| mage Formation

4

Goal: Introduce the elements of camera models, optics, and image
formation.

Motivation: Camera models, together with radiometry and reflectance
models, allow us to formulate the dependence of image colensity
on material reflectance, surface geometry, and lighting.

e Based on these models, we can formulate the inference oéscen
properties such as surface shape, reflectance, and scetiedjg
from image data.

e Here we consider the “forward” model. That is, assuming-vari
ous scene and camera properties, what should we observe in an
image?

Readings. Part | (Image Formation and Image Models) of Forsyth
and Ponce.
Matlab Tutorials. colourTutorial.m (in UTVis)
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Thin Lens

Suppose we neglect the thickness of the lens and assume tlignme
(e.g. air) is the same on both sides of the lens:
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A world point@ is focussed at)’, at the intersection of three rays:

e Aray from@throughN (the nodal point, or center of projection)

e Two rays, parallel to the optical axis, one in front of and one
behind the lens (aka principal plane), which pass through th
rear/front focal points§” andF’) on the opposite side of the lens.

Remarks:

e LensApertureis modeled as an occluder (in the principal plane)
e The point®d is not in focus on the image plane, but rathet’at

e Thin lens model:
1 1 1

AN
e Thefocal length f is the distance of the point behind the leRs,
to which rays of light from infinity converge.
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General LensModed

Given a general lens, a point@tis imaged ta?’, where the locations af and(®’ are given by the

lens forumla:
Yy < Yy Yy z Yy

HereF', F’ are focal points, and, f’ are focal lengths.

Lens
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In general the ratio of focal lengths equals the ratio of titkdes of refraction of the pre- and post-
lens material, thatig/f' = n/n’ (eg. f # f' for eyes, butf = f’ for most cameras). The index of
refraction of a material is the ratio of the speed of light meauum over the speed of light in that
medium.

As for a thin lens, the formation of the image(éfcan be interpreted geometrically as the intersec-
tion of three canonical rays, which are determined bycdrelinal points of the lens. The cardinal
points are:

Focal Points F, F’ provide origins for the object and image spaces.
Nodal Points N, N’, are defined using the lens axis,F”, and focal lengthsf, f'.

Principal Points P, P’ are also defined using the lens axis}”, and focal lengthsf, f’.
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Lens Formula

An alternative coordinate system which is sometimes usedite the lens formula is to place the
origins of the coordinates in the object and image spaceeaptimcipal points P and P’, and flip
both the z-axes to be pointing away from the lens. These newordinates are:

f_zv
=7\

z
2!
z

Solving forz andz’ and substituting into the previous lens formula, we obtain:

(f'=2)=1f/(f-2),
== -2)

Fr=3f+zf
/

=1L
z Z

The last line above is also known as the lens formula. As we kaen, it is equivalent to the one
on the previous page, only with a change in the definition efabordinates.

For cameras with air both in front of and behind the lens, weeta= f'. This simplifies the lens
formula above. Moreover, the nodal and principal pointacigie in both the object and scene spaces
(i.,e., N = PandN’ = P’in the previous figure).

Finally it is worth noting that, in terms of image formatidghe difference between this general lens
model and the thin lens approximation is only in the displaeet of the cardinal points along the
optical axis. That is, effectively, the change in the imgggeometry from a thin lens model to
the general lens model is simply the introduction of an aldsotlisplacement in the image space
coordinates. For the purpose of modelling the image for argacene, we can safely ignore this
displacement and use the thin lens model. When we talk ahewtanter of projection of a camera
in a world coordinate frame, however, it should be undedtoe are talking about the location of
the nodal point N in the object space (and not N’ in the imagesp Similarly, when we talk about
the nodal distance to the image plane, we mean the distaomoeNt to the image plane.
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| mage of a Lambertian Surface

The irradiance on the image plane is
dS2, dAy

I\, Z7) = T,
(,II) l dA,

r(A) (A, Zy)
Here
e N, is normal to the image plane, andis the optical axis;
e 7; € (0, 1] is the transmittance of the lens;
e dA; is the area of each pixel;
e dA, is the area of the aperture;
e d(2, is the solid angle of the aperture from the surface pgint

e dAy is the cross-sectional area, perpendicular to the viewing d
rection, of the portion of the surface imaged to the pixefat

2503: Image Formation Page: 6



Derivation of the Image of a Lambertian Surface
From our notes on Lambertian reflection, the radiance (sletgnsity) of the surface is
R\, 7 V) = r(N I\ @ N,) = r(A) [N - L] I(\, 7, L) .

The reflected radiance is measured in Watts per unit waviepgr unit cross-sectional area per-
pendicular to the viewer, per unit steradian.

The total power (per unit wavelength) from the patichy, arriving on the aperature, is therefore

P(\) = R\, Z,; V)dQ,dAy .
A fraction T; of this is transmitted through the lens, and ends up on a pixateadA;. Therefore,
the pixel irradiance spectral density is
T, P())

](Aaflvﬁf) = dA[ ;

which is the expression on the previous page.

To simplify this, first compute the solid angle of the lens rapare, with respect to the surface
point ;. Given the area of the aperatur&4,, and the optical axisA, which is assumed to be
perpendicular to the aperture, we have

|V AldA,

R

ds,,
Here the numerator is the cross-sectional area of the apengiewed from the directioy. The
denominator scales this foreshortened patch back to thepimére to provide the desired measure of
solid angle. Secondly, we need the foreshortened surfaeelds, which projects to the individual
pixel at#; having arealA;. These two patches are related by rays passing through tiver ag
projectionz,,; they have the same solid angle with respect toAs a result,

L L lV - AldA,
dAy = ||:L”p—l’s||2m
p

The distance in the denominator here can be replaced by

[EARE AL
Ty — Iy = = .
’ V- A

Substituting these expressions #t,,, dAy, and||z, — Z;|| gives the equation for the image irradi-
ance due to a Lambertian surface on the following page.
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| mage of a Lambertian Surface (cont.)

This expression for the irradiance due to a Lambertian sarfam-
plifies to

dA Lo

I\ TNy = T,
wheredA, is the area of the aperture.

Note that image irradiance

e does not depend on the distance to the surface— 7,||
(as the distance to the surface increases, the surfaceswea’”
by a pixel also increases to compensate for the distanceyean

o falls off like cos(#)* in the corners of the image whefeis the
angle between the viewing directidi and the optical axisi.
For wide angle images, there is a significant roll-off in threge
intensity towards the corners.

The fall off of the brightness in the corners of the image ibech
vignetting. The actual vignetting obtained depends on the internal
structure of the lens, and will deviate from the abow&6)! term.
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Image Irradiance to Absorbed Energy

A pixel response is a function of the energy absorbed by tixad p
(i.e., the integral of irradiance over pixel area, the dorabf the
shutter opening, and the pixgdectral sensitivity)

For a steady image, not changing in time, the absorbed eaepiyel
27 can be approximated by

eu(f[) = CTA]/O SM()‘) I()\,f]) d\ .

Herel(\, ) is the image irradiance,()\) is the spectral sensitivity
of the 1! colour sensorA; is the area of the pixel, andr is the
temporal integration time (eg. 1/(shutter speed)).

Colour images are formed (typically) using three spectealsgivi-
ties, sayu = R, GG, B for the ‘red’, ‘green’ and ‘blue’ channel.

Normalized spectral sensitivities in the human retina:

o
o
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o
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Absorbed Energy to Pixel Response

Gamma Correction. Finally, the absorbed energy is converted to
a quantized pixel response, saythrough a nonlinear function called
a gamma correction, for example,

=2~

ry = Ble
The value ofy can vary; values between 2 and 3 are common.

This response,, is quantized, typically to 8 bits.
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This completes the basic scene and image formation models.
Next we consider approximations and simplifications of troelei.
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Per spective Projection (The Pinhole Camer a)

The image formation of both thick and thin lenses can be agpro
mated with a pinhole camera,

X,Y,Z
YD Lk X
Pk
Z o N
y
Image Plane, Z=f
Y

The image position for a 3D poinfX, Y, 7Z) is given byperspective
projection:

x / X
v|1=7Y
f A

By convention, the nodal distan® D | is labelledf, thefocal length.
The key approximation here is that all depths are taken to becus.

Remarks:

e We put the image plane in front of the nodal point to avoid flip-
ping the image about the origin (for mathematical converagn

e image coordinate increase to the right, anddownwards.
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Orthographic Projection

Alternative projections onto an image plane are given blyagtaphic
projection and scaled orthographic projection.

(X,Y,2)
N gvas

J
Image Plane

Given a 3D point X, Y, 7), the corresponding image location under
scaled orthographic projection is

x X
Y Y
Heres is a constant scale factor; orthographic projection uges1.

Scaled orthographic projection provides a linear appraxiom to
perspective projection, which is applicable for a smalkabfar from
the viewer and close to the optical axis.
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Coordinate Frames

Consider the three coordinate frames:
e a world coordinate framg,,,
e a camera coordinate framgc,
e an image coordinate framg,

The world and camera frames provide standard 3D orthogamal ¢
ordinates. The image coordinates are written as a 3-vegtcF,
(p1, p2, 1)1, with p; andp, the pixel coordinates of the image point.

Camera Coordinate Frame. The origin of the camera coordinates
IS at the nodal point of the camera (sayf@lin world coords). The-
axis is taken to be the optical axis of the camera (with pamtsont

of the camera having a positizevalue).

Image formation requires that we specify two mappings, frem
world to camera coordinates, and frorcamera to image coordinates.
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External Calibration Matrix

The external calibration parameters specify the 3D coatditrans-
formation from world to camera:

X, = R(X,—d,), X,=RX.+d,,

whereR is a3 x 3 rotation matrix, ancﬁw Is the location of the nodal
point for the camera, in world coordinates.

It is common to write the external (aka extrinsic) caliboatparame-
ters in terms of & x4 matrix M., :

. X,
X. = M, ( ) (1)
1
where
M, = (R _ij). (2)

In the camera coordinate frame, the perspective transtaymaf the
3D point)?c (in the camera’s coordinates) to the image plane is

f L1
7, = — X, = . 3
T ngc xQ,C ( )
f

Here f is the nodal distance (focal length) for the camera.
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| nternal Calibration Matrix

The internal (aka intrinsic) calibration matrix transfaritme 3D im-
age positionr, to pixel coordinates,

ﬁ — Mm fc; (4)
wherel;, is a3 x 3 matrix.

For example, a camera with rectangular pixels of size by 1/s,,
with focal lengthf, and piercing pointo,, o,) (i.e., the intersection
of the optical axis with the image plane, in pixel coordisteas

se 0 o0./f
M;, = 0 Sy oy/f . (5)
0 0 1/f

Note that for a 3D poinf. on the image plane, the third coordinate
of the pixel coordinate vectof, is p3 = 1. As we see next, this
redundancy is useful.

Together, Eqns (1), (3) and (4) define the mapping from a 3Dtpoi
in world coordinatesX,, to p, the pixel coordinates of the image of
X,. The mapping is nonlinear, due to the scalingX¥y. in Eqn (3).
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Homogeneous Coordinates

It is useful to express this transformation in terms of hoermpus
coordinates,

= b1
- h Xw — —
w — a 3 p - bp = b P2 ;
1

for arbitrary nonzero constantsb. The last element of a homoge-
neous vector provides the scale factor which allows one hwex®
back and forth between the homogeneous form and the statodiard

In homogeneous coordinates the mapping from world to pisel-c
dinates is dinear transformation,

ﬁh — Mm MexX)u}]l- (6)

The division operation in perspective projection is now licipin the
homogeneous vectgr™. It is simply postponed unti” is rescaled
by its third coordinate to form the pixel coordinate vegior

Due to its linearity, Eqn (6) is useful in formulating manyngputer
vision problems.
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Parallel Lines Project to Intersecting Lines

2 P

T LTI T R
i

As an application of (6), consider a set of parallel linesin 8ay

th(s): (ﬁk >+s<é>

Here)?,f, fork = 1,...,K, andt are 3D vectors in the world coordinate frame. Héls the
common 3D tangent direction for all the lines, aﬁ’;j is an arbitrary point on thg*" line.

Then, according to equation (6), the images of these paint®mogeneous coordinates are given
by

pr(s) = MX(s) = p'(0) + spf',
where M = M;, M., is a3 x 4 matrix, p* = M(f”,0)T andp*(0) = M((X?)”,1)”. Notep}
andgp}*(0) are both constant vectors, independent.a€onverting to standard pixel coordinates, we

have

1 _, s _p

Pr(s) = wpk (0) + @pt ;

wherea(s) = pj! 5(s) is third component ofi* (s). Therefore we have showi(s) is in the subspace
spanned by two constant 3D vectors. It is also in the imageep}a s = 1. Therefore itis in the
intersection of these two planes, which is a line in the imddmat is, lines in 3D are imaged as lines
in 2D. (Although, in practice, some lenses introduce “radistortion”, which causes the image of

a 3D line to be bent. However, this distortion can be removigd @areful calibration.)

In addition it follows thata(s) = pf 4(0) + 8s where = ply = (0,0,1)M(t”,0)”. Assuming
B # 0, we havel/a(s) — 0 ands/a(s) — 1/8 ass — oo. Therefore the image poin(s) —
(1/3)p}, which is a constant image point dependent only on the tardjegction of the 3D lines.
This shows that the images of the parallel 3D lidg%(s) all intersect at the image poifit/3)5".
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Exampleof Parallel Lines

i

\

Vi

\ Wlidiidiviin
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TheHorizon Line

Suppose the parallel lines discussed above are coplanem. drfalysis above shows that the images
of such lines intersect at the horizon (i.e., the image oh{soon the plane infinitely far from the
camera). This property is depicted in the left panel of thejmus cartoon. As another exercise in
projective geometry, let’s show that the horizon of a plasmaface is a stright line in the image.

Consider multiple families of parallel lines in the planestithej** family have the tangent direc-
tion t; in 3D. From the previous analysis, thi& family must co-intersect at the image point (in

homogeneous coordinates)
t
) J
p. _= M s

and these poing@’j" must be on the horizon.

Because the tangent directions are coplanar in 3D, twandistiirections provide a basis. That is,
assuming the first two directions are linearly independeatcan write

t_;' = ajﬂ + bjlrg,
for some constants; andb,. As a consequence, follows that

. a;ty + bjty . .

Dividing through by the third coordinatp;{g, we find the points of intersection of th& family of
lines is at the image point

R 1) . apis biphs\ B B
Pji = | & pjh = Jh’ n+ jT P> = o;pr + PP
Dj3 Pj3 Pjs

From the third coefficient of this equation it follows that + 3; = 1. Hence the image poin; is
an affine combination of the image pointsandp, (e.g., we can writey; = p; + 3; (p2 — p1) ).
Therefore the horizon must be the line in the image passiogitihp; andp; .
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Physical Limitationsto | mage Resolution

1. Diffraction

A_pertur
Dlam.\d‘ <. ‘ D

Image
ND Plane

Even a properly focussed pointnst imaged to a point. Rather,

there is gooint spread function (PSF).

For diffraction alone, this PSF can be modelled using they'Ai
disk’, which has diameter
122X |ND|
n' d
whered is the aperture diameter andis the index of refraction

inside the eye. Lens imperfections and imperfect focusagd ko
larger blur diameters.
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Diffraction Limit (cont.)

For human eyes (see Wyszecki & Stiles, Color Science, 1982):
e the index of refraction within the eye is = 1.33;
e the nodal distance iV D| ~ 16.7mm (accommodated a%);
e the pupil diameter ig ~ 2mm (adapted to bright conditions);

e a typical wavelength i ~ 500nm.

Therefore the diameter of the Airy disk is
D~ 4y =4x%x10"%n

This compares closely to the diameter of a foveal cone fssmall-
est pixel), which is between: and4u,. So, human vision operates at
the diffraction limit.

By the way, & pixel spacing in the human eye corresponds to hav-
ing a300 x 300 pixel resolution of the image of your thumbnail at
arm’s length. Compare this to the typical sizes of imagesl use
machine vision systems, usually aba0®0 x 1000.
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2. Photon Noise

The average photon flux (spectral density) at the image (its un
of photons per sec, per unit wavelength, per image area) is

L=l A
](Aabe[)%

Hereh is Planck’s constant andis the speed of light.

The photon arrivals can be modelled with Poisson statistios
the variance is equal to the mean photon catch.

Even in bright conditions, foveal cones have a significamtph
noise component (a std. dev. 10% of the signal, for unshaded
scenes).

3. Defocus
An improperly focussed lens causes the PSF to broaden. Geo-
metrical optics can be used to get a rough estimate of the size

4. Motion Blur

Given temporal averaging, the image of a moving point forms a
streak in the image, causing further blur.

Conclude: There is a limit to how small standard cameras and eyes
can be made (but note multi-faceted insect eyes). Humaornvsp-
erates close to the physical limits of resolution (dittoifsects).
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