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1. (20 marks) In class, we discussed the reduce function in Scheme, which combines a list of values into a
single value by iteratively applying a binary function. For example:

(reduce + `(1 2 3 4 5) 0)

computes the sum, (+ 1 (+ 2 (+ 3 (+ 4 (+ 5 0))))) = 15, and:

(reduce append `((1 2 3) (4 5) (6 7)) ())

computes value of the expression:

(append `(1 2 3) (append `(4 5) (append `(6 7) ())))

which is (1 2 3 4 5 6 7).

a. (12 marks) De�ne reduce in ML such that reduce:('a * 'b -> 'b) * 'a list * 'b -> 'b.
b. (8 marks) De�ne an ML function, length:'a list -> int which calculates the length of a list by calling
reduce with an anonymous function, i.e., a lambda expression, as its �rst argument.
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2. (20 marks) With reference to the following two ML function de�nitions:

1 fun sum [] = 0

2 | sum (i::T) = i + sum(T);

3 fun double [] = []

4 | double (i::T) = ((2*i)::double(T));

prove that sum(double L) = 2 � sum(L), for all L:int list. You may assume that both of these functions
terminate on every well-typed input.

Note: Each line of your proof must come with a justi�cation. The only justi�cations you need for this
proof are:

� 1-4, one of the above de�nition line numbers,

� IH, the inductive hypothesis,

� arith for any rule of arithmetic (in other words, you can assume that + and * work as we expect), and

� case for steps that are justi�ed by the assumptions of the current case you are proving.

Your proof should be inductive, which means that it will use IH at least once and it will have at least two
cases, a base case and a recursive case.
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