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Abstract

Latent Variable Models (LVM), like the Shared-GPLVM
and the Spectral Latent Variable Model, help mitigate over-
tting when learning discriminative methods from small or
moderately sized training sets. Nevertheless, existing meth-
ods suffer from several problems: 1) complexity; 2) the
lack of explicit mappings to and from the latent space; 3)
an inability to cope with multi-modality; and 4) the lack
of a well-de ned density over the latent space. We pro-
pose a LVM called the Shared Kernel Information Em-
bedding (sKIE). It de nes a coherent density over a latent
space and multiple input/output spaces (e.g., image features
and poses), and it is easy to condition on a latent state,
or on combinations of the input/output states. Learning
is quadratic, and it works well on small datasets. With
datasets too large to learn a coherent global model, one
can use sKIE to learn local online models. sKIE permits
missing data during inference, and partially labelled data
during learning. We use sKIE for human pose inference.

1. Introduction

Many computer vision problems are amenable to learn-
ing some form of mapping from image observations to a 3D
object model. Examples include articulated human pose in-
ference [2, 1, 6, 8, 9, 13, 16, 20, 21], articulated pose and
shape estimation [18], and hand pose estimation [5]. With
such discriminative methods, given a set of training sam-
ples comprising image features, x, and 3D poses, v, i.e.,
x®; yMDgN the estimation of pose, y, is viewed as a
form of ’regression’. This can be formulated in terms of
learning the conditional distribution, p(y j X).

In many cases, like human pose inference, both the input
(features) and the output (pose) are high-dimensional vec-
tors, i.e., y 2R% and x 2 R% where usually dy > 100 and
dy > 30. With high-dimensional problems large datasets
are usually necessary to learn a conditional distribution that
will generalize well. Furthermore since synchronized im-
age and pose data are hard to obtain in practice, one is often
forced to work with small or moderately sized labelled data
sets, or with unlabelled data using semi-supervised learning
[9, 13]. Finally, since pose inference is often ambiguous
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Figure 1. Graphical models for regression problems. Gray
and white nodes depict observed and hidden variables. MoE and
GPLVM are directed models. The Shared KIE is undirected, and
can be factored easily in multiple ways.
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(i.e., one feature vector is consistent with multiple poses),
the conditional distribution, p(y j X), is multi-modal [20].

We introduce a latent variable model called the Shared
Kernel Information Embedding (sKIE). It de nes a co-
herent, multi-modal density over one or more input fea-
ture spaces, the output pose space, and a learned low-
dimensional latent space. Moreover it is also easy to condi-
tion on a latent state, or some combination of input and out-
put states. It can be learned from small datasets, with com-
plexity that is quadratic in the number of training points;
the latent model helps to mitigate problems of over- tting
that are common with high-dimensional data. With datasets
too large to learn a coherent global model, one can also use
SKIE to learn local models in an online fashion. sKIE can
deal with missing data during inference, and partially la-
belled data during learning. We demonstrate the sKIE in
the context of discriminative human pose inference.

1.1. Related Work

Approaches to discriminative articulated pose estimation
(and tracking) can be loosely classi ed as either local and
global. Local methods take the form of kernel regression
[16, 21], where one rst nds a subset of training exemplars
that are similar to the input features (e.g., using K-nearest
neighbors). These exemplars are then used to learn an on-
line regressor, like linear locally-weighted regression [16]
or Gaussian Process (GP) regression [21]; the latter has the
advantage of also producing a con dence measure over the
regressed pose. While simple conceptually, the determina-
tion of the right local topology and a good distance mea-
sure within the neighbourhood can be dif cult. Typically
these methods require a large set of training exemplars to



densely cover the pose space. Furthermore, these methods
do not deal with multi-modal conditional distributions (or
mappings), so one must rst cluster the selected exemplars
into local convex sets, for which regression is uni-modal.

Global methods learn a coherent model across the en-
tire training set. Early examples were formulated as Ridge
Regression or Relevance Vector Regression [2, 1]. Recent
research has focused on multi-valued regression, the most
in uential of which is the conditional Mixtures of Experts
(MoE) model [9, 18, 20]. The MoE model is straightfor-
ward and ef cient to implement, since training and infer-
ence are both O(N). On the other hand, the MoE model
typically requires large training sets [13] to properly t the
parameters of the gating and expert functions. This makes
it prone to over- tting with small datasets.

As an alternative, models based on the Gaussian Pro-
cess Latent Variable Model (GPLVM) [6, 13, 17] and the
Spectral Latent Variable Model (SLVM) [10] have been
proposed (see Fig. 1). These models exploit an interme-
diate low-dimensional latent space to effectively regularize
the conditional pose distribution (i.e., pose conditioned on
features), which helps avoid over- tting with small train-
ing sets. However, as with other Gaussian Process (GP)
methods, learning is expensive, O(N3), and therefore im-
practical for all but small datasets. Inference with the GP
model is also expensive as it involves an O(N?) optimiza-
tion (with multiple re-starts) of the likelihood in the latent-
space [13]. Sparsi cation methods [14] reduce learning
complexity from O(N?) to O(Nd?), where d is the num-
ber of pseudoinputs (ideally d << N), but the use of such
techniques is not always straightforward and effective.

sKIE is a generalization of Kernel Information Embed-
ding [12]. It has similar bene ts to the GPLVM discussed
above, but with lower complexity for learning, O(N?2), and
inference, O(N). The other bene ts of the sKIE include an
explicit density over the latent space, and closed-form ex-
pressions for conditional distributions, allowing one to eas-
ily condition on a combination of input/output/latent states
(see Fig. 1). The sKIE also permits multiple input and out-
put random variables, allowing a dynamic regression from
any subset of inputs to any subset of outputs at test time
(without learning separate pair-wise models as would be re-
quired with MoE, for example). Furthermore, the sKIE can
also be used to learn local models in an online fashion (cf.

[21]).
2. Kernel Information Embedding

Kernel Information Embeddings (KIE) were introduced
in [12] as an unsupervised dimensionality reduction algo-
rithm. Given samples drawn from a distribution p(x), KIE
aimsto nd a low-dimensional latent distribution, p(z), that
captures the structure of the data distribution, along with ex-
plicit bidirectional probabilistic mappings between the la-

tent space and the data space. In particular, KIE nds the
joint distribution p(Xx; z), that maximizes the mutual infor-
mation (MI) between the latent distribution and the data dis-
tribution, i.e.,

z
D = o) log POS2)
I(x;2) = p(x; z) log 50P@) dxdz (1)
= HX)+H(@z) H(x;2) 2

where H (') is the usual (differential) Shannon entropy.
Because the data distribution is xed, maximizing the
mutual information (2) reduces to maximizing H(z)
H (x;z). This is equivalent to minimizing the conditional
entropy H(Xjz), i.e., the expected negative log likelihood
of the data under the joint density p(x; z). Itis interesting to
note the similarity to the GPLVM [11] which directly mini-
mizes the negative data log likelihood. Unlike the GPLVM,
the KIE provides an explicit density over the latent space.
Given a sample data set fx(giL,, the KIE objec-
tive is optimized to nd the corresponding latent posi-
tions fzgi., . Following [12] we approximate the high-
dimensional integrals with kernel density estimates for
p(Xx), p(2), and p(x; z). If we let ky(; ) and k,( ; ) denote
kernels for the data and latent spaces, we can approximate
the entropies, 1 ( ), and mutual information, (), as
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In what follows we use isotropic, Gaussian kernels for con-
venience, but one could also use anisotropic kernels.

Inference: Since KIE de nes a joint kernel density esti-
mate over latent representatives and observations, inference
takes a particularly simple form. It is straightforward to
show that the conditional distributions p(xj z) and p(zj x)
are given by weighted kernel density estimates:
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These conditional distributions are straightforward to com-
pute and they may be multimodal. For Gaussian kernels,
they become mixtures of Gaussians.



Learning: Learning the KIE entails the maximization of
f'(x;z) to nd the optimal positions of the latent data rep-
resentatives. This can be done using any gradient-based op-
timization method (e.g., conjugate gradient). Towards this
end, it follows from (3) that the gradient of f'(x; z) with re-
spect to latent position z is the sum of two terms (since
K (x) does not depend on zM):
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Since we are optimizing the positions of latent data rep-
resentatives (and assuming isotropic kernels) any change
in the bandwidth of the latent kernel, kz, is equivalent to
rescaling the entire latent space. The choice of the latent
space bandwidth  is therefore arbitrary, and for the re-
mainder we assume a xed bandwidth of , = 1.

The same argument does not hold for the bandwidth of
the data space kernel, x. A common heuristic, which we
use below, is to set the bandwidth based on the average dis-
tance of nearest neighbors:
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where j (i) is the index of the nearest neighbor of x(V. One
could also learn the bandwidth using cross-validation.

Regularization: As explained in [12], a trivial way to
maximize [(x;z) is to drive all latent positions in nitely
far from one another. ~ To avoid this solution, one can
include a gﬁussia_n prior over the latent positions, thereby
adding ;  ; /jz9jj to (3) to create the regularized objec-
tive function. Here, controls the in uence of the regular-
izer. A similar prior is used in the GPLVM [11].

3. Shared Kernel Information Embedding

The Shared KIE (sKIE) is an extension of KIE to multi-
ple (high-dimensional) datasets, with a single hidden cause
that is responsible for the variability across all datasets. In
what follows we consider the case of two datasets, compris-
ing image feature vectors, x, and poses y. The generaliza-
tion to more than two datasets is straightforward.

As illustrated in Fig. 1, the sKIE model is undirected
and hence it has several natural factorizations. For exam-
ple, with two datasets one could obtain samples (X;y) by

rst sampling from the latent distribution z p(z), and
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then sampling x and y (independently) from their condi-
tionals p(yjz ) and p(xjz ). Alternatively, given an ob-
served feature vector X one could draw a sample from the
conditional latent distribution z  p(zjx ), and then sam-
ple the conditional pose distribution, p(yjz ).

The sKIE joint embedding for two datasets is obtained
by maximizing the mutual information 1 ((X;y);z). As-
suming conditional independence of x and y given z, the
MI can be expressed as a sum of two Ml terms, i.e.,

1((Xy):2) = 1(x2)+1(y;2): (8)

Like the KIE objective in (3) we maintain a fully non-
parametric model, using kernel density estimates for the in-
tegrals in (8):

f(xy)z) = Mcz)+ 1y 2): )

In contrast to KIE, here the labelled training data
F(x®; y®)gN | share a single hidden cause. Thus each
pair (x®; y®) must be represented by a single, shared la-
tent element z(®.

We can also incorporate partial data, e.g., image feature
vectors x3) without corresponding poses, or vice versa. In
this case there will be latent elements that are only directly
constrained by an element in one of the two datasets. More
formally, let 1x and Iy denote two sets of indices for the
available training data points, with cardinalities N and Ny,.
Indices for labelled training samples are included in both
sets. Indices for training samples of x (respectively y) for
which there is no corresponding sample from y (x) exist
only in Ix (Iv). If we then ignore the terms of the approx-
imate mutual information (9) that are independent of the
latent positions, Z  fzW)giL,, where N is the cardinality
of I = Ix [ Iy, the sKIE objective function becomes
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3.1. Learning

Learning the sKIE entails the maximization of L(Z) with
respect to the unknown latent positions Z. In the experi-
ments below we use a gradient-based approach. The gradi-
ents for sKIE optimization have the same form as those for
KIE in (5) and (6).






