
Hidden Mark o v Mo dels

Mo del: � = hA;B; � i, o v er a �xed set of states,S , and output alphab et, K .

There are three fundamen tal questions w e can ask:

1. Output Probability: Giv en �, what is the

probabilit y of seeing O = o1 : : : oT ?P ( O j �)

2. State Sequen
e De
oding: Giv en O and�, what is the most probable state sequence,X , that pro duced it?

argmax x1:::x
T

P ( x1 : : : xT j O;�)

(not max x
t

P ( xt j O;�) for all 1 � t � T !)

3. Parameter Estimation: Giv en Otrain , and

a range of p ossible �, M , whic h � 2M is most

lik ely to ha v e pro duced Otrain ?

argmax � P ( Otrain j �)



Output Probabilit yP ( O j �) =

P X P ( O j X;�) P ( X j �)

=

Px1:::x
T

�x1bx1o1 T
Qt=2 axt � 1xt

bx
t

o
t

Naiv e algorithm: O ( T �NT
) m ultiplications,O ( NT

) additions

Bad mo v e

W e can instead use dynamic programming



Output Probabilit y: F orw ard Algorithm

Let �i ( t) = P ( o1 : : : ot; xt = si j �). Then:�i (1) = �ibio1�i ( t + 1) =

N
Pj=1�j ( t) ajibio

t +1
P ( O j �) =

N
Pi=1�i ( T )

O ( T �N2
) m ultiplications, O ( TN ) additions.

Think of a tr el lis :
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Output Probabilit y: Bac kw ard Algorithm

Let �i ( t) = P ( ot+1 : : : oT j xt = si; �). Then:�i ( T ) = 1�i ( t) =

N
Pj=1 bjot +1aij�j ( t + 1)

P ( O j �) =

N
Pi=1�ibio1�i (1)

Think of a tr el lis :
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Output Probabilit y

In fact, for an y t:

P ( O j �) =

N
X i=1 �i ( t) �i ( t)

(this will b e useful later)
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State Sequence Deco ding: Viterbi Algorithm

argmax x1:::x
T

P ( x1 : : : xT j O;�)

Same idea: use dynamic programming

Let Æ
i

(t) = max
x 1 ::: x t�1 P (x1 : : : xt �1; o1 : : : ot

; x
t

= s
i

j �)
and  i ( t) the previous state in this optimal path.

Then: Æi (1) = �ibio1Æi ( t + 1) = max1�j�N Æj ( t) ajibio
t +1 i ( t + 1) = argmax1�j�N Æj ( t) ajibio

t +1
Then w ork bac kw ards to �nd optimal state

sequence: P ( ^ x1 : : : x̂T j O;�) = Æx̂
T

( T )x̂T = argmax 1�i�N Æi ( T )x̂t =  x̂
t +1 ( t + 1)



State Sequence Deco ding: Viterbi Algorithm

Let Æ
i

(t) = max
x 1 ::: x t�1 P (x1 : : : xt �1; o1 : : : ot

; x
t

= s
i

j �)
and  i ( t) the previous state in this optimal path.
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P arameter Re-estimation: Baum-W elc h

Algorithm

argmax � P ( Otrain j �)

Let pt ( i; j ) b e probabilit y of tra v ersing from statei to state j at time t + 1, giv en output O ,

and 
i ( t) b e probabilit y of tra v ersing through statei at time t, giv en output O .

Then w e should set:�̂
i

= rel freq of s
i

at t = 1= 

i

(1)â
ij

= rel freq of transitions s i to s jrel freq of transitions from s i= T�1Pt=1 p t(i;j )T�1Pt=1 
 i(t )b̂
ik

= rel freq of transitions from s i with output krel freq of transitions from s i
= T�1P

t = 1

o

t

= k


 i(t )T�1Pt=1 
 i(t )



P arameter Re-estimation: Baum-W elc h

Algorithm

Ho w do w e calculate pt ( i; j ) and 
i ( t)?

T abulate �t ( i; j ) = �i ( t) �aij � bjo
t +1 ��j ( t + 1), for

all i; j; t. Then:pt ( i; j ) =

�
i

(t)�a
ij

�b
j o

t +1��j

(t+1)P (Oj�)
=

�
i

(t)�a
ij

�b
j o

t +1��j

(t+1)
N

P

m =1�m

(t) �
m
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�
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�
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(m;n)

i ( t) =

N
Pj=1 pt ( i; j )



P arameter Re-estimation: Baum-W elc h

Algorithm�̂ = h�̂; ^A; ^Bi� W e are guaran teed that P ( O j �̂) � P ( O j �)� Iterate un til con v ergence | but w e migh t get

stuc k in lo cal maxim um or saddle p oin t.� In practice, Baum-W elc h is v ery sensitiv e to the

initial mo del, particularly the c hoice of B .


