
CSC236 - Winter 2011
Exercise 1a

due Monday, January 24 at noon

1. The heart of a proof of ∀n ∈ N, P (n) by Simple Induction is proving (S0) ∀n ∈ N, P (n) →
P (n + 1). Let’s start by contrasting it with the syntactically similar (S1) ∀n ∈ N, P (n) →
∀n ∈ N, P (n + 1).

(a) Rewrite ∀n ∈ N, P (n + 1) using implication, without addition, and give a Natural
English Statement of its meaning.

(b) State whether (S1) is always true (i.e. regardless of which predicate P is). If it’s
always true, give a structured (direct) proof using the original form (not the version
in (a)), otherwise state a predicate P for which it’s false (without proof).

(c) State the converse of (S1), and repeat (b) for it.

2. Now let’s examine (S0).

(a) Give the negation of (S0), in the form where negation has been completely ’pushed
inside’.

(b) Show three different truth tables, for P s such that (S0) is true. Like with program
test cases, show the two ’extreme/boundary’ case Ps, and one ’typical’ case P . The
tables are of course infinite, so show enough to give the idea and briefly state what
the rest of the table contains.

(c) Show a truth table for a typical P for which (S0) is false.
(d) (S0) is only part of what needs to be proven to use Simple Induction: alone it

doesn’t (always) imply ∀n ∈ N, P (n) . State which, if any, of your P s from (b)
satisfy ∀n ∈ N, P (n).

(e) The first four parts should suggest a statement of the form ∃n ∈ N, P (n) → ∃ [...]
equivalent to (S0), capturing the idea that unless P is always false, there’s a point up
to which (maybe vacuosly) something is happening, and then afterwards something
else is happening.

i. State this symbolically as (S0′).
ii. Give a structured proof that (S0′) → (S0).

3. The Principle of Simple Induction (starting at 0) states that (SI) P (0) ∧ (S0) → ∀n ∈
N, P (n) . It’s natural to ask whether the converse is true. State, and then give a structured
proof or disproof of the converse.

4. Give a structured proof (without assuming (SI)) that the partial version (S2) P (0) ∧
(S0) → P (0) ∧ P (1) ∧ P (2) is true.

5. Let SH be the hypothesis of SI, i.e., P (0) ∧ (S0). Consider the negation of (SH).

(a) Give the negation ¬ (SH) in the form where negation has been completely push
inside, and give a Natural English Statement of its meaning.

(b) Based on the main connective in your version of ¬ (SH), give two illustrative truth
tables of Ps for which (SH) is false.


