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n = 0, 1
) (

x + 1
x

)0
= 1 ∈ N + (

x + 1
x

)1
∈ N , ! - ,/. #*0 +1 03254�687 ,9. #;:
7<#*= >?#*7 n ∈ N @ n ≥ 1 + :A43=B=�C
!�# xk + 1

xk ∈ N D C"EF�"G/G k ≤ n +H I #�0J43! , 0B-K7 I # 1MLON , 7 I k = 1
�P0�2

k = n @ 7 I # D C(G/G9C N , 03- , ! , 0 N
)

(

x +
1

x

) (

xn +
1

xn

)

= xn+1 +
1

xn−1
+ xn−1 +

1

xn+1
=

(

xn+1 +
1

xn+1

)

+

(

xn−1 +
1

xn−1

)

.

:ACQ7 I #*0 @ 4�! , 0B-Q7 I # 1MLRN , 7 I k = n − 1 @ 7 I # D C(G/G9C N , 0B- , ! , 0 N
)

(

x +
1

x

) (

xn +
1

xn

)

−

(

xn−1 +
1

xn−1

)

= xn+1 +
1

xn+1
.
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n = 3, 4, 5

)
f (3) = 23 ≥ 9 = 32

f (4) = 236 ≥ 16 = 42

f (5) = f (5 − 2) + 4f

(⌊

5

2

⌋)

− 3 = f (3) + 4f (2) − 3 = 23 + 4 · 3 − 3 = 31 ≥ 25 = 52.

1 03254�687 ,9. #;:
7<#*= >?#*7 n ∈ N @ n ≥ 6 + :A43=B=�C
!�# f (k) ≥ k2 D C"E 3 ≤ k < n +H I #�0
3 ≤ 4 ≤ n − 2 < n

�P032
3 =

⌊

6
2

⌋

≤
⌊

n

2

⌋

≤ n

2 < n @ !�CU�"=B=BG9V , 0B-Q7 I # 1ML 7$C n − 2
�P032 ⌊

n

2

⌋ )

f (n) = f (n − 2) + 4f
(⌊n

2

⌋)

− 3

≥ (n − 2)2 + 4
(⌊n

2

⌋)2

− 3

≥ (n − 2)
2

+ 4

(

n − 1

2

)2

− 3

= n2 − 4n + 4 + n2 − 2n + 1 − 3

= n2 +
(

n2 − 6n + 2
)

≥ n2 +
(

n2 − n · n + 2
)

,
! , 036*# n ≥ 6

≥ n2.��W(�X���(�
a0 = 0.

a1 = a0 + (list [0] − a0) / (0 + 1) = list [0] .

a2 = a1 + (list [1] − a1) / (1 + 1) = list [0] + (list [1] − list [0]) /2 = (list [1] + list [0]) /2.

a3 = a2 + (list [2] − a2) / (2 + 1) =
3a2 + list [2] − a2

3
=

list [2] + 2a2

3
=

list [2] + list [1] + list [0]

3
.
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I (k) , !�) ik = k

�P032 ,/D k > 0
7 I #*0

ak = list[k−1]+···+list[0]
k

+��6��J[\#&=BE$C . # I (k) D C(EF�PG9G k ∈ N +� �"!$#]%'�"!$#
k = 0

)
i0 = 0 @ �"032�! , 036^# k 6> 0 @ 7 I #&E$#�!M7 , ! . �(6^4BC(43!$G/VU7<E$43# +1 03254�687 ,9. #]:A7$#*= >�#^7 k ∈ N @ k ≥ 1 + :A4B=B=�C(!$# I (k) +H I #�0

ik+1 = ik + 1 = k + 1 +1 D k = 1
7 I #�0 D E<C"_`���(� N # I � . # a1 = list [0] = list[1−1]

1
+1 D k > 1

7 I #�0�4�! , 0B- I (k)
)

ak+1 = ak +
list [ik] − ak

k + 1
=

list [k] + (k + 1)ak − ak

k + 1
=

list [k] + kak

k + 1

=
list [(k + 1) − 1] + list [k − 1] + · · · + list [0]

k + 1
.

a C N @ !$4B=B=�C(!$#b7 I #&G9CAC"=J7$#�E$_ , 03��7<#�!c��7 , 7$#�E<�P7 , C"0 k + H I #�0JYAVd7 I #eG/CAC"=f6*C"032 , 7 , C"0 @ ik = n
!$C

k = n
!$C

I (n) +H I 43! @B,/D n > 0
7 I #*0

an = list[n−1]+···+list[0]
n

+ �g4B7 n > 0
YAVU7 I #&=BE<#�6*C"032 , 7 , C"0 @ !�C N #"h E$#&25C(0B# +
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