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Abstract

We introducebinary matrix factorization, a novel model for unsupervisedma-
trix decomposition. The decompositionis learnedby �tting a non-parametric
Bayesianprobabilisticmodelwith binary latentvariablesto a matrix of dyadic
data. Unlike bi-clusteringmodels,which assigneachrow or columnto a single
clusterbasedonacategoricalhiddenfeature,ourbinaryfeaturemodelre�ects the
prior belief that itemsandattributescanbeassociatedwith morethanonelatent
clusterat a time. We provide simple learningand inferencerules for this new
model andshow how to extend it to an in�nite model in which the numberof
featuresis nota priori �x edbut is allowedto grow with thesizeof thedata.

1 Distrib uted representationsfor dyadic data

Oneof the major goalsof probabilisticunsupervisedlearningis to discover underlyingor hidden
structurein adatasetby usinglatentvariablesto describeacomplex datagenerationprocess.In this
paperwe focuson dyadicdata: our domainshave two �nite setsof objects/entitiesandobserva-
tionsaremadeon dyads(pairswith oneelementfrom eachset).Examplesincludesparsematrices
of movie-viewer ratings,word-documentcountsor product-customerpurchases.A simpleway to
capturestructurein this kind of datais to do “bi-clustering” (possiblyusingmixture models)by
groupingtherowsand(independentlyor simultaneously)thecolumns[6, 13, 9]. Themodellingas-
sumptionin sucha caseis thatmoviescomein

�

typesandviewersin � typesandthatknowing
the type of movie andtype of viewer is suf�cient to predict the response.Clusteringor mixture
modelsarequite restrictive – their majordisadvantageis that they do not admita componentialor
distributedrepresentationbecauseitemscannotsimultaneouslybelongto severalclasses.(A movie,
for example,might beexplainedascomingfrom a clusterof “dramas”or “comedies”;a viewer as
a “single male” or asa “young mother”.) We might insteadprefera model(e.g. [10, 5]) in which
objectscanbeassignedto multiple latentclusters:a movie might bea dramaandhave won anOs-
carandhave subtitles;a viewer might besingleandfemaleanda universitygraduate.Inferencein
suchmodelsfalls underthebroadareaof factorial learning (e.g. [7, 1, 3, 12]), in which multiple
interactinglatentcausesexplaineachobserveddatum.

In this paper, we assumethat both dataitems (rows) and attributes(columns)have this kind of
componentialstructure:eachitem (row) hasassociatedwith it an unobservedvectorof

�

binary
features;similarly eachattribute (column)hasa hiddenvectorof � binary features.Knowing the
featuresof the item and the featuresof the attribute are suf�cient to generate(beforenoise)the
responseat that locationin the matrix. In effect, we arefactorizinga real-valueddata(response)
matrix � into (a distribution de�ned by) theproduct �����	� , where � and � arebinary feature
matrices,and � is a real-valuedweightmatrix. Below, wedevelopthisbinarymatrix factorization
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Figure1: (A) Thegraphicalmodelrepresentationof thelinear-GaussianBMF model.Theconcen-
trationparameterandBetaweightsfor thecolumnsof � arerepresentedby thesymbols� and �


 .
(B) BMF shown pictorally.

(BMF) modelusingBayesiannon-parametricpriorsover thenumberandvaluesof theunobserved
binaryfeaturesandtheunknown weights.

2 BMF modeldescription

Binary matrix factorizationis a modelof an ����� dyadicdatamatrix � with exchangeablerows
and columns. The entriesof � can be real-valued,binary, or categorial; BMF modelssuitable
for eachtype aredescribedbelow. Associatedwith eachrow is a latentbinary featurevector �

� ;
similarly eachcolumnhasanunobservedbinaryvector �

� . Theprimaryparametersarerepresented
by a matrix � of interactionweights. � is generatedby a �x edobservationprocess� �"!$# applied
(elementwise)to thelinearinnerproductof thefeaturesandweights,which is the“f actorization”or
approximationof thedata:

�&% �(' �)' � * � � ��� �

�

',+-# (1)

where + areextra parametersspeci�c to the modelvariant. Threepossibleparametricforms for
the noise(observation)distribution � are: Gaussian,with mean ��� �	� andcovariance �".0/

�

#21 ;
logistic, with mean .3/4�5.7698;:2<=��> � � � ��#�# ; and Poisson,with mean(and variance) � � �	� .
Otherparametricformsarealsopossible.For illustrative purposes,we will usethelinear-Gaussian
modelthroughoutthis paper;this canbe thoughtof asa two-sidedversionof the linear-Gaussian
modelfoundin [5].

To completethe descriptionof the model,we needto specifyprior distributionsover the feature
matrices�(' � andthe weights � . We adoptthe samepriors over binary matricesaspreviously
describedin [5]. For �nite sizedmatrices� with � rows and

�

columns,we generatea bias �

�

independentlyfor eachcolumn ? usinga Betaprior (denoted@ ) andthenconditionedon this bias
generatetheentriesin column ? independentlyfrom a Bernoulliwith mean�
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where d

�

_fe

�

���T� .1 Thehyperprioron theconcentration� is a Gammadistribution (denotedI ),
whoseshapeandscalehyperparameterscontrol the expectedfraction of zeros/onesin the matrix.
The biasesP are easily integratedout, which createsdependenciesbetweenthe rows, although
they remainexchangeable.The resultingprior dependsonly on the number d

� of active features
in eachcolumn. An identicalprior is usedon � , with � rows and � columns,but with different
concentrationprior � .

1In theBetaprior, thesecondshapeparameteris arbitrarily setto g ; thereis no reasonwhy this couldnot
besetto anothervalue,or parameterized.



The appropriateprior distribution over weightsdependson the observation distribution � �"!$# . For
the linear-Gaussianvariant,a convenientprior on � is a matrix normalwith prior mean�

� and
covariance �".3/

�

#21 . The scale
�

of the weightsandoutputprecision
�

(if needed)have Gamma
hyperpriors:
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In certaincases,whentheprior on theweightsis conjugateto theoutputdistribution model � , the
weightsmaybeanalyticallyintegratedout,expressingthemarginaldistributionof thedata�(% � ' �

only in termsof thebinary features.This is true, for example,whenwe placea Gaussianprior on
theweightsandusea linear-Gaussianoutputprocess.

Remarkably, theBeta-Bernoulliprior distribution over � (andsimilarly � ) caneasilybeextended
to the casewhere

���
	

, creatinga distribution over binary matriceswith a �x ed number � of
exchangeablerows anda potentiallyin�nite numberof columns(althoughtheexpectednumberof
columnswhich arenot entirelyzeroremains�nite). Sucha distribution, theIndianBuffet Process
(IBP) wasdescribedby [5] and is analogousto the Dirichlet processand the associatedChinese
restaurantprocess(CRP)[11]. Fortunately, aswe will see,inferencewith this in�nite prior is not
only tractable,but is alsonearlyasef�cient asthe�nite version.

3 Inferenceof featuresand parameters

As with many othercomplex hierarchicalBayesianmodels,exactinferenceof thelatentvariables�

and � in theBMF modelis intractable(ie thereis no ef�cient way to sampleexactly from thepos-
terior nor to computeits exactmarginals). However, aswith many othernon-parametricBayesian
models,we canemploy Markov ChainMonteCarlo(MCMC) methodsto createaniterativeproce-
durewhich, if run for suf�ciently long,will producecorrectposteriorsamples.

3.1 Finite binary latent featurematrices

Theposteriordistribution of a singleentry in � (or � ) givenall othermodelparametersis propor-
tional to theproductof theconditionalprior andthedatalikelihood. Theconditionalprior comes
from integratingout thebiases� in theBeta-Bernoullimodelandis proportionalthethenumberof
activeentriesin otherrowsof thesamecolumnplusa termfor new activations.Gibbssamplingfor
singleentriesof � (or � ) canbedoneusingthefollowing updates:
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] ��� excludesentry �"? , and � is anormalizingconstant.(Conditioning
on �

'

�

and
�

is implicit.) Whenconditioningon � , we only needto calculatetheratio of likeli-
hoodscorrespondingto row � . (Note that this is not thecasewhentheweightsareintegratedout.)
This ratio is asimplefunctionof themodel'spredictions �
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In thelinear-Gaussiancase,wecaneasilyderiveanalogousGibbssamplingupdatesfor theweights
� andhyperparameters.To simplify the presentation,we considera “vectorized”representation
of our variables.Let + be an �N� columnvectortaken column-wisefrom � , , be a

�

� column
vectortakencolumn-wisefrom � and - bea �N� �

�

� binarymatrixwith entriesB
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Notethatwedonothaveto explicitly computethematrix - . For computingtheposteriorof linear-
Gaussianweights,thematrix - � - canbe computedas - � -

_ 0�24365

� � � �(' � � ��# . Similarly,
theexpression- � + is constructedby computing� � � � andtakingtheelementscolumn-wise.

3.2 In�nite binary latent featurematrices

Oneof the mostelegantaspectsof non-parametricBayesianmodelingis the ability to usea prior
which allows a countablyin�nite numberof latentfeatures.Thenumberof instantiatedfeaturesis
automaticallyadjustedduringinferenceanddependson theamountof dataandhow many features
it supports.Remarkably, we cando MCMC samplingusingsuchin�nite priorswith essentiallyno
computationalpenaltyover the�nite case.To derive theseupdates(e.g. for row � of thematrix � ),
it is usefulto considerpartitioningthecolumnsof � into two setsasshown below.
Let set A have at least one non-zeroentry
in rows other than � . Let set B be all other
columns,including the set of columnswhere
the only non-zeroentriesare found in row �

and the countablyin�nite numberof all-zero
columns.Samplingvaluesfor elementsin row

� of setA given everythingelseis straightfor-
ward,andinvolvesGibbsupdatesalmostiden-
tical to thosein the �nite case:as

� ��	

we
getthein�nite case.

setA setB
0 1 0 0 1 0 0 0 0 0 �����

0 0 1 0 0 0 0 0 0 0 �����

1 1 0 0 1 0 0 0 0 0 �����

1 0 0 1 1 0 0 0 0 0 �����

1 1 0 0 1 0 1 0 1 0 row �

0 1 0 0 0 0 0 0 0 0 �����

0 0 0 1 0 0 0 0 0 0 �����

1 0 0 0 1 0 0 0 0 0 �����
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Whensamplingnew valuesfor setB, thecolumnsareexchangeable,andsowearereallyonly inter-
estedin thenumberof entriesd�� � in setB whichwill beturnedonin row � . Samplingthenumberof
entriessetto . canbedonewith Metropolis-Hastingsupdates.Let � �Ld�� � % d
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#
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betheproposaldistribution for a movewhich replacesthecurrentd

� active entrieswith d��
�

active
entriesin setB. A similar expressionrepresentsthereverseproposal,� �Ld
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# . Theacceptance
ratioof this proposalsimpli�es to theratioof datalikelihoods:
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This assumesa conjugatesituationin which the weights � areexplicitly integratedout of the
model to computethe marginal likelihood

�

� �(% d
�

�7# . In the non-conjugatecase,a morecompli-
catedproposalis required.Insteadof proposingd!�

� , we jointly proposed��
� andassociatedfeature

parameters,"� � from their prior distributions. In the linear-Gaussianmodel,where ,�� � is a setof
weightsto beassociatedwith the d

� � new features,theproposaldistribution is:
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Thereis a similar distribution for the reverseproposal,� �Ld
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3.3 Fastermixing transition proposals

TheGibbsupdatesdescribedabovefor theentriesof � ,� and � arethesimplestmoveswe could
make in a Markov ChainMonte Carlo inferenceprocedurefor the BMF model. However, these
limited local updatesmayresultin extremelyslow mixing. In practice,we often implementlarger
movesin indicatorspaceusing, for example,Metropolis-Hastingsproposalson multiple features



for row � simultaneously. For example,we canproposenew valuesfor several columnsin row �

of matrix � by samplingfeaturevaluesindependentlyfrom their conditionalpriors. To compute
the reverseproposal,we imagineforgettingthe currentcon�guration of thosefeaturesfor row �

andcomputetheprobabilityundertheconditionalprior of proposingthecurrentcon�guration.The
acceptanceprobability of sucha proposalis (the maximumof unity and) the ratio of likelihoods
betweenthenew proposedcon�gurationandthecurrentcon�guration.

Split-merge movesmay also be useful for ef�ciently samplingfrom the posteriordistribution of
thebinaryfeaturematrices.JainandNeal[8] describesplit-mergealgorithmsfor Dirichlet process
mixturemodelswith non-conjugatecomponentdistributions.We havedevelopedandimplemented
similar split-merge proposalsfor binary matriceswith IBP priors. Due to spacelimitations, we
presenthereonly a sketchof the procedure.Two nonzeroentriesin � areselecteduniformly at
random.If they arein thesamecolumn,we proposesplitting that column; if they arein different
columns,weproposemergingtheircolumns.Thekey differencebetweenthisalgorithmandtheJain
andNealalgorithmis that thebinaryfeaturesarenot constrainedto sumto unity in eachrow. Our
split-mergealgorithmalsoperformsrestrictedGibbsscansoncolumnsof � to increaseacceptance
probability.

3.4 Predictions

A major reasonfor building generative modelsof datais to beableto imputemissingdatavalues
givensomeobservations.In thelinear-Gaussianmodel,thepredictive distribution at eachiteration
of theMarkov chainis aGaussiandistribution. Theinteractionweightscanbeanalyticallyintegrated
outat eachiteration,alsoresultingin a Gaussianposterior, removing samplingnoisecontributedby
having the weightsexplicitly represented.Computingthe exact predictive distribution, however,
conditionalonly on the modelhyperparameters,is analytically intractable: it requiresintegrating
over all binary matrices� and � , andall othernuisanceparameters(e.g.,theweightsandpreci-
sions). Insteadwe integrateover theseparametersimplicitly by averagingpredictive distributions
from many MCMC iterations.Thisposterior, whichis conditionalonly ontheobserveddataandhy-
perparameters,is highly complex, potentiallymultimodal,andnon-linearfunctionof theobserved
variables.

By averagingpredictive distributions,our algorithm implicitly integratesover � and � . In our
experiments,we show samplesfrom theposteriorsof � and � to helpexplain what themodelis
doing,but we stressthattheposteriormayhave signi�cant massonmany possiblebinarymatrices.
Thenumberof featuresandtheirdegreesof overlapwill varyoverMCMC iterations.Suchvariation
will depend,for example,onthecurrentvalueof � and � (highervalueswill resultin morefeatures)
andprecisionvalues(higherweightprecisionresultsin lessvariationin weights).

4 Experiments

4.1 Modi�ed “bars” problem

A toy problemcommonlyusedto illustrateadditive featureor multiple causemodelsis the bars
problem([2, 12, 1]). Verticalandhorizontalbarsarecombinedin someway to generatedatasam-
ples.Thegoalof theillustration is to show recoveryof thelatentstructurein theform of bars.We
havemodi�ed thetypical usageof barsto accommodatethelinear-GaussianBMF with in�nite fea-
tures.Dataconsistsof � vectorsof size �

&

whereeachvectorcanbereshapedinto a squareimage.
Thegenerationprocessis asfollows: since� hasthesamenumberof rowsasthedimensionof the
images,� is �x edto bea setof verticalandhorizontalbars(whenreshapedinto an image). � is
sampledfrom the IBP, andglobalprecisions

�

and
�

aresetto .0/

 

. The weights � aresampled
from zeromeanGaussians.Modelestimatesof � and � wereinitialized from anIBP prior.

In Figure2 we demonstratetheperformanceof thelinear-GaussianBMF on thebarsdata.We train
theBMF with 200trainingexamplesof thetypeshown in thetop row in Figure2. Someexamples
have their bottomhalveslabeledmissingandareshown in theFigurewith constantgrey values.To
handlethis, we resampletheir valuesat eachiterationof theMarkov chain.Thebottomrow shows
the expectedreconstructionusingMCMC samplesof � , � , and � . Despitethe relatively high
noiselevels in the data,the model is able to capturethe complex relationshipsbetweenbarsand
weights.Thereconstructionof verticalbarsis very good. Thereconstructionof horizontalbarsis



goodaswell, consideringthat the modelhasno informationregardingtheexistenceof horizontal
barson thebottomhalf.

(A) Datasamples

(B) Noise-freedata

(C) Initial reconstruction

(D) Meanreconstruction

(E) Nearestneighbour

Figure2: Barsreconstruction.(A) Barsrandomlysampledfrom thecompletedataset.Thebottom
half of thesebarswereremovedandlabeledmissingduringlearning.(B) Noise-freeversionsof the
samedata.(C) Theinitial reconstruction.Themissingvalueshavebeensetto their expectedvalue,

� , to highlight themissingregion. (D) TheaverageMCMC reconstructionof theentireimage.(E)
Basedsolelyon theinformationin thetop-halfof theoriginal data,thesearethenoise-freenearest
neighboursin pixel space.

� ���

�

Figure3: Barsfeatures.Thetop row shows valuesof � and ��� � usedto generatethedata.The
secondrow showsa sampleof � and � � � from theMarkov chain. � � � canbethoughtof asa
setof basisimageswhichcanbeaddedtogetherwith binarycoef�cients ( � ) to createimages.

By examiningthefeaturescapturedby themodel,wecanunderstandtheperformancejustdescribed.
In Figure3 weshow thegenerating,or true, valuesof � and ��� � alongwith onesampleof those
featuresfrom theMarkov chain. Becausethe modelis generatedby addingmultiple � � � basis
imagesshown on theright of Figure3, multiple barsareusedin eachimage.This is re�ectedin the
capturedfeatures.Thelearned� � � arefairly similar to thegenerating� � � , but theformerare
composedof overlappingbarstructure(learned� ).

4.2 Digits

In Section2 webrie�y statedthatBMF canbeappliedto datamodelsotherthanthelinear-Gaussian
model.We demonstratethis with a logistic BMF appliedto binarizedimagesof handwrittendigits.
We train logistic BMF with 100 exampleseachof digits . ,

 

, and � from the USPSdataset. In
the�rst � ve rows of Figure4 we againillustratetheability of BMF to imputemissingdatavalues.
Thetop row shows all 16 samplesfrom thedatasetwhich hadtheir bottomhalveslabeledmissing.
Missingvaluesare�lled-in at eachiterationof theMarkov chain. In the third andfourth rows we
show themeanandmode(

�

�

�
�$�

_

.3#��

���	� ) of the BMF reconstruction.In the bottomrow we
have shown the nearestneighbors,in pixel space,to the training examplesbasedonly on the top
halvesof theoriginaldigits.

In the last threerows of Figure4 we show the featurescapturedby themodel. In row F, we show
theaverageimageof thedatawhich have eachfeaturein � on. It is clearthatsomerow features
have distinctdigit formsandothersareoverlapping.In row G, thebasisimages� � � areshown.
By adjustingthefeaturesthatarenon-zeroin eachrow of � , imagesarecomposedby addingbasis
imagestogether. Finally, in row H we show � . Thesepixel featuresmaskout differentregionsin
pixel space,which areweightedtogetherto createthebasisimages.Notethatthereare

�

features
in rowsF andG, and � featuresin row H.



(A)

(B)

(C)

(D)

(E)

(F)

(G)

(H)

Figure 4: Digits reconstruction. (A) Digits randomlysampledfrom the completedataset. The
bottomhalf of thesedigits wereremovedandlabeledmissingduringlearning.(B) Thedatashown
to the algorithm. The top half is the original datavalue. (C) The meanof the reconstructionfor
thebottomhalves. (D) Themodereconstructionof thebottomhalves. (E) Thenearestneighbours
of theoriginal dataareshown in thebottomhalf, andwerefoundbasedsolelyon the information
from thetophalvesof theimages.(F) Theaverageof all digits for each� feature.(G) Thefeature

� � � reshapedin theform of digits. By addingthesefeaturestogether, which the � featuresdo,
reconstructionsof the digits is possible. (H) � reshapedinto the form of digits. The �rst image
representsa biasfeature.

4.3 Geneexpressiondata
Geneexpressiondatais ableto exhibit multiple andoverlappingclusterssimultaneously;�nding
modelsfor suchcomplex data is an interestingand active researcharea([10], [13]). The plaid
model[10], originally introducedfor analysisof geneexpressiondata,canbe thoughtof asa non-
Bayesianspecialcaseof our model in which the matrix � is diagonaland the numberof bi-
nary featuresis �x ed. Our goal in this experimentis merely to illustratequalitatively the ability
of BMF to �nd multiple clustersin geneexpressiondata,someof which areoverlapping,others
non-overlapping.Thedatain this experimentconsistsof rowscorrespondingto genesandcolumns
correspondingto patients;thepatientssuffer from oneof two typesof acuteLeukemia[4]. In Figure
5 we show thefactorizationproducedby the�nal statein theMarkov chain.Therowsandcolumns
of thedataandits expectedreconstructionareorderedsuchthatcontiguousregionsin � wereob-
servable. Someof the many featurepairingsarehighlighted. The BMF clustersconsistof broad,
overlappingclusters,andsmall,non-overlappingclusters.Oneof theinterestingpossibilitiesof us-
ing BMF to modelgeneexpressiondatawouldbeto �x certaincolumnsof � or � with knowledge
gainedfrom experimentsor literature,andto allow themodelto addnew featuresthathelpexplain
thedatain moredetail.

5 Conclusion
We have introduceda new model,binary matrix factorization, for unsuperviseddecompositionof
dyadicdatamatrices.BMF makesuseof non-parametricBayesianmethodsto simultaneouslydis-
cover binary distributedrepresentationsof both rows andcolumnsof dyadicdata. The modelex-
plainseachrow andcolumnentity usinga componentialcodecomposedof multiple binary latent
featuresalongwith a setof parametersdescribinghow the featuresinteractto createtheobserved
responsesateachpositionin thematrix. BMF is basedonahierarchicalBayesianmodelandcanbe
naturallyextendedto make useof a prior distribution which permitsanin�nite numberof features,
at very little extra computationalcost. We have given MCMC algorithmsfor posteriorinference
of both the binary factorsandthe interactionparametersconditionedon someobserveddata,and
demonstratedthemodel'sability to captureoverlappingstructureandmodelcomplex joint distribu-
tionson avarietyof data.BMF is fundamentallydifferentfrom bi-clusteringalgorithmsbecauseof
its distributedlatentrepresentationandfrom factorialmodelswith continuouslatentvariableswhich
interactlinearly to producetheobservations.This allows a muchricher latentstructure,which we
believemakesBMF usefulfor many applicationsbeyondtheonesweoutlinedin this paper.



(A) (B)

Figure5: Geneexpressionresults.(A) Thetop-left is � sortedaccordingto contiguousfeaturesin
the�nal � and � in theMarkov chain.Thebottom-leftis �	� andthetop-rightis � . Thebottom-
right is � . (B) Thesameas(A), but theexpectedvalueof � , �

�

_

����� � . We havehighlighted
regionsthat have both �

�T� and
	

��
 on. For clarity, we have only shown the (at most) two largest
contiguousregionsfor eachfeaturepair.
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