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Abstract
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2006

This thesis presents a method for reconstructing the shape of spkg, transparent ob-
jects from multiple viewpoints. This method works on scenes wehe light refracts through
the object twice, entering and exiting the object's surfaceScenes are reconstructed by
determining the 3D path light takes through each pixel on a caera's image plane.
Triangulating this light path is accomplished by nding the one that is consistent with
known light rays from multiple viewpoints of the scene, detenined using an environment-
matting based approach. It is shown that this method requirestdeast three viewpoints
to triangulate light paths in general, four if the index of rdraction is unknown. Also,
shapes and camera con gurations for which light-path trianglation fails regardless of
the number of viewpoints are explored. Results of our methocpplied to several glass

objects are analyzed.
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Chapter 1

Introduction

When looking at a glass of water, we do not see the glass directlynstead, we see
a distortion of the scene behind. This e ect is known as refradn and can be seen
through any transparent or translucent object. Consider what his distortion tells us

about the glass's shape. Clearly, the shape of the object a ecthd appearance of the
refractive distortion. While the physics behind refraction & well known, determining

the path light takes through a transparent object is nontrival. In this thesis, we describe
a method to determine the light paths through a scene containg a specular, transparent

object!, given images of it from multiple viewpoints.

1.1 Motivation

Reconstructing the shape of transparent objects is an open pten in the computational
vision community. Unlike most opaque objects, transparent objezdo not have a local
appearance. Instead, their appearance is primarily from Il re ecting or refracting o
their surface. This causes methods that rely on local re ectae models [49] or tracking

features on an object's surface [2, 17] to fail. To analyze tlehape of a transparent

1we often refer to specular, transparent objects simply as transparent objects.
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object, one cannot ignore how light re ects and refracts o ts surface.

Many methods currently exist for analyzing refraction withh a scene. The eld
of Multi-media Photogrammetry speci cally deals with the problem of analyzing light
travelling through at least two di erent media. Unfortunately, limitations of existing
methods do not make them ideal for analyzing many transparembjects. For instance,
some methods only analyze light undergoing refraction oncgych as light coming from
the bottom of a pool to a viewer above the water's surface [323]3 To analyze transparent
objects such as diamonds and glass gurines, we must consider tigéfracting twice|
rst when it enters the object and again as it exits the object.While there are methods
that can deal with light refracting more than once, they ofte require the object's shape
to t a prede ned parametric model [4]. The method we present@&n determine the path
light takes through more general scenes.

A wide variety of methods can be used to determine the shape oatrsparent objects
by analyzing how light re ects o their surfaces [5, 16, 42]. Tiese methods are usually
geared for mirror surfaces, however they can also be applied ransparent surfaces as
they almost always re ect light. Unfortunately, since light reecting o a transparent
object is only visible when it re ects at a relatively steep anig to the surface's normal,
it is often dicult to capture the shape of the entire object. Since the appearance
of transparent objects is primarily from refraction, method that analyze shape using

refraction should theoretically provide better results tharthose using re ection.

1.2 Summary of Contributions

We present a theoretical framework for determining the path folight refracting
through a specular, transparent scene. We show how to evaluate gpbthesized
light path by determining if it is consistent with multiple viewpoints of the scene.

In our analysis, we show that at least three viewpoints of the scemee necessary
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to unambiguously determine such light paths using our method.

We present a novel method to determine the light paths that re&ct twice through
a specular, transparent object. Our method is local, that is, its able to determine
the light path going through a pixel without considering the shpe of surrounding
pixels. Unlike methods that rely solely on analyzing the silhowi® of an object,

our method can determine the shape of concave objects.

We provide experimental results of our method applied to redatansparent scenes.
We analyze the quality these results and highlight cases wheraranethod failed

to uniquely determine light paths through the scene.

1.3 Thesis Structure

The structure of this thesis after the introduction is as follws. In Chapter 2, we present
background information. This includes a summary of refraatn, image-based models
useful for representing specular scenes, and previous methodsdoonstructing the shape
of specular scenes.

Chapter 3 presents a theoretical framework for analyzing theath of light refracting
through a scene. We introduce the notion dfght-path consistencyto describe light paths
that are consistent with images from several viewpoints of a san

In Chapter 4, we describe our method for reconstructing the shapof transparent
scenes. First, we describe how to determine part of the light patitom images of a
transparent object distorting a known backdrop placed behindt. We then present an
algorithm to fully determine light paths within the scene by nding those that are con-
sistent with the data obtained in the rst step. Finally, we presem an analysis of cases
where the problem of determining the light path is ambiguouso matter how many views

of the scene we have.
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We present the results of our method on real transparent objects Chapter 5. First,
we describe the imaging apparatus used to capture images of theene. Next, we show
the results from our method by applying the algorithms from Chpter 4 to images of
a transparent scene captured from several viewpoints. These rdsuhre analyzed to
determine the quality of the reconstruction.

In Chapter 6, we conclude by summarizing the major contributins of this thesis and

discuss possible future areas of research related to this work.
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Background

There has been much fascination within the computer graphicand computer vision
communities in transparent scenes. This is evidenced by the nyamodels that exist for
representing their re ective and refractive properties. Som of these models take into
consideration the entire image formation process, analyzing light rays interact with
surfaces in the scene. Others mainly ignore this, concentragjron only capturing the
scene's appearance.

Before describing our approach for capturing the shape of spémy transparent
scenes, we rst consider previous related work. In the rst sectignwe look at how
refraction in light works, detailing its fundamental propeties. Next, we present ap-
pearance models useful for representing transparent sceneshvatparticular interest in
Environment Matting as it plays a key role in our reconstruction method. Finally, &

describe previous methods for reconstructing the shape of spkciscenes.

2.1 Refraction

Refraction is the change in a light wave's direction as it passes from oneatrsparent
medium to another. The appearance of a refractive object is distortion of the scene

behind it. This e ect can be seen when looking through a glass @at (Figure 2.1).
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Figure 2.1: A checker background refractively distorted by a transparent object.
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Refraction occurs due to di erences in the optical densitiesf the transparent media
light is travelling through. The optical density of a medium aects the speed of light
travelling through it. Light moves faster through a medium oflow optical density than
through a medium of high optical density. The speed of light is aximized when it is

travelling through a vacuum.

Consider a wavefront of light travelling from a medium of low ptical density, such as
air, to a medium of higher optical density, such as glass. Supposetboundary between
the two media is at an angle to the incoming wavefront (Figur.2). As a light wave
passes through the boundary between the media, part of it willebin the low density
medium while the other part is in the higher density medium. Derent parts of the light
wave move at di erent speeds, causing it to bend [18]. A similar ect occurs as light

moves from a high density material to a low density material.

The angle between the wavefront and the boundary between th&o media a ects
how much the light bends due to refraction. As this angle inceses, the light bends
further. If the wavefront and the boundary are parallel to eah other, the light does not

bend at all.

2.1.1 Index of Refraction

To describe the optical density of a medium, we measure itsdex of refraction [18]. This
index describes the ratio between the speed of light travelggrnthrough a vacuum and the
speed of light travelling through the medium. Speci cally, he index of refraction for a

medium is:

a= c=v (2.1)

wherea is the index of refraction,c is the speed of light in a vacuum, and is the speed

of light travelling through the medium.
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Figure 2.2: An incoming wavefront passing through the boundary betweenair and water.

Parallel black lines represent waves, while red arrows showhe direction of these waves. As
a wave pass through the boundary between air and water, it sles down. Since the medium
boundary is not parallel with the incoming wavefront, parts of the wave will be on each side of
the boundary. This means that di erent parts of the wave move at di erent speeds. This causes

the wave to bend. Also, due to the change in speed, the wavelgth of the light is reduced.
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refracted ray

medium boundary

incoming ray normal

Figure 2.3: An incoming ray refracted at the boundary between two media bward an outgoing
refracted ray. The angle between the normal and the incomingay is ;, and the angle between
the refracted ray and the normal is .. Snell's law describes the relationship between;, .,

and the indices of refraction of the two media.

2.1.2 Snell's Law

We can describe how refraction bends a ray of light usirfgnell's Law Snell's Law [18]
describes the relationship between an incoming light ray, theutgoing refracted ray, the
normal at the medium boundary, and the indices of refractionf the two media (Figure

2.3). Snell's Law is de ned as:

g sin( ) = a sin( ) (2.2)

where ; and , are the angles between the incoming and outgoing light raysé the
surface normal, respectively, andy and a, are the indices of refraction of the media

containing the incoming and outgoing rays.
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2.1.3 Total Internal Re ection

For light moving from a higher density medium to a low density méium, that is, & > a,,
Snell's law implies ; > . For some angle , when ; > | | will be greater than 90
degrees. In this case, Equation 2.2 does not describe the patte fight takes. The angle
at which this occurs is known as theritical angle. We can derive the critical angle from

Snell's law as:

= arcsin(a,=a) (2.3)

When ; is greater than the critical angle, no refraction occurs. Instd, we get an
e ect called total internal re ection . In this case, instead of refracting at the boundary

between two mediums, light is re ected (Figure 2.4).

Fiber optic cable takes advantage of this e ect to transmit lght through it. The cable
is made of solid glass, which is optically denser than air. As long ¢he cable is not bent
too much, the angle between the normal of the surface of the daband any incoming
light waves will be larger than the critical angle between gks and air. This causes total
internal refraction to occur, allowing the light to travel through the entire length of the

cable.

2.2 Appearance Models

While geometric models describe the shape of a scene, it is alspamant to consider
its appearance.Appearance modelgprovide a description of a scene's appearance, often
without taking its geometry into account. Such models can wvide the basis for rendering
the scene from novel viewpoints [15, 25, 37, 44, 48], with maadl lighting [9], or with
modi ed re ectance properties [3]. Appearance models can isome cases be used to

determine geometric models.
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0,= 90

-\ refractedray

medium boundary

incoming ray

normal

@

medium boundary
N

Hz' ereﬂect reflected ray

incoming ray
normal
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Figure 2.4: (a) When angle of incidence (;) is equal to the critical angle ( ), the angle of
refraction ( ) is maximized at 90 . (b) When the angle of incidence is greater than the critical
angle, no light is refracted, and total internal re ection o ccurs. The angle of re ection ( (e ect )

is equal to the angle of incidence.
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2.2.1 Light Fields

Light elds, introduced by Levoy and Hanrahan in [25] and Gortler et al. irf15], are a
model for representing all light rays within a scene using a 4fdensional representation.
From this model, it is possible to generate images of a scene fromarly any viewpoint
with the appearance of light accurately reproduced, includg global e ects such as re-
ection and refraction. This model is appearance based and ds not require geometric

information of the scene.

Plenoptic Function

The light eld representation is based on theplenoptic function [1]. This function de-
scribes the radiance going in any direction from any point in acene. The full plenoptic
function P is de ned as:

P=P( ;;tV W V) (2.4)

whereVy, Vy, V; is the point in the scene! , is the direction of the light, represents
the light's wavelength, andt represents the time. If we assume time and wavelength are

constant, this reduces to a 5-dimensional function.

Light Slabs and the Lumigraph

The light eld representation simpli es this to a 4-dimensiona representation by only
considering light that is not occluded by the scene. This simptiation takes into ac-
count that radiance along a light ray is the same for any unoaatled points along it. A
ray of light is parameterized as its intersection points withwo arbitrary planes. This

parameterization is called dight slab or Lumigraph. It is de ned as:
L(u;v;s;t) (2.5)

wherelL is the Lumigraph function returning the radiance of a givenight ray, u,v is the

intersection point of the light ray with the rst plane, and s;t is the intersection point
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of the light ray with the second plane. The intersection pointsare represented as local

coordinates on their corresponding planes.

Capturing Light Fields

Light elds are captured by taking a set of images of the scenedim di erent camera
positions and orientations. The method used in both [15] and [RBapture images of the
scene from a set of viewpoints along a plane. This plane is splito a set of equally
spaced grid points, with each point representing a position sangal along one of the
Lumigraph's planes. The other Lumigraph plane is sampled at thintersection points of
the view rays of pixels in each image.

Levoy and Hanrahan [25] analyze a variety of possible capture sps, considering
issues such as the viewpoints used to capture the scene, the carsesperture size, and
the scene's lighting. These issues a ect the quality of novel wigoints reconstructed
using the light eld model. Gortler et al. [15] developed a métod of reducing aliasing
artifacts in these reconstructions by taking a rough estimatefdhe scene's shape into

account.

2.2.2 Environment Matting

Traditional matting and compositing processes, such ddue screen mattingare used to
separate a foreground object from a single coloured backdrd®]. Once separated, the
image of the foreground object can be inserted into another s With blue screen
matting, images of a foreground object are taken in front of aolid coloured backdrop.
From these images, a pixel is determined to be in the backgrounidit is close to the
colour of the backdrop, otherwise it is identi ed as part of tle foreground. Unfortunately,
this method is limited as it can only handle opaque foregroas. Smith and Blinn [43]
present a method to determine the transparency of objects by mi@ring the scene using

two backdrops. While this method is an improvement on blue saea matting, it cannot
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capture the re ective and refractive properties of speculanbjects.

Environment Matting, introduced by Zongker et al. in [50], is a technique for cap-
turing the appearance of scene depending on the environmentrreunding it. Unlike
previous matting techniques, it is able to reproduce e ects sh as re ection and refrac-
tion. An environment mattedescribes how the foreground, background, and surrounding
environment combine to form the appearance of each pixel. &rcolour of each a pixel

C in the scene is modelled as:
C=F+(1 )B + (2.6)

whereF is the foreground colourB is the background colour, is the transparency of the
foreground object, and describes the contribution of light from the environment. Tis
equation is called theenvironment matting equationand is the basis for the environment
matting technique.

Suppose we describe the environment as a functid®(! ) returning the incoming
radiance from the environment for all directiond . We can then describe the e ect the

environment has on a speci c pixel as:
z
= R()E()d! (2.7)
where R(! ) is an attenuation function specic to the pixel describing hav much light
from any direction! in the environment is re ected toward the camera. To deternmie a

pixel in the environment matte, we must determine~, B, , and R(! ).

Capturing an Environment Matte

To capture an environment matte, images of the scene are takéom a single viewpoint
with one or more monitors placed around the object. In each iage, a di erent pattern

is displayed from the monitors. These patterns are designed sudimat the area on the
backdrop seen through each pixel can be estimated. In [50], p&i patterns are used,

such that the stripes width changes logarithmically from imag to image.
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To determine an environment matte from these images, a three ptapproach is taken.
First, a coarse estimate of the coverage of each pixel is made tetefrmine . This is
done by determining if a pixel varies between images using drent backdrops. Next,
F and B are determined by analyzing the scene behind two solid colodréackdrops.
Finally, R(!) is determined by nding the rectangular area on each monitothat best
reconstructs the captured images using Equations 2.6 and 217is assumed that within

this rectangular areaR(! ) is a constant, and for all other directions it is zero.

Environment Compositing

Once an environment matte is captured, images of the foregnod object with novel
environments can be generated. This is done by calculatinge environment matting
equation using di erent values forB and E(! ). For most scenes the generated image
looks very close to images of the actual scene with the new eoviment. However,
for some scenes the generated image and the actual image dondtch, such as those
containing glossy surfaces. This is due to the representation B{! ) as a rectangular

area.

Changing the Backdrop's Depth

An interesting extension to this technique is the construction foan environment matte
where backdrop can be moved to di erent depths. This is done byapturing the scene
with the monitor placed at two di erent depths, obtaining two rectangular areas repre-
senting R(! ) for each pixel. By interpolating and extrapolating betwea the two rectan-

gular areas for each pixel, environment mattes for any depttan by estimated.

Improving Accuracy and Capturing Environment Mattes in Rea [-time

In [8], Chuang et al. extend environment matting to overcoméwo key limitations, its

poor accuracy and its inability to handle motion. To increasaccuracy, more images of
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the scene are used as input. Instead of logarithmic patterns, adimensional Gaussian
stripe is moved across the monitor. While this requires more eges than the original
method, it allows for the estimation of more accurate enviranent mattes.

To capture environment mattes in real-time, the number of irmges necessary to de-
termine it must be decreased. To accomplish this, a single colo@mp backdrop is used.
Unfortunately, since less images are used, more assumptions neethé made about the
scene in order to capture the environment matte. This causes tiweable artifacts to
appear in the matte, the most noticeable of which is that specat highlights are not
captured. To overcome this a heuristic is used to add highligkt providing results that,

while not accurate, are visually pleasing.

Image Based Environment Matting

Wexler, Fitzgibbon, and Zisserman [47] describe a method fortdemining environment
mattes without the use of calibrated backgrounds. This is donby taking pictures of
the scene with the backdrop positioned at multiple locations. Uortunately, the nature
of this setup means that di erent areas of the backdrop are olkaed by the foreground
object in di erent images. To Il in the image of the backdrop, a homography mapping
the pixels from one backdrop position to another is determie Using this mapping,
areas of the backdrop that are occluded in one image can lled using another image

where that area is not occluded.

2.3 Specular Reconstruction

In this section, we discuss techniques for shape reconstructionspecular surfaces, both
re ective and refractive. Many shape reconstruction techniges use local re ectance
models [49], which do not model the global re ectance e ecteecessary to represent

specular scenes. Some techniques rely on tracking featuresnfsoon surfaces [2, 17].
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However, feature points seen on a specular surface are often nottloe surface itself but
are instead a re ection from elsewhere in the scene. Due to this,ethods that do not
take re ection or refraction into account will fail.

A wide variety of techniques have been developed to reconsttuspecular surfaces.
Some techniques analyze how the surface re ectively or redtevely distorts the scene sur-
rounding it. Other work looks at the polarization of light reecting o specular surfaces.
Some ignore the surface's re ectance properties altogetha@nstead analyzing silhouettes

of the surface.

2.3.1 Re ective Distortion

The appearance of a specularly re ective surface is a distorticof the scene around it.
The nature of this distortion is directly tied to surface's shap. For example, the re ection
of a line o a planar mirror is also a line, while the re ection d a line o a spherical
mirror is a curve. Many techniques for reconstructing the shapof specular surfaces rely

on analyzing this distortion.

Single View

Savarese and Perona [41] determine the shape of a specular serfag analyzing how
lines from a calibrated pattern re ect o it. To do this, they d erive a mapping between
the re ected lines as seen on the specular surface to the 2D cws\tbey project to on the
image plane. Analyzing the rst and second derivatives of theseappings allows them
to nd explicit solutions for solving for the shape of planes andpheres. In [42], they
extend this work to provide explicit solutions for any smooth sdace. Their techniques
are able to determine the depth, normal, and curvature for pots on the surface.

Tarini et al. [45] describe a method to determine a depth and nmal map for specular
mirror surfaces from an environment matte of the scene. The @nmment matte provides

a mapping between each pixel on the surface and a point on a bdobp that is being
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re ected o the surface. First, they show the surface normal at a pel can be determined
from its depth. This is done by nding the normal that directly re ects the incoming
light ray from the backdrop o the surface at the known depth tavard the camera. Using
this, they create an initial estimate of the shape by choosing sonmtial depth for one
pixel and propagate depths to other pixels by following themplicitly de ned normals.
They re ne their estimate by integrating the normal map to detrmine a new depth map,
and then recalculate the normal map using the new depth map. Tprocess is repeated

until convergence.

Multiple Views

Oren and Nayar [36] analyze the motion of feature points in a soe containing a specular
surface as the camera is moved. These feature points are eitlseene points viewed
directly, or ‘virtual' feature points which are re ections of scene points. First, they
develop support functions to classify whether a feature poinsipart of the surface or
a re ection. Then, by analyzing the image trajectory of the wtual feature points as
the camera is moved, they reconstruct pro les of the object ahg the curves the feature

points re ect o the surface.

Bonfort and Sturm [5] describe a voxel carving approach for tlegmining the shape of
specular surfaces. As input, images of a scene containing the uokm specular surface
are taken from a set of calibrated cameras. The surface re ectspattern whose feature
points' positions are known. The shape of the surface is modelleding a voxel grid.
From each camera, the voxels are assigned a set of normals such thay would re ect
scene points viewed through them toward the camera if the vdxeepresents the true
specular surface. The surface is then carved out of by discarditfypse voxels whose

normals are not consistent across the cameras.
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Videokeratography

As the eye is a specular surface, many techniques for analyzingesyplar surfaces come
from optometry. Analyzing the shape of the eye's cornea has impant medical uses,
such as tting contact lenses or identifying astigmatisms. The & of analyzing the
cornea'’s topography from images of the eye is known ¥&leokeratography[16, 22, 46].
Halstead et al. [16] present a method for determining a model dig¢ cornea accurate
to within microns. Using a device known as aideokeratographan image of the eye is
taken with a pattern of concentric rings re ecting o it. Using a backward raytracer to
simulate the scene, a hypothesized model of the surface of thenaa can be evaluated
by comparing the edges of the concentric rings in the raytrad image with the edges in
the input image. By adjusting the surface model until these edgematch, the shape of

the cornea can be determined.

2.3.2 Multi-media Photogrammetry

Much research in the vision community deals with the refractio of light. Multi-media
photogrammetryis the eld analyzing how rays of light refract through a sceneontaining
several media before reaching the camera [4, 21, 32, 33]. Mdsthese techniques are
limited to dealing with parametric shape models of the scene,[21, 26], while others use
more general shape models [32, 33].

Ben-Ezra and Nayar [4] analyze scene points refracting throug transparent object
from multiple viewpoints to determine its shape, modelled aa superquadric ellipsoid.
The scene points are assumed to be distant from the object, so it da@ assumed any rays
refracting toward the same scene point are parallel. Using thissumption, a hypothe-
sized shape can be analyzed by tracing light rays backward thugh it at each imaged
scene point from multiple viewpoints and measuring the varia® in the direction of these

rays. For the true shape there is no variance in their directionTo determine the shape,
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the ellipsoid's parameters are optimized using a steepest-dagcapproach.

Much work deals with reconstructing the shape of moving wateB, 33]. Morris and
Kutulakos [32] determine depth and normal maps of the surfacef water by analyzing
the distortion of a calibrated checkerboard pattern placednderwater. Given a point on
the pattern whose location is known, the depth of the water viging that point implicitly
de nes a normal refracting it toward the camera. For the truedepth, the implicitly
de ned normals are consistent across multiple cameras. To folldhe shape of the water
over time, the feature points need to be tracked. Unfortunatg the feature points are
often obscured as the water moves. To handle this problem, a histic was developed

to identify feature points as they go in and out of view.

2.3.3 Polarization

The polarization of light re ecting o a specular surface is dpendent on its shape. For
example, unpolarized light re ecting o a smooth surface becues partial linear polarized
[40]. Many reconstruction methods take advantage of this toeermine the normal map
of specular scenes.

Saito et al. [40] present a method for determining surface omni&ation across trans-
parent objects by analyzing the polarization of specularlyerected light. They rst
determine the angle of polarization and degree of polarizah across an image of an
evenly lit scene containing the object. By analyzing the anglof polarization, they de-
termine the plane containing the camera, the surface normand the incoming light ray
re ecting o the surface. Then using the degree of polarizatio, they determine the angle
of re ection, restricting the normal to a nite set. Using a heuristic, they determine a
unique normal.

To analyze the polarization of the scene, multiple images dfare taken with a linear
polarizer placed in front of the camera. In each successive ineaghe linear polarizer is

rotated a constant amount from the previous image. These imag@re taken until the
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polarizer has been rotated by 180 To determine the angle of polarization of a pixel, they
nd the polarizer rotation that maximizes its intensity. The degree of polarization of a
pixel can be measured by dividing the di erence of the maximurand minimum intensities

with the unpolarized pixel intensity. The unpolarized intersity can be determined by
taking the sum of the maximum and minimum intensities.

A major issue with this method is that it does not provide a oned-one mapping
between the angle and degree of polarization, and the surfacermal. Miyazaki et al.
[30, 31] describe a method to handle this ambiguity by analyry the scene from two view
points, one slightly tilted from the other. They segment the sugce along curves where
the degree of polarization is one, denoting such curves Bsewster curves Within each
segment, the surface normals can be restricted to a subset of possittbrmals. From this

they are able to uniquely determine the normal for each poindn the surface.

2.3.4 Visual Hull

The silhouette of an object is a useful feature for determininigs shape and is the basis
for determining an object'svisual hull The visual hull of an object is the smallest volume
encompassing all possible shapes that project within the silhotets seen from a set of
viewpoints. These methods do not require analysis of the re eanice properties of an
object, thus they work equally well for opaque and transparérscenes.

Usually we are restricted to capturing images of the silhouettedm camera positions
outside the object's convex hull. Thus, it is useful to considerhe external visual hull
of an object, which is the visual hull consisting of all views ostde the object's convex
hull. Unfortunately, such a visual hull can only fully de ne shages that are convex. For
concave objects, the shape can be only be partially determined

Matusik et al. [27] describe an image-based approach to renawyivisual hulls. In-
stead of determining the shape of the hull beforehand, they d@tnine where the view ray

for each pixel in a desired view intersects with the visual hullThis is done by projecting
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the view ray into multiple silhouette images and determininghe intervals along it that
fall within silhouette in all the images.

In [28], this work is extended by representing image silhouett as alpha mattes. This
provides higher quality results on specular scenes and scenestaioing fuzzy materi-
als. In [29] this work is further extended by using environmentatting to capture the

re ective and refractive properties of specular scenes.
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Refractive Light-Path Triangulation

Reconstruction of transparent objects is complicated by thea€t that they do not have a
local appearance. Instead, their appearance is primarilydm refraction, which appears
as a distortion of the scene behind it. As this distortion changedepending on the
viewpoint, it is di cult to nd useful correspondences between images for determining
the shape.

In order to analyze the shape of a transparent object, it is imptant to consider how
light propagates through the scene it is contained within. Ezh view of the scene provides
some information about light propagating toward the cameraGiven enough views of the
scene, if light only intersects with the surface of the object tiwe', we can constrain the
problem to a nite set of possible shapes. This idea is the basis fafractive light-path
triangulation.

In this chapter we describe the theory behind refractive lighpath triangulation. We

rst de ne a model describing light propagation through a sceneontaining a transparent
object. From each camera, we can partially determine how hg propagates through the
scene toward it. Using this, we constrain the shape to those that arertsistent with our

knowledge of light propagation from multiple viewpoints. Wehen show that under this

1Speci cally, the path light takes from its source through the scene toward the canera only enters
and exits the object once.

23
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model, there is a minimum number of viewpoints necessary to imain the shape to a

nite set of solutions.

3.1 Scene Model

Consider a scene consisting of a transparent object with a homogensly dense interior
and a specularly smooth surface of arbitrary and unknown shape. Abe object is

smooth, incident light on the surface is not scattered We further assume that the

surface is re ective. Within such a scene, incident light at thesurface of the object can
only be refracted [13, 34]. Given these restrictions, light ppagation throughout the

scene is linear except when it refracts at the object's surfac&inally, we assume that
light travelling through the object is refracted exactly twice once as it enters the object
and again as it exits the object.

Suppose we have a camera viewing this scene from viewpant_et us consider a 3D
point p in the scene that is observed by some pixel located at 3D poigton the camera's
image plane. If our view of this point is not obscured by the obft|that is, the path
from p to ¢ does not pass through the object|g will be located at the intersection point
of this path and image plane (Figure 3.1(a)). This projectio of point p to pixel q is
referred to as perspective projection [7].

Now suppose our view of poinp through pixel g is obscured by the transparent
object. For light from p to reach the camera through pixelq, it must take a path
through the object, refracting at the object's surface. We ffer to this path as the light
path of pixel g (Figure 3.1(b)). Since light travels linearly through the sene except when
it refracts at the object's surface, the light path is a pieceise linear curve. We refer
to the points where the light path changes direction|when it intersects the object|as

its vertices We assume that the light path of pixelq intersects with the surfaceexactly

2This di ers from a Lambertian scene where incident light on a surface scatters unibrmly.
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twice, and thus has two vertices. Note that in this case perspective geztion fails to
describe how light from a scene point reaches the image plans,itignores the e ect
refraction has on the light path.

In order to take refraction into account, we need to considerdw light indirectly
projects from point p through to pixel q. We do this by following the light path of the
pixel. Let b be the point along the light path that rst intersects with the object, n® be
the normal of the surface at this point, and'® be the ray fromp to b (Figure 3.1(b)).
Incident light along ray " is refracted at the surface of the object at poinb to a ray ™™
inside the object. The light path continues inside the objectlang this ray till it intersects
the surface a second time. Léft be this intersection point andn® be the surface's normal
at this point. Incident light on the path along ray "™ is refracted away from the object
at the surface of the object at pointf to a ray **. This ray travels from f to camerac,

intersecting the camera's image plane at pixe.

3.2 Problem Statement

Consider the light path of a pixelq in the scene that is obscured by the transparent
object. Suppose we know for this light path the ray® entering the object, as well the
ray *' exiting the object toward the camera. We would like to deterrime the points b
and f, and surface normals® and nf, fully determining the light path. As we will see

later, given information only from a single camera, the prokim is under-constrained.

3.2.1 Viewing Scene With Multiple Cameras

To constrain the problem, we extend our scene model to considec8mera viewd. We
refer to c; as the position of thereference camera andc, and c3 as the positions of

the validation cameras (Figure 3.2). We de ne 3 dierent light paths throudn f by

3We describe inx3.3 why we need at least 3 cameras to su ciently constrain the problem.
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Figure 3.1: Light projection. A scene pointp viewed by a camerac projects to some
pixel q. (a) If p can be viewed directly by the camera, the relationship betweg and
g can be described by perspective projection. That i} will be located where the line
from p to c intersects the image plane. (b) If the camera's view of poin is obscured
by a transparent object, perspective projection fails to desitre the relationship between
p and q. To take into account refraction at the surface of the objectwe must consider
the light path of the pixel, which describes how the poinp projects through the scene
to the camera. The pointsb and f are where the light path intersects the object, with
associated surface normals® and n', respectively. The path is composed of segments

*bom oand °f.
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appending the camera as a subscript to our original notation. dPspectively projectingf
in the reference camera, we obtain the pixe];. Light path 1 is the light path through
.

To analyze the scene from the validation cameras, we again calesithe light paths
going through pointf. Perspectively projectingf into the validation cameras, we obtain
pixel locations g, and gz for camerasc, and cs, respectively. Light path 2 is the one
through g, on camera 2 and light path 3 is the one througlys; on camera 3. The light
paths through both the reference camera and the validationrameras all exit the object
at the same surface poinf with normal nf, so no subscript is used when referring to
these.

Consider the light path through the reference camera. Suppose know the ray %
entering the object, as well the ray'} exiting the object toward the camera. Moreover,
suppose for each camerg, we know for any pixel§; the rst and last rays along its light
path, denoted /,b and {T respectively. On the reference camera’s light path we would
like to determine the pointsb; and f, and surface normalsn® and n’. Moreover, we
would also like to determineb,, bs, n3, and n%, fully determining the light paths in
the validation cameras. Informally,refractive light-path triangulation is the problem of
determining these variables such that they are consistent witthe known light rays in

the reference and validation cameras.

3.2.2 Light Path Consistency

We know that the point f must be somewhere along ray;. Suppose we hypothesize
its depth along this ray, letting f be the hypothesized point. Let us also hypothesize a
surface normaln’ for this point. We would like to know whether this point-normal pair
is consistent with the known rays of the light paths going throgh it.

We rst consider consistency with a single camera at viewpoint. Perspectively

projecting f determines a pixel§ on the image plane of the camera. The light path for
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Figure 3.2: Light paths for multiple cameras. Notation is the sae as in Figure 3.1 with
the addition of subscripts denoting the camera the light paths associated with. Each
view of point f on the surface of the object goes through a di erent light path All light
paths rst refract at di erent points ( by,b,,b3) on the surface of the object, travelling
through till refracting at shared surface pointf, then nally travelling to their respective

cameras.
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g is made up of the rastb, M and ®, where™® and ® are known. Unknown on this
light path are ray “® along with surface intersection pointsb and f, as well as their
corresponding surface normalg® and nY.

For a light path to be consistent with the laws of refraction, itmust hold the following

constraints (Figure 3.3) [13]:

Planarity constraint : Incident light refracting at the surface of the object is
planar with the surface normal and the refracted light. Thus,®, n®, and "™ are

on a plane, and similarly,”™, n, and *" are on a plane.

Refraction constraint : For light refracting at the surface of the object, the angle
of incidence, angle of refraction, and surface normal are at#d by Snell's law (See

x2.1.2). Thus:

a i = a (3.1)

where ; is the angle between® and n®, , is the angle between® and n®, and
a, and a; are the indices of refraction of the object and the medium swunding
it, respectively. Similarly:

dp | = A1 (3.2)

where ; is the angle betweerif and nf, and , is the angle betweerif and n’.
This leads to the following de nition:

De nition 1.  Consider the light-path through a 3D poinf on some camerac. Suppose
that the rst ray P %nd IaEst ray - along this light path are known. We say that a
position-normal pair fint de ning the last light-path vertex islight-path consistent
with camerac if there exists a pointb and normal n® de ning the rst vertex such that

the resulting light-path satis es the planarity and refraiton constraints.

Such position-normal pairs are often referred to asurfels[20, 38].
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Figure 3.3: Diagram highlighting the properties of a lighgpath consistent with the laws of
refraction. Incident light refracting at the surface of the dject is planar with the surface
normal and the refracted light (planes shown in orange). Theefationship between the

angles of incidence and refraction of these rays is dictategt Bnell's law.

3.2.3 Triangulating the Light Path

Knowing that a light path is consistent with a camera allows usd determine whether
a surfel could represent the true surface. However, as describedlier, a single camera
does not fully constrain the set of solutions. Instead, we need teetdrmine whether a
surfel is consistent with a set of cameras. Also, consistency does notvde a method
of determining which surfel represents the true surface, butstead provides a test that
describes whether or not a given surfel is “correct' given whate know about the scene.

This leads to following de nition:

De nition 2.  Refractive light-path triangulation is the assignment of a deptid and
normal n' for a pixel g1, such that the surfels = H; AYi is light-path consistent with all

. ~f
camera views, wherd = c; + d\m.



Chapter 3. Refractive Light-Path Triangulation 31
3.3 Triangulation Solution Space

The solution space of light-path triangulation di ers dependhg on the number of camera
views we have of the scene. For a given pixgl, we want to determine both a depth
and normal. The problem space can be encoded in 3 dimensions,hwit dimension
representing the depth along the view ray and 2 dimensions re&senting the normal
at that point. We wish to determine the number of cameras necesgato restrict the
solution space to a 0-dimensional manifold, that is, a set of isott set of depth/normal
pairs. To do this, we analyze how the solution space for this pixehanges as we add

more cameras to the scene.

3.3.1 One Camera

With a single camera, we know the rays? and *{ on the light path of the pixel. We
rst consider the solution space for a xed depth (Figure 3.4(a)) This depth de nes a
position f along the ray . We wish to determine the normals of a surfel at this depth
that are light-path consistent with this camera. For a light pah to be consistent, it must
refract at some pointB; along ray *? toward f. Each point 6, de nes the ray ¥, and
thus the incoming and refracted rays at both vertices of theght path (Figure 3.4(b)).
Assuming this light path is consistent with the laws of refractionwe can use these rays
to solve for the normals at both vertices (Seg2.1)*. As the surfel's normal is de ned by
the position of B, along ray *?, it is restricted to a 1D set (Figure 3.4(c)).

Now consider the entire solution space where the depth is not xed~or any combi-
nation of depth and position along ray'? whose resulting light path is consistent with
the laws of refraction, we can determine a normal and thus a daf that is light-path
consistent with our single view of the scene. Thus, the entire solah space with a single

camera is 2-dimensional.

4The light path will not be consistent with the laws of refraction if the angle between the normal
implicitly de ned by Snell's law and the incoming ray is past the critical angle. Seex2.1.3.
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Figure 3.4: Solution space of surfels at 3D positidhwith a single camera. (a) A possible
light path refracting at b, along known ray*2. With f xed, B, de nes the normaln'.
(b) As we trace the position off; along ray 2, we de ne a set of surfel normals. (c) The

set of surfel normals obtained by tracind; along ray %, mapped onto a sphere.

3.3.2 Two Cameras

Now consider the solution space if an additional camera is addedl the scene. We again
rst consider the problem for a xed depth. The rst camera restricts the set of light-
path consistent surfels at this depth to those whose normals are anlD set. For light
paths on the second camera, we know ray% and J}Z (Figure 3.5(a)). In a similar manner
as with the rst camera, the second camera also restricts the set siirfel normals to a
1D set. This set of normals is determined by the light paths redicting at f and points
along ray /E The set of light-path consistent surfels is the intersection oht surfel sets
consistent with each camera (Figure 3.5(b)). It can be shown than general, this is a

O-dimensional set [23].

Now consider the entire solution space where the depth is not xed’hough we cannot
determine the depth, we can for any speci ¢ depth obtain a set adolated normals. Thus,

the solution space with 2 cameras is 1-dimensional.
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Figure 3.5: Solution space of surfels at 3D positidhwith two cameras. (a) Light paths
for the second camera refracting at positions along known re‘{ﬁ. Tracing b, along ray
'E de nes a set of surfel normals. (b) The sets of normals obtained lisacing along b,

along ray *? in camera 1 andb, along ray 'E in camera 2, mapped onto a sphere.

3.3.3 Three Cameras

Now consider the solution space if we have three cameras viewihg scene. First consider
the problem for xed depth. In general, the rst two camera vievs restrict the normal
to a O-dimensional set. In a similar manner, the third camera restts the set of possible
normals to those along a 1-dimensional set. If this is the true g#h of the surface, this set
will intersect with the 0-dimensional set obtained from the rsttwo cameras at the true
normal (Figure 3.6(b)). In general, if this is not the corretdepth, it will not intersect
except at an isolated set of depths (Figure 3.6(a)) [23].

Now consider the entire solution space where the depth is not xed he set of light-
path consistent surfels has been restricted to those at isolatedpdles. Moreover, for each
depth, we have restricted the surfels to an isolated set of nornsal Thus, the entire set

of surfels that are light-path consistent is 0-dimensional.
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'4_ VQA
(a) (b)
Figure 3.6: Solution space of surfels at xed 3D positions withhtee cameras. Each
camera restricts the surfel normal along a curve. (a) Surfelgepth is not the true depth
of the surface. In this case the normals generally will not alhiersect. (b) Surfel's depth

is the true depth of the surface. In this case the normals intersieat the true surface

normal.



Chapter 4

Reconstruction Method

In this chapter, we develop a method for reconstructing trangwent scenes using re-
fractive light-path triangulation. In Chapter 3 we de ned light-path triangulation as the
process of determining for some pixel the surfel that is lightgth consistent with multiple
viewpoints of the scene.

Our approach to reconstruction requires us to solve two main pblems. First, we
need some way to determine for each pixel in every camera thestrray along the light
path indirectly projecting through it. We then need a methodto determine the surfel
that is light-path consistent from each viewpoint in the scene.

We determine the initial light-path ray for each pixel by prgecting structured light
patterns through the scene. For each cameiia we determine the functionL; mapping

pixels g; to their corresponding initial light-path ray *P as
= Li(a): (4.1)

To triangulate the light-path consistent surfel, we solve an ojanization problem. We
de ne a metric measuring the reconstruction error of the lighpath in a single camera,
and then extend it to handle multiple cameras. The reconstruin error is de ned such

that it is minimized when the surfel is light-path consistent fo the given cameras.

35
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[ b L(q)

Figure 4.1: The light path of pixelq through backdrops at two locations. The initial ray
on the light path L (q) is determined by the intersection pointss* and s? of the ray with

the backdrops.

4.1 Correspondence Map

To determine the initial light-path ray for each pixel, we té&ke an approach similar to
that used for Environment Matting [50]. We display a set of pattened backdrops from
a monitor placed behind the transparent object. From a camerave capture a set of
images of these backdrops being distorted due to refraction ltye object. Using these
images as input, we infer for each pixel the 3D points on the bledrop seen through it.
This gives us a point along the rst ray of the light path. To determine another point on
the ray, we repeat this process with the monitor placed at a derent position. Having
two points on the ray allows us to determine its direction, at thus fully determine the

ray (Figure 4.1).

4.1.1 Setup

We have a scene containing the specular object, a calibratedhoara viewing the object,

and a monitor (Figures 4.1 and 4.2). The monitor is positioneduch that it is seen by the
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camera from behind the object. A 4x4 transformation matrix N, s which transforms

from screen coordinates to world coordinates is known. The mix is de ned such that:

2 3 2 3
S r
r
YL M., 27 (4.2)
S, 0
1 1

wherer =[ry ry] is a point in screen coordinates, and = [s, S, S;] is the position ofr

in world coordinates.

4.1.2 Stripe Projection

The backdrop images used must provide some way to determine farygpixel the point
on the monitor indirectly projecting through it. As the monitor is planar, determining
this location is a 2-dimensional problem. We can simplify therpblem if we determine
the horizontal and vertical positions separately. To accomish this, we use two sets of
backdrop images, one for each dimension. Each set will use imates only vary along
a single dimension.

The rst image set BM contains an image of a white vertical stripe on a black back-
ground for each pixel along the horizontal axis of the monito Similarly, the second
image setBY contains an image of a white horizontal stripe on a black backgund for

each pixel along the vertical axis of the monitor. Formallythese images are de ned as:
8

" 2 1 whenry =i

Bi'(rx;ry) = S
0 whenry 6 |

and 8
21 whenry = j

B}/(rx;ry) =

> .
0 whenry 6 j

whereB! is the i-th binary image in the rst image set, and B/ is the j -th binary image

in the second image set.
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Figure 4.2: Physical setup for capturing correspondence maps.cAmera views a refrac-
tive object with a monitor positioned behind it. The monitor displays a backdrop, which

when viewed through the camera is distorted by the object duetrefraction.
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We take an image of the scene using each of these images as thedragkprojecting
from the monitor. For a pixel g on the image plane, let {(x) be the intensity of the
pixel using the backdropB! and J;(y) be the intensity of the pixel using the backdrop
By. A pixel's intensity will be bright when the stripe is on a part d the backdrop being

indirectly projected through it.

4.1.3 Determining the Backdrop Position

For each pixel, we wish to determine a single location on the mitor that indirectly
projects to the centre of the pixel. Unfortunately, localiaig this position is di cult
as: (1) the input data is noisy, (2) our input data does not recat light impinging at a
single point but instead records light impinging over the ente area of a pixel, and (3)
we only know a pixel's intensity for discrete positions of the sipe. The rst problem is
dealt with by applying a Gaussian Iter to | and J. To deal with the second problem,
we make the assumption that the intensity across a pixel's area maximized for light
projecting through the centre of the pixel. We deal with the nal problem by assuming
the derivatives of the functions | and J are linear between thsampled stripe position's
Our goal is determine the 2D locationm = (ry;ry) on the backdrop refracting through

the pixel:

Iy arg max l4(x)
X

ry arg max Jq(y)
y

We can nd the maximum on the intensity curve by nding the zero-crossingsof its
derivative [14]. The curve is locally maximized or minimiz& at the zero-crossings of its

derivative. We determine the values ok andy such that:
0 —
lq(x)=0

Jy)=0

1This is equivalent to using a quadratic approximation of the function between sanpled positions.
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We approximate the derivative of | and J at each stripe positiorby calculating their

nite di erences:

000 4 1g()=[q(x+1) lq(x 1)]=2

Jg(y) 4 Jq(y) =[Qq(y+1) Jq(y 12

For each stripe position, we have an estimate of its derivativef this value is exactly
0, we can trivially identify it as a zero-crossing. For values lere the derivative's sign
changes between two stripe positions, we know a zero-crossingexsomewhere between

them. If the function is O for neighbouring stripe positions, weise their mid-point.

To determine the location of a zero-crossing between stripe pasns xo and X + 1,
we use our assumption that the derivative is linear between thenWe construct a line”

through the derivatives of these neighbouring stripes:
“(X) = 4 1g(X0) + (X Xo)[4 lIq(Xo+1) 4 14(Xo)] (4.3)

We determine the zero-crossing as the stripe positionwhere this line crosses O:

o
I

4 1g(Xo) + (X  Xo)[4 Iq(x0+1) 4 lg(Xo)] (4.4)

4 14(Xo)

4 Iq(XO + 1) 4 Iq(XO) (45)

) X = Xo

We may have several zero-crossings, each of which could maxinhizé/e can discount
those where the derivative changes from negative to positivas these represent local
minima. Those remaining represent local maxima. Of these, weadse the one that is
closest to the discrete stripe position of maximal pixel intensity

From this, we have a continuous estimate of the horizontal andevtical stripe posi-
tions maximizing the pixel intensity. The position where thesatripes cross gives us our

estimated 2D backdrop positiorr.
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4.1.4 Determining the Corresponding Ray

We now need to determine for each pixel the entire rst ray alog its light path. The
capture process presented determines a single point along they. If we know another
point on this ray, we can fully determine it. To get a second pat, we repeat the capture
process but with the monitor moved to a di erent known locatim. Doing this, we obtain

a new set of images®land J?, which can be used to estimate another set of points along
the rst ray that cross through the backdrop.

We can now de ne the mapping between pixels and rays as:
L@= My srHM§ or? (4.6)

wherer! and r? are the 2D pixel positions on the monitor indirectly projecting through q
for the rst and second monitor locations, respectively, and §} < and M3, ¢ transform
2D pixel locations on the monitor into 3D world coordinatesdr pixels on the rst and

second monitor locations, respectively (Figure 4.1).

4.2 Reconstruction Algorithm

In this section, we present our method for nding a surfel that idight-path consistent
with a set of views of the scene for some image point. We approadiistas an optimization
problem. Our goal is to determine the surfel that is the "'most ewistent’ with the cameras
viewing the scene. To do this, we need to answer several questiongst-what metric
should we use to measure the consistency of a surfel? Then, given saichetric, how do
we nd the most consistent surfel?
We de ne a function E(S) to measure light-path consistency error across a set of

cameras. We design this function by making the observation that a surfel is light-
path consistent with a camera, we can determine the second ray d@s light path in

each camera using Snell's law (Figure 4.3(a)). Theseplied rays must intersect with
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their corresponding initial light-path ray for the surfel to be light-path consistent (Figure
4.3(b)).

To minimize E(s) for some pixelq in the reference camera, we take a two-step ap-
proach. First, we obtain a rough estimate of the optimal surfelylimiting the search
space to surfels whose implied second light-path ray in the reéeice camera intersect ex-
actly with the known rst light-path ray L(q). We then re ne the solution by searching
the full 3-dimensional set of possible surfels, obtaining a resultdt is not biased toward

error in the reference camera.

4.2.1 Light-Path Consistency Metric

We rst de ne a consistency metric with respect to a single camera.The camera's
intrinsic and extrinsic parameters are known, thus we know itposition ¢ and the trans-
formation P(p) projecting a point p from world space into the image plane of the camera.
Consider some hypothesized surfél= H; AYi. This surfel projects into the camera at
pixel q = P(f). We determine the rst and last rays along its light path, dended *® and

't as:

hg; ci (4.7)

L(q): (4.8)

’
o
I

Supposes represents the true surface. Tracing refraction a&& backward along™’, we

would obtain the implied ray h as:
D E
o= i +refract(CT A A ) (4.9)

where refract{/; n; &; a) is the refracted vector for a given normalized incoming vear
v refracting o a surface with the normaln from a medium whose index of refraction is

a; to a medium whose index of refraction is,. Snell's law is used to derive refract in
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(b)

Figure 4.3: (a) Using Snell's law, we can trace refraction baskrds from known ray"f
through surfels, determining the ray ™. (b) When sis light-path consistent, it intersects

with initial light-path ray P, which is determined using the method described ix4.1.
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[13] as: 0 S 1
2
g g g
refract(v:n:a:a,)= —v+n@Ip 1 2 a1 WA 4.10
( a;ay) a a a ( ) (4.10)
where
b=v n (4.12)

If & is light-path consistent with the camera, then™™ will intersect with ray “°. Oth-
erwise,"™ will be some distance away fromP. Using this idea, we de ne reconstruction
error e in a single camera as:

e® =d?(h;?) (4.12)

where d returns the shortest distance between two rays. This futhlen measures the
squared distance between the ray that would be travelling thrggh the object if the
hypothesized surfel represents the true surface and the rst raynahe light path. Error

will be minimized to O if and only if the surfel given is light-@ath consistent with the
camera.

To nd the shortest distance between two rays, we rst nd a plane wlose normal is
perpendicular to both rays. We then project onto this plane aihe segment connecting
two arbitrary points on each ray together. The length of thisprojected line segment is
the shortest ray distance. This can be expressed as [12]:

jiyr X1) [(X2 x1) (Y2 Yl
j(x2 x1) (Y2 Y1)

d (hxq; X2l 5 hya;yai) = (4.13)

wherehxy; X,i and hys; yoi represent the two rays each as pairs of 3D points.
We now use this to create a metric E measuring the reconstructicrror in multiple
cameras. This is done by summing the reconstruction error in athmeras together:
X
E(®)= a(9 (4.14)
i
where ¢ is the reconstruction error of the surfes with the i-th camera. When the surfel

is consistent with all the cameras, B) = 0. Otherwise, E(8) > 0.
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Figure 4.4: Determining the distance between the implied sew ray of the light path
and the rst ray of the light path.

4.2.2 Depth Sampling

Our goal is to nd the surfel 8 that minimizes E(8). While the space of possible surfels
is 3-dimensional, we can simplify the search space consideralilyve take known ray
*P into account. As our analysis inx3.3 showed, this ray restricts the search space to
2 dimensions. Here we describe in detail our depth sampling algbhm to obtain a

light-path consistent surfel. An overview of this is described ilgorithm 1.

Let us consider the problem of triangulation for some pixel inhe reference camera.
On the light path for this pixel, we know the rays™? and “f. The vertex b; must be
somewhere along?, and the vertexf must be somewhere along ray;. Furthermore,
as the light path must be consistent with the laws of refractionthe normalsn? and nf
are determined by the positions of and b;. Thus, we can simplify triangulation to a

2-dimensional search for the verticels; and f along the rays™® and *1, respectively.

We perform a brute force search on the possible locations of therticesb; and f
(Figure 4.5). First, we choose ranges along the rays and ! on the reference camera that
include the locations ofb; and f on the true surface, respectively. On each ray, we choose

n
n equally spaced sample points along its corresponding ranget Be= 6%; 6%; i ;62
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(b)

(©)

Figure 4.5: Sampling the space of pointﬁ and b along light-path rays ** and *®, re-
spectively. (a) For eachf and B, solve for the surfel normalnY . (b) For each f, sample

the space of possible intersection points with®. (c) For each b, we sample possible

intersection points with °F.
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be the sampled points along® andF = f1;f2;::: ;f\”o be the sampled points along.
Each of these points represent hypothesized locations oy and f. We sample each of
the n? combination of points along these rays.

For each sample fi;b’ , we solve for the normalr?fi;j such that refracting the ray
*f backward through the surfels = H;A'i using Equation 4.10, we obtain a ray that
goes throughbj1 [32]. For any such surfel, the error on the reference camera is This
means that only error in the validation cameras will be used taneasure the light-path
consistency of the surfel.

We now measure the error of each surf§ll . For each camera, we project the surfel
into the camera's image plane to determine the image poif.. We then use our stored
initial light-path ray obtained in x4.1 for this pixel as'® = L(q.). Given this ray and the
known nal ray on the light path *f = hc;f'i, we evaluate the reconstruction error £8' ).
Summing together the error in all the cameras, we obtain the tal reconstruction error
E(8Y).

Finally, we choose the surfel with the lowest total reconstruabin error as our estimate.

This search can be done relatively quickly as it is only 2-dimsional. Also, assuming
the step size is small enough and the ranges sampled include theetmpositions of the
light-path vertices, this algorithm will nd the global mini mum.

Unfortunately, this sampling method has several disadvantageSince we are sampling
only for equally spaced points along the rst and last ray of theight path, we limit the
accuracy of our result. Furthermore, by sampling along the ray? in the reference camera
we bias the result to error in this camera. With the presence ofoise, it would be best

if we could treat all cameras equally.

4.2.3 Re ning the Solution

While depth sampling provides a rough estimate of the light-gh consistent surfel, we

can obtain a more accurate result by re ning the solution. Forhis re nement step, we
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Algorithm 1 Estimating s by Depth Sampling
1. for j =1to ndo

2. fori=1to ndo

3: Determine the normaln' such that ' B1) = refract(fi ¢ n';a;a)

4 forallc 2 C do

5: Project the surfel into camerac using P;(f') to determine the image pointq.
6: Determine the initial ray 2 = L(qgc) on the light path of qc. 5 c
7 Evaluate the reconstruction error e€§) in camerac for the surfel$ = fi:nr

using Equation 4.12.

8: end for

9: Sum the error in each camera to determine the total error Bj.
10:  end for

11: end for

12: Return the surfel with the minimum total reconstruction error.

do not limit our samples to discrete points along the light pathand we take into account
all camera views equally by not searching along the rst ray inhe reference camera's
light path. At this point, we rely on depth sampling's ability to avoid local minima and
thus are only concerned with increasing the accuracy of a reswhich is close to the

global minimum.

We search the space of depths and normals for the surfel, takingid account the
entire 3-dimensional space of possible surfels. This allows us twid biasing the result
to any one camera. We use a down-hill simplex method [35, 39], iasvorks well with
multiple parameters and does not require us to know the deative of the objective

function.

The function we wish to minimize is E§). We search along along a depth parameter

d for the position off and 2 spherical parameters, for the surface normalY. These
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C o—

00

Figure 4.6: The initial light path vertex b is estimated by back projecting the light path
from ¢ through surfels = H; n'i and determining the point closest to both the estimated

refracted ray “H and the initial light-path ray .

parameters are mapped as follows:

f

= (sin  cos;sin  sin; cos ) (4.16)

cit+ d(ar c1) (4.15)

By applying the down-hill simplex method on the function E§) on the parametersd, |,

and , we obtain our re ned solution for surfels.

4.2.4 Estimating the Initial Light-Path Vertices

Using our estimate of the second light path vertes, we can estimate the position where
the light path rst intersects with the back of the object. We do this by determining the
point closest to the initial light-path ray and the ray refracting through the object.

From each camera, we trace refraction at$ backward fromc;, obtaining the ray .
We estimate the 3D positionh; where the light path enters the object by determining

the point closest to both™® and *® (Figure 4.6).
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4.2.5 Determining the Index of Refraction

The algorithm presented requires us to know the index of reftdon of the transparent

object. While sometimes it is possible to determine the index filehand by analyzing

the object optically, it is often di cult to determine. If we have at least four cameras
viewing the scene, it is possible to compute the index of refraam.

Our approach is to apply the triangulation method multiple imes using di erent
indices of refraction. We determine the index of refractioms the one resulting in the
lowest total error. For the true index of refraction, this eror should approach zero.

First, we choose a set af pixels on the reference camera, and indices of refraction.
We then triangulate the surfels for each of the pixels m times, once with each hypoth-
esized index of refraction. For each pixel and index of refrgan, we have a measure of
reconstruction error. After removing from consideration outér pixels, we determine the

index of refraction that has the minimum total error.

4.3 Summary of the Triangulation Method

Refractive light-path triangulation is summarized as follws (Figure 4.7):

1. Capture images of the scene in front of stripe backdrops.
2. Determine the correspondence map.

3. Determine the index of refraction that minimizes the tothreconstruction error for

a set of pixels.
4. For each pixel in the reference view, triangulate the suife

(a) Depth sample along the rst and last light-path rays.

(b) Re ne the solution by optimizing along the surfel's depth ad normal.
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Capure images of the scene with stripe backdropg

!

=9

Determine the correspondence map

For each pixel in the reference view i

TN

Determine index of |———> Depth sample along the first and last light-pattays
refradion with the
lowest reconstruction l
errror

N

Optimize the sufel along the depth and normal

Triangulae the light-path consistent surfel

Figure 4.7: The refractive light-path triangulation methad for reconstructing the shape

of specular, transparent objects.
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4.4 Degeneracies in the Solution Space

As described inx3.3, at least three viewpoints are necessary to reconstruct theese
using our method. However, there are cases where it fails no n&tthow many views
are used. In these cases, the set of surfels that are light-path catent with a pixel is

in nite. Such situations occur due to either the shape of the gect or both its shape and
the placement of the cameras. Here, we describe several key ex@smwhere this occurs,

and what information we can obtain about the shape in these cases.

4.4.1 Shape Degeneracies

A major cause of degeneracies in light-path triangulation ishe shape of the scene.
No matter how many cameras are used, nor how they are setup, the meecannot be
reconstructed. Here we cover two cases, a scene where light refraat two parallel

planes, and a scene where light refracts through a transparenthgye. We show these
cases are degenerate by constructing an in nite number liglgtath consistent surfels for
a pixel. In all our examples, we show that for any such surfel, in €la camera all the
rays on the resulting light path are on the same plane. This showisat all the rays must

intersect, and thus that the surfel is light-path consistent. Nog¢ that other degenerate

cases may exist for light paths that are not planar.

Parallel Planes

Consider a at transparent object which has two planar surfacethat are parallel to each
other (Figure 4.8(a)). The normal of these planes is. Let us consider the light path for
some pixel. The surfek = H;ni is the last vertex along this light path, and the surfel
Sy = hb;ni is the rst vertex. By the properties of refraction, the initial light-path ray,

the normal n at point b, and the second light-path ray are all along the same plane P.

Similarly, the second light-path ray, the normaln at point f, and the last light-path
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Vs

(b)

Figure 4.8: (a) A light path crossing through two parallel plaes at pointsf and b;, both
with surface normaln. The entire light path is on a plane. (b) Any hypothesized surfel
with the true surface normal is light-path consistent for any caera. Examples of these
surfels are shown as point§ and normalsn, along with the true surfel located at point
f. To see that these surfels are light-path consistent, follow refction backward through
the surfel, determining the second light-path ray (shown in blg). As this ray is on the

same plane as the rst ray of the true light path, it must intersectwith it.
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ray are also on a plane B Since the normaln is the same on both surfaces, and both
planes cross the poinf, P = P,. Thus, all refraction occurs on the same plane.

Now, let us consider a hypothesized surfél= Df\; nE, such thatf is some point along
the last light-path ray. Sincef' is along this ray, it is on plane P (Figure 4.8(b)). Similarly
the plane contains the directiomn at f. We determine the implied second ray of the light
path by tracing refraction backward through8. By the properties of refraction, this ray
is also on P sincd' and n are on it. Since both this ray and the initial light-path ray are

on this plane, they must intersect. Thus$ is light-path consistent.

Features Extractable on Parallel Planes

As can be seen, any surfel with the true surface normal is light-path consistent in
all camera views. Moreover, only surfels with this normal araght-path consistent in
general. To see this, consider the light-path in each view. Forsurfel to be light-path
consistent, the normal must be on the same plane as the rst and lasays of the light
path, or else the second ray will not intersect with the rst ray. Thus, the normal is
restricted to lie on the intersection of the light-path planedrom all viewpoints. Since in
general the plane the light path is on will not be the same acrossultiple camera views,
the intersection of these planes will result in a single normal. Herefore, the normal of
a surfel that is light-path consistent with all camera views isn general the same as the
true normal.

While we cannot determine the position of, we can determine the distance betweehn
andb. This is due to the fact that the rst and last light-path rays are parallel. Consider
any light-path consistent surfel. Tracing refraction backwad from the camera through
this surfel, we obtain the implied second light-path ray. Sire the normal of the surfel
is the same as the true surface normal, the second light-path rawill be parallel with
the true second light-path ray (Figure 4.8(b)). The true seco light-path ray intersects

the rst and last light-path rays at points b and f, respectively, and the implied second
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light-path ray intersects the rst and last light-path rays at p oints 6 andf, respectively.
Since the true and implied second light-path rays are parallealong with the rst and

last light-path rays, we can trace a parallelogram through pats b;f;f;b . Since the
length of opposite sides of a parallelogram are equal, the diste betweenf and b is

equal to the distance betweef and b.

Sphere

Consider a scene containing a transparent sphere (Figure 4.9(al)et us consider the light
path for some pixel. The surfeb= Hf;n'i is the last vertex along this light path, and the
surfel s, = Hb; nPi is the rst vertex. Let P be the plane containing the initial light-path
ray, the normal n®, and the second light-path ray. Let B be the plane containing the
second light-path ray, the normaln®, and the nal light-path ray.

First we will show that P = P ,. The normal at any point on the surface goes through
the centre of the sphere, which we will denote as Since both planes contairr, f, and
b, P=P..

D E

Now, let us consider a hypothesized surfgl= f; ', such thatf is some point along
the last light-path ray and the normal At at f points toward r (Figure 4.9(b)). Since
f is along the last light-path ray, it is on plane P. Similarly, sice N points toward r,
andr is on P, 1Y is also on P. We determine the second ray of the light path by trawgy
refraction backward through$. By the properties of refraction, this ray is also on P since
f and n' are on it as well. Since the known initial light-path ray is orthis plane, it must

intersect with this second light-path ray. Thus,8 is light-path consistent.

Features Extractable on a Sphere

Unlike the situation with parallel planes, we cannot determinesither the depth or the
normal of the surface. If we do know the object is a sphere befbead, we can determine

its centrer. Since each light-path consistent surfel has a normal pointingward r, we
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(b)
Figure 4.9: (@) A light path crossing through a sphere at point§ and b;, where the

surface normalsn’ and nP both point away from the sphere's centre. The entire light
path is on a plane. (b) Any hypothesized surfel with the normal pating away from the
sphere's centre is light-path consistent with all cameras. An ergle of such a surfel is
shown as pointf and normaln'. To see that such a surfel is light-path consistent, follow
refraction backward through the surfel, determining the imped second light-path ray
(shown in blue). As this ray is on the same plane as the rst ray of # true light path,

it must intersect with the rst ray.



Chapter 4. Reconstruction Method 57

can determine its position by nding the point where the normés of any two light-path

consistent surfels intersect.

4.4.2 Camera Degeneracies

Another set of degeneracies occurs due to the combination ofetlshape of the object
and the camera views used to capture the scene. Consider if we evier capture views of
a transparent object by leaving the camera xed and rotating he object along a single
axis. In this case, all the resulting viewpoints would be along plane. Since all the
viewpoints are on the same plane, the epipolar plane througmy combination of two
cameras will be the same as this plane, and the epipolar lines each pair of cameras
will be along the same part of the object.

Consider the case where due to the shape of the object, from easbwpoint the
light path is along the epipolar plane (Figure 4.10). Such atsiation would occur if the
surface normals of points seen through the epipolar line areoab the epipolar plane.
Any hypothesized surfel whose position and normal are on this plarwill be light-path
consistent. This is because all refraction occurs along a singilane, thus the initial
light-path ray and the implied second light-path ray will intersect.

In such cases, the best way to avoid this problem is to ensure the wigoints are not

all along the same plane.
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Figure 4.10: Ambiguity due to the rst and last light-path rays, ® and **, being along
the same plane. As long as the hypothesized surfel's normal is dmstplane, the implied
second light-path rays™ will also be on this plane, and thus will intersect with the rst

light-path rays.
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Results

5.1 Introduction

In this chapter, we examine 3D shape reconstructions obtaineding the light-path trian-
gulation method described in Chapter 4. We analyze the quayitof these reconstructions
to determine how well our method works, and on what kinds of shap it has di culty
with.

We rst describe the imaging apparatus used to capture images tiie scene. Our
setup allows us to capture accurate correspondence maps froment viewpoints of
the object using a single camera. We then show the results of ourtimed applied to two
di erent objects: a Bohemian crystal structure and a glass ashtya These results are il-
lustrated as depth and normal maps, as well as 3D views of the eséted surfels. Finally,
we analyze the quality of these results by looking at how well oumethod reconstructs

planar areas of the objects.

5.2 Imaging Apparatus

The imaging apparatus used to capture correspondence mapseffactive scenes is shown

in Figure 5.1. The refractive object is mounted onto ®aedal 20601 Motor Driven Rotary

59
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monitor
p— /‘7

refractive object

Figure 5.1. Apparatus used to capture the correspondence mapshermonitor is moved
toward and away from the refractive object using the translatin stage. The refractive

object is rotated using the turntable.

Table. A Sony DXC-9000 3CCD video camerawhich is able to capture images at a
resolution of 640x480, is placed such that it views the objeaim about one meter away.
Behind the object relative to the camera, éell 2000FP 20" LCD monitor is mounted
onto a Daedal 404LXR Linear Motor Table such that its screen is 10-30 cm away from
the object. The resolution of the monitor is 1600x1200. Bothhe turntable and the

translation stage are controlled using &ompumotor 6K4 Servo/Stepper controller

5.2.1 Controllable Stages

While we have only one camera, we can obtain di erent viewpais of the refractive
object by rotating it with the turntable it is mounted to. View ing the object at di erent

rotation angles is equivalent to rotating the rest of the scenencluding the camera and



Chapter 5. Results 61

monitor, in the opposite direction relative to the turntablés rotation axis. The controller
is able to rotate the object to absolute rotation angles spead by the user, thus we know
the relative rotation of the object between di erent views.

Using this single camera approach has several advantages. Firsg wnly have to
determine one set of intrinsic parameters. Second, we only hageemake sure the LCD
backdrop is viewable from one viewpoint. If we were to placeuttiple cameras to get
multiple viewpoints instead of rotating the object, it would be impossible to image the
side of the object being obscured by the monitor. The main prodin with using a single
camera is that all our views come from rotating the object almy a single rotation axis,
and thus the viewpoints relative to the object are all alonghe same plane. We will see
that our reconstruction method sometimes cannot solve for a ugue light-path consistent
surfel due to ambiguities in the solution space.

To capture the scene with the backdrop at multiple positions, wenove the LCD
monitor using the translation stage it is mounted to. Similar tothe turntable, we are
able specify absolute positions of the stage. When capturing tleerrespondence map,
we move the monitor to each of two user speci ed positions for dacotated view of the

transparent object.

5.2.2 Camera

When capturing images of the scene, we would like to keep as ruaf it in focus as
possible. This can be di cult as we not only want the transparentobject to be in focus,
but also the LCD backdrop when viewed directly and indirectlythrough the object.
Therefore, we increase the depth of eld of the camera by usinglew aperture setting.
As this does not allow much light into the camera, we have to cqmensate by increasing
its exposure time.

To calibrate the camera, we use the method described in [19]. v@n a set of images

taken from the camera of a planar calibration pattern, this €chnique allows us to estimate
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its intrinsic and extrinsic parameters. With the object removd from the scene, we use
the LCD monitor to project the image of the calibration patten. A rst set of images
is obtained by mounting the LCD monitor to the turntable and taking images of it
at several rotations. Another set of images is taken with the LCD onitor mounted
onto the translation stage, taking images at several positiondamg it. Processing these
images through theCamera Calibration Toolbox for Matlab[6], we obtain the camera'’s
parameters. From this, we can readily obtain the positions andrientations of the LCD
display. Also, the images taken of the monitor on the turntable llow us to determine its

axis of rotation.

5.3 Experimental Results

5.3.1 Bohemian Crystal

Here we show the results of our method applied to a Bohemian crystgure with a
diamond cut (Figure 5.2). For the capture session, we needed toseire that the LCD
backdrop could be seen indirectly through as much of the visdbbkurface of the the object
as possible, as we will not be able to determine the initial lighpath ray for pixels through
which the backdrop is not visible. We found we could do this by gsitioning the glass
such that in the reference view the point on its bottom was dited toward the camera.
We captured images of the object from 7 viewpoints, rotated 0, 10, 20, and 30
degrees (Figure 5.3). The total capture time was 8.5 hours.

Using our method we obtained the depth and normal maps shown indtire 5.4, and
a 3D view of the estimated surfels shown in Figure 5.5. Using the rheid described in
x4.2.5, we determined the index of refraction to be 1.55. As cae seen, the reconstructed
depths and normals are quite consistent over the surface of edabet. The planar facets
on the surface of the object are at in their reconstruction, ttough some have a fair

amount of nonuniform noise. Note that in the depth and normals aps the facets are
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Figure 5.2: Bohemian crystal with a diamond cut.
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Figure 5.3: Reference and rotated views of the Bohemian crgsused for reconstruction.
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segmented. This occurs because we cannot accurately estimdtte torrespondence maps

near facet edges, and thus no estimate of shape is made for theselgi

Accuracy

To measure the quality of the reconstruction, we measure how aplar' the reconstruction

of the planar facets are. We rst de ne a set of metrics to measurthe planarity of a

Epos, and B, the rst two measuring the planarity of the surfel set's normalsand the
latter two measuring the planarity of the surfel set's 3D positins. Enom and Epom are
de ned to measure the mean and median angle between each suriefmal from the

mean surfel normal, respectively. That is,

P
(ni)
- _p )
Navg K (n)k (5.1)
é.norm = aCOS(ni navg) (5.2)
Enorm = mean, (einorm ) (5.3)
Brom = median;(€,,) (5.4)

wheren,yg is the average surfel normaln; is the normal of thei-th surfel, and &, is
the normal error ofi-th surfel.

To measure the positional planarity, we rst t the position of the points to a plane
robustly using RANSAC [11]. To perform this t, we determine the tree points that
de ne a plane that maximizes the number of inlier points to it A point is considered an
inlier if it is within 0.5 mm of the plane. We then perform a leat squares t on these
inlier points to determine the plane. We de neEIOOS and E,s to measure the mean and

median squared distance of each surfel's position to the plane as:

&os = [Projr(p)) pif° (5.5)
Enom = mean;(el,,) (5.6)
Brom = median; (el (5.7)
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(b)

Figure 5.4: Reconstruction of the Bohemian crystal gure. (aPpepth map of the reference
view. (b) Normal maps of the reference view, showing the slaneft image) and tilt (right

image).
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Figure 5.5: 3D view of the reconstructed surfels from the Boheam crystal dataset.
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Figure 5.6: Facet labels on the Bohemian crystal.

wherep; is the position of thei-th surfel, R is the RANSAC t plane, projg(p) projects

point p onto plane R, and 'gos is the position error ofi-th surfel.

The labeled facets are shown in Figure 5.6, with their planamrmr listed in Table
5.1. As can be seen, the median normal error is around 1-3 degréer most facets,
and the median positional error between 0.3thm and 1.58mm. To determine whether
error is caused by our optimization method not being able to d an optimal surfel, we
discount surfels whose mean reconstruction error per camera ige 0.1mm (Equation
4.12), obtaining error listed in Table 5.2. As can be seen, errdrops somewhat for most
surfels, though not signi cantly. Thus, much of the planar erroris occurring even though

we have low reconstruction error.
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Facet label 1 2 3 4 5 6 7 8

Mean normal error (degrees) | 4.46| 1.70| 2.80| 3.15| 8.32| 6.42| 4.14| 1.53
Median normal error (degrees)| 2.99| 1.21| 1.83| 1.98| 6.34| 4.18| 2.87| 1.11
Mean position error (mm) 2.10|0.74]1.60| 1.69| 2.18| 3.40| 1.84| 0.86
Median position error (mm) 0.71| 0.30| 0.45|0.47| 1.58| 0.65| 0.57| 0.30

RANSAC position inliers (%) | 35.9| 64.0| 52.8| 50.1| 18.8| 40.3| 45.1| 67.5

Table 5.1: Planar error of facets labeled in Figure 5.6 in theeconstruction of the Bo-
hemian crystal. Normal is determined using Equation 5.2. Posith error is measured as
the squared distance between the position of a surfel and the p&ar to all inlier surfels

using RANSAC.

Facet label 1 2 3 4 5 6 7 8

Mean normal error (degrees) || 4.34| 1.58| 2.60| 2.80| 7.64 | 5.43| 3.97| 1.30
Median normal error (degrees) 3.11| 1.11| 1.74| 1.75| 5.94 | 3.21| 2.74| 1.08
Mean position error (mm) 193/ 0.67|151|1.47|2.10| 3.06| 1.75| 0.63
Median position error (mm) 0.60| 0.30| 0.47|0.41|1.51| 0.55| 0.55]| 0.29
RANSAC position inliers (%) | 42.2| 65.9| 49.9| 55.8| 20.7 | 44.8| 46.4| 68.4

Table 5.2: Planar error of facets labeled in Figure 5.6 in theeconstruction of the Bo-
hemian crystal, discounting surfels whose mean reconstructiora is above 0.1mm

(Equation 4.12).
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Analysis

We analyze the error further by looking at the objective funiton at speci ¢ points (Figure
5.7). For points on facets we can accurately reconstruct, wand the objective function
comes to a well de ned minimum (Figure 5.8(a)). On facets weannot accurately recon-
struct the objective function does not have a well de ned mimum (Figure 5.8(b)). As
the object is highly symmetrical, the only real di erence beween facets is their relative
views from the camera. Thus, we should be able to increase the byawithin these

facets if we place the camera at a di erent location.

Note that on the plots of the objective functions (Figure 5.8)there are several impor-
tant landmarks. For some depths along the last light-path ray, & cannot calculate the
objective function. These are marked as feature "A'. The reasdine objective function
cannot be calculated is because in at least one camera, the piositof the hypothesized
point projected onto the camera's image plane is either notnothe surface of the Bo-
hemian crystal, or it is at a point between facets where the caaspondence map cannot

be determined.

Another important feature is the depth along which there is a ertical valley in the
objective function, marked as feature "'B'. At this depth, tke last light-path ray is closest to
the initial light-path ray. In the set of hypothesized normalsgenerated by depth-sampling
along the initial light-path ray, most pairs of normals haveittle angular distance between
them. Since these hypothesized surfels are all at the same 3D p@ind most have nearly
the same normals, the objective function will be nearly the samfer them. Note that
this feature will not be seen in general, as it is speci c to the sipe of the crystal and

the position of the viewpoints.
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Figure 5.7: Pixels whose objective functions are shown in Figu5.8.
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Figure 5.8: Optimization function over a set of depths alongriown light-path rays. The
vertical axis represents the hypothesized point of refractioalong the initial light-path
ray while the horizontal axis represents the hypothesized puiof refraction along the last
light-path ray. The red circle represents the minimum errordund by depth sampling.
(a) Error for pixel on facet 2, which could be accurately reewstructed. (b) Error for

pixel on facet 5, which could not be reconstructed.
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Figure 5.9: Glass ashtray.

5.3.2 Ashtray

Here we show the results of our method applied to a glass ashtray gbre 5.9). The
bottom of this ashtray is planar, while the top is concave witha planar edge. Note that
this concavity makes it impossible to reconstruct the ashtray usg methods relying solely
on its visual convex hull [24]. For the capture session, the ashyravas positioned such
that the top was pointed toward the camera in the reference ew. We captured this
object from 7 viewpoints, rotated 0, 10, 20, and 30 degrees (Figure 5.10). The total

capture time was 13 hours.

Using our method we obtained the depth and normal maps shown indtire 5.11,
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Figure 5.10: Reference and rotated views of the ashtray used feconstruction.
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@

(b)

Figure 5.11: Reconstruction of the ashtray. (a) Depth map of # reference view. (b)

Normal maps of the reference view, showing the slant (left imagand tilt (right image).

and a 3D view of the estimated surfels shown in Figure 5.12. The iesated index of
refraction of the ashtray is 1.54. As can be seen our method is @lib reconstruct the
concavity of the ashtray. We observe noise vertically along thashtray where the axis
of rotation is located, and horizontally across the ashtray. Ab, on the top planar edge
of the ashtray the normal map is smoothly reconstructed while #hdepth map contains

signi cant error.
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Figure 5.12: 3D views of the reconstructed surfels from the asay dataset.

76



Chapter 5. Results 77

Figure 5.13: Area on the ashtray used for the planarity measuremte

Accuracy

To analyze the quality of the reconstruction, we determine e planar our reconstruction
of the back of the objectis. Using the method presented ¥4.2.4, we determine the points
where the light path from the reference camera intersects withe back of the ashtray for
pixels within the concave region (Figure 5.13). We measuredh planarity the same way
we measure position planarity error for facets on the Bohemiasrystal. The positional
error has a mean of 207.6thm and median of 1.21mm. The plane t with RANSAC
uses 23.5% of the surfel points as inliers. The mean error is véayge due to the outlier
points that are poorly reconstructed, but the median error masure which is more robust

is relatively low.



Chapter 5. Results 78

Figure 5.14: Ashtray split into four regions for analysis. The squas are pixels whose
objective function are shown in Figures 5.15-5.18.
Analysis

The quality of the reconstruction di ers over the area of the ahtray. For analytical

purposes, we will split the ashtray into four regions (Figure 54):
(A) Concave region reconstructed smoothly

(B) Horizontal axis within the concave region reconstructed gorly
(C) Vertical axis within the concave region reconstructed parly
(D) Planar edge around the top

We measure the planar error of all 3x3 patches in each regionafdle 5.3). The
planarity of each patch is measured the same way we measure nokrpkanarity error

for facets on the Bohemian crystal. We show the mean and mediatapar error of all
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Patch A B C D

Mean normal error (degrees) || 1.79| 10.28| 6.64| 0.90
Median normal error (degrees)| 1.63| 7.51| 6.75| 0.21
Mean slant error (degrees) 1.99|17.20| 0.82]| 1.00
Median slant error (degrees) || 1.79| 12.12| 0.70| 0.21
Mean tilt error (degrees) 2.35| 2.46| 10.63| 0.92

Median tilt error (degrees) 2.08| 2.24|10.77| 0.17

Table 5.3: Average planar error of all 3x3 patches within theegions marked in Figure

5.14 in the reconstruction of the ashtray.

patches within each region. Since the quality of the normaéconstruction di ers over the
slant and tilt maps, we measure the error for these individuallyAlthough the ashtray is

concave over most of its surface, we expect it to be relativelyat for small patches.

In region A, the concave area is reconstructed with no ambigugss (Figure 5.11).
Both the reconstructed depth and normal maps within this regin are smooth. Looking
at Figure 5.15, we can see the objective function has a well ¢eed minimum. This shows
that unlike silhouette based techniques (Sex2.3.4), our method is able to reconstruct

concave surfaces.

In region B, the horizontal axis within the concave region add not be fully recon-
structed. As can be seen in Figure 5.11, the depth in this area haigni cant error. In
the normal map, we see that the while there is error in the slantf éhe normal, the tilt of
the normal was smoothly reconstructed. This can also be seen iretplanarity measure-
ments shown in Table 5.3. Taking a look at the objective funain of a pixel within this
region (Figure 5.16), we see that the minimum is not well de & causing our method to
fail. Although it is di cult to fully determine the nature of t his ambiguity, it appears to
be due to the placement of the cameras (Seé.4.2). The normals of these points are all

along a plane parallel to the plane containing the viewpoist Such an ambiguity could



Chapter 5. Results 80

Back deph

O 1 1 1 J
Front depth

Figure 5.15: Optimization function for a pixel within regian A of the ashtray.

be dealt with by adding additional camera views not along theame plane.

In region C, we see the vertical axis in the concave region cduiot be reconstructed.
This region encloses the rotation axis along which the objeatas rotated to obtain
multiple viewpoints. As was also the case with region B, the deptimap within region C
has signi cant error. However in this case, while there is erron the tilt of the normal, we
can reconstruct its slant smoothly (Table 5.3). The objectiveunction for a point within
this region is shown in Figure 5.17. Again no unique surfel minizing the objective
function can be found. As these points occur along the axis thel#ray was rotated, this
ambiguity is due to the placement of the camera. Thus, addingi érent viewpoints of

the scene should improve the quality of these results.

Region D, the planar area of the ashtray, is partially reconsticted. While the depth
map has signi cant error, the normal map is accurately reconsicted. This is because

this region is parallel with the bottom of the ashtray. As shownn x4.4.1, if the light
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Figure 5.16: Optimization function for a pixel within regian B of the ashtray.
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Figure 5.17: Optimization function for a pixel within region C of the ashtray.
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Figure 5.18: Optimization function for a pixel within region D of the ashtray.

paths through a point on the surface go through two parallel phes, the depth cannot be
determined. The normal planar error along this entire regiohad a mean of 1.13 and
a median of 0.56. The objective function for a pixel within this area is shownn Figure

5.18.
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Conclusion

We have shown how the shape of a transparent scene can be reconstdiby analyzing
how light refracts through it. Using an environment matting technique, we determine
for each pixel the light rays entering a transparent object. \& then determine the light
paths that are consistent with these initial light rays from mutiple viewpoints of the

scene.

A theoretical framework of our method was developed to desla the nature of light
refracting through transparent objects. Using this, we proved asumethod requires at
least three views of the scene to uniquely determine the lighafhs. Finally, we applied
our method to images of real transparent objects, generatingegdth and normal maps of

the scenes.

While our current method provides a useful framework for angting transparent
scenes, we would like to improve the quality of the reconstructns. Of particular concern
are shapes where the light path cannot be uniquely determineiel to the object's shape.
It may be possible to improve the quality of our method and hanel these ambiguities
by enforcing an integrability constraint to ensure the depth maps and normal maps are

consistent.

While we deal with the light refracting twice at the surface ofan object, it would be
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useful to extend out method to handle more complex light pathsThis would allow us
to handle objects made of multiple transparent media, such as@ass lled water. As
shown in [23], it is impossible to handle such a scene if we considacte point on the
object's surface independently. Thus, handling such situatienmay require us to take a

more global approach, optimizing for the entire surface of thmedia.
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