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probabilities of English bigrams
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Abstract

In principle, n-gram probabilities can be estimated from a large sample
of text by counting the number of occurrences of each n-gram of
interest and dividing by the size of the training sample. This method,
which is known as maximum likelihood estimator (MLE), is very
simple. However, it is unsuitable because n-grams which do not occur
in the training sample are assigned zero probability. This is
qualitatively wrong for use as a prior model, because it would never
allow the n-gram, while clearly some of the unseen n-grams will occur
in other texts. For non-zero frequencies, the MLE is quantitatively
wrong. Moreover, at all frequencies, the MLE does not separate
bigrams with the same frequency.

We study two alternative methods. The first method is an enhanced
version of the method due to Good and Turing (1. J. Good [1953].
Biometrika, 40, 237-264). Under the modest assumption that the
distribution of each bigram is binomial, Good provided a theoretical
result that increases estimation accuracy. The second method is an
enhanced version of the deleted estimation method (F. Jelinek &

R. Mercer [1985). IBM Technical Disclosure Bulletin, 28, 2591-2594).
It assumes even less, merely that the training and test corpora are
generated by the same process.

We emphasize three points about these methods. First, by using a
second predictor of the probabiiity in addition to the observed
frequency, it is possible to estimate different probabilities for bigrams
with the same frequency. We refer to this use of a second predictor as
“enhancement.” With enhancement, we find 1200 significantly
different probabilities (with a range of five orders of magnitude) for
the group of bigrams not observed in the training text; the MLE
method would not be abie to distinguish any one of these bigrams
from any other. The probabilities found by the enhanced methods
agree quite closely in qualitative comparisons with the standard
caiculated from the test corpus.

Second, the enhanced Good-Turing method provides accurate
predictions of the variances of the standard probabilities estimated
fl om the test COrpus. xuud, WE uiu Udu\.c a refined t lelllls lllELhUd that
enables us to measure the prediction errors directly and accurately and
thus to study small differences between methods. We find that while

tha arrare of hath methodg are emall due ta the larae amonnt of data
tne errors o1 ootin MeInsas are smai GUe 1o e arge amount ¢f gaia

that we use, the enhanced Good-Turing method is three to four times
as efficient in its use of data as the enhanced deleted estimate method.
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Good-Turing method is preferable to the enhanced deleted estimate

method. Both methods are much better than MLE.

1. Introduction

1.1. Possible applications of bigram frequencies

A planned use of bigram frequencies is for disambiguation of the output of an optical
character recognizer designed by Baird (Kahan, Pavlidis & Baird, 1987). Consider these
two simple examples. In each case, suppose the recognizer has assigned about equal
probability to having recognized “farm™ and “‘form,” having used both the unigram
frequencies and the optical information. In one case, the two possibilities including
adjacent words are:

We doubt that the reader has any trouble specifying which alternative is more likely. By
using the following conditional probabilities based on the eight bigrams in these
sequences, a computer program can rely on an estimated likelihood to make the same

ictinotio The conditional nrohahilitiae are for the u/r\rrl athar than form or for
stinction. 1he conditional proovacuiues are 1or iné wora olner inan jorm Or jarm

conditional on form or farm. They are calculated by dividing the bigram probabilities by
the unigram probabilities for form, 3683/2-2 x 10", and for farm, 4563/2-2 x 10’.

3

Conditional
Rigeram Prahahility ¥ 106 neahahility x 103
ulsl Al R 1UVvaQuiiiy av lll vUvraviis l.’ v
federal farm 0-50 2:4
federal form 0-039 0-23
farm credit 0-13 0-63
form credit 0-026 016
some form 4-1 24-
some farm 0-63 30
form of 34- 200-
farm of 0-81 39

The deciding scores wiil then be found by muitipiying the conditionai probabiiities
based on the two constituent bigrams. This is only exact if the bigrams are independent.
but it is useful in any case. For the first example, the scores so generated are
(2:4x 107 ) x (063 x107H)=1-5x10"%, and (023 x 107 x0-16 x 10~ =0-037 x 107°.
The ratio of these shows that the reading “farm” is 40 times as ]ikely as the reading
CLY o g Bt vt Ton tlan cammand ~mntane, PP Locaians?® 20 AV dican nn oo

101111 lll lllC 135U LUllLCAL 1 94 LllC beUllU LUlllC)\l UIC lCdUlllg 101111 lD h|'IU lllllCS dd
likely as ““farm.” This examnle shows how likelihood ratios based on bigram probabili-
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ties derived from a corpus of English text can be used to disambiguate optically
confusable minimal pairs.

A similar application is the disambiguation of confusable pairs in a speech recognition
system. Other applications include refining proof reading tools, such as the Writer’s

system. Other applications include refinin roof reading tools, such as
Workbench (Cherry, 1981). For example, whlle spelling programs have proven quite
useful, many spelling errors produce another word. A program with bigram probabili-
ties could use context to detect legal words in unlikely contexts. Labeling parts of speech
is useful for proof reading tools, and one method, Church (1989), relies on estimates of
probabilities of trigrams of parts of speech. Sproat and Shih (1990) relies on bigrams of
Chinese characters. In addition, bigram probabilities could be used to support lexico-
graphic research, by identifying “interesting” pairs of words in a particular topic relative
to general use (Church & Hanks, 1989). There are more applications in information
retrieval; the ability to identify the pairs common within a given document but generally
uncommon provides a way to locate documents similar to a given document.

Applications are dlscussed. further elsewhere (e.g. Church et al., 1989); the work
reported here develops and tests two methods.

1.2. Possible uses for variances

This paper uses variances of bigram estimates to compare methods. Other applications
are possible. For instance, suppose a lexicographer wishes to identify words used with
the word “potatoes.” The foliowing table shows some bigrams which end with
“potatoes,” ranked by z-scores comparing the joint probability of the bigram to chance.
Variances are required to calculate the t-scores.

Word-1 Word-2 t

sweet potatoes 4-6
mashed potatoes 4-3
) potatoes 4-3
and potatoes 4-0
couch potatoes 3-8
of potatoes 33
frozen potatoes 33
fresh potatoes 2-8
small potatoes 2-8
baked potatoes 2-1

It should be clear that the variances allow the lexicographer to identify many words of
interesi, Cdblly Pairs with mgner SCOres arc more lll&Cl)’ to be mteresdng paub, so the
lexicographer will find more interesting pairs in a given amount of time by examining the

pairs in the order of the z-scores than by using a random order.

1.3. The failure of the maximum likelihood estimator (MLE)

Suppose that a particular pair of words occurred r times in a sample of N pairs of the
language. The obvious estimator of the probability of the pair is /N. This estimator is in
fact the maximum likelihood estimator if the occurrence of the pair of interest is a
random variable with a binomial distribution.
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The problem 1s that most possible pairs will not occur in a given sample, because. as
shown in Section 2, the square of the vocabulary size greatly exceeds the number of
words in the corpus. Therefore, most of the possible pairs have an observed frequency
r=0. However, as our example shows, we wish to take products and ratios of the
estimated probabilities, and it will often happen that neither of two alternative bigrams
has been seen in the training text. In this case, the MLE would not determine a likelihood
ratio, as both probabilities would be estimated at zero. Furthermore, even the same
estimate for all the unseen bigrams is seriously misrepresentative, since our work shows
predictable factors of a million among the probabilities of unseen bigrams.

The maximum likelihood estimates of variances are also biased, because the estimates
for the probabilities are severely biased. In particular, no estimate of the variance is
available for bigrams not seen in the training corpus.

1.4. Some alternatives that have been suggested

We consider methods that tackle this problem by adjusting the observed frequency. Let
r* be the adjusted frequency for a type observed r times. Then p, the probability of the
type, is estimated by r*/N. In order to satisfy the constraint Ep=1. the adjusted
frequencies must satisfy

IN.r*_

N 1

Johnson (1932) and Jeffreys (1948) proposed statistically motivated approaches. John-
son suggested adding some constant & to the frequency for each type and renormalizing
appropriately. That is, the adjusted frequency, r*, is r + k times a renormalization factor,
N/(N+kS), where S is the total number of types. The assumptions for this to hold are
the most bland for k=1, which was Jeffrey’s suggestion. This is also an extremely
common engineering approach, as it just calls for adding one to each r. We have treated
this suggestion in detail elsewhere (Gale & Church, 1990), and do not consider it here.
The IBM speech recognition group has found the formula introduced by Good (1953)
and attributed to Turing to be a useful estimator in building a language model for speech
recognition applications (Nadas, 1984, 1985; Katz, 1987). They also introduced held out
and deleted estimation methods. We define and illustrate each of these three methods in
the next section. Katz is responsible for the term ““backing-off,”” which we have adopted,
to indicate the process of building an sn-gram model based on an (#— 1)-gram model.
Katz suggested using the Good-Turing estimator to build from a unigram model to a
bigram model and on to higher n-grams. We have adopted this backing-off approach of
extending an n-gram model to an (n+ 1)-gram model, although the methods we study are
novel. Katz also used the following two approximations of the Good-Turing method,
motivated by constraints on processing capability. First, for r> k (specifically, k = 5), set
r*=r.Second. treat the bigrams observed just once as if they were unobserved.

2. Selection of materials for testing estimation methods

Our corpus was selected from articles distributed by the Associated Press newswire in
1988, which we refer to as the “AP wire.” Some portions of the year were lost. The
remainder was processed automatically (Liberman & Riley, 1988) to remove identical or
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nearly identical articles. There remained N =4-4 x 107 words in the corpus. The AP wire
may not be sufficiently representative of English as a whole to use bigram frequencies
derived from it in applications. However, as a means of testing methodologies, a large
corpus size is desirable, and it is much larger than alternatives such as the Brown
Corpus.

We split the 1988 AP wire into two portions, one for estimating probabilities and one
for testing the estimates, and simply consider our universe to be the 1988 AP wire, rather
than English. We made the split by assigning each bigram randomly with equal
probability to one of the two portions. It is important that we made this split at random,
because the topics discussed in the AP wire generate measurable differences in bigram
frequencies over the period of a month. By taking random bigrams, we generate as close
to two samples of the same universe of discourse as possible. If we had split the 1988
corpus into two six-month subcorpora, then there would be measurable differences
between the two subcorpora, as will be shown in Section 8.

What is a “word”? Roughly speaking, a word is a string of characters delimited by
white space. For instance, “The” and ‘‘the” are different words, and “need” and “‘needs”
are also. Punctuation modifies this definition: period, comma, hyphen and other
punctuation marks were treated as words. Additional tokens were inserted auto-
matically to delimit sentences, paragraphs and discourses. These definitions resulted in a
vocabulary size, V, for 1988 of 400 653 words, or for the training sample, of 273 266. The
resulting vocabulary size is two orders of magnitude larger than the 5000 words reported
for the IBM speech recognizer (Nadas, 1984).

Our goal is to develop a methodology for extending an n-gram model to an (n+ 1)-
gram model. We regard the model for unigrams as completely fixed before beginning to
study bigrams. This includes specifying the vocabulary, V, and an estimate, e(p(x)), of
the probability, p(x), of each word, x, in V. We also suppose that the variances of the
estimates in the unigram model are known. Likewise, we would regard a bigram model
as fixed before studying a trigram model.

3. The basic Good-Turing and deleted estimation methods

This paper studies two alternatives to the MLE, which we call Good-Turing (GT)
estimates and deleted estimates (DE). This section defines what we mean by “‘basic”
variants of each of these methods. The equations and notation introduced here are
summarized in Appendix B.

The Good-Turing estimator may be familiar to some readers from its applications in
population biology. The key insight suggested by Turing and developed by Good (1953),
is the use of N, the number of bigrams which occur r times. We may refer to N, as the
frequency of frequency r. The entire distribution {N,,N,N,,...} is available in addition to
the particular ». The Turing estimator uses this extra information as r*=(r+ 1)N_, |/N,.
Good suggested smoothing the observed N, to provide a sequence {S(N,)} for use in the
formula, and discussed a number of possible smoothing approaches. We call r* a basic
Good-Turing estimator (BGT) when smoothed Ns are used. Many different basic
Good-Turing estimators are possible depending on how the smoothing is performed. A
derivation of Turing’s formula is given in Appendix A. The proof there shows that the
Good-Turing equation rests on the assumption that the distribution of each bigram is
binomial.

Table I may clarify the the use of the Good—Turing estimator. The first column of the
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Taste 1. Basic Good-Turing method combined frequencies of bigrams

r (=MLE) N #* {(=BGT)
0 74 671 100 000 0-0000270
| 2018046 0-446
2 449 721 126
3 188 933 224
4 105 668 324
S 68 379 422
6 48 190 519
7 35709 621
8 27710 7-24
9 22280 ¥-25

table shows frequencies of bigrams from zero through nine. (For this example, we are
using small frequencies, r, with large N, so that we do not need to discuss smoothing the
N,s.) This column is also the MLE, of course. The second column shows N,, how many
bigrams had those frequencies in a training sample of about 22 000 000 bigrams, which
was half of the 1988 AP wire. For instance, 2 018 046 bigrams appeared exactly once in
the sample. The third column shows the adjusted frequencies as calculated by the Turing
formula. The adjusted frequencies, r*, can be compared to the raw frequencies, r. They
have the same order, and do not differ greatly. The method assigns some probability to
bigrams which have not been seen, suggesting that we should act as if we had seen each
of them 0-0000270 times instead of zero times. In order to compensate for moving
7-47x 10" bigrams from 0 to 0-0000270, some larger frequencies must be adjusted
downwards. In this case, the adjusted frequencies, r*. for all observed bigrams are less
than the corresponding raw frequencies, r.

Notice that the calculations for r= 0 rests on knowing N,, the number of bigrams that
we have not seen. We can calculate this because we know the vocabulary size, V. from
the unigram model. (This marks a great difference in our application of the Good-
Turing formula from the kinds of applications made in population biology. where
inferences about the population size are the desideratum.) The total universe of bigrams
that we wish to know about has size V?~1-6 x 10'"". N, is the difference between V'* and
the number of distinct bigrams seen,

YN,

r>0

Note that N, =~ ¥* since

Ny=V?=) N, and Y N,<N<F*

r>0 r>0

In other words, hardly any of the possible bigrams have been seen.

The Good-Turing estimator is based on a theorem about the expected frequency in an
additional sample of bigrams which occur r times in the observed sample. An empirical
realization of this idea is the seld out estimator defined by Jelinek and Mercer (1985). Let
the available text be divided into two halves, called retained and held out. For each
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bigram, b, let r,(b) be its frequency in the held out half of the text. Let the number of
distinct bigrams with frequency r be

-7 < -
N,= I
biri(b)=r

Then count all occurrences of all the bigrams with frequency r in the heid out haif of the
text,

CrE z r Z(b)

blriy)=r

where the r,(b) is the observed frequency of the bigram, b, in the held out half. The
adjusted frequency is #*=C /N,. We use the held out method, with the training half of
the bigrams as retained and the test half of the bigrams as held out, for the standard
against which we compare any other method. This standard is the only estimate with

ancacq ty tha tact mart AF tha Aata: all Athae man e ara ragtriotad P U P

access 1o tne test pait UL UL Uaia, ait ULllCl ulCthub are restrictea to LllC le1111115 pdll.
Again, when applied to all the data, we refer to this as the ““basic” held out method
(BHO). The only assumption behind this method is that the same process generates both
halves of the text. This assumption is much weaker than the binomial assumption of GT.

Table Il may clarify the calculations in the held out method. The first two columns are

as in the previous table. The third column gives the extra information collected for the

held out method, C,, and the fourth column gives the basic held out estimates, C./N,. The
adjusted frequencies for the BGT can then be compared to the adjusted frequencies for
the BHO as well as to the MLE. Apparently, the BGT is better than the MLE since the
differences between the BHO and the BGT are limited to the third significant figure,
while the differences of either from the MLE are in the first significant figure.
Applying the held out method between two halves of the training data would give
another potential method. A more efficient use of the training data is made by the delered
estimate defined by Jelinek and Mercer (1985). Essentially, this is a way to combine held
out estimates made by interchanging the roles of held out and retained halves of the text.
Denoting the two halves of the training data by 0 and 1, we have N° is the number of

TaBLE II. Basic held out method

r (=MLE) N, C, BHO (=standard)
0 74 671 100 000 2019187 0-0000270 7
1 2018046 903 206 0-448
2 449 721 564153 1-25
3 188933 424015 2:24
4 105 668 341 099 323
S 68 379 287776 4-21
6 4R 190 251951 523
7 35709 221693 6-21
8 27710 199 779 7-21
9 22280 183971 826
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bigrams occurring r times in the half labeled 0, and ! is the total number of
occurrences in the half labeled 1 of those bigrams. Likewise, N is the number of bigrams
occurring r times in the half labeled 1, and C'!" is the total number of occurrences in the
half labeled 0 of those bigrams. The two held out estimators would be /N and !
N!. The more efficient deleted estimate is formed by combining these quantities by

(C(:I 4+ gl)

TEUNTEND

The basic deleted estimate (BDE) is formed by applying this method to the entire data,
as shown in Table I11. The BDE is much closer to the standard BHO than is the MLE:
however, it is not as good as the BGT. It differs in the first significant figure for r=0, and
in the second significant figure for several other values of r.

4. The enhanced methods

A key suggestion of this work is the introduction of a second predictor of frequency of
observation in addition to an observed frequency; accounting for the second predictor
constitutes what we call an enhanced method. We study an enhanced Good-Turing
method and an enhanced deleted estimate method. We compare each to an enhanced
held out estimate as the standard. Both enhanced methods allow us to differentiate
among the many bigrams which have not been seen. We will show that about 1200
significantly different probabilities can be estimated for bigrams not seen in the training
text. Thus the probabilities estimated by the enhanced Good-Turing method and the
enhanced deleted estimate method for the unseen bigrams are neither zero nor identical.
We will refer to either method used without a second variable as a ““basic” method.
The backing-off approach to a bigram model regards a bigram as a pair of unigrams
(words). Supposing we had no empirical information on a bigram frequency, we might
still hazard a guess as to the bigram’s probability based on characteristics of the words in
the bigram. The basis for this guess becomes a second predictor when empirical
frequency information is available. We build a bigram model by applying a basic method
within each category of bigrams grouped by the second predictor. The application of

TasLE III. Basic deleted estimate method

v N° Y N fall BDE
0 35 821 500 000 1 366 260 36413 100 000 1336639  0-0000374
i 1342 199 540946 1356307 528932 0-396

2 266 824 336463 268 783 328675 124

3 110 187 249 294 111849 244943 223

4 61 065 199 868 62 243 197510 322

5 39173 167 895 39933 165639 422

6 27823 146 663 28275 144787 520

7 20 666 130046 20946 128537 621

8 16 131 117573 16 135 113962 718

9 13002 108 043 12767 102656 818
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Turing’s formula is valid in this case because the population of bigrams is prespecified; it
depends only on the unigram model.

4.1. Unigram estimates: a second predictor

A possible second predictor for bigrams is the following. If the text were composed of
independently generated words, then the probability of a pair of words would just be the
product of the probabilities of the individual words. Of course, the words are not
independently generated, but the frequency predicted on this basis is still a useful
predictor, as shown in Fig. 1.

Let jii= Ne(p(x))e(p(y)) be the predicted frequency if the words, x and y, were
independently distributed with the probabilities estimated by the unigram model as
e(p(x)) and e( p(»)). Since the population probabilities, such as p(x), are estimated by the
unigram model, we refer to values of jii as unigram estimates (UE) when we compare
them to other estimates, such as MLE or EGT. We assume that the unigram model
provides variances of the estimates as well as the estimates. Our unigram model uses
maximum likelihood estimates, and the vocabulary is taken as the oberved vocabulary in
the training set. A more elaborate treatment of the unigram model would use Good-

iog,o frequency observed in training sample {r)
[o}
T

1 ] ! 1 1
-6 -4 -2 o] 2 4

log,o expected frequency if independent (///)

Figure 1. A second useful predictor of bigram frequencies. Enhancement of the
Good-Turing or deleted estimate methods consists of using the basic methods
on categories defined by a second predictor. The second predictor used in this
paper is the frequency with which we would expect to see each bigram if each
word of the text were selected independently, which we denote here by jii,
acronym for “joint if independent.” Its logarithm (base 10) is shown as the
abscissa. The ordinate is the average of observed frequencies for words grouped
by jii. The figure shows that the average frequency is strongly correlated with
the independent frequency over about 10 orders of magnitude.
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Turing estimates and allow for words not seen in the training sel. We compare the
accuracies of the methods on those bigrams composed of words seen in the training set.

Other predictors could be used for the grouping; jii is one of many possibilities. We do
not know what makes one variable better than another for grouping. A necessary
property of the grouping variable is that it be possible to count the number of types
included in each group, because we need to know N,. We hypothesize that if one variable
predicts r better than another, then it will make a better grouping variable. It is useful for
smoothing that ji is a continuous variable.

4.2. Enhanced methods

We use enhanced versions of the held out, deleted estimation and Good-Turing
methods. The basic versions of these methods were defined in the previous section. The
enhanced versions of each are defined using data collected by both frequency, r. and
Jii bin, j.

The standard is now the enhanced held out (EHO, or STD) estimate, r*=C,/N,,
where N, is the number of bigrams with frequency=r in the training sample and
Jii bin=j based on the unigram model, and C, is the observed count in the test corpus of
bigrams with frequency = r and jii bin=j. The enhanced Good-Turing (EGT) estimate is
r*=(r+ 1)S(N,. )/S(N,). where the smoothing, S. is over r for a fixed /. as described in
the following subsection. The enhanced deleted estimate (EDE) is r*=(C)'+C))/
N+ N}), where the superscripts, 0 and 1, refer to two halves of the iraining sample. C))
and C}” are the observed counts in a second (first) half of the training corpus of bigrams

with frequency =r in the first (second) half, and N and N are the number of types in

ir

the first (second) half of the training corpus with frequency r in the half corpus and
Jitbin=j. Notice that the meaning of r changes in this method to a frequency in half of

4l n v . laast s +1e < P VIR SOVURPRYISRUR, FUP S) BV o RO ups 7 FY o4 .
LT tHalllng COTPUS, DUL 1D LTI USCU LU OOULLd L PloudDINUCS TUL Diglalild Wilil ucqucuuy
r in the entire training corpus. We believe this discrepancy accounts for the systematic
problems this estimator has for small r.

4.3. Smoothing methods

We have introduced two variables r and jii, for predicting frequency observations.
Practical methods may need smoothing across these variables. We find that both deleted
estimation and Good-Turing need smoothing across jii, while Good-Turing also needs
smoothing across frequency, r.

The smoothing across jii is accomplished by controlling the size of the categories, or
bins, derived from the continuous variable. There is a trade-off between specificity of jii
and smoothness in selecting how many jii groups to use. Using fewer bins induces more
smoothing; more bins less smoothing. We use about 35 groups, taking three groups in
each factor of 10. We have not studied this trade-off more than to note that 10 groups
per order of magnitude of jii gave results that we kept feeling a need to smooth, so we
went to three groups per order of magnitude.

After dividing all the bigrams into groups, we calculate N, the number of distinct
bigrams in each group, so that we can calculate the number of bigrams not seen. The
calculation of the N, is made as follows. For each pair (r,,r,) of observed frequencies of
the unigrams, determine jii=rr,/N. From that determine the bin for jii, and add the
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product of the number of distinct unigrams seen with the two frequencies to the
cumulating count for that bin.

Let N, be the frequency of frequency r in jii bin j. Figure 2 is a plot of N, for r=0,1,2,3
as a function of jii. The plot shows that N, has a qualitatively different shape than do N,
for r=1,2,3. For the higher values of r, omitted for the sake of clarity in the figure, the
plots resemble those for r=1,2,3. For the smoothed values of N, required by the
enhanced Good-Turing method, we treated r=0 separately, and smoothed log(N,,)
against log(jii). For r> 0, we smoothed log(N,) against log(r).

Figure 3 shows logarithms of N, versus logarithms of r for j=22. The non-zero raw
values are plotted in the left panel. Since most of the N, are zero for large r, we need to
account for them. Good used groups of frequencies. We average each non-zero N, with
the zero N, that surround it: order the non-zero N, by 7, and let ¢, r and 7 be successive
indices of non-zero values. Then replace N, by N, /0-5(t - ¢). In other words, we estimate
the expected N, by the density of N, for large r. For small r. there is no change because
the length of the interval is one. For large r, the change can make a difference of up to
four orders of magnitude. Figure 3 shows before and after plots for the 22nd group for
which we would predict a frequency, jii, of 1-4 observations per 22 million words, if the
words were independent. The averaging can be seen to restore the downward trend that
is clear in the region with low quantization noise. The noise in the averaged data, and the
sensitivity of the Good-Turing formula to slopes among the N, or S(¥,) shows the
necessity of a smooth for all but the smallest . Without averaging and smoothing, most
of the N, are zero for large r. Thus, the calculation N, /N, would be grossly wrong.

0@

1 1 1 1 !
-6 -4 -2 ) 2 4

10g;o {(//7) = l0g;o frequency if words independent

Figure 2. Numbers of distinct bigrams. The bigrams are divided into groups
according to the logarithm of jii, three groups per factor of 10. This figure plots
N,, the number of distinct bigrams observed with frequency r within the
Jitbinj, for r=0,1,2,3 as a function of log,(jii). Notice that N, is qualitatively
different from N, for other r. We treat it separately in the following analysis.
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Figure 3. Averaging zeros and smoothing. (a) Shows logarithms of raw
non-zero N, against logarithms of >0, for a fixed bin (jii~ 1-4). Each point
represents one value of r. (b) Shows the raw N, averaged in with all the N,
which are zero. The result is nearly linear over three orders of magnitude in r.
We use a smoother that adjusts the amount of smoothing locally to take
account of the change from low variance data for small r to high variance data
for large r. The smoother also guarantees a smooth first derivative. The result
of smoothing is shown by the solid line.

The smoother we use, described by Shirey and Hastie (1988), has two useful properties
for this application. First, it uses a technique called local cross validation to determine
the range of data to smooth. The values for small r get very local smoothing, while for
large r, nearly all the data is used. Second, the smoothness of the first derivative can be
directly controlled, and we require it to be quite smooth. We make this requirement
because we want to use N, /N,, which is essentially a derivative with respect to r.

5. Testing the enhanced Good-Turing and deleted estimate methods

The assumptions of the Good-Turing theorem may seen innocuous: a finite set of types
and a marginally binomial distribution. The first assumption (finiteness) was satisfied by
construction. But the second assumption is not; we know that word sequences are not
independent. There are considerable correlations within any discourse. Thus. we need to
test how well a method assuming a marginally binomial distribution works in practice.

In this section we will be comparing six estimates and their variances for bigram
probabilities. These six estimators are the standard (STD), the maximum likelihood
estimator (MLE), the basic Good-Turing estimator (BGT), the unigram estimator
(UE), enhanced deleted estimate (EDE) and enhanced Good-Turing (EGT). The section
has two subsections in which we first compare the five estimates qualitatively, then
introduce the variances of the estimates and compare these qualitatively. In the next
section we use the variances to make a delicate quantitative comparison.
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5.1. Qualitative evaluation of the methods

We find that the Good-Turing estimates and the deleted estimate estimates agree very
well with the standard estimates over the entire range of data that we can test. The
smallest frequency observations are the most critical. Figure 4 shows the results for r=1.
The deleted estimate and Good-Turing estimates can be viewed as combining the MLE
and UE, and indeed, these “‘combined” estimates usually lie between the two long
dashed lines.

Figure 5 presents a plot similar to Fig. 4 for the important case of r=0. Figure 6 shows
similar plots for r=2, 5, 8, 11, 14 and 17.

For frequency zero, the range of probabilities in STD is about six orders of
magnitude, five orders of magnitude larger than for any other frequency. Over this
range, EGT agrees well with the standard estimates, deviating systematically for the
smallest jii, however. EDE agrees reasonably well, but is systematically too high over
most of the range.

Note that r* depends more on jii when r is small; the slope of r* is very steep for r=0,
and pretty flat for r=17. This means that UE is more important when r is small. We will
return to this when we consider the number of significantly different probabilities. After

Predicted frequency, 7 *

1094 J#7

Figure 4. Enhanced Good-Turing and deleted estimate agree with the standard
for r=1. Six predicted frequencies are shown in this and following figures: (1)
the standard, STD, shown by points; (2) the maximum likelihood estimate,
MLE, shown by long dashes; (3) the unigram estimate, UE, shown by long
dashes; (4) the basic Good-Turing method, BGT, shown by a solid line; (5) the
enhanced deleted estimate, EDE, shown by short dashes; and (6) the enhanced
Good-Turing estimate, EGT, shown by solid lines. These estimates are plotted
against the logarithm of the unigram estimator, jii. Note that EDE and EGT
agree closely with the standard. They are quite distinct from either the MLE or
UE but lie approximately between these two primary estimators. Any basic
method, such as BGT or MLE, is bound to miss dependence on jii.



R K. W. Church and W. A. Gule

|
|
|
]
!
H
t
|
/ | | | 1 j st

-6 -4 -2 o 2 4

log,y //7

Figure 5. Enhanced (Good Turing and deleted estimate agree with the standard
for r=0. Note that STD and EGT agree closely. EDE is systematically high.
BGT totally misses the variation with jii, of course, and for r=0 with six
orders of magnitude of variation, the lack is extreme. The MLE of (} cannot be
plotted on a logarithmic scale. UE overestimates by a factor of about three.

examining the variances of predicted frequencies in the next section, we will return to
quantitative comparisons.

5.2. Qualitative comparison of variances predicted

Our standard is an empirica’ measurement, and consequently. some differences from the
standard are to be expected oy chance. We need to estimate the variance of the standard
in order to assess the significance of differences between EGT or EDE and the standard.
This subsection shows how this variance can be estimated directly, and that the Good-
Turing theory provides an explanation for the observations. The next subsection uses the
variances to compare the eficiencies of the estimators.

The held out method can be used to calculate variances directly. The calculation for
O the variance of observed frequencies about the mean for bigrams with frequency =r
and jii=]is

}30 = Zryb) pxl
nr
where the sum is over bigrams, b, such that r(b)=r and jii=j.

The Good-Turing theory also predicts this variance. Let v’* be the prediction. It is
composed of: (a) the variance of the true probabilities of the bigrams in the group about
their mean; plus (b) the variance of observed frequencies for each group member about
their expectations. Appendix A derives the following expression for the sum of these two

terms:
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Figure 6. Enhanced Good-Turing and deleted estimate agree with the standard
for small r. Both EGT and EDE are much better than MLE and BGT. The
difference is more important for small r. UE is only a plausible estimator for
the smallest frequencies, say, r<2.(a) r=2; (b) r=5; (c) r=8; (d) r=11; (e)
r=14;(f) r=17.

vST= (1 + (r+ 1)* = r%)

Fig. 7 compares the observed and predicted variances for r=1.
Figures 7, 8 and 9 in this section have shown that there is good qualitative agreement

between the variances predicted by EGT and those observed as the standard. In the next
section, we use GT variances to compare the differences of EGT and EDE from the
standard estimates, since they are defined in more cells than are the directly estimated
variances.

6. Quantitative comparisons of Good-Turing and deleted estimate methods

The differences between the methods we are testing and the standard are so small that we
need good microscopes to examine them. This section uses two such microscopes:
comparison of the differences to standard deviations, and common scaling of the
differences as entropies.
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Figure 7. Enhanced Good-Turing variances agree with the standard for r=[.
Observed or predicted variances for the group of bigrams with r=1{ are shown
as a function of log(jii). The directly estimated variance of the standard is
shown with points, and the variance predicted by EGT theory with lines. The
EGT predictions follow the standard closely showing reliable estimates of the
variance in estimation and observation.

—4

-8

L® 1 1 | i

-6 -4 -2 o 2 4

log,o 17

Figure 8. Enhanced Good -Turing variances agree with the standard for r=0.
Observed or predicted variances for the group of bigrams with r =0 are shown
as a function of log(/if). Predictions from EGT follow the observations closely.
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(a)

(b)

201

Group variance
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Figure 9. Enhanced Good-Turing variances agree with the standard for small
r. Predictions from EGT follow the observations closely. (a) r=2; (b) r=5; (¢)
r=8 (d)r=11;{e) r=14;{f) r=17.

6.1. Comparisons of precision and efficiency

One way to examine differences is to compare them to chance. Since we know the
variances of the standard estimates, it is natural to compare other estimates to the
standard estimates by comparing their difference to the variance: 1, = (r* = r})/VV]'/N,,.
For each jii bin, j, and each frequency, r, this equation defines a r-score, #,, for the
difference of an estimate, r*, from the standard estimate, rjs,. As explained in the previous
subsection, we use the Good-Turing prediction of the standard’s variance, v', because
it matches the standard’s variance while being less noisy and defined in more cells.

While this r-statistic is directly a measure of precision, its importance lies in its
efficiency implications. We will show that EGT is three to four times more efficient in its
use of data than is EDE. That is, four months of data used by EGT methods will give
better accuracy than a year of data used by EDE methods.

A perfect predictor would give r-scores distributed about mean zero with variance
one, because the variance of one standard observation is used as the denominator. We
combine a group of these t-scores by taking the mean of the squares of the values, or the
square root thereof, the root mean square (RMS). A perfect predictor would have a
mean square of one, due to the observation variance of the standard.
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For small frequencies we will have about 35 r-scores, one tor each jir bin. Figures {0
and 11 show two sets of these r-scores, and RMS summaries of them At 1= 3, the RMS
(root mean square) 7-score for EGT is 2-1, well above the unity that a perfect predictor
would achieve. The RMS r-score for the EDE method. 6:2. 1s even larger., however,
because there is a systematic deviation from the standard over part of the range of ji.
Another frequency, r= 10, is shown in Fig. 1. The RMS r-values are 1'18 (EGT)and 24
(EDE).

Since the 7-scores vary by frequency, r, we present a plot showing their RMS values as
a function of r in Fig. 12. Each pointin Fig. 12 summarizes a panel analogous to those in
Figs 10 and 11. Dashed lines compare EDE with the standard while solid lines compare
EGT with the standard.

We have several observations about Fig. 12. First, each of the methods has systematic
differences from the standard for the smallest frequencies, leading to large RMS r-values.
Second, each of the two methods seems to settle down to a stable value by about r=10,
EDE to about 2 and EGT to very near the unity of a perfect predictor. Third, for each
frequency, EGT is better than EDE.

The iower error rate of EGT can be transiated into a greater efficiency. The mean
square t-scores give a method’s variance normalized by that of the standard. In this
setting, we can ascribe one unit of the normalized variance to the estimation errors in the
standard. and the rest to errors in the method tested. On replication, however, other
methods would share the same two sources of uncertainty generating the standard’s
variance, as well as 1ts own inherent sources of error. Thus the mean square {-scores
represent the normalized variance that a method would have. on replication, for
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Figure 10. For r=3, both EGT and EDE have errors larger than the standard
enhanced Good- Turing and are better than deleted estimation. (a) Shows the
plots of t-tests of the differences between EGT and the standard estimates. (b)
Shows the plots of i-iesis of EDE versus the standard. Lines are drawn at pius
and minus the RMS (root mean square) of the r-values plotted. EGT shows no
pattern to its differences, while their RMS is about 2-1. EDE shows a
systematic difference from the standard for some values of jii. leading to a
larger RMS than shown by EGT.
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Figure 11. For r=10, EGT approaches ideal performance while EDE has
larger errors. Both (a) and (b) plot ¢-scores, as in Fig. 10, for r=10. (a) Shows

a performance near that of a perfect predictor, while (b) panel continues to

show significant noise attributable to the predictor.
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Figure 12. Comparisons of the enhanced Good-Turing and deleted estimate
methods, r <50, Good-Turing is better than deleted estimation for all
frequencies. Each point on these plots represents one panel such as shown in
Figs 10 and 11. The plot shows the RMS ¢-value for frequencies, r, from one
through 49 for EGT. The solid lines compare EDE with the standard; the short
dashed lines compare EGT with the standard. The best performance
theoretically possible is an RMS error of 1, shown by the horizontal line. EGT
has a smaller RMS ¢-value than EDE for each frequency.

37
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estimating the bigram probabilities. Variance due to observation of binomially distri-
buted random variables will decrease in inverse proportion to the amount of data,
however, so the ratios of mean square #-scores for two methods tell us the ratio of data

rnqnn-pr] h\/ the methods to reach the same variance.

The ratio of the mean square #-scores, MS(z2F)/MS(z5"). is 16-3, for r < 50. However.
this ratio is dominated by the systematic differences from the standard—numbering
about 100 (r,j) pairs for EDE and about 30 for EGT—which may not be reduced by

collecting more data. Trimmed means, which discard the lowest and highest fractions of
a set of data, allow one to look at the bulk of the data without distractions from the
extreme values. The ratios of mean square 7-scores using trimmed means vary from 37
for a 5% trimming fraction to 2-8 for a 20% trimming fraction. Thus the EGT is more
efficient than EDE by a factor of three to four, as well as having fewer systematic errors.

It is worth emphasizing that the enhanced Good-Turing estimates are greatly superior
to the MLE or any other basic method. Figure 13 makes this point by comparing the
RMS ¢-scores for MLE, BGT and EGT.

The MLE and BGT improve in performance over the range shown, but do not reach
the level of EGT. The figure omits the MLE values for the smallest frequencies (for
which the MLE has RMS ¢-values ranging from five to 30 times those of enhanced

Good-Turing estimates) in order to show the comparison for larger frequencies more
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Figure 13. Comparing the enhanced Good-Turing, BGT and MLE methods,
enhanced Good-Turing is better, especially when r is small. Each point on this
plot represents one panel such as shown in Figs 10 and 11. The plot shows the
RMS r-values for frequencies, r, from 10 through 50. The solid lines show
EGT, short dashed lines show BGT and long dashed lines show MLE. For
r<50, the RMS t-scores for EGT are always less than those for BGT, which in
turn are always less than for MLE. This results because the MLE and BGT do
not distinguish among bigrams with the same frequency, r. This is particularly
problematic when r=0. In the next section we show that the enhanced
Good-Turing method is very good at distinguishing among bigrams that have
not been seen (r=0).
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clearly. The BGT and MLE t-scores are worse than those of the EGT because they do
not distinguish among bigrams with the same frequency, r. The BGT is superior to the
MLE because it averages across the jii differences, while the MLE is accurate only at the
highest jii values.

6.2. Comparison of relative entropies

A common statistic reported for language models used for speech understanding is their
entropy, H (Nadas, 1984; Katz, 1987), or equivalently, their perplexity, 24, Entropy is
defined by Katz for n-gram language models. For a bigram language model, M, the
definition is

-1 X
HM= Vo1 ,;z log,(PM(w,\w,_\))

where w,, n=1,...,N is the sequence of words in a test corpus, and PM(w,|lw,_,) is the
model’s probability for the nth word given its precursor. By the definition of conditional
probability, this can be rewritten as:

Tl ¥ PM(w,_w,)
=g X, 108 ( PM(w,_) >
where PM(w,_,w,) is the model’s probability for the bigram w,_,w,, and PM(w,_,) is the

model’s probability for the unigram w,_,. The entropy of a language model, M, relative
to the entropy of the standard is then:

#M = HM — HS™

i.

-1 X ‘ PM(wn—lwn) B PSTD(wn_lwn)
-1 llog2< P (Wn—1)> 10g2< PSD(Wn—1)>

n=

-1 ¥ PMw,_w,) P™°(w, )
N-1 ngzIng <PSTD(W,,-11W,,) PM(WHS )

b4

-1 PM(w,_w,)
T N-1 Z‘zlogz <j D(wn—llwn)>

since the unigram models are the same for all the bigram models.

B M,
=NTIT ; freq(b) log, (?%’%)

where the sum is over all bigrams (all pairs of unigrams), and freq(b) is the frequency of
the bigram b in the test corpus.

1 PM(jr)
_-N—_—Tg; Cj,10g2 (m)
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where the sum is now over frequencies r in the training corpus, and jii bins j defined from
the unigram model, and C, is the count of the corresponding bigrams in the test corpus.

Figure 14 shows terms in the sums for the EGT and EDE relative entropies when r= 1.
The first panel in this figure is based on nearly the same information as is Fig. 4, which
showed predicted frequencies for r=1, although there are several changes. The first

15 [ B 1 !
. (a) "
a A
EoT 3
; AR PN A r : \ '\ N
~ 7/ ~ N 3\ A
= o05p ~-7 AN
= - -~ v\ ]’\
= - v \
2 /\/\/\/\ )\\,\\ /4/___/\ ll, \
o Ml
g 7 Y = My
= i
i
-0-5 - if i
{
i L | 1 i i 1)
-6 -4 -2 o] 2 4 6
12 + (b) o.
. L]
10 = °
1
— 8 [
> .
= 6 -
= 4 - .
L ]
- [
2+ .
..o’ Iy
O eeepes | L L 'Oro.ooo,.oo.ol
~6 -4 -2 o] 2 4 6
0-0fF i
(c) i
L P
!
]
- "l
. eoT,! |
e 002 PP
3 , A
a - e AN ~
_7 1 \_// ~
=\ L T
— T
EGT 1"\/
-0-0l - Y
i L 1 | | 1
~-6 -4 -2 0 2 4 [
log,g /77

Figure 14. For r=1, EGT has relative entropy closer to zero than does EDE.
The three panels show the calculation of the relative entropy: (a) shows
logarithms (base 2) of probability ratios: (b) shows the weights with which
these logarithms are combined; (c) shows the product of (a) and (b). Solid lines
compare EGT and STD while dashed lines compare EDE and STD. EGT
deviates less from zero than does EDE in the heavily weighted region.
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change is that only the differences from the standard are shown. Another change is that
logarithms of differences are shown instead of the differences, and indeed, the negative of
the logarithmic difference is shown, so a low predicted frequency contributes positively

to ﬂ'\n rp]nhve enfrr\py pn\.anv’ Aor\h snf nf esumates ls }nr‘]ﬂnﬂnn"v ncr{nahzeﬂ to nr“t

probability, which can result in the upward or downward shift of the line plotted in the
panel.

Figure 14(b) shows that the relative entropy calculation weights some values of jii
much more heavily than others. Only the middle range is important to this calculation.
These are bigrams that the unigram model expects from once in 220 billion words to
once in 2-2 million words. The resulting product in the third panel shows that the EGT
method sticks closer to the standard over the heavily weighted frequency range.

The most important single frequency for the relative entropy calculation is r=0. The
detail for this frequency is shown in Fig. 15. Summing the entries shown in Fig. 15(c)
gives the first two points in Fig. 16(a), while summing the entries shown in Fig. 14(c)
gives the second two points.

Figure 16 shows that the weighted logarithmic differences are always smaller for EGT
probabilities than they are for EDE. The relative entropies, which are the sums of the
series shown in Fig. 16(c), are EGT: 0-0080 and EDE: 0-064. Since the contributions to
these totals are always smaller for EGT than for EDE, and since the totals cannot be
negative, it is quite reasonable to find A"CT less than AEPE. Of course, the relative
entropies are all so small that they would not be important in an application. However,
they are small precisely because we have used a large amount of data to estimate the
probabilities here. The practical question is how much data is needed for a given level of
performance. We believe that the relative variance calculation of the previous section
provides a better guide to this question than does the relative entropy.

7. How many significantly different probabilities?

In this section we show that estimates in adjacent jii bins differ quite significantly. This
implies that interpolation is justified, and leads to an estimate of the equivalent number
of significantly different estimates.

For each jii, let f denote a frequency estimated for jii bin=/ and frequency=r. The
standard deviation of the difference, (f,—/,. 1)), is Jv,,/ » V-1 /Nij—1)» Where N, is
the number of types for jii=j and frequency =r, and ¥ v, are the Good-Turing variances

for the frequencies predicted. Then the statistic we examine is the ratio

(f:'r _j:j— l)r)/\/f)\jr/lvjr_'— ";(j— l)r/N(j— )yr

This is a t-score for sequential differences in the estimates and is a test of the significance
of the differences between adjacent jii bins. Figure 17 shows the #-scores for the
particularly important case of r=0, the bigrams not seen in the training sample.

Figure 17 shows that for many jii values, the differences are highly significant. We
estimate the equivalent number of significantly different values by taking the sum of all
the z-statistics and dividing by 1-65. For r=0, the equivalent number of significantly
different values is 1245. Figure 18 shows the equivalent number of significant differences
as a function of frequency.

Figure 18 shows that the number of significantly different values falls rapidly from
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Figure 15. For r=0, EGT has relative entropy closer to zero than does EDE.
This figure shows the same panels as Fig. 14, for r=0. It shows that the EGT
probability estimate for r=0 also stays closer to the standard than does EDE,
in the region that is weighted heavily.

1200 as r increases, remaining above 1, however, for r<40. For this range of r, then,
there is some significant variation with jii. The decrease with increasing r is a
consequence of the decreasing slope of the lines shown in Figs 4, 5 and 6, as r increases.
The types of bigrams with frequency greater than 40 account for about 1-8% of types
observed. Therefore, the splitting by jii is useful for about 98-2% of the observed bigram
types and all of the unobserved bigram types. We conclude that enhancement is of
considerable value for practical applications.



togalp (M} /p(STDI

Waight (%)

Product

Estimating probabilities of English bigrams

gk "7 EaT
]
( "
—_f,____E:—_A’W
-0zt
i
[
- !
!
!
~o6}, !
i n n 1 1 e
) 10 20 30 40 30
.
}
15
(3
10
e
St b
.
.., (b}
oo.....
ol L 0.30000.ooOoroo.o.os.oioooaooooc
o o 20 30 40 50
h‘ |
0-0 p—f ———— s AEE—— -
t
]
'
L. i
[
[
i
!
-0 10K !
¢
: (c)
i I J i 1
o 10 20 30 40 50

Frequency (7))

Figuare 16. For all r, EGT has relative entropy closer to zero than does EDE.
Each point in (a) is the sum of series like those shown in Figs 14(c) and 15(c).
The result is still a term in the contribution to the total relative entropy, and is
now shown as a function of frequency. The weights in (b) show that the lowest
frequencies are the most important individually for the relative entropy
calculation. This figure shows that for each frequency, r, the EGT probability
estimates are closer on average to the standard than are the EDE estimates. It
is therefore not surprising that their sum, the relative entropy, is less for the
EGT mode! than for the EDE model.
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Figure 17. About 1200 significantly different probabilities for r=0. The
horizontal axis shows the logarithm of jii. The vertical axis shows ¢-statistics for
the difference between successive values of the Good—Turing estimates for
bigrams not seen in the training text. The dashed lines are drawn at
conventional significance levels of + 1-65. These differences are highly
significant, showing that interpolation between the observed values is justified.
Doing so would give the equivalent of using about 1200 jii bins.

8. Sampling, representativenes and extrapolation

We have shown that enhanced Good-Turing and enhanced deleted estimate predictions
agree well with an observed standard. However, the training and validation texts were
chosen to minimize discrepancies from these methods’ assumptions. This section argues
that a training corpus needs to be carefully sampled to ensure representativeness, in
order to make valid extrapolations. In support of this thesis we show that the language
used in the first temporal half of our AP corpus is significantly different from the
language used in the second half.

Table IV shows basic Good-Turing predictions and an observed standard using the
first half and last half of our AP corpus as training and validation texts.

The columns in this table are as follows: r is the u‘G(juﬁﬁCy of uigrams in the Li'aii“lii“lg
text. STD is the standard held out estimate calculated with the first half as retained and
the last half as held out. SDS is the standard deviation of STS, calculated as V', N,. where
V. is the variance of the group of bigrams. BGT is the basic Good-Turing estimate
calculated from the first half. tGT is the r-score (BGT —STD)/SDS.

A ctrikino Fpufure in the table is the gsvstematic differences between RGT

A striking ieat in ¢ 1adie 1§ In¢ sysiemalic Giierences oelween B an

reflected in highly significant ¢-scores for their differences. These observations are to be
contrasted with the behavior when we use random pairs to split the corpus, as shown in
Table V.
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The plot shows log,, of the equivalent number of significantly different
probability estimates for the group of bigrams observed r times. The dashed
lines show the logarithms of one and two. While the number of significantly
different values falls rapidly with increasing r, it remains above one through
ra40, meaning one point aside from the mean being significant. This range
encompasses the majority of bigram tokens and indicates the value of a second
predictor for practicai applications.

Notice BGT agrees well with STD when we split the corpus this way. We conclude
from these observations that the language used in the first half of the AP corpus differs

from the language used in the second half. If these two texts differ in language, then we

can surely expect language differences at least as large between less related texts.

TaBLE IV, Basic methods with first/last split text: the language use

differs

r STD SDS BGT tGT

0 0-00001684 0-000000201 0-0001132 —-2730

1 0-4076 0-00105 0-5259 113

2 1-0721 0-00352 1-2378 47-0
3 19742 0-00778 2:2685 37-8
4 2:8632 0-0123 3-1868 264
5 3-7982 0-0163 4-2180 25-8
6 4-7822 0-0285 52221 154
7 57154 0-0294 61839 15-9
8 6-7330 0-0420 7-1784 10-6
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TaBLE V. Basic methods with random bigram split text: the language
use is the same

r S SDS BGT 1GT
0 0 000027041 2:3x10* 0-000027026 - 07
] 0-4476 0-00063 0-4457 -29
2 1-254 0-0024 1-260 25
3 2:244 0-0049 2-237 =15
4 3:228 0-0078 3-236 1-0
5 421 0-011 423 18
6 5-23 0-015 519 - 28
7 6-21 0-019 621 -0-0
8 7-21 0-023 7-24 11

In other words, the methods studied here can be used to estimate bigram probabilities
and their variances in a given universe of discourse, but they are accurate enough to
show significant language differences between different texts. This raises two issues that
must be faced for applications. First, the appropriate universe of discourse to sample
from must be defined on the basis of the needs of the application. Second, in order to
design a sample of text from an appropriate universe, it will be necessary to know how
much variability there 1s between texis.

T Y o P TP S
Y. LOoncuusions

This paper has proposed and compared two specific methods for backing-off bigram
probability estimates to unigram probabilities: the enhanced Good-Turing method, and
the enhanced deleted estimate methods. Three important points in this paper have
extended the strength of these methods over previous methods:

e The use of a second predictor (e.g., jii) to e¢xploit the structure of n- g ams, the
2 A 3
11\

Aictimgriic Ll fantiyes hatira, tha A i Ad Trieing o +hon
umuuguloluug feature between th a Jo0d—1 ui’1u5 method an

e enh
Good-Turing method.

o The estimation of variances for the bigram probabilities, which allows building
significance tests for various practical applications, and in particular allows

e The use of refined testing methods that can show important qualitative differences

i qfnro diffarancac mav he emall
QUYL ULRICITLLLO 1Xiay UC SLlixail.

Section 3 introduced the Good-Turing methodology. Appendix A proves a theorem
that formalizes Good’s treatment. The theorem shows that the key assumption of the

Good-Turing methods is that both training and test corpus are generated by a common
mdralna!!v binomial distribution. While this is not a strong assumption, deleted
estimation, also introduced in Section 3, is a method with even weaker assumptions. It
only requires that both the training and test corpus are generated by the same process.
We use as a standard against which to compare the resuits of the new methods and other
methods the held out estimator, as described in Section 3.

It has been important for this work to control very carefully for variations among

different texts. It is simply not true that words or #-grams are independently distributed;
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probabilities vary systematically with time, topic, style, etc. We have found these factors
can dominate the subtle differences that we have been trying to study, especially the

difference between the deleted estimate method and the Good-Turing method.
The first nnmf about these methods, the use of the second nredlr-fnr wags discussed in

Section 4. The use of a second predlctor is the basis on Wthh we distinguish the
enhanced Good-Turing method (EGT) proposed here from the basic Good-Turing
(BGT) method and the enhanced deleted estimate (EDE) from a basic deleted estimate.
If we had not introduced a second predictor, all bigrams that were observed once would
be considered equally likely, and all bigrams that were observed twice would also be
considered equally likely, and so on. This is extremely undesirable. Note that there are a
large number of bigrams that have been seen just once (2 053 146 in a training corpus of
22 miiiion words); we do not want to model all of them as equally probable. Much
worse, there are a very large number of bigrams that have not been seen (160 519 million
bigrams in the same training corpus of 22 million words); we really do not want to model
all of them as equally probable. By introducing the second predictor jii as we did, we
were able to make much finer distinctions within groups of bigrams with the same
number of observations r. In particular, for bigrams not seen in the training corpus, we
have about 1200 significantly different estimates.

It would be interesting to consider other variables besides jii. One might consider, for
example, the number of letters in the bigram. Katz (1987) proposes an alternative
variable: the first word of the n-gram. Any variable that is not completely correlated with
r WOUl(l DC OI SOome use. ]ll has some aavantages it mal(es 1[ pOSSlDlC io summdrlze UIC
data so concisely that the relevant structure can be observed in a simple plot. Moreover,
Jjii has a natural order and is continuous, so the number of bins can be adjusted for
accuracy. In contrast, selecting the first word of the n-gram prescribes the number of
bins.

In Section 6. 4, we discussed the second puuu we want to emp}‘as‘ze' estimation of
variances. The methods introduced by Good allow one to calculate population variances
under the same assumptions that one calculates probabilities. A few more lines of code
allow the measurement of variances for each held out (standard) estimate at the same
time as one measures probabilities. Variances are necessary to make statements about

tha ctatictical cianificance af diffarancec hetwaan ahcervad and nradicted freanenciae In
e Stansiila: SiIgniiancs 01 GUICTLNCS COIWeel OOGCIVOG /i PICUICCG ITOQUCHCICS. ik

applications, such as Church et al. (1989), this will allow distinguishing unusual n-grams
from chance variations. In our work, variances are used to test methods.

The third point we want to emphasize, the use of refined tests for differences in
methods, is discussed in Section 7. We compare five methods, MLE, UE, BGT, EDE

and F'(}T to the standard. In Section 7] we calculate r-scores for the differences

between thc standard and a proposed method and aggregate results across jii. Compared
to the enhanced deleted estimate, the enhanced Good-Turing method has a lower RMS
t-score for each r < 50. This means that the EGT method is more efficient in its use of
data than the EDE method. Specifically, the EGT method will give results of a given
accuracy with just one-third as much data as the EDE method. However, the marginally
binomial assumption on which the Good-Turing methods rest is apparently not quite
satisfied for small frequencies. In contrast, a number of other popular estimates fail to do
so well. For exampile, it is much worse to assume that r¥ =r (MLE) or that r* =jii (UE),
or to use any basic method such as BGT.

In Section 7.2 we compared the entropies of the EGT and EDE models to that of the
standard. Both are extremely close to the standard because they are estimated from such
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large amounts of data. The EGT model, however, is closer to the standard by a factor of
eight than is the EDE model.

The language model presented here should be useful for preliminary work i
disambiguation, but there are many ways that it could be improved. We have said very
little about the unigram model; in fact, we have been using the MLE method to estimate
the probabilities for the unigram model. One could apply the methodology developed
here to improve greatly on this.

In closing, we ought to say a few words about sampling. Of course, a year of the AP
newswire is not a balanced sample of English. In Section 7, we mentioned some
problems with extrapolating from one 6-month period of AP newswire to another, let
alone from one genre of English to another. For any particular application, one must be
very careful to select an appropriate sample of text to use for training. The methods
presented here will then allow accurate estimates of the bigram probabilities in replicates
of the chosen text.
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Appendix A: the Good—Turing theorem

With J. B. Kruskal

Good (1953) gives an important formula and an argument for the formula, which has
been widely used in biology. We state his result as a theorem and prove it in this
appendix, in order to be abie to see the assumptions of the formula.

Let s, v=1,....5 be a finite collection of types (for instance, words, bigrams or species
of animals). For each type, tokens (examples of words or bigrams, or animals) can be
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sampled. Let B(N; p,....,p,) denote a sample of size N drawn from the S types, each type,
§,, having a binomial distribution with probability p,. A multinomial distribution, for
instance, would have such a marginally binomial distribution, but the theorem covers a
broader class of distributions. Let N, be the number of types whose frequency in a
sample is r, and let r, be the frequency of the vth type.

Theorem: When two independent marginally binomial samples, B,(N; p,....,ps) and
B,(N; p,,...,pg) are drawn, the expected frequency, r*, in the sample B, of types occurring
r times in B, is

e (r+1) E(N,,,|BIN+1;p,,...,p9)
1+1/N  E(N,B(N;p,,....Ps))

It immediately follows that

E(N,, \|B(N))

{ rtl

D RN B

For a practical computation, the expectations, E(N,|B(N)) and E(N,,,|B(N)), are
estimated by smoothed values, S(¥,) and S(¥,.,), giving

r*x(r+1) ——Asg(vﬁ;)')

Proof of theorem

The approximations both have relative errors of 1/N. With N~ 107, the approximations
are very good. Thus, only the theorem needs to be proved.

We make three random choices independently and simultaneously. One is to choose
one of the S types, using equal probabilities, 1/S, for each type.' We include a subscript
zero on expectations taken over this random choice. The two other choices generate
random samples B\(N; p,,...,ps) and B,(N; p,,...,ps). We include subscripts 1 or 2 or both
on expectations taken over these choices.

Let {i be the random variable which is the index of the type chosen in the first choice.
Let ﬁﬂl and Iiﬁz be the frequencies of the chosen type in B, and B, respectively.

We restate the theorem as

r¥= Eo,z(fimliifll =r)

_ (r+1) E(N,,|BN+1;p),..,P5)
1+1/N E(N,|B(N;p],...,ps))

The proof relies on three lemmas:

(1 E012(R~n2|ﬁﬁ1 =r)= NEOI(Pﬁ|Rﬁl =r)

' Equal weights give a useful result. Other weights give other valid results, some of which may also be useful.
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, — Ny
(2) E(”(S‘, = Sﬁ! Rm = r) = A_..p_'(l__/)_’_);,

5 P=p)

NN
(3) ENN)= (r> 2 0=t

where E, denotes expectation over any B(N. p,,
Then we nave

r*:E0|2(Rasza1=r)
= Em(Pﬁ‘Em =r)

S ~
= NZ PEu(s, =51 Ry = 1)

r=1

M r N—
- A-p)
_NZ pv_sl’_._____
v=1{ Z p{(l _pk)N'r
A=1

h

PN AR Na
i
Z pi(1=p)""

A=t N+1
:NE/\’+I(N7+1)/ r+1

E(N)/ (N )

r

(Mo
(lel> E(N)

r

= rtl EN+|(Nr+l)
[F1/N_ Ey\N)

which was to be proved.

Proof of Lemma 1

For i=1,....N and any ve{l,...,5}, let

...ps) (either B, or B,, in particular)

by lemma |

by lemma 2

by lemma 3

. 1 if the ith token in sample 2 is of type v

X, .
v 0 otherwise

Then
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and
~ L N ~ P
EOlz(szlRﬁl =r= Z Emz(xpilRm =r)
i=

N
= ;E012(P;.|Rm =r)

= NE,(p;|R;, =)

which was to be proved.

Proof of Lemma 2

Let f(v) be the event that 5,=s;; e(r) be the event that s; occurs r times; and e(v,r) be the
event that s,=s; and s, occurs r times. Then {f(v)&e(r)} =e(v,r). Also

N

U e ry=e(r)

A=1
and {e(A,r)}, . ,,--.,5 are mutually exclusive. Hence
Eo\(s,= s, Ry =)= POr={iR;, =)= P(f(V)le(r))

_P(f(&e(r)) _ Ple(v.r))
P(e(r)) Ple(r))

_ P(e(vr)
5 P(e(h.r)
A

Now, since {i is chosen with probability 1/S and r, is binomially distributed

N
r

P(e(v,r))=—é; ( > pi(1—p )=

so that

1 (N) B
E(u(é'v“":b‘ﬂ]R'~ =r)= S\r pv( p,.)
Zl<N>mU-mW”
— S

_ p(—p)"
s Pa-p)*
A

which was to be shown.
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Proof of Lemma 3

For any r,
S
N, = Z o(r.r,)
v=1
where 6(r, /) is the delta function
i1 r=
&)= : 0 r#;

Therefore

BN BN pyv ) = 8051 )P0, BON)
= 3. PUTBN)
=3 () ma-pr

N -
= < r > 2:1’:(1 Pv)N !
as was to be pI'OVGd.

Predicted variance in observed frequencies
The variance in observed frequencies results from: (1) variance in population probabil-
ities giving a variance to the expected frequencies; and (2) variance of observed
frequencies about expected frequencies.

The variance of expected frequencies is just N? times the variance of population
probabilities. The variance of the population probabilities is given by

Em(P?Jﬁm =r)— E()il(Pﬂﬁm =r)

The second of these terms is 7*/N as proved in the theorem. Analogous techniques can be
used to prove that the first term is (r+ 1)*7*/ N, as was shown in Good (1953). Thus the
variance in expected frequencies is

N3 ((r+ 1)*r*/N*—(r*/N?)
=r*((r+1)* —r*).

The distribution of differences between observed and expected frequencies is a super-
position of S binomial distributions. The wvuth distribution has variance
Np(1—p,)= Np, The composite therefore has variance approximately
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The total variance predicted for the observed frequencies is thus

r*((r+ D*—r*)+r*
=r*(1+(r+ 1)*—r*).

Appendix B: Nomenclature

We have referred to the following estimators:

MLE, maximum iikeithood estimate, r* =r, shown in figures by long dashed lines
UE, unigram estimate, »* =jii, shown in figures by long dashed lines

BHO, basic held out estimate, r*=C /N, used as the standard

EHO, or STD, enhanced held out estimate, r* = C,/N,, shown in figures by points

Jr

e BGT, basic Good-Turing estimate, r*=(r+ 1) -1t~ SWV,..)

" TESE

"

o EGT, enhanced Good-Turing estimate, r*=(r+ l)—S—NILL‘, shown in figures by

solid lines

01 10
e BDE, basic deleted estimation, r* —((—Cm—oi—f—;g
COI+cI0
e EDE, enhanced deleted estimation, r _(—N](;*'—NI)’ shown in figures by short

dashed lines

Other common notations are:

N, number of tokens in the training corpus

r, frequency of a bigram in training corpus

r¥, estimated 1req‘uency ofa 01514111 in a second C rp‘ us

V, vocabulary size, number of types of unigrams in the

S= V2, number of types of bigrams possible

N,, number of bigrams with frequency r in the training corpus

p(x), hypothesized population probability of a word, x

e{ p(x)), unigram model’s estimate of p(x)

Jjii= Ne(p(x))e(p(»)), frequency of bigram xy is the words occurred independently with
the probabilities estimated by the unigram model

N,;, the number of bigrams in a given jii bin, that is, bigrams within a range of 1/3 order
of magnitude in jii

""'z

qiza N
OLLN 1Y

raining corpus

O
tr

N t e number of bieram with fr equency =r nd j Jii

4N 5y HRIUCT U1 Vipialill Wi 22 CIY rand m

C he observed count in the test corpus of blgrams ith frequency= r in the training
corpus

O"

in
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(. the observed count in the test corpus of bigrams with trequency = r and jir bin = ;1
the training corpus

C? and C°, the observed count in a second (first) half of the training corpus of bigrams
with frequency = r in the first (second) half

NY and N!, the number of types in the first (second) half of the training corpus with
frequency r

(3! and C}, the observed count in a second (first) half of the training corpus of bigrams
with frequency = r in the first (second) half

N and N, the number of types in the first (second) half of the training corpus with

frequency r



