contradiction.

Therefore,e0 doesnot overlap pd.

The counterclockwise angle from pd to e0 around p is greater than 0. Since pd is

tangent to C2�
v at p, a segment of the arc on C2�

v starting at p that is on the boundary

of A is contained in the interior of that angle. Therefore,A intersectsF .

In both cases,A intersectsF . If somepoint on the boundary of F belongsto A, let

(x; y) be a real edgethat contains such a point where jxvj � jyvj. SeeFigure 8.5 for an
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example. From the de�nition of A, the distance from every point in A to v is at most

2� , and the distancefrom every point in A to d is smaller than l. Therefore,the distance

from edge(x; y) to v is at most 2� , and the distancefrom edge(x; y) to d is lessthan l.

Let z be the point on edge(x; y) that is closestto v. If z = x, then jxvj � 2� < " .

Otherwise, vz is perpendicular to (x; y). Since jxvj � jyvj and jxyj � 1, jxzj � 1=2.

Hencejxvj =
q

jvzj2 + jxzj2 �
q

(2� )2 + ( 1
2)2 = ". In both cases,node x is a neighbor

of v.

Thus, edge(x; y) is on a two-hop path from v, and jp0dj � l for all points p0 on edge

(x; y). This contradicts the fact that the distance from edge(x; y) to d is lessthan l.

Hence,A is entirely contained in the interior of F .

Since the graph is connected,node d cannot be in the interior of F . Thus, the

boundary of F contains a point that is closer to d than all points in A. Since nodes

can move at most distance � during the traversal of F , and the destination node d is

stationary, the distancefrom F to d canincreaseby at most � during the traversal. Thus,

it su�ces to show that A contains a point whosedistanceto d is at most l � � .

Let a and b be the intersection point of the line segment vd with C2�
v and C jpdj

d ,

respectively. Point a belongsto A. We will show that the distance jadj from a to d is

lessthan l � � .

Let � = l � jadj. Then, � = l � (jvdj � jvaj) = jpdj � jvdj + jvaj =
q

jvdj2 � jpvj2 �

jvdj + 2� , sincep = v or pd is perpendicular to pv. As jpvj decreases,� increases,and

as jvdj increases,� doesnot decrease,because

@(
q

jvdj2 � jpvj2 � jvdj + 2� )

@jvdj
=

jvdj
q

jvdj2 � jpvj2
� 1 � 0:

Sincejvdj > " and jpvj � 1=2, we obtain � �
q

"2 � ( 1
2)2 � " + 2� = 2

q
"2 � 1

4 � " .

Since" � 1=
p

2, "2 � 1
2 > 9

20, so "2 � 1
4 > ( 2"

3 )2. Hence 3
2

q
"2 � 1

4 > ", and thus

l � jadj = � � 2

r

"2 �
1
4

� " >
1
2

r

"2 �
1
4

= �:
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Therefore,jadj < l � � .

If the conditions in Lemma 8.2 are satis�ed, then during the traversal, the boundary

of the next virtual facecannot move farther from the destination than the starting point

was at the start of the traversal. Therefore, during the traversal, we can always �nd a

new starting point. A slight modi�cation of Virtual-F ace-Traversal-With-Tether tries to

ensurethat the conditions are satis�ed beforestarting to traversethe next virtual face:

After a new starting point is determined, let the real node that is closerto the starting

point check whether it seesany point on a two-hop path from it that is closer to the

destination than the starting point is. If so, forward the packet towards that point and

usethat point asa new starting point. Otherwise, the packet starts to traversethe next

virtual face. In this case,from Lemma 8.2, we know that the boundary of the current

virtual facecontains a point that remainscloserto the destination than the starting point

was at the start of the traversal.

Weconjecturethat this variant of Virtual-F ace-Traversal-With-Tetherworkscorrectly

in mobile quasi unit disk graphswith " � 1p
2

under conditions 7.1, 7.2, 8.1, and 8.2. To

prove this, we needto show that this algorithm works correctly for all possiblechanges

to the graph during the routing process. The challengesare to characterize the possi-

ble changesto the graph and to �nd someinvariants that are useful for the proof of

correctness.
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Conclusions and Future Work

In this thesis,we presented our research on extending facerouting to more generalmod-

els of wirelessad-hoc networks. In order to investigatethe extendibility of facerouting,

we developed a seriesof models with increasinggenerality. One important part of our

research is to �nd appropriate modelsthrough which we can better understandthe di�-

culties of routing problemsin more realistic network graphsthan unit disk graphs. The

graph models we consideredgradually incorporate aspects of real networks, which en-

abledus to identify di�eren t typesof problems,to gain an understandingof the capability

and limitations of facerouting, and to �nd techniquesto extend the original facerouting

protocols.

We developed techniques that extend and generalizethe face routing approach so

that it can be applied directly on generalnon-planarnetwork graphs,without separately

constructing a plane routing subgraph. Our techniquesalso extend facerouting to net-

work graphswith unstablelinks that may changeduring the routing process.Using these

techniques,we developed facerouting protocols without the constraints su�ered by the

facerouting protocols in the literature.

Face routing does not always work in a generalnon-static graph. For example, in

my M.Sc. thesis, exampleswere given where face routing cannot deliver a packet, even

116
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if the nodesare stationary. We are interestedin identifying conditions under which face

routing canguaranteemessagedelivery. Therefore,in our research, we focuson designing

deterministic algorithms and providing theoretical proofsfor guaranteedmessagedelivery

in each graph model. Theseresults are important for applications where guaranteeing

messagedelivery is critical.

There are a few interesting problemswe would like to investigatefurther. First of all,

we would like to prove that the variant of Virtual-F ace-Traversal-With-Tether discussed

at the end of Chapter 8 guaranteesmessagedelivery under conditions 7.1, 7.2, 8.1, and

8.2. Alternativ ely, if this is not the case,we would like to �nd additional constraints

under which messagedelivery is guaranteed, or to modify the protocol further to handle

the counterexamples.

Our results in Section 8.2 assumedthat the destination node is stationary. With a

mobile destination node, the routing problem becomeseven more di�cult. It is possible

that facerouting couldbecombinedwith an e�cien t location update schemeto guarantee

messagedelivery in such networks. One exampleis the Last Encounter Routing scheme

analyzed in [26]: a sourcenode forwards a packet to the last known location of the

destination node, which was its location at sometime in the past. During routing, if a

moreup-to-date location of the destination is learned,then the packet is diverted to this

new destination.

Another direction for future work is to investigate facerouting in graphsembedded

in other kinds of surfacesor in high-dimensionalspaces.For example,Fraser[15] studies

facerouting algorithms for static graphsembeddedin the torus. Durocher et al. [13] study

the problem for static graphsembeddedin 3-dimensionalEuclideanspaceby projecting

the graph onto a 2-dimensionalplane. They consider static graphs embedded in 3-

dimensionalEuclideanspacewheretwo nodesare neighbors if and only if their distance

is at most 1. They show that if nodes are contained within a slab of thickness1=
p

2,

routing canbedoneby projecting the graphonto a planeparallel to the slaband applying
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a facerouting protocol for quasiunit disk graphson the resulting graph, which is a quasi

unit disk graph with " = 1=
p

2.

Durocher et al. also considera restricted classof routing algorithms, called k-local

algorithms, in which routing decisionsarebasedonly on the sourceand destinationnodes,

the k-hop neighborhood, and the previous node on the path. Notice that face routing

algorithms are not k-local, becausethey need information about the starting point of

the current face traversal. They prove that, for every " < 1p
2

and every k � 1, no k-

local routing algorithm guarantees messagedelivery in all quasi unit disk graphs with

parameter " . It remainsopen whether this is also true for facerouting.

Although face routing protocols guarantee messagedelivery in static networks, the

length of a path computedby them could be signi�cantly longer than the shortest path

betweenthe sourceand the destination in the network. Sincethe facerouting protocols

in the literature usea subgraphof the network as the routing graph, the length of the

shortestpath betweenthe sourceand the destination may increasein the routing graph.

Experiments havebeenperformedto evaluate the performanceof a variety of facerouting

protocolsand the protocolsthat combine facerouting with greedyrouting [7, 31, 40, 37].

The length of the paths computed by those protocols are comparedwith the length of

the shortestpath betweenthe sourceand the destination in the original network graphs.

Our virtual facerouting protocols are applied directly on the network graphs. It would

alsobe interesting to perform the sameexperiments for our virtual facerouting protocols

to evaluate their performance.

In this thesis,we did not try to minimize the length of the route. The techniquesused

by GOAFR+ [37] to do this can alsobe applied to our protocols. In addition, becausea

virtual planegraph may contain many small faces,we may be able to exploit the two-hop

or three-hop neighbor information to skip somesmall facesor to switch to a new face

earlier.

For edgedynamic and mobile quasi unit disk graphs, our protocols guarantee mes-
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sagedelivery assumingthe existenceof a stable spanningsubgraphduring the traversal

of each face. Experimental study may help us understand how the parametersof the

networks, such as the frequencyof link failure, the speedof movement, and the speed

of communication, a�ect the performanceof our protocols and the likelihood that the

conditions for guaranteeing messagedelivery are satis�ed.
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