Midterm Solutions

(1) Base Cases: n=0.1: (z+ 1)0 =1eN (z+ %)1 € N is given.

x

Inductive Step Let n € N, n > 1. Suppose z* + x% € N for all £ < n.
Then using the IH with £ = 1 and k& = n, the following is in N:

n n+1 n—1 n+1 n—1
<x+5> <I +£C_") . +F+x +£C"+1 <x +x"+1)+<x +:v"—1>'

So then, using the IH with £k = n — 1, the following is in N:

1 n 1 n—1 1 _ _n+l1 1
(2) (o) = () =

(2) Base Cases: n=3.4.5:

f(5)=f(5—2)+4f(ED —3=f(3)+4f(2)—3=23+4-3—-3=31>25=5%

Inductive Step Let n € N, n > 6. Suppose f (k) > k? for 3 < k < n.
Then3<4<n-2<nand3= 8| <|2] <2 <n,soapplying the IH ton — 2 and | 2]:

fo) = fo-2)+4f(|5]) -3

> oot ea(fg]) s
(n—2)2+4<n;1>2—3
n*—dn+4+n”—2n+1-3

n2+(n2—6n+2)

n2+(n2—n-n+2), since n > 6

n?.

Y

AVARIY,

ag = 0.
ay = ag + (list [0] — ap) / (0 + 1) = list [0] .
ag =ay + (list[1] —a1)/ (1 + 1) = list [0] + (list [1] — list [0]) /2 = (list [1] + list [0]) /2.

05 = as + (list[2] — az) / (2 + 1) = 3ag + lis?:f [2] — a2 _ lust [2]3—|— 2ay _ list [2] + lisg[l} + list [0]
(b) (k) is: ix =k and if k > 0 then ), = D=1t Histl0],
(c) We prove I (k) for all k£ € N.

Base Case k = 0: ip = 0, and since k # 0, the rest is vacuously true.

Inductive Step Let k € N, k > 1. Suppose I (k).

Then ix4 1 =ix +1=k+ 1.

If k =1 then from (a) we have a1 = list [0] = w

If k > 1 then using I (k):

G = G + list [ix] — ag _ list (k] + (k+ 1) ar — ak _ list (k] + kay,
kE+1 kE+1 kE+1
list[(k+1) — 1] + list [k — 1] + - - + list [0]
B k41 '
Now, suppose the loop terminates at iteration k. Then by the loop condition, iy =n so k =n so I (n).

Thus , if n > 0 then a,, = M But n > 0 by the precondition, so we’re done.




