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Abstract

We study the optimization and sample complexity of gradient-based training of a two-layer neural
network with quadratic activation function in the high-dimensional regime, where the data is generated
as y o< >0 Ajo ((05,2)),® ~ N(0,14), o is the 2nd Hermite polynomial, and {6;}j-, C R are
orthonormal signal directions. We consider the extensive-width regime r =< d® for 8 € [0,1), and assume
a power-law decay on the (non-negative) second-layer coefficients A\; < j~< for a > 0. We present a sharp
analysis of the SGD dynamics in the feature learning regime, for both the population limit and the finite-
sample (online) discretization, and derive scaling laws for the prediction risk that highlight the power-law
dependencies on the optimization time, sample size, and model width. Our analysis combines a precise
characterization of the associated matrix Riccati differential equation with novel matrix monotonicity
arguments to establish convergence guarantees for the infinite-dimensional effective dynamics.

1 Introduction

We study the problem of learning a two-layer neural network (NN) with quadratic activation on isotropic
Gaussian data. The target function (or the “teacher” model) is defined as
1 .

= TATF Z;:l )\]O' (<0]a $>) with x ~ N(O, Id), (11)
where o(z) = 2% — 1 is the 2nd Hermite polynomial, {6;}7_, C R* are unknown signal directions (index
features) which we assume to be orthonormal, A\; > A > --- > A\, > 0 are their respective contributions, and
A = diag(Ay, -+, A) collects the second-layer coefficients. The normalization in front of the sum ensures
that the output magnitude remains constant. Our goal is to learn this target network using a “student”
two-layer neural network with quadratic activation and r¢ neurons, trained via a gradient-based optimization
algorithm. This setting encompasses several well-known problems:

e Phase retrieval (r = 1). The problem of learning one quadratic neuron (i.e., phase retrieval) has been
studied extensively [Fie82, CC15, TV23]. The quadratic o has information exponent k = 2 (defined as the
index of the lowest non-zero Hermite coefficient [DH18, BAGJ21]). This entails that randomly initialized
parameters are close to a saddle point in high dimensions; hence the SGD dynamics exhibit a plateau
(“search” phase) of length log d before the loss decreases sharply (“descent” phase).

o Multi-spike PCA (r = ©4(1)). The target function (1.1) is a subclass of Gaussian multi-index models, for
which various algorithms have been proposed for the finite-rank case r, = ©4(1) [CM20, DLS22, BBPV23].
The setting also closely relates to the multi-spike PCA problem, for which online SGD [AGP24] and other
streaming algorithms has been studied [OK85, JJKT16, AZL17].
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(a) Additive model hypothesis for scaling laws. (b) SGD risk curves for quadratic NN.

Figure 1: (a) Illustration of the additive model hypothesis, i.e., sum of emergent learning curves at different timescales
yields a power law in the cumulative loss. (b) Population loss vs. compute for two-layer quadratic NNs trained with
online SGD with batch size d on squared loss. We set d = 3200, and for the teacher model r = 2400, o = 1.

o Linear-width quadratic NN (r =< d). The regime where the teacher width r, grows proportionally with
dimensionality d has also been studied, typically in the well-conditioned setting (e.g., identical A;’s). Re-
cent works characterized the objective landscape [SJL18, DL18, VBB19, GKZ19, GMMM19], optimization
dynamics [MVEZ20, MBB23|, and statistical efficiency [MTM™*24, ETZK25].

In this work we focus on the “extensive-rank” regime where r < d® for 8 € (0,1) and r, =< d” for v € [0, 1),
and place a power-law assumption on the second-layer coefficients: A; =< 7 for a > 0. Our setting is
motivated by the following lines of research.

Neural scaling laws & emergence. Recent empirical studies on large language models (LLMs) reveal
that increasing the model or training data size often results in a predictable, power-law decrease in the loss
known as neural scaling laws [HNAT17, KMHT20, HBM™22]. While such scaling of generalization error
has been derived for sketched linear models [MRS22, BAP24, PPXP24, LWK'24, DLM24], these analyses
assume random projection with no feature learning, and hence cannot capture the NN’s ability to learn useful
features [GDDM14, DCLT18] that adapt to the underlying data structure. We aim to investigate a setting
where the training of a nonlinear NN beyond the “lazy” regime exhibits a nontrivial scaling law.

Feature learning in neural networks is often studied theoretically through the learning of multi-index models,
where the target function depends on a small number of latent directions (see [BH25] and references therein).
For these low-dimensional targets, it is known that the training dynamics typically exhibit emergent (or
staircase-like) behavior — long plateaus followed by sharp drops in loss [BAGJ22, AAM23]. To reconcile this
emergent loss curve with smooth power-law decay, recent works hypothesized that the pretraining objective
can be decomposed into a sum of losses on individual tasks [MLGT24, NFLL24]|, the learning of each exhibits
a sharp transition, and the superposition of numerous emergent risk curves at different timescales yields a
power-law scaling of the cumulative loss (see Figure 1(a)). In this context, the two-layer network (1.1) can
be viewed as a sum of single-index phase retrieval tasks, where the length of each ~ log d plateau in the risk
trajectory can be modulated by the second-layer coefficient A;. This motivates the following question:

Q1: Does gradient-based training of a two-layer quadratic network yield power-law loss scaling, when the
target function is an additive model with varying second-layer coefficients {); };7:1 ?

In Figure 1(b) we empirically observe the affirmative: when the target function has smoothly decaying
second-layer weights, online SGD training yields a power-law risk curve that resembles the scaling laws in
[KMH*20, HBM*22]. The goal of this work is to rigorously establish such scaling laws.

Learning extensive-width neural networks. Prior works on multi-index models have shown that when
r = 04(1), gradient-based training succeeds with polynomial sample complexity depending on properties



of the link function [AAM22, DLS22, BBSS22]. The “extensive-rank” regime where r < d° for § > 0 is
relatively under-explored (except for the linear width regime r =< d [MBB23, MTM™*24]); this setting is
arguably closer to the practical neural network training (compared to the narrow-width setting), and also
bears connections to several observations in the LLM literature such as superposition [EHO'22] and skill
localization [DDHT21, WWZ122, PSZA23], where the model simultaneously acquires a large number of
“skills” during pretraining (see e.g., [OSSW24]).

The learning dynamics of (1.1) with divergingly many neurons is challenging to analyze primarily due to the
fact that the effective dynamics may not be captured by a finite set of summary statistics [BAGJ22] (as in
the finite-r case). Recent works [OSSW24, SBH24| addressed this challenge by assuming that the activation
o has information exponent k& > 3, which allows the learning dynamics to decouple across feature directions.
However, the case k < 2, which includes the quadratic activation studied in this work, remained open:
existing analyses either assumed “isotropic” feature contributions (A; = A,) [RL24, SBH24]|, or established a
computational complexity for SGD that scales with d®*1/A+) [LMZ20], which leads to pessimistic exponential
dimension dependency in the power-law setting we consider. We therefore ask the following question.

Q2: Can we establish optimization and sample complexity of learning an extensive-width
quadratic neural network (1.1) with anisotropic, power-decaying feature contributions?

1.1 Our Contributions

We analyze the risk trajectory of learning (1.1) with both gradient flow on the mean squared error (MSE) loss
and its online SGD discretization on Stiefel manifold, covering the extensive-width and power-law settings.
We derive scaling laws for feature recovery and population risk as a function of teacher and student network
widths r, 7, the decay exponent «, the optimization time, and the sample size (for the discretized dynamics).
Our contributions are summarized as follow (see also Table 1).

1. In Section 3, we analyze the population gradient flow and tightly characterize the loss decay with respect
to time and the student width r,. We show that the signal directions are recovered sequentially, and the
population MSE follows a smooth power law specified by the decay rate o > 0.

2. In Section 4, we consider the online stochastic gradient descent (SGD) dynamics on the Stiefel manifold
and derive scaling laws with respect to sample size. When specializing to the isotropic setting o = 0,
our sample complexity improves upon [RL24] in the extensive-width setting and matches the information
theoretic limit (in terms of d, r dependence) up to polylogarithmic factors.

The following technical challenges in the extensive-width regime are central to our analysis:

o Coupled population dynamics. As r,rs — 0o, we must track infinitely many overlapping student and
teacher neurons. [OSSW24, SBH24] assumed high information exponent k > 2, to decouple the dynamics
into 7 independent single-index models, but such property does not hold in our quadratic case (k = 2).
We address this by leveraging the closed-form solution of the quadratic problem [MBB23], which satisfies
a Matriz Riccati ODE. A key ingredient in our analysis is its monotonicity with respect to its initialization,
illustrated in Figures 3(a), which enables sharp risk bounds via comparisons to decoupled models.

e Operator norm discretization error. Prior works [BAGJ21, BBPV23, AGP24] focused on finite-r set-
tings, where Frobenius norm control of the SGD noise was sufficient and natural: it allows bounding
error direction-wise without incurring additional dimension dependence. However, in the extensive-width
regime, such bounds become pessimistic and lead to suboptimal r-dependent rates. Hence we need to
establish operator norm concentration around the population dynamics.

o Matriz-monotone comparison framework. To control discretization error in operator norm, we extend the
monotonicity-based argument from the first item to discrete time and introduce a novel comparison-based
discretization technique. Our approach constructs matrix-valued reference sequences corresponding to
decoupled dynamics that tightly bound the discrete evolution from above and below. This yields sharp
operator norm control even when the true trajectories are non-monotone (see Figure 3), as the analysis
avoids relying on the trajectory itself by comparing against simpler bounding sequences.
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Table 1: Scaling laws for learning quadratic neural network (1.1) using population gradient flow and its online SGD
discretization. We omit constant factors in the risk scaling for ease of presentation.

e In a > 0.5, for population gradient flow, ¢ ~ ¢ -log d is the rescaled time; for online SGD, ¢ ~ t-logd where t is the
number of gradient steps, which is equal to the sample size, and n ~ 1/(d polylog(d)) is the step size.

e In a < 0.5, for population gradient flow, £ ~ ¢ - rlogd is the rescaled time; for online SGD, t ~ t - rlogd where ¢ is
the number of gradient steps and 1 ~ 1/(dr® polylog(d)) is the step size.

1.2 Additional Related Works

Learning multi-index models with SGD. When r = 1, the target is a single-index model with quadratic
link function. The SGD learning of single-index models has been extensively studied in the feature learn-
ing literature [BAGJ21, BEST22, MHPG™'22, BES'23, MHWSE23, MLHD23, MZD*23, BMZ24, DNGL24,
GWB25]; while this model has d parameters to be estimated, the quadratic link (with information exponent
k = 2) incurs an additional log d factor in the complexity of online SGD. More generally, the setting where r =
©4(1) is covered by recent analyses of multi-index models [AAM22, AAM23, BBPV23, DKL 23, CWPPS23,
AGP24, VE24, MHWE24|; however, these learning guarantees for multi-index models typically yield super-
polynomial complexity when the target function is rank-extensive. The sample complexity of gradient-based
learning is also connected to statistical query lower bounds [DPVLB24, DTAT24, LOSW24, ADK"24].

Quadratic NNs and additive models. Prior theoretical works on learning two-layer neural network with
quadratic activation function have studied the loss landscape [SJL18, DL18, VBB19, GKZ19, GMMM19] and
the optimization dynamics [MVEZ20, AKLS23, MBB23, RL24]. While existing optimization and statistical
guarantees may cover the extensive-width regime (see e.g., [DL18, MBB23, R1.24]), to our knowledge, precise
scaling laws have not been established in our extensive-rank and power-law setting. (1.1) is also an instance of
the additive model [Sto85, HT87, Bacl7] where the individual functions are given as (orthogonal) single-index
models with unknown index features. For this model, [OSSW24, SBH24| established learning guarantees in
the well-conditioned regime, under the assumption that the link function ¢ has information exponent k > 2.

2 Background and Problem Setting

2.1 Student-teacher Setting

Teacher Network. We consider the task of learning a teacher network with a quadratic (second-order
Hermite) activation function written as

1
y =
1A

where @ € R? is the input, 7 is the teacher network width, and {6;}j_;, C R? is an orthonormal set of
unknown signal vectors. We collect these as columns of the matrix ® € R?*". The contributions of these
vectors are determined by the unknown second-layer coefficients A\; > Ao > -+ > A\, > 0 with a power-law
decay A; < 7~ for a > 0, and A is a diagonal matrix whose j-th diagonal entry is A\;. The normalization
in front of summation ensures E[y?] is constant. We focus on the regime where r < d? for 3 € (0, 1).



Remark 1. The orthogonality of {03‘}§=1 can be assumed without loss of generality. Specifically, consider
teacher models in the form of (2.1) with arbitrary first-layer weights ® and normalization Ely] = 0, the output
can be written as y o< Tr(zz T @AOT) + cst; hence we may redefine (\;,0;) via the spectral decomposition.

Student Network. We learn the target model with a quadratic student network defined as
Q(a:,W) - \/]-FTZS<wj7$>2 - ||wj||§7 (22)
S ]:1

where 7, is the width of the student network, and {w; ;;1 C R? denotes the set of trainable weights. We
collect these weights as the columns of the matrix W € R%*"s and omit the dependence on x in §(x, W)
when clear from the context. Note that the norm subtraction ensures E.[j(z, W)] = 0. We may equivalently
write the student network as §(x, W) = — Z;:1||w]||§ - ((wy, x)® — 1) where w; is unit-norm; since our

Ts

student does not have trainable second-layer, the norm component ||w;||3 allows the model to adapt to the
target second-layer \;; this homogeneous parameterization has been studied in prior works [CB20, GRWZ21].

2.2 Training Objective
Training constitutes to minimizing the squared loss; we define the instantaneous loss on (x,y) as

LW; (2,y)) = 1 (v — oz, W))?,

where the prefactor is included for notational convenience in the gradient computation. We omit the depen-
dence on (x,y) when clear from context. The population risk can be written as

2
R(W) =B ) [L(W)] = L[| WWT - H-ereT|. (2.3)

Alignment. Observe that the student network is invariant to right-multiplication of its weight matrix by
an orthonormal matrix, i.e., §(z, W) = j(x, WO) for any O € R"=*™ with OTO = I. Consequently,
any notion of alignment that depends on individual directions in W may not be informative. To capture
directional learning in a way that respects this symmetry, we define alignment in terms of the subspace
spanned by the student weights. We formalize this using the polar decomposition:

W =UQ"Y? where Q=W'W and U'U=1I,,. (2.4)

Here, Q denotes the radial component of the student weights, while U is an orthonormal matrix that encodes
their directional component. We quantify the alignment between the student network and the jth teacher
feature by the squared norm of the projection of 8; onto the column space of W:

Alignment(W,0;) == |U " 6;|3. (2.5)

Alignment(W, ;) takes values in the interval [0,1]; it is 0 if 8; is orthogonal to W (no alignment), while it
is 1 if 6; is in the column space of W (perfect alignment)!.

3 Continuous Dynamics: Population Gradient Flow

We first analyze the continuous-time population gradient flow dynamics for (2.3), given as

oW, = —VR(W,), where W, € R¥™"| Wy ;i ~iiq N (0,1/d), (GF)

IThe definition in (2.5) may fail to converge to 1 when a = 0 and 75 < r, due to rotational symmetry in the teacher network.
In this case, a more suitable notion of alignment can be defined using the principal angles between the subspaces spanned
by W and ©, which provides a rotation-invariant characterization of directional overlap. Specifically, for o = 0, we define
Alignment(W, ;) as the jth largest eigenvalue of the matrix e’'uuTe.
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and the population gradient reads

Al

Ts

VER(W,) =

<@A@T — WtWtT> Ww,.

1
2/rs||Alle

For notational convenience, we write R(t) := R(W;) and A(t,0;) = Alignment(W;,8;). The following
theorem sharply characterizes the timescale for alignment and the limiting risk curve. For ease of exposition,
we drop the prefactor % in the population risk so that the population risk starts at 1.

Theorem 1. Let \j = 7 and r < dP for some a >0 and B € (0,1). Consider the regime

e = pe(0,00) and d>Qap(1), ifael0,0.5),
re <1, and d>Qq (1), ifa>05.

Define the effective student width and effective timescale as

. {Lrs(llogl/sd)/\rj, if a €[0,0.5)
Teff ==

d Teg = /1rs||Allr log d/r..
Fo, ifa>o05 el Vsl Al log ¢/r

Then, the population (GF) dynamics satisfy the following with probability 1 — o(1/d?) — Q(1/r?):
1. Alignment: For j < reg and t > 0 satisfying t < r® when a € [0,0.5) and t < 1 when « > 0.5, we have

A(tTer, 0;) = 1{t > 5} + 0a(1). (3.2)

2. Risk curve: Under the same time scaling,

1 Teff

R(tTer) =1 — oz O ATL{t > -} + 0a(1). (3.3)
A% = !

Remark 2. We make the following remarks about our result in Theorem 1:

o The spectral decay rate o determines both the choice of student width rs and the timescale needed for
learning in Theorem 1. Specifically, when o > 1/2 (i.e., light-tailed regime), the target coefficients {\;}7_,
are square-summable, making the teacher model effectively finite-dimensional. Therefore, a finite-width
student suffices, and only finitely many directions need to be learned to achieve small loss, which results in
a timescale of order logd. In contrast, for the heavy-tailed regime o < 1/2, we need to recover linear-in-r
directions to achieve small population loss, which require both proportional width rs/r — ¢ and a longer
timescale rlogd. This difference in timescale will be made explicit in Corollary 1.

e Theorem 1 verifies the additive model hypothesis [MLGT24] for quadratic neural networks in the feature
learning regime; specifically, (3.2) identifies sharp transition time in alignment between student weights and
the j-th teacher direction, and (3.3) suggests that the cumulative loss can be decomposed into individual
emergent risk curves where the timescale is decided by the signal strength A;.

Neural scaling laws. As a corollary of Theorem 1, we obtain the following risk characterization.
Corollary 1. By Theorem 1, the asymptotic risk of (GF) is given as follows:

o Heavy-tailed regime (o € [0,0.5)): Almost surely, for allt > 0

1—2a

Ritrlogd) =% (1-Ct =), v (1—¢' 7).

o Light-tailed regime (o > 0.5): With probability 1 — Q(1/rs), for all t > 0, the risk R(tlogd) converges as
d — oo to a deterministic limit satisfying

R(tlogd) 2% © (t*m‘o?l + r;(zo‘*l)) .
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Figure 2: Tllustration of the limiting risk trajectories and scaling behavior given in Corollary 1.

Corollary 1 shows that, over appropriate timescales, the cumulative effect of these emergent transitions
yields a smoothly decaying risk curve. Intuitively speaking, the power-law exponent arises from the Riemann
integral approximation of the infinite sum (3.3) — see Appendix D.5 for details.

The asymptotic risk behavior in Corollary 1 is visualized in Figure 2 (see also Figure 1(b) for empirical
simulation). The figure illustrates how the sharp, step-like emergent curve at « = 0 (as observed in earlier
works on multi-index learning [BAGJ21, AAM23|) gradually transitions into a smooth curve as « increases.
Notably, in the light-tailed regime o > 1/2, our risk curve resembles the neural scaling laws in [KMH™ 20,
HBM™*22] which takes the form of R ~ 1/(Data size)®+1/(Model size)’, where the data size can be connected
to optimization time under the one-pass discretization, which we analyze in the ensuing section.

4 Discrete Dynamics: Online Stochastic Gradient Descent

Now we analyze the finite-sample, discrete-time counterpart of the population dynamics (GF) and establish
computational and statistical guarantees. We first discretize the directional component of the dynamics
via online SGD with Stiefel constraint (see Proposition 2), and then introduce a fine-tuning step with
negligible statistical and computational cost to fit the radial component; this mirrors the layer-wise train-
ing paradigm commonly used in theoretical analyses of gradient-based feature learning [AAM22, DLS22,
BEST22, BEG'22]. The procedure is summarized in Algorithm 1.

Algorithm 1 Online Stochastic Gradient Descent (Stiefel)
1: fort=1,2,... do
2: W, =W,_1 — Vg L(W;_1)

s \—1)2
3: W, =W, (WtT Wt> > Feature learning
4: end for
5. Wnal=W,Q, where Q, = argmin Z;V:Fi LW (45, Yt 5)) > Fine-tuning
QERTs X7s

In the feature learning step, we update the first-layer weights W; to recover the subspace spanned by the
teacher directions. To this end, we use online SGD on Stiefel manifold [AGP24] with polar retraction. The
Riemannian gradient on the Stiefel manifold is given by:

Vst L(Wi—1) == VL(W;_1) — Wiy (W, VLW, 1) + VL(Wi_1) T W,_q),

where the instantaneous loss is defined for the sample (¢, y;). Since the goal is to ensure subspace alignment
as in (2.5), the overlap of individual student-teacher weights is not relevant during this phase.



After the feature learning phase, we perform a fine-tuning step to rotate W; so that each w; aligns with
the corresponding teacher direction 8;. This is achieved by solving an empirical risk minimization problem
over Np¢ fresh samples. The optimal fine-tuning matrix €, admits a closed-form solution that is also
numerically easy to compute. Importantly, the computational and statistical complexity of this step scales
only quadratically with the student width r,, which is negligible compared to the cost of feature learning.
The derivation and complexity analysis for this phase are provided in Appendix E.

Remark 3. Recall that the stage-wise training procedure is not required in our continuous-time analysis in
Section 3. This is because we employ a Stiefel gradient similar to [BBPV23, AGP2/] — which alone cannot
fit the radial component — to simplify the discretization analysis. We conjecture that a standard Euclidean
discretization of (GF) can also achieve the same risk scaling; see Figure 1(b) for empirical evidence.

We define the population risk of the output of Algorithm 1, the alignment with a teacher direction 8;, and
the optimal risk achievable by a student neural network with width r; respectively as

R(t) = R(Wfinal) A(t,0;) := Alignment(W;,0;), Ropt = W D i (ranr) 41 NS

Intuitively, Rops is the risk achieved by exactly fitting the top s < r components of the teacher model. Note
that the alignment A(¢,0;) depends only on the directional component of W;; thus, this quantity remains
unchanged during fine-tuning. The following theorem characterizes the alignment and risk curve for the
discrete-time Algorithm 1.

Theorem 2. Let the parameters {\;};_y, 7,75, Tei and Teg, and the scaling regime (3.1) be as in Theorem 1.
Suppose the student weights are initialized uniformly on the Stiefel manifold, and that the step size n and
fine-tuning sample size Ngy satisfy

1
. 1{1gc<1+d/> o€ [0,05)

and Npy =< 7“3 log5 d,
a > 0.5

1
log€ead’
for some constant C,, > 0 depending only on «. Then with probability 1 — 04(1/d?) — Q(1/72),

1. Runtime and sample complexity: If

14+a Ca+1
T {dr log (1+d/rs), a€][0,0.5) (4.1)

dlog®ttd, a>0.5.

we have R(T) = Ropt + 04(1).
2. Alignment and Risk curve: Fort > 0 satisfying t < r*/n when « € [0,0.5) and t < 1/n when a > 0.5,

Teff

. 1
o A(tTer,0;) = L{nt = -} +0a(1) for j < reg.  ® R(tTeq) =1~ TATE NIt > L} +0a(1).
j=1

Remark 4. We make the following remarks on the sample complezity.

o The bound in (4.1) implies a complexity of n < T ~dr' T polylog(1 + d/r,) in the heavy-tailed case, and
T ~ dpolylog(d) in the light-tailed case. Note that due to the one-pass nature of the algorithm, the runtime
and sample complexity are identical (up to the negligible fine-tuning step).

o In the light-tailed regime (o > 1/2), the required sample size n ~ dpolylog(d) is information theoretically
optimal up to logarithmic factors. Note that kernel methods and neural networks in the lazy regime [JGH18,
COB19] requires n = d* samples to learn a quadratic target function; thus our sample complexity bound
illustrates the benefit of feature learning.

o In the heavy-tailed regime (o < 1/2), we obtain (nearly) information theoretically optimal sample com-
plezity when o = 0 (see discussion below). For the intermediate regime o € (0,1/2), we conjecture that
the optimal sample complexity is T ~ dr, which implies our current bound is suboptimal by a factor of r*.



Isotropic Setting (a« = 0). In the isotropic case, where the goal is to estimate the r-dimensional subspace
spanned by the teacher weights, the above theorem yields a sample and runtime complexity n < T =<
dr polylog(1 + d/rs). This interpolates between the n ~ dpolylog(d) rate for phase retrieval r = 1 [TV23,
BAGJ21], and n ~ d? as r — d, which matches the sample complexity in the linear-width regime [MTM*24,
ETZK25]. Notably, our r-dependence improves upon the recent work of [RL24], which established a sufficient
sample size of n 2 dpoly(r) for a similar quadratic setting. We expect our result to be optimal up to
polylogarithmic factors due to the intrinsic dr-dimensional nature of the subspace recovery problem.

Scaling laws in discrete time. As indicated by the alignment and risk expressions in Theorem 2, a
sufficiently small learning rate n ensures that running online SGD for ¢ steps closely tracks the population
gradient flow trajectory (GF) at time nt, exhibiting the same scaling behavior. The following corollary
formalizes the discrete-time counterpart of Corollary 1.

Corollary 2. By Theorem 2, the asymptotic risk of Online SGD is given as follows:
o Heavy-tailed case (a € [0,0.5)): Almost surely, for allt >0
Ritrlogd) 22 (1—Cnt) =) v (1 — o2,

o Light-tailed case (o > 0.5): With probability 1 — Q(1/r), for all t > 0, the risk R(tlogd) converges as
d — oo to a deterministic limit satisfying

R(tlogd) 222 ©((nt) = + o),

5 Overview of Proof Techniques

To avoid notational confusion between discrete-time and continuous-time dynamics, we adopt the following
convention throughout this section. Subscripts (e.g., W;) denote discrete-time quantities, while parentheses
(e.g., W (t)) denote continuous-time trajectories. Specifically, {W; };cn refers to the iterates of online SGD;
{W (t)}+>0 denotes the continuous-time gradient flow governed by (GF).

Since our proof strategy heavily relies on the matrix (Loewner) order for symmetric matrices, we introduce
the following notations. For symmetric matrices G, G € R™4 we write G; < G5 (respectively, G; < G5)
if Go — G is positive definite (respectively, positive semidefinite). The reverse relations are denoted by
G;1 > G5 and G1 = G5. Figure 3(a) illustrates this ordering by comparing the level sets of the quadratic
forms {v : v G = 1} for ¢ = 1,2. In particular, G; < G5 implies that the level sets of G5 are strictly
contained within those of G'1, as shown by the dashed ellipses.

5.1 Proof Sketch of Theorem 1

We first observe that both the population risk R(W (t)) and the alignment Alignment (W (t),6;) depend
on W (t) through two Gram matrices: the weight Gram matrix Gy (t) == W (t)W (¢), and the alignment
Gram matrix Gy (t) == ©@TU(t)U(t)" ©, where {U(t)};>0 denotes the directional component of W (), as
defined in (2.4). The proof proceeds by analyzing the evolution of these matrices, each governed by an
autonomous ODE; in particular, a matrix Riccati differential equation.

Proposition 1. The Gram matrices defined above satisfy the following matriz Riccati ODEs:

o Weight Gram matriz: 0;:Gw (t) = HA\(I)EE‘\/E ((—)A@TGW(t) +Gw(t)OAOT — %G%V(t))
o Alignment Gram matriz: 0,Gy(t) = W(AGU@) + Gu(t)A = 2Gy (t)AGy(t)).

Both equations in Proposition 1 take the form of matrix Riccati ODEs [BLW91], whose structural properties
play a central role in the proof. To illustrate the core idea, we focus on the alignment dynamics. For
simplicity, we write G(t) := Gy (t) and consider

0.5

%G = [Rlevre

(AG(t) + G(t)A — 2G(t)AG(t)). (5.1)
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Figure 3: Solutions of the matrix Riccati ODE in (5.1) with A1 =2, A2 =1, r; = 2. (a) To visualize the dynamics
under matrix order, we plot the level sets of G(t) at times ¢ € {0,0.25,0.5} for two initializations: G(0) (solid) and a
scaled version 1.25 G(0) (dashed). The dashed ellipses remain enclosed within the solid ones at all times, illustrating
monotonicity of the Riccati flow with respect to initialization. However, note that G(t) is not monotone in Loewner
order over time, as seen from the lack of nesting among the solid ellipses. (b) Entry-wise evolution of G(t) under a
random initialization with d = 1024. The diagonal entry Ga2(t) exhibits non-monotonic behavior, illustrating that
the solution trajectory G(t) need not be monotone in time; the off-diagonal entry G12(¢) is also shown for reference.

Note that Alignment(W(t)7 Gj) corresponds to the j'" diagonal entry of G(t). To characterize its trajectory,
we leverage the monotonicity of the matrix Riccati flow with respect to its initialization, i.e., if Gg =Gy,
the corresponding solutions satisfy G(t,Gg) = G(t, Gy ) for all t > 0, where G(t,Gy) denotes the solution
to (5.1) with initial condition Go. Our proof strategy builds on this monotonicity and proceeds as follows:

1. Diagonalization & decoupling. If Gy is diagonal, the solution {G(t) };>0 remains diagonal under (5.1),
reducing the dynamics to independent scalar ODEs that govern each diagonal entry. Moreover, each scalar
ODE admits a closed-form solution, allowing us to track the evolution of individual alignment terms.

2. Asymptotic characterization. For general Gy, we construct diagonal matrices G§ = Gy = G . By
monotonicity, the corresponding trajectories upper and lower bound {G(¢)}:>o. These bounding systems
are diagonal and decoupled, and as d — oo, their trajectories converge to the same limit.

We apply this strategy in Appendix D.3 to derive the exact asymptotics stated in Theorem 1.

Remark 5. We remark a conceptual point about the monotonicity of Riccati flow: while the Riccati flow is
monotone with respect to its initialization, this does not imply that its solution is monotone in time. That is,
the trajectory G(t) may not evolve monotonically in matriz order, even though a larger initialization yields
a trajectory that remains above that of a smaller one for allt > 0. This distinction is illustrated in Figure 3.

5.2 Proof Sketch of Theorem 2

Extending Monotonicity Arguments to Discrete Dynamics

We begin by observing that online SGD on the Stiefel manifold approximates the directional component of
the continuous-time gradient flow, with stochastic gradients arising from online sampling. This connection
becomes apparent when comparing the discrete and continuous dynamics:

SGD on Stiefel: W, =W, _; — Vs, L(W;_1) = GF on Stiefel: 9,W(t) = —VsR(W(1)). (5.2)

W, = W, (ﬁ?;ﬁz)‘”z
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The proposition below formalizes the idea that online SGD approximates the directional dynamics of the
continuous gradient flow at the population level. For the statement, recall that U (¢) denotes the directional
component of the gradient flow solution W (¢) from (GF), as defined in (2.4).

Proposition 2. Let ﬁ\/(t) be the solution to the continuous-time gradient flow on the Stiefel manifold defined
n (5.2), initialized with U(0). Then for all t > 0, the column spaces of W (t) and U(t) coincide.

This result justifies studying the online SGD on Steifel manifold via the directional dynamics of (GF). To
this end, we introduce the discrete analog of G(t) above as G; = @ T W, W, ®. Extending the analysis
to discrete time is non-trivial due to the loss of monotonicity in the Euler discretization of the Riccati
dynamics (5.1). In particular the update

G, =Gy 1+ HAHF\ﬁ (AGi—1 + Gi—1A — 2G4 1AG;_1) + (2nd-order terms and noise) (5.3)

non-monotone dynamics
no longer preserves the matrix order structure crucial to the continuous-time argument.

To overcome this, we construct an auxiliary discrete system that approximates (5.3) up to second-order
terms while preserving monotonicity. Specifically, we define the map

G(Gr,n) = Gy — 5 (26, — I)AQG: — 1) (I +nA2G, — 1)) ™' + 1A (5.4)
which matches (5.3) up to second-order terms. Indeed, expanding the inverse term gives

G(G,n) =Gy — g(QGt —I)A(2G; — I,,) + nA + 2nd-order terms.

=G +1(AG+G:A—2GAG:)

The key advantage of the iteration (5.4) is that it preserves matrix order:
Proposition 3. Forn >0, if G} = G; =0, we have G(G{,n) = G(G; ,n).
We use this to bound the non-monotone dynamics (5.3) via monotone iterates. Roughly, we show that for
small enough step size 7, the following holds:

G(Gt,l, (1+ €)n) + Noise = G = G(Gt,l, (1- s)n) + Noise
for some € = 04(1), where we denote the effective learning rate in (5.3) withn = m We then follow the
same bounding argument used in the continuous case by defining the upper and lower reference sequences,

Gi = G(Gf,, (1 £e)n) + Noise, where G = Go = Gy =0,
show that G;7 = G; = G for all t € N. Finally, by choosing G’oi to be diagonal, the bounding dynamics
reduce to decoupled scalar recursions, which can be analyzed explicitly. This allows us to establish concentra-

tion of the original iterates {G}}ien around the bounding sequences, leading to operator-norm convergence
of the discrete-time dynamics to their continuous-time counterparts. See Appendix F.3 for full argument.

Risk Decomposition for Fine Tuning

The fine-tuning step relies on the following decomposition of the population risk:

Proposition 4. For any @ € R"=*"s the population risk deﬁned in (2.3) can be written as:

R(W,Q) = —

Vs WTGAGTWtH

1 1
- iae Al - IARGAY ),

|
IIAH2 (
where Gy = O TW, W, © is the discrete alignment Gram matriz defined in the previous part.

We observe that both the second term and the matrix W, @ A®@T W, are independent of €. Hence, the
fine-tuning step reduces to a least squares problem in the matrix QQ T in population, which is approximated
via empirical risk minimization over a fresh batch of samples. By standard concentration arguments, a

sample size of Ny > r2polylogd suffices to ensure that the empirical minimizer approximates the population
solution with high probability. Full details are provided in Appendix E.
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6 Conclusion

In this work, we presented a comprehensive theoretical analysis of gradient-based learning in high-dimensional,
extensive-width two-layer neural networks with quadratic activation. We established precise scaling laws that
characterize both the population gradient flow and its empirical, discrete-time approximation. These results
demonstrate how anisotropic signal strengths in the target function fundamentally shapes the convergence
behavior and sample efficiency of gradient-based learning.

Beyond quadratic activations. An immediate direction for future research is to extend our analysis
to more general activation functions. Link functions with higher information exponent is studied in a
companion work [RNWL25], where the precise risk scaling is established by exploiting a decoupling structure
that is unique to the information exponent k > 2 setting. Importantly, many commonly-used activation
functions (ReLU, GeLU, etc.) have information exponent k£ = 1 and also contain a nonzero Hes component.
For such nonlinearities, we conjecture that SGD dynamics exhibits a multi-phase risk curve (analogous to
the incremental learning phenomenon in [AAM23, BBPV23]), where the higher Hermite modes affects the
learning dynamics after the low-order terms are learned. In Figure 4 we report the SGD risk curves for ReLU
networks, in which we observe (¢) an initial loss drop driven by the He; component (which finds a degenerate
rank-1 subspace), followed by (ii) a power-law decay phase driven by the quadratic Hes component where
the empirical scaling exponent align closely with our theoretical predictions, and finally (iii) a slope change
late in training likely due to higher Hermite terms (in Figure 5 we confirm that this “late” phase is absent
if we remove these higher-order components). Understanding such complex multi-phase learning dynamics
remains an interesting challenge for future work.
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Figure 4: Population loss vs. compute for two-layer ReLU network (power-law second-layer with exponent «) trained
with population gradient descent. The student network adopts the 2-homogeneous parameterization as in (2.2).
Observe that after the initial loss drop due to the He; component, the risk curves follow a power-law scaling where
the exponent (dashed lines) nearly matches our theoretical prediction for the quadratic setting 1=2%,
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A Additional Experiments
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Figure 5: Population loss vs. compute for two-layer neural network with activation function o o< He; + Heg, trained
with population gradient descent. The student network adopts the 2-homogeneous parameterization as in (2.2).
Observe that after the initial loss drop due to the He; component, the risk curves exhibit a power-law scaling where
the exponent (dashed lines) nearly matches our theoretical prediction for the quadratic setting 1;20‘; and unlike the
ReLU setting (Figure 4), the loss immediately plateaus after the power-law phase.

Experiment Setting. In Figures 4 and 5, we plot the mean squared error loss for gradient descent with a
constant step size on the population loss, using activations ¢ = ReLLU and ¢ = He; +Hes. The teacher model
has orthogonal first-layer neurons and power-law decay in the second-layer coefficients with o € {1.0,1.5}.
Both teacher and student networks use the same activation function, which we normalize to have zero-mean
an unit L2 norm. The student network uses the 2-homogeneous parameterization:

) 1 & ReLU—1/v27 He;+He
GW) = — Jlwill? o(w;,x)) where o€ {BLUTLVET Heitlles )
i=1

NGE

We set dimension d = 5000, number of teacher neurons r = 2400, student widths r, € {32, 64,128, 256, 512},
and learning rate n = 0.5/+/r. To estimate the scaling exponents, we first identify the range of compute
exhibiting a linear trend by visual inspection, and then fit the exponent via least squares. The dashed lines
in the plots correspond to these fitted lines, and the reported empirical exponents represent the median
values across different student widths.

B Preliminaries for Proofs

Proof organization. Section B introduces the notations and definitions used throughout the paper. In
Section C, we provide a brief review of matrix Riccati ODEs and difference equations, along with the
necessary supporting statements. The main results are proved in Section D. In Section E we discuss the fine-
tuning phase for the discretized algorithm. Additional proofs related to online SGD and auxiliary lemmas
are deferred to Sections F and G, respectively.

Notation and Definitions. We use [n] = {1,2,...,n} to denote the first n natural numbers. The
Euclidean inner product and norm are denoted by (-,-) and ||-||2, respectively. For matrices, ||-||2 and ||-||F
denote the operator norm and Frobenius norm. The positive part is denoted by (z)4 = max{z,0}. We
write fqg = 04(1) if fg = 0 as d — oo, and fq < g4 if fa/g94 — 0. We use O(-) or Q(-) to suppress constants
in upper and lower bounds respectively, and we use subscript to indicate parameter dependence, e.g., O (+).
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The symmetric part of a square matrix M € R?*9 is given by Sym(M) = %(M + MT). For symmetric
matrices A, B € R4 we write A < B (or A < B) if B — A is positive definite (or positive semidefinite).

Moreover, if A and B are mutually diagonalizable, we write AB~! = %.

We follow the convention that subscripts (e.g., W) refer to discrete-time quantities, and parentheses (e.g.,
W (t)) refer to continuous-time quantities. The overlap matrices of interest are defined as

Gw(t) =WHW(®)', Gut)=0'UnU®l)'e, G, =0'w,w,/e.

Weight Gram matrix Alignment Gram matrix Discrete alignment Gram matrix

Let Z € R¥"s be a Gaussian matrix with i.i.d. entries distributed as N(0,1/d). We define Z;.,, € R™*"s
as the submatrix formed by the first m rows:

Zl'm
Z = I
|:Zrest:|

Without loss of generality, we assume the teacher directions coincide with the standard basis vectors, i.e.,
0; = e;. With this, the initialization satisfies:

Gw(0)=2Z", Gu(0)=Go=2.,.(2"2)"'Z],. (B.1)
We start with characterizing “good events” for initial matrices given by the following lemma:
Lemma 1.
Both cases («a € [0,0.5) U (0.5,00)). Ford > Q(1), the following holds:
(B.1) 15 < Aain(Z7Z) < Anax(Z27Z) < 1.05.
(E.2) 1.05Z1.,Z], = Gu(0) = Go = 15 Z1: 2.,

Heavy-tailed case (a € [0,0.5)). Ford> Q,(1), the following holds:

(H.1) For m <rs(1— logfl/2 d) A r uniformly, we consider Amin(Z1.mZ1.,,) > %(1 — m)2.

Ts

(H.2) For all m < ry(1—1log >d) Ar uniformly, Am(Z1.2Z1.,) > Lo (1— m)2,

Ts

(H.3) Anax(Z1:rZ1,) < 2= (1 +

1 \2
)

Light-tailed case (o € [0,0.5)). For d > Q(1), the following holds:

(Ll) ,,,El)d S )\min(zl:TsZIrs)

5(rsVm)

(L.2) Form € {1,2,--- ,5r;, f10g2'5 d], Dog6 d],7} uniformly, Amax(Z1.mZ1.,,) < 7

We define
G = (EN)N(E2)N(H1)N(H.2)N(H.3), «a€][0,0.5)
T VEDN(E2) N (L) N(L2), ae>0.5.
We have
' 1 —3rsexp (g72), «€[0,0.5)
PlGins] 2 {1 —Q(1/r2), a>0.5.

Proof. We will use the following:
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(S.1) By [Verl0, Corollary 5.35], for m < r, and \/ry —/m >t >0

[ 2
F ’\mi“(zlimzzm)z%(l_ nTY ) >1-2",

and for m > ry and /m — \/rg >t >0

N
P | Awin (200 Z1m) 2 % (1- ) |z1-2et

(S.2) By [Verl0, Corollary 5.35], for any fixed m
2
P [fg (1 +4/ =4+ j—ﬁ) > Amax (ZlT:mZLm)} >1-2e7",

(S.3) By [Verl0, Theorem 5.38], there exists C,c¢ > 0 such that

For the heavy tailed case, we consider d is large enough to guarantee |“= — | < £. We have
e By using (S.1) and (S.2) with m =d, t = %, we can show that P[(E.1)] > 1 — ewsd for d > Q(1).

e By (B.1) and (E.1) , (E.2) follows.

3

e For (H.1), by using (S.1) with t = \/’Tslo’gd > \/@7 we have with probability 1 — 2r; exp (ﬁ;gd), for
m < rg(l— log_l/2 d) A r uniformly:
. L\2 2 2
Aumin (Zlimzlrm) > % (1 B \/@) (1 B %) = % ( B %) ’

Therefore, P[(H.1)] > 1 — 2r exp (

ZTOTng)'

e By Cauchy’s eigenvalue interlacing theorem, A\, (Z1.+Z1.,.) > Amin (Z1:mZ1T;m)~ Therefore, by (H.1) , (H.2)
follows.

e For (H.3) , by using m = r and ¢ = 0.4,/r, in (S.2), we have P[(H.3)] > 1 — 2¢ 0167,

e For (L.1), by using (S.3) with e = T%, we have P[(L.1)] > 1 — Q(1/r?).

e For (L.2), by using (S.2) with ¢t = 0.4,/r,, we have with probability 1 — (107, + 6)e~%1" for m €

[57] U {[log>® d], [log® d], r} uniformly:

2
sl B 2L < 5 (144 | JE) < 20,

By union bound, we have the result. O

C Background: Matrix Riccati Dynamical Systems

We begin by reviewing Riccati dynamical systems in both continuous and discrete time, establishing the
necessary background for the arguments that follow. For the following, we define

_ (A0 Ao Ve
Ao [0 0} and A = i Ae-

For notational convenience, we adapt the abuse of notation:

A
Ae — lim (Ae + €Id) — | Ir—exp(—tA) 0 .
I; —exp(—tA,) =0 I; —exp(—t(Ae +ely)) 0 %Id_r
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C.1 Continous-time Matrix Riccati ODE
In this paper, we study continuous-time matrix Riccati differential equations of the following form:

e Weight Gram matrix: For Ty = r;

0,Gw (1) = ;Ti (AGw (1) + G (DA — 2G5 (1)). (1)

e Alignment Gram matrix: For Ty = ||Al|p/Ts,

0.5
®Gy(t) = T

T (AGU(t) +Gu()A — 2GU(t)AGU(t)). (C.2)

For a = 0, we assume that the ODEs are expressed in the eigenbasis of Gy (0) or Gy (0), ensuring that the
trajectories remain diagonal. The solutions of these ODEs are characterized in the following statement:

Lemma 2. (C.1) and (C.2) admit the following solutions:

B A _ Acxp(-054A/1,) Aexp(—tA/1y) \ ' A exp(—0-5tA/1y, )
A Al VS R exp(tﬂ/m)( © Id—expr/TW)) Ty—exp(—&/rw)

- I exp(~05tA/T,) exp(-A/1)  \ " exp(-05tA/m,)
Gl = F () T, — exp(~Afzy) (G O+ Ir—exp<—tA/TU>> T, — exp(—'A/1y)

Moreover, (Gw (t))i>0 and (Gy(t))i>0 are monotone with respect to Gy (0) > 0 and Gy (0) = 0 respectively.
Proof. One can check by direct differentiation that the given closed-form expressions satisfy the ODEs above.

The uniqueness of the solutions follow the local Lipschitzness of the drifts. Monotonicity is a consequence
of Proposition 25. O

C.2 Discrete-time Matrix Riccati Difference Equations
In this section, we will study a particular discretization of Alignment Gram matrix ODE, given as

G =Gy — g(ZGt —IL)AQ2G; — L) (I, + nA(2G; — 1)) "' +nA. (C.3)

For convenience, we will make a change of variable and define V; = QA%GtA% — A. We write (C.3) in terms
of V; as follows:

Vi1 = Vi = V(L + Vi) + A2,
We characterize the dynamics of (V;)en as follows:

Lemma 3. We consider
Xt+1,1 _ Xt,l Xt,l XO,l _ Ir o 0 Ir
|:Xt+l,2:| - |:Xt,2:| +oH |:Xt,2:| where |:X0,2:| B [Vo} and H = [AQ TIAZ} '
The following hold for all n € N:

(R.1) We have

[ Arn AT'Ag g

= (I, +nH). C4
AA Amg} (or +nH) (€4)

where Ay 11, Ag 12, At oo are positive definite diagonal matrices.
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(R.2) Ay11+nAA; 12 = Ay and Ay 2Ai11 — A7y = I,

1/2 1/2

(R.3) Forn <1, we have At’llAgllz - (IT + %AQ) — 2A and At,ggA;}Q - (IT + nffA2) + ZA.
(R-4) If [InAll2 <1,
_ I +nA)" + (I, —nA)’ -
Ay AL ( = Ay 11 AL,
t,22A4 19 = (I, + nA) — (I, — nA) — t11 A, 12
Moreover, if X:1 and X¢y1,1 are invertible:
(R.7) For Vi1 = Xt+172Xt_+11,1, and V; == X27tXt_711, we have
Vier = Vi = V2 (I + Vi) 4 nA”.
Proof of Lemma 3. We have
I I
I, + 77H = |:T]A2 I, :g,r]2A2:| . (05)

Let

ét,ll 4:&,12]

Io, + Ht::[
(B +nH) =1 20 A

Since each submatrix in (C.5) is diagonal positive definite, the matrices in (C.4) are also diagonal positive
definite. To prove (R.1) and the first part of (R.2) we use proof by induction. We assume Ay 11 +nAz1; =
A 12 and AQl’tA;2{t = A2%. We have

- - _ (@) _ _ - ®) .
Apip1 = A2 A2 = Ao +0 (At,n + T]A21,t) =nAi 11+ (I'r' + T]2A2) Ao

@ - 2 242\ A
=nAi11 + AT (Ir +n°A )Azl,t

= A72A21,t+1-
where (a) follows the first assumption, (b) and (c) follow the second assumption. Moreover,

All,t-ﬁ-l + 771&21,75-5-1 = At,ll + 771421,#, + 772A21‘it,11 +n(I + 772A2)A21,t
= (I, + ﬂzAz)(x‘it,u + 774&21,0 + 771‘121,t
(d) _ - .
= (I + P* A Ay 19+ A% Ay 10 = Agg i1

where (d) follows the first and second assumptions. For the second part of (R.2) we again use proof by
induction. We assume A 22 A 11 — Af,u = I,.. We have

A117t+11&22,t+1 — A12,n+1A21,t+1 = <At,11 + 771‘121,t> (UAQAt,u + (L- + 772A2) At,lQ)
- (TIAQJ‘L}M + (Ir + 7]2—/\2) Azm) (At,12 + 77!&,12)
= At,llAt,H - At,12A21,t =1I,.
For (R.3), by using (R.2), we have

112 _
At,ll (At,u + 77AAt,12) - A?,12 =I= (At,llAt,llz) + nA(At,llAt,llz) -1, -0

9 N\ 1/2
= A Apl - (IT + ZA) - gA.
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The second part follows (R.2). For (R.4), we recall that

A2 = Apie +nAA 90 = (I, + 7)2A2)At,12 +nAA; 1
Ao =1AA 1o+ (I, + PA%) Ay o = nAA 12 + Ay os. (C.7)

—
Q
=D

=

We use proof by induction. Suppose the lower bound for % holds. We have

Api190 O nAA; 19+ Ag oo
A2 Ai12 +nAA; 5
() (I + nA)t + (I, —nA)t (I, +nA)t + (I, —nA)t\ ~
= [nA+ I. +nA
(77 (I + At = (I — nA)t> < 1T A — (I, - UA)t>
@y nA)t“ + (LA
- (LA — (T, - nA)t“

where (e) follows (C.7) and (f) follows the induction hypothesis with that x — 11'4:‘;]7’)\2 is monotonic increasing

for nA < 1. For the upper bound, suppose the lower bound for At—” holds. We have

A1 (i) A1 +1nAAL
A2 7 Ao +nAA
) -+ 1A+ (I, — nA)t I, +nA)t + (I, — pA)t\ !
o (nA+( U ), (I —n )f)(ITJFnA( U )t (Ir —n )f)
( -+ 77A) (Ir - 77A) (Ir + UA) - (IT' - UA)
L) (I pA)
(L +nA)t+ — (I, — nA)t+1

where (g) follows (C.6), and (h) follows the induction hypothesis.
Lastly if X;; and X;41,; are invertible,

1
Xip12X 500 = (Xeo X + P A X0 X +0A%) (I + 10X 2 X, 5)

= Xt,zxtj2 (I, + nXt,gth2 )‘ +nA?
_ _ _ _1y—1
=X19X, 5 —nXe2X;1 Xe2 X1 (I +nXe2X,,)  +nA”

Corollary 3. For Vy = 2A2% GOAQ% — Ay, we define
Vg1 = Vi = V2 (L + V) ™' +nA”.
If Ay, Ao and A are mutually diagonalizable, and X, ; is invertible for t <t* € N, we have fort <t*

Ay A2 A

A 1A [AAn Ay AA-1
G, — Ao Az As lAt,12A Az Ay 12 A; +G AAt,lQ
¢ 2 4 A, 2 0 A,

where Ai1t, At 12, At oo are defined with A.

Proof. By using (C.4), we can write that
A Aa—1 !
Vi= (A + A Vo) (AAt LA+ Vo) AAL

= AAt,12 (AA;%QAt,ll + Vo) AAt 12+ Ay 22( — A4, 12A (AAt 12At 11+ Vo) )AAt_llg
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= AnA LA - ATLA (AL AL+ V) AATL,

Therefore,
Ay, A —1 ] A Ay, A T _
G, — + Ay, fﬁ Ay lAt,112A TzAt,ii o T; e, AAt,llz
! 2 4 A, 2 0 Ay
O
Proposition 5. For some symmetric matrix S, we consider
Vi=Vo+nS—nVE +nVo) . (C.8)
If VO+ = Vo= %Ir, we have V;* = Vi, where Vit is the next iterate if we use V0+ in (C.8).
Proof. We have
1 -1
Vi (L= L)) 4.
The statement follows by Proposition 25. O

D Proofs for Main Results

D.1 Proof of Propositions 2 and 3

For Proposition 2, we observe that

~

Gt)=WHOW®)T and Git) =UOUR®)T = WEH(WE) W) 'W(t)"

have the exact same dynamics. Therefore the statement follows. Proposition 3 follows Proposition 25.

D.2 Proof of Proposition 4

We begin by noting that W, is an orthonormal matrix. Using this, we can express the population risk as:

R(W,Q) =

1
w.aQ W, - @A@TH
Ts

HAHF
Al

1 A
(181 + L2 a0 - 212en@a W ore i) = (W) 0r0 Wi

EE s s
1 2 T T (12 HAHF T T e
~ AR Al = W, ©A® Wiy + | —/——Q02 — W, 6A6 W,
F F

By observing that |[WTOA®TW |2 = [[A2G;Az||%, we have the statement.

D.3 Proof of Theorem 1
We let

r*  «a€0,0.5)

R SIA | log @/,
L a>05 oft = Fefi\/Ts||Alr log 4/

tsc = t\/EHAHF‘v Reff = {

26



and

*

S a € [0,0.5) S lrs(1—1log "*d)Ar|, a€[0,0.5)
“T 1 Nlog®?d], a>05 T ) a > 0.5.

In the following part, we will establish the high-dimensional limit of the risk curve and the alignment.

D.3.1 High-dimensional limit for the alignment

By Lemma 2, we have

_ I exp(—0.5tA) exp(—tA) ! exp(—0.5tA)
Gutse) = I. —exp(—tA) I, —exp(—tA) Gu(0)+ I, — exp(—tA) I, —exp(—tA)’
We define the block matrix forms

_|Gui(t) Guaal(t) A O . __|A22 O
GU(t) - G;,lQ(t) Gugg(t) ) A= 0 A22 ) Ae,ll = Aef‘fa Ae,22 = 0 ol

where Gy 11(t), Aeg € R™+*"+. The following statement characterizes the time-scales for the alignment
terms.

Proposition 6. G,,;; implies that A(tTeq, 0;) = 1{tkex > /\i} + 04(1) fort # limg_ ﬁ and j <1y,
] jKe

Proof. For a = 0, since the trajectory stays diagonal and the diagonal entries are monotonically increasing,

by using the events (E.2) and (H.2) with Lemma 10 we have the result.

In the following, we will prove the result for aw > 0. By using Proposition 22 with (L.2)

2121, Z7. 0
< Ty Ty
Gu(0) = { 0 212,25 |’
where
51+ +)2, ae0,0.5
2'1)\max(Z1:Tu Z;—r )S ( \/5) [ )
s 15, a>0.5.
Therefore,

exp(—0.5t Aesr)

I,
G t . < UK —_
U 11 (tse) = I, —exp(—tAeg) I, —exp(—tAc) (

O(rs) ; exp(—tAor) ) exp(—0.5tAcq)
q s I, —exp(—tAeg) ) I, —exp(—tAcq) .

Therefore, by Proposition 36, for j < r,,,
1

d_ 1 d tRertf T
L+ <T§ log3 d 1) Ts

Moreover, for ¢t < (r,, + 1)®log -, by using the events (H.3) and (L.2), we have

AtTeg, 05) <

= 1{tkes > Aij} + 04(1).

O,()I,,, a € (0,0.5)

zT tAoo)Zo <
2 oxp(ihzz) 2‘{0(1og2'5d>1r5, a>05.

Therefore, for ¢t < (r,, + 1)%log %, we have Gy 11(tsc) = G(t) where

I, exp(—0.5tAegr) (7’5 o) , exp(—tAeg) >‘1 exp(—0.5tAcg)

G t) = - i r )
G(?) I., —exp(—tAcg) I, —exp(—tAcq) d log*d "™ I., —exp(—tAcs)) I, —exp(—tAem)
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which implies that for ¢t < (r,, + 1)*log +

1
4 g d 1—tRerrj ™
14 O(log™ d) ;-

A(tT ogr, ej) >

= 1{tker > )\%} + 04(1).

To extend the lower bound for ¢ > (r,, + 1)*log % , let us define
to == (ry, +1)%log T% and Ay = Aeg — (1o, +1)" I, .
We have for t > t,
05/, _ _ _
AGun(1) =7 (AGGua(t) + Guu(DAG — 2Gun (A LG (1)

1
+ o ((ru + )7 Gun ()T, — Gun(0) — Guan()AnGl ().

SIESI R (GU,u(t) (1., ~Guai (1)) —GU,m(t)G;lz(t)) =0

Therefore, for ¢ > to, by monotonicity and [BR14, Theorem 38|, Gy 11(tsc) = G(t) = G(to), where

I,
Q(t) _ U x

I, —exp(=(t —to)Agg)

 exp(—0.5(t — to)Ay) exp(—(t — to)A) 1 exp(—0.5(t — to)Ay)
T,.. —oxp(—(t — to)Ay) <G“ Al A to>Agﬂ>> T, —oxp(—(t—to)Ay)

Therefore, the result extends to t > tg as well. O

D.3.2 High-dimensional limit for the risk curve

For Err(t) == ”A”F(Hﬁﬁp - Gyr(f))v by Lemma 2, we have

Gw(0)+

_ —Acexp(—tA;) | Acexp(—0.5tA,) <||A||F (D.1)

Err(ty) Acexp(—tA.) \ 'Ae exp(—0.5tA.)
I —exp(—tAe) Iy —exp(—tAe) \ 75

I; — exp(—tA,) I; — exp(—tAe)

We define the block matrix forms

_|Gwai(t) Gw,az(t) _|Aeg O _ _ |A22 O
GW(t)_ Gg/712(t) GW722(t) ) A= 0 A22 ) Ae,ll = Aeffv Ae,22 = 0 ol

where Gy 11(t), Aeg € R™*™«. Our proof strategy is as follows: In Proposition 7, we show that the
off-diagonal and lower-right terms in (D.1) does not contribute to the high-dimensional limit. Then, in
Proposition 8, we characterize the limit of the left-top terms. Finally, in Proposition 9, we prove the
asymptotic behaviour of the risk curve.

Proposition 7. G;,;; implies that ||GW’12(tTeH)H; = 04(rs) and ||GW’22(tTeﬁ‘)||2F = 04(rs).

Proof. We let

_ Acpiexp(—tAc 1) _ Acopexp(—tAc o) 2.,
D, = . Dy = . Z = .
I, —exp(—tAc1) I; ., —exp(—tAc22) Zs
and
l:Sll 512:| o |7|\//\7!L€F Zl:'r‘u ZIru + Dl 7”{/\7!—‘:: Zl:ru Z;— )71
Sl Soo| %ZQZITH %ZQZ;+D2 .

28



where
—1

-1
S11 = <D1 +Zi.r, <||><> I + 2, D2_122> Z1T;7~“> )

—1
Slg = — (Dl + Zl:ru (ﬂ ITS + Z2 D2 1Z2) ZIam) Zl:ruZQT (Z2Z;— + D2) 9

_1 -1
522 = <D2 + 22 (”\1([ ITS + 21 TuDl_lzliTu> Z2T> .

Off-diagonal terms: By Proposition 26

Ae,ll eXp(—O.f)tAe,u)S ) 622 eXp(—0.5tAe,11)
1

Gw,12(t) =
w2(t) I, — exp(—tAc11) I ., —exp(—tAe22)

= exp(0.5tA6711)Z1;ru (Hﬂ Irs + Z D51Z2 + ZIruD;1Z1:Tu> Z;— exp(O.5tA6722).

We observe that Apax(D2) = % and |‘/EF = Keg . By using Proposition 27 with Ginie and f := tkeg log Ti,
we write

1 S T
—Gw12(tTest) |7 = Tz 1Gwaz(@)]l
Ts Al r

1 o) & ( T - - Aiexp(th;) )
< P Ao Zer, Z1,.) exp(N) A (et + 1) o2 ) (o
< TATE G 2 2y P2 @) Ao £0 07570 ) - (02

=1

For the heavy-tailed case (« € [0,0.5)),

(D.2)§M21{£Aiglog%}+0“” D> ONL{EN > log £} = oa(1).

1
rlog”d < ri=log d1<r

For the light-tailed case (a > 0.5),

Oa rs 6(1) OQSOIB
Pt AR Lt N < Toe,PATT _
log? d > " 1{tA; <log -} + og d § AI{EA: > log 2=} = 04(1).

i<rs i<rs

(D.2) <

Lower-right terms: By using Matrix-Inversion lemma, we have

-1
—D2 + D2522D2 = —Z2 (”g ITS + Z1 ’ruDl 1Z1 He + Z2 D2 122) ZQT

We observe that Apax(D2) < % and ﬁ = Kef. By using t := tkeg log Ti, we have

1 Vs -t
GWQQ(tTeﬂ‘) ||A||FZ ( Irb + Z1 i Dflzl:ru + Z;D21Z2> ZQT

VTs [Alle
0 1
= ”A(”;ZQ (ke I, +12) Z5)  Zj . (D.3)
For the heavy-tailed case (« € [0,0.5)),
@) (1) 1
D.3)[|% < —28b = 04(1).
ID-3)l[F < r=2log? d t2r2a log? d a(l)
For the light-tailed case (a > 0.5),
1
D.3)|1% < Oayr, 5(1) =—5— = 0a(1).
O3 < Our (1) 7 = oul)
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Proposition 8. Let

(ru,+1)”
G(O) — % te (Oa Keff )’ [ RS [0; 05) q> Q¢7a(1) a € [0, 05)
£ (0,25 (jo i €N}, > 05, 1. a(1), a>05

for some ¢ > 0. We define

Err,., (tse) =

—Acrexp(—tAcg) Ao exp(—0.5tAest) [ Ao exp(—tAer) G(0) “Aosr exp(—0.5tAegr)
I., —exp(—tAeg) I, —exp(—tAeg) \Ir, — exp(—tAecq) I, —exp(—tAcg)

Ginir implies that

|Err,, (tTeq) || % < L
u =1- N1 {trer > 3=} + 0a(1).
AllZ HA||2 Z

Proof. We let

ZlITuZIru = |:Z1:Tu* ZIT“* Z]'Z;:| Aeff = |:Aeff’11 0 :|

ZQZ;F ZQZQT 0 Aeff,22
where Aegr 11 € RMe XTus | Zy € RUwTTu)X7s | et

( Aeff eXp(ftAeff)

T(ts) =
(fsc) I, — exp(—tAen)

-1
+ jleruZlT:ru> and Err(ts,T') := Erry, (tsc)-

By using Proposition 22 and the events (H.3) and (L.2),

10c 7 Aesr11 exp(—tAem 11)

—1I, 0
t d T IT —exp(—tAeff 11)
- s )
F( ) - E( SC) 0 2¢ e 10g2.5 dI N Aeﬂ’22 eXp(_tAeﬂQZ)
t d Tu " Tux Iru,_?"u,* — eXp(—tAeff,gg)
For the upper bound, by using ¢ = T;;Sd in Proposition 24, and the events (H.1), (L.1) and (H.3), (L.2),
we have for t < (r,, +1)*log £,
A Acgr1 exp(—tAeg,11) 0 -1
Sl 10g4d d T Ir - eXp(_tAeff 11)
< = x ’
D(tsc) = T(tsc) L1/t pg A 22 exp(—tAcs 22)
0 Iru —Ty +
log”?d d * I, — exp(—tAeg 22)
Therefore, for ¢ < @ by Corollary 8, we have
Err(tTeg, T)||? Err(tTes,
H rr( 652 )HF > || I’I’( eff )”F o 5 Z)‘Q]l{)\ >t/€eff}+0d( )
A% A% A ||

a2 ZVHmcﬁ 37} oalD)

On the other hand, by Corollary 8, we have

[Err(tTesr, D) 1% _ [IErr(tTes, D)7

(Al B Al
1 Ty Tu
||A||2Z)\2]l{>\ >meﬁ}+HA” ST 24 04(1)
F

J=ru,+1
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1 &

— oz O A {tker > 3=} + 0a(1).
1AlE = 7

O
Proposition 9. G;,;; implies that
[Err (¢Tesr) 17 L 5
=1 A2 ]l{mcﬁz—}—kod( ),
AR 1]z & Z *
for
e (0, 00), a € [0,0.5) g Qoa(l)  «€]0,0.5)
(0,00)\ {j*:j €N}, a>0.5, " 2ra(l), a>05
Proof. We recall that
D1 — Ae,ll exp(—tAe,H) : D2 — Ae722 eXp(—tAng) 7 7 — Zl:r“ 7
I, — exp(—tAec11) I, — exp(—tAc22) Z
and
Err(tu) = —Acexp(—tAe)  Acexp(—0.5tA) (|| Allr 7277 + Ao exp(—tAy,) -t A exp(—0.5tA,)
T I — exp(—tA.) I, —exp(—tAc) \ /75 I; — exp(—tAe) I; — exp(—tAe)
B Err,, (tsc) - (tse)
N \;T%GW,lQ(tsc) JT%GW,22(tsC)
Note that by Proposition 35, in the time scale we consider we have 1}’:;1) < Amin(D2) < Amax(D2) < wo
The by using (E.1),
—A —tA
Erry, (tsc) = off eXP(—tAef)
v I. —exp(—tAcg)
Ao exp(—0.5tAosr) o(1) Zi. 27 4 Acexp(—tAer) _1Ae exp(—0.5tAefr)
I, — exp(—tAen) H\I/\ﬂF 4t Lru &y I, —exp(—tAesr) ) I, —exp(—tAeq)’
By Propositions 7 and 8, we have
(rsAT)
[Err (tTer) |7 1 2 1
— =1 — M1 {tkogr > <} + 0a(1),
AR AR ; ! A
for
(0, ety a €[0,0.5)
te - ‘fl . (D.4)
(0, ;eff J\N{j*:jeN}, a>0.5.
To extend the limit for ¢ > %, we observe that
e ||[Err (¢)||2 non increasing since it corresponds to the objective under (GF).
e The global optimum of (GF) and the previous item with (D.4) guarantees that for ¢ > %,
(rsAr) (rsAT)
1 |Err (tTeqr) |2 1
N1 {thes > 3= i< E < N1 {thes > 7} + 04(1).
Al ; 1A% Al Z
Therefore, the statement extends to ¢ > Tt O

Reff
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D.4 Proof of Theorem 2

We redefine the time-scale and effective-width as:

r*/n, «a€][0,0.5)

3 Te = Ke Ts Allr logd/r,.
1/n,  a>05 i = Kt /s || Allr log 4/

tse = t\/EHAHFa Reff = {

and

B L a € 10,0.5) S RO log” *d) Ar|, ae€0,0.5)
‘| Nlog*®d], a>05 ' T a>0.5.

We consider the learning rate and fine-tuning sample size given as

1
1| ==—o7+——, a@€]0,0.5
n= = {’“ 1°g10(1+d/“‘) [ ) and N, =< r2log”d.

d Tﬁa+3 log'® d’ a>0.5

We define the effective learning rate 1 and the hitting time Ty as follows:

T

n/2 |AZG A% |3 1 2 10
= T= 20| 1- < A2+ .
Al s { AE - STAR, 2 5 igta

We note that bounding 7y, suffices to derive sample complexity since by Proposition 11, we have

ARG | o)

final <
RWED <=8 " logd

The main statement of this part is as follows:

Proposition 10. The intersection of the following events hold with probability 1 — 04(1/d?) — Q(1/r2):

1. We have
i % (rs(l —log ™/ d) /\T)a log (W) , a€l0,0.5)
= e log (20410574) a>0.5.
2. Fort >0,

o A(tTem,0;) = L{ntkex > %} + 04(1) fort #limg_ o m and j < 1y, .
1 1 Tuy
o [[AIR — 1A Gir A5 = 1= 3000 AL {ntken > 55} + oa(|A[R)-

Proof. By using Lemma 1 and Corollary 5, we have with probability 1 — 04(1/d?) — Q(1/r2):

o (rs(l — log%ld) A r) log (dl%js‘ﬁ , a€]0,0.5)

7T:oad > 1.5
Lrolog (7‘“‘3% d) , a > 0.5,

2n

where Tpaq is defined in (F.14). Given the lower bound, by Proposition 14, and the third item of Proposition
15, we have the first item.

For the second item, by Proposition 14, and Proposition 15 (for the lower bound) and Proposition 16 (for
the upper bound), we have for r,, x r,, dimensional top left submatrices G 11 and Ay,

1
éﬁi% exp (—2mAq1) + 1

Cubrs
~0u) = G = (e neAn) A1) o), (D)
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and

|AI% ~ A2 GrA2 ||F>ZA2( — Cute exp (20t ) |~ oa(|AI})
=1

Tuy

1
A2 — [|AZG A2 |2 < A2 45
i= (r%ﬂﬂ ; clb eXP( 2tmAi) +1

2
) +oa(|AlF),  (D6)

for
< 2n (rb(l —log™/*d) A r) log (M) , a€0,0.5) 0.7
B 211 r%log (L“%:Sd) , a > 0.5. .
where
25(1+ ) 0,0.5 1 [log™?d, a€]0,0.5)
Cub: . (+ﬁ)7 ae[;) C]bzi g bl L
15, a> 0.5, 15 a>0.5.

The high-dimensional limits of the alignment and risk up to the time horizon in (D.7) follow from (D.5) (for
the alignment), and from (D.6) (for the risk) by Proposition 36. Proposition 21 then allows us to extend
these results beyond the time limit in (D.7), yielding the full statement. O

D.5 Proof of Corollary 1 and Corollary 2

Finally, we derive the scaling of prediction risk under power-law second-layer coefficients. Since Corollary 2
is a rescaled version of Corollary 1, we will only consider the latter.

Proof of Corollary 1. We will prove heavy and light-tailed cases separately.

1
Heavy-tailed case (a € [0,0.5)): We define C' = ((1\/_%5)&' We first fix a (Cp)* >t > 0. By

Proposition 9, for any d > Q, (1), we have with probability at least 1 — o(1/d?)

R(trlogd) = ||A||2 Z)@ s 1:|:;7\j(1)}_|_0d(1)

=Ra((Ct))

where we define Rd((Ct)%) to isolate the main term and make the dependence on the ambient dimension
explicit. By using A; = 7~ in the indicator function, we can rewrite

Ra(t) =1 - % iA?]l{(l +o0g(1))t > 1}
[AllE = "

We define a sequence of measures supported on {j/r : j € [r]}, where pg{Z} oc j=2@

observe the following:

forj=1,---,r. We

e 114 converges weakly weakly to a limiting probability measure p supported on [0, 1], with cumulative
distribution function

720 <1

)

1 r>1

#{(0,0)} = {
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e Moreover, the risk can be expressed as

Ra(t) =1 = (1% 04(1))Exnp, [H{(1 £ 0a(1))E A p > X}

By the Portmanteau theorem [Dur93], it follows that for any fixed ¢ € (0, ¢),
Ra(t) = 1— 2,
almost surely as d — oco. The almost sure convergence follows from the Borel-Cantelli lemma [Dur93] applied
to the failure probabilities.
To extend this result to t > ¢, we observe that by (GF), R4(t) is non-increasing and infi>q R4(t) >
(1 — p'729), — 04(1). Hence, for all t > 0, we obtain
Ra(t) = (1— £1720) v (1 — pl=20)

The desired result for a fixed ¢ > 0 follows by a change of variable. Finally, since the risk curves are
continuous in ¢, the almost sure convergence extends to all ¢ > 0 pointwise.

Light-tailed case (« > 0.5): For this part, we consider the probability space conditioned on G;,;; which
holds with probability at least 1 — o(1/r2). We define

(o)
Z = Zj*%‘, C = (rZ).
j=1

We first fix a t € (O, (C’TS)D‘) \ {j* : j € N}. By Proposition 9, for any d > €2, (1), we have ,

1

R(tlogd) =1— ——
I AJE

D X1{ds > B8 tou(1).

i=1

=Ra((C))

«

By using A\; = j7¢ in the indicator function, we rewrite

1 &
Ra(t) =1— AT D> ONL{(1 £ 0a(1))t > 5}
Fi=1
We define a sequence of measures supported on N, where pg{j} o< j72% for j = 1,--- ,r;. We observe the

following:

2a

e 114 converges weakly weakly to a limiting probability measure p supported on N, such that u{j} = %
e Moreover, the risk can be expressed as
Ra(t) = Ex oy, [1{(1 £ 0g(1)t V 1y < X}]
Since t ¢ N, we have
Ra(t) = p([t V rs, 00)).
By observing that p([t,00)) € ©(t!~2%), the result follows for a fixed ¢ € (0, (Cr,)*)\ {;j® : j € N}. Since the

limit is piecewise continuous and non increasing, it is sufficient to take a union over ¢t € {0.5,1.5,--- ;rs+0.5}
to extend the result for all ¢ > 0. O
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E Details of the Fine-tuning Step

In this part, we describe how to efficiently solve the empirical risk minimization problem used in the fine-
tuning step of Algorithm 1. Recall that this step aims to find a rotation matrix 2 € R"=*"= that aligns the
learned features with the teacher directions by minimizing the empirical loss over Ng; fresh samples:

Ny

Q* = arg min ZE(WtQ, (xt—i-j;yt-i-j))a (El)
QERTs XTs j=1

where each sample loss is given by

1

1
LW (145, Ye+5)) = E(Z/t-i-j BV

2
e (QQTW, (20152],, — T)Wi) )

Let us define A; == W, (x4, +; — La)Wi. We observe that the loss becomes quadratic in the symmetric
matrix positive semidefinite matrix S := QQ7'. Then, the fine-tuning objective reduces to a standard least
squares problem over the cone of symmetric matrix positive semidefinite matrices:

Nr¢
1 2
S, = argmin E (\/rsijfTr(SAj)) . (E.2)
SERTSXT‘S QNFt A
Jj=1
S=S".8>0

=Ft(S)
For the following, we also define the global minimum of the least square objective in (E.2) as:
Selob == argmin Ft(S). (E.3)

SEeR"sX"s
S=S8T

E.1 Characterizing the Minimum

Since the fine-tuning objective reduces to a least squares regression problem over symmetric matrices, we
can write

Ft(S) = Ft(Sglob) + Tl“((S — Sglob)L(S — Sglob))
where L is defined as the linear operator acting on symmetric matrices via

Nry
1
L(S) == T ;Tr(SAj)Aj,

which corresponds to the empirical second moment operator associated with the covariates A;. We note
that the operator L is self-adjoint and positive semi-definite on the space of symmetric matrices, and we can
write the characterization in (E.2) equivalently

S, = argmin Tr((S — Sgiob)L(S — Sglob)).
SERTsX"s
S=8".8>0

We define the projection on the cone of symmetric positive semi-definite matrices as:

I'I(§) = argmin [|.S — §||%
SER"sXTs
S=S".5>0

In the following, we will show that the operator L is close to the identity, and thus, S, is close to Mo L(Sgiop ).
Before proceeding, we make the following observations:
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e We observe that by the first-order optimality condition applied in (E.3), we have

Nrg
L(Sgob) = 5= Zytﬂ (E.4)

e By the generalized Pythagorean theorem [Bubl4, Lemma 3.1], we have
8. = Mo L(Suan)lt < 15, = L(Syon) I = M0 L(Sion) — LSt
= Ft(S*) — Ft(FI o L(Sglob))
—Tr((S« — Mo L(Sgon)) (L — 1d)(Ss + Mo L(Sgwon))) (E.5)

where we use Id to denote the identity map on symmetric matrices.

E.2 Computing the Minimum

We define the approximate solution for (E.1) as:

Q= (n o L(sglob))%, (E.6)

where S — S1/2 denotes the square root operator on symmetric positive semidefinite matrices. Note that
the approximation in (E.6) can be computed by taking the spectral decomposition of L(Sgion) given in (E.4),
which requires O(dr?) including the computation of L(Sgop). This is negligible compared to the feature
learning phase, whose complexity scales as O(T'dr;). The following statement shows that Qs sufficiently
close to the fine-tuning solution Q*:

Proposition 11. Suppose Npy > r2 log® d. Then, with probability at least 1 — 2d~3, the final risk incurred
by W is close to that of the optimal fine-tuning solution:
1 IA:GA2|E | O()

<1- .
logd — AR logd

R(W,Q) < R(W,Q,) +

E.2.1 Proof of Proposition 11

We define the operator norm of L as

L= sup [L(S)F-
SER"s X7"s
S=8T

We consider the intersection of the following events:

o [L—1dfls <

\/@
1 Nj T 1
* Hm Z] F{ ytJrjA HA” W @A@ Wt S @'

We note that for d > (1) the first item holds with probability 1 —d~=2 by Proposition 31, where we choose
C =5 and u = logd, and the second item holds follows with probability 1 — d~3 by Proposition 32 where
we choose C' = 16. Given the events, we have

2 1 1
N AzG,Az|2
RW§2) = —||Mo L(Sgop) — \[ W, A0 W,| + (1 - ”Aig”f“)
Ts | Allr P AR
@ 1 Vs |A}GAL |
< —||IL(Sgiob W, @A@TW + (1 == IR
L[| FSen) = AT W |, (- )
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(b)
<

Q.).
log d + R(WSL.)

where we use the convexity of the cone of symmetric positive semi-definite matrices in (a) and the second
event above in (b). By using (E.5), we have

1S, = Mo L(Saion) || < IL = Id||2]|S. + M o L(Saion)|| -

Therefore,
1+ ||L —Id]2 2|IL — Id||2]|M o L(Se1on) |7 @ 157,
Sillm £ ———||Mo L(S = ||S, —MolL(S < S <
|| ||F— ].—||L—|d||2|| o ( glob)”F || © ( glob)”F— ].—||L—|d||2 = logd

where we followed the reasoning in (a)-(b) to bound ||[To L(Sgiob)|| 7 in (¢) . Therefore,

L (1 ARG
AR

RW,Q,) = ~

T's

S, — II§ W, oA "W,

F
c (1- ||A%GtA%2F)

2 2
< —||S% — Mo L(Sgio
— TsH © ( gl b)”F + ”A”%

=M o L(Sgob) — ||\AF W, eA0 "W,
s F

F

o), (;_IA}GAL)

< 2
logd HA”F

F Deferred Proofs for Online SGD

F.1 Preliminaries

We consider

1
Yt = RIS Z)\ 0j,2:11)" —1) and §(Wy;@ip1) = i) — 1.

We use §i+1 = §(Wy; xi41) and consider

. LN2
e The loss function is L(W4; (Ti41,yi11)) = 15 (ye+1 — i41)

e The Euclidean gradient is VL(W,) = yt+1):ct+1:v: 1 W;. Therefore, we have

4@ (yt+1
~1/4
N

Vst L(W,) = (Ia — WtWtT) (Ye41 — Z)t+1)$t+1$tT+1Wt-

e We recall that G; = @ T W, W,' ©.

Then, (SGD) reads

ﬁ}t+1 =W, + 7\7//; (Id - WtWtT) (yt+1 - ﬂt+1)$t+1l’:+1Wt
’ =VstLtt1
- ( 772/16 >—1/2
Wip1 =W | I, + VstLtHVStLtH . (SGD)
s >

We observe that

2/16 2/16
n-/ Pt+1:77/

S S

N2
(Y41 — Ge41) WtT$t+1$tT+1 (I — WtWtT) fl?t+1fl3tT+1Wt
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772/16 N 2 T 2vas T T
== (Ye1 = Gey1) | (Ta = WW,) @ [|5W, a2 Wi

S

Let
n°/16

S

2 77/16

N 2
Ciyq = Piiille = (g1 = Ges1) | (Ta = WeW, ") @y |5 W, o1 |13

—1/2
We define P4 = (Irs + 772,,/167%“) and since Py is 1-rank, we have

2
Py, =1, " 758161?:3;-
We let
=O0'W, and M, =0 W, .
We have
My = M; + %GTVStLH—l-

By recalling that Gy = M;M,", we have

Giy1 = My M, + My (PE, — 1,)M,

n/4 n/4 n?
\ﬁMNStL; NG Al T6r. © Vs Li11VsiL[,©

s Mt+1pt+1Mt+1
16T§ 1 + Ct+1

We have
mewlZE%E(u—vmwfj@A@qu+(mewl_EJV&LHﬂ%
Therefore,
e ||A||F o' (1 (T WtWtT) OAO W, W, 0 + 07 (VseLiy1 — B¢ [Vse Lyt1] )MtT
— ﬁ (I, — G) AG, + ©" (Vs Ly1 — By [V Li1] ) M.

Hence, we have

2 2
Gip1 =G + IA%\/E (AG: + GiA - 2GAG,) + n\/%Sym (©" (VsiLiy1 — B¢ [Vsi L] ) M)

0 My P M/,
167 14+¢f

T
t+1® -

+ 167,

On the other hand,

77/76 (C) VStLt+1>Pt+1 (Mt +

n/2
NG

n/4
Vs

Sym (@ VStLH—l’PH—lM )

T
Mt+lfpt+1Mt11: ( @TVStLt_H)

=M Py 1 M, +-=

n T
167 t+1©:
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We collect the higher order terms in a single term defined as follows:

_n T n? Pit1 T
Ryo[Gy] = Tor [Vs¢Li+1Vsi Ly 1] © — T6r. - MiE, [1 +C?J M,
3 VstLig1P 4 VstLit1Pir1 Vs L,
T Stdot4+1 Ft+1 T n T StLit+1 7 t+1 VStdigyrq
3/28ym(® E. [12] t>_2562® Et[ o e.
327“ + ¢ Ts + ¢

We collect the noise terms in a single term defined as follows:

2 2
Z%Vﬂrl = %Sym (G)T <vStLt+1 —E¢ [VstLit1] )MtT)

2
_n M, 'Pt+21 —E, Pt+1 Mt-r
167, T+ciyy 1+ci,

2
T @7 (VsiLi1 VL), — By [Vt Liy1 Vs L,,]) ©

167,
n® Sym (@T (vStLt+1Pt+1 _E, |:VStLt+1Pt+1:|> MT)
32 39,3/2 1+ C?+1 I+ Ct2+1 !
. 714 @T VStLt+1Pt+1VStLtT+1 _F VStLt+1'Pt+1VStLtT+1 ®
25612 1+c2,, ! 1+c2,, '

With these definitions in hand, we have

n/2
Gt+1 = Gt —+ M/ﬁ (AGt + GtA — 2GtAGt) + Rso[Gt] +

F.2 Including second-order terms and monotone bounds

For C' > 1, we define
nd
\f

We recall the definition of effective learning rate n = #ﬁ . By Proposition 17, we have

nd
A, i= A= ClAlp—=T. and Ay, = A+ClAlr——

n/2 n2,.

\/» t+1,
n/2
\/—Vt—i-l

Guvr = Gy (AL G+ Gihy, —2GAG,) — SrPlAlfira, +

C
G X Gi+n(Au Grt Gih, —2GAGH) + 507 Alfir T, +

F.2.1 Heavy tailed case - « € [0,0.5)

Proposition 12. We consider o € [0,0.5), "= — (0, 00] and n < #g“d‘/%' We define
V, =2AGA? — Ay, and V,© =2A3GA? — A,

For d > Q(1), we have

A+14dI Ay, = A=Ay - A— dI

and

1 1
vip1AZ

-1
_ _ n _
Vianz Vi (Ir + m"% ) +nA7, — C?||Alzr A
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n
Vs

1
+T1Ai1 +CT12||A||%7"SA+ A%Vt+1A% (F.6)

+ + n +
-‘/tJrlj‘/t (Ir+1_|_11n‘/;5 >

where the bounding iterations are monotone in the sense defined in Proposition 5.

Proof. We first note that since ||Al|p < 72~ for o € [0,0.5), we have

nd r-e
A L —F5—.
| HF\/F& log*d
Therefore, (F.5) holds for d > Q(1), which implies
_ + 0.17"_0‘
Vi ll2 VIVl <14 ——, forall teN. (F.7)
log™d

Therefore, the monotonicity follows from Proposition 5.

For the remaining part, we introduce the following notation, K; = A2G,Az. For the lower bound, by (F.3),
we have

n c n/2 1 1
Kt+1 - Kt + 5 (A?l — (2Kt — A€1)2) _ §n2||A||%7’5A + \/778A2 Vt+1A2-

By multiplying both sides with 2 and subtracting Ay, from both sides, we have

Vi = Vi —n(Vi)2 Al - Cn?|AJRr A + Aty A
TS
(a) -1
- n —\2 n - 2 2 2 N A1 1
=V, - T=11n (Vi) (Ir + m‘ft ) +nA7, — Cnf[AgrsA + ,—TSA2Vt+1A2

-1
- n - n 1 1
:‘/t (IT+ m‘/t ) +T]A?1 —Cn2||A||%TSA+ﬁA2Vt+1A2’

where we used (F.7) for (a).

For the upper bound, by (F.4), we have

C 2 . 1
K. <K+ g (A2 — 2K, — A,)?) + ET]zHAH%TSA + ?/%AéytHAé.

By multiplying both sides with 2 and subtracting A, from both sides, we get

Vi 2V (V)2 4nA% 4 CnPl|A|2r A + —= Ay AS
Vs
(b) V+ n V+ 2 I n V+ -1 A2 C 2 A 2 A n Al Al
= T 14110 T 11 L A2 3
-t 1+1.1n( t) ( rt 1+1.1n* ) +nAL, + On7[[Af[ErsA + s Vi1

~1
v+ l + 2 2 2 U 3
=V (Ir + mv} ) +nAL, + Cn7l[AlJgrsA + ﬁAﬁﬂjt-HAim

where we used (F.7) for (b). O

F.2.2 Light tailed case - a > 0.5

We introduce the submatrix notation

G, — Gii1 Giao R L <REI AT Aip O Ay = Ag 11 0
‘ G/, Gia ! vy Vg 0 Ay . 0 Ay 22|’
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where Gy 11,11, A1, Mg, 11 € R™*™ for r, < r. Similarly, we define the block matrices of A,, as
Ay 11 € R and Ay, 22. We can write iterations (F.3) and (F.4) for the left-top submatrix as:

G111 = G +n(A£1,11Gt,11 + G111 — 2611 AG 1 — 2Gt,12A22GtT,12)

C’ 2
n2||A||FTsITu + 7\7/Lyt+1 11 (F.8)
G111 =2 G +T1<Au1,11Gt,11 + G111 —2G 11 A G — 2Gt,12A22GIn>
C n/2
+ §ﬂ2||A||12?7‘sIru + 7\/775Vt+1711- (F.9)
The following statement is analogous to Proposition 12 in the case a > 0.5.
Proposition 13. We consider oo > 0.5, rs < 1, and
N ——s— ! —7z and 7, = [log?? d].
dlog®d rite
We define V; == 2AL Gy 11A}, — Ay, 11 and
V, =2 (Au m ) G (An—mbu) - (Aél,ll_ml—ru) .
For d > Q(1), we have
A+ 2+ s dr, = Ay = Arg = Ay = Agy — %IM (F.10)
and
- - n N\t 1 2 2 2 1
Vi =V (Iru TioamV ) +n (Afl,ll—mfm) — On7[|A[grs (A11 - mIru)
n 1 H 1 z
+ ﬁ (An*mbu) Vit1,11 (An*mbu)
—1 1 1
‘/til = Vt+ ( + 1+1 n V+) +nAil,11 + CWQHAH%%AH + %AflVHLHAfr
where the bounding iterations are monotone in the sense defined in Proposition 5.
Proof. We first note that since r; < 1 and ||A||r < 1 for a > 0.5, we have
nd 1
A L 57"
|| ||Fﬁ r12t+a loggd
Therefore, (F.10) holds for d > (1), which implies
— + 0.1
IVillaVIIVi e <14 , forall teN. (F.11)

+
r2telogdd  (ry+1)°
For the remaining part, we introduce the following notation,

1 1 1
K, = (An* (mJlrl)a m) G (Allfmbu) ©and K= A7 GinAf.

For the upper bound, since Agg = 0, by (F.9) we have

1

C 2 1
<K+ (Au1 11 (2Kt+—Au1,11)2)+§ﬂ2|\AH%7“sA11 17//77 DV A

+
Kt-‘rl
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By multiplying both sides with 2 and subtracting A, 11 from both sides, we get

n 1 1
A v 1A

I

—1
i (o +1+11V+) FAZ, L, + O AR A +

Vi 2 Vi =n(Vi)? +mA2 4 + Cn? A RreAd +

1

(a) n 1
Ay nAf

<Vt-—
-t 1+ 1.1n

n
VTs

- 1 1
=V (Iru + th+) + 1AL+ O AFreAr + Af v Ad,

N
1+ 1.1m \/775
where we used (F.11) for (a).

For the lower bound, we first observe that G 11(I,, — Gi11) — Gt’uGIw > 0 since it corresponds to the
left-top submatrix of G¢(I, — G¢). Therefore, by (F.8)
Gii1,11= G 1 (Aél,lth,ll +Gi 110, 112G 11 A11Gy 11 —QGt,uAQQGZlg)
C 5 2 n/2 2n
—_ Zn2IA I, L
211 | AllF7s + \/—Vt+1 1 — rat1)°
(b)

tGt,ll"‘ﬂ<(A€1,11_m-{ru)Gt,ll‘FGt,ll(A£1,11 m o) —2Gi 11 (A1 — mlru)Gt,ll)

(G, — Gi) — Gr12GY )

c n/2
- 3N 2NAlgrs I, + ﬁVtH 11

where (b) follows by Agg < I._,, . Therefore, we have

(ru +1)‘*

KtJrl > K + = ((Aghu m‘rm)2 _ (2K{ — (Aghu - mIm))2>
O,
27

[N

1 n/2 1 3 1
||A||F7”s (An Tt D™ Iru) + ﬁ(l\u - mIru) Vi1 (An - WIT’)
By multiplying both sides with 2 and subtracting Ay, 11 from both sides, we get

Vi = Vi (Vi) +n(Ag a1 — ooy I.,)" = Cn?|Alfra(An — eI,

1 1
+ %(An - WIT) Vipn (A — mbu) 2

(¢) -1
_ n —\2 n - 1
VP (B V) (A )

2

vl

— C?||Alrs (A — gy L) + %(Au ~ oo ) v (A — eI,

2

-1
o n - 1
-V (I” Tiom ) Fn(Aen = eI

[N

1
— Cn?||A|37s (An - ﬁfr) + (Au - WIM 2Vt+1,11(A11 - ﬁb) ,

e
VTs
where we used (F.11) for (¢). The monotonicity of the update follows the same argument in the heavy-tailed
case. O

F.3 Definitions and bounding systems

To avoid repetition in the derivations, we introduce the following unified notation:

rk e {r,ru}, G €{Gt,Gi11}, Vi€ {ve, v}
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where each variable will take its first value in the heavy-tailed case and its second value in the light-tailed
case. To avoid repetition in the following sections, we make the following simplifications by slight abuse of
notation:

Ay, € 0,05 A, € 0,05
Ah — “ 1 “ [ ) and Agz — 1 @ [ )
— 4(T'u+1)a IT‘u; o> 05 A11 - mlru, a > 05

and

A‘U 9, b . ‘A', bl M
A o L a €10,0.5) and A, « a € [0,0.5)

Aul,llu a > 0.5 1\117 a > 0.5.
The dimension of each block is r, < r for a > 0.5 and r for « € [0,0.5), from which readers can distinguish
the light tailed case from the heavy tailed case. Throughout the proof, we will also use constants kg € 0q(1)
and C € O(1) that will be specified later. Moreover, we make the following definitions:

] . . 2
¢ Noise sequence. For v, = 0, we define the noise sequence v, ,, = v, + n/ Vi1

VTs
¢ Reference sequence. For Ty = 4= Iy, we define the reference sequence
3kg+1 9
T =T, +2(1 — 2k ATy, — ————ALTY .
t+1 b+ 2( an < ot ka(l — 2xg) 02 t>

¢ Bounding systems. We define the lower and upper bounding recursions as

nl+2kg) o\ nl+2kg) [ A7 o
N Tt e L — On||A|grsAy, |, F.12
Via=YV, ( K+ 1—-1.2n Vv, + — (15 2r,)2 Cnl||AllgrsAe, ( )
¥ v n1—2xa) -\ " n(l—2kg) A2 B ,
Vi =V | I, — VY, 1 CrllAlZrA . P13
t+1 t < K+ 121 f + 1+ 1.on (1= 24,2 + Cn||A|lFrsAa, ( )

where the iterates {V, }seny and {V; };en are functions of the bounding sequences {G, }ten and {Gy }ien as
following:

1 1 Ay
K= A}GA;, and V, =2K, - +21Kd and G, = Gy — To,
_ 1 - 1 _ _ A, _
K, =A2,G,AZ, and V, =2K, — 1 21|< and Go = Go + Tp.
— 2Kq

e Stopping times. We define a sequence of events {&; };>0

- {—Kdr%“Tt <y, < Kdr%“Tt} n {—Kgr—an < Alp,Ab < Kgr—@Tt}, a €1[0,0.5)

1

&= —a —a 2 1
{—Kdnﬁ T, S v, 2 Kara® Tt} N {_:dr;aTt < Aj{v, A7 = Er;‘th} , a>0.5.

-
N

4

We define the stopping times
Tnoise(w) =inf {t >0 | w & &} A d® and Tiounded = inf {t >0 ’ G2 V |Gtz > 1.5} ,

and
%ad = 7;10isc A %oundcd N {t 2 O : ||Tt||2 > ]~~2Kd}- (F14)

The main result of this section is the following:
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Proposition 14. Let k4 satisfy (F.15) and consider d large enough so that kg < %. Under the learning rate
conditions considered in Propositions 12 and 13, we have for C > 1V Q(1)

Qt/\'rb,“l =+ EA,rbad + Zt/\ﬂad j Gt/\7-bad j Gt/\nad - Tt/\nad =+ Z15/\7—1,ud'

Before starting the proof, we provide an auxiliary statement.

Lemma 4. We consider the learning rate conditions considered in Propositions 12 and 13 with

L ae[0,0.5
kg < 4 1ogd 0,0-5) (F.15)
logd’ a > 0.5.

The event & implies for d > Q(1) and t < Tpoundea N {t : | Tt|l2 > 1.2xq} that
1. —SKUZA%thAZ%1 2 Apv U Ay
2. Ay vy + Ay, < 3KdA§1TtAél
3. (AR AL)’ < SiA,TA,
4 (ALw,AL) < SiA, TA,,

—1 —1

Proof. For notational convenience, we define vy = T,? v, T,> . We initially observe that & implies for
€ [0.0.5) that
2 L= 1o a1\2 2 2 —a
AT + DA < KGA+ A7 (AZVtA2) AT < CA+ T,
d
~ 1 oocio1i o 1N\2 -1 _
AT+ A = —K3A — — A (AzytA2> AT = —k2A - k2rCd
Ka
For o > 0.5, these bounds become
2 _ 2 _ 2 2
- K 111 -l K K
Allyt + VtAll = IdAll + ?Ali AlzlllfAf1> Ali = ZdAll + Zdrua‘[?"u
d
o K 1 4 Ao ARV AT s _Ki K
Allyt +I/tA11 t —ZTU A11 - ?All (AllytAll) All t —Z’l"u A11 - Z?"u Iru~
d

In the following, we will use these bounds. For the first item, we have

—Kqg (KdA +kgr— I, +7172 "d I ) a €10,0.5)
k(A + 7oL, CIIAHFjd—Im)» o> 05
>~ —3KdAgl.

Ay v+ Ay, =

For the second item, we have

Kq (KdA +kgr I, +r2 ”d I ) «a €[0,0.5)
Ky (TAH STREEY B C||A||F\/—%Iru) . a>05

= 3KdAu1~

A, v+ Ay, <

1

For the third item, we immediately observe that (A2 VtA2 ) <A/, g2A22 Therefore,

Dd aab o 32,3 Snon, < Kipz
T, AjviApT, 2 2 1.2xgAf i Ap =< 1.2k5rk AgszAzl.
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For the fourth item, we observe that

0.1rk™“
3d

(AEQEtA’EQ)z - AEZEtA'U.QZtAEQ j (1 + log

) Abuzal,
Therefore

0.1rk™ @ =11 11 1,1 B 2
(1 + r) T, ALv2A2,T,> < 1.25kgA2,07A2, < 1.25k3rk™ %A, < %Ail-

log®d
O
F.3.1 Proof of Proposition 14
Proof. For the proof, we introduce the following notations
1 1 _ 1 1 1 1 _ 1 1
gt = QAZZZZtAKZZ and (;:=2Ag3,v,Ag, and B, = 2A;2TtA;2 and B; =2AZ,TiAZ,.
Using this notation, we obtain:

2(1 — 2kg)M 1.5kq +0.5 o 9
B,,,*B,+——(Ay,B,———B 10 A F.16
=t+1 — =t + 1 o 1.1 IS Kd(l o 2Kd)—t + T] Kd 4y ( )

2(1 —2kg)m _ 1.5kqg + 0.5 5o 9
B, *"Bi+———"— (A, B.————B 10 Ay F.17

SR W i 1P T 2kg) ) T KB (F.17)

Before proceeding with the proof, we observe that the following inequalities hold:

1

_ _0.1 -
1 log?d

AL Anll2 <1, AL Ayl < and A Ay ll2 <1, AL AL, l2 <

_ _0.1
1 log?d

These bounds will be used in the following whenever we apply Propositions 29 and 30, without explicitly
restating them each time. We will establish the upper and lower bounds simultaneously for rk € {r,r,}.

Upper bound proof: We will use proof by induction. Specifically, we will show that for ¢ < Tpaq,

_ _ _ 2k A ) _ _ _ 2k A )
V{fﬁVt—FCt—Bt—Fﬁ = ‘Q115W+1+Ct+1—3t+1+1_22d- (F.18)
Since the base case holds at t = 0 and Tpaq > 0, it remains to prove (F.18). By (F.6), we have
__ _2k4A, n o 2kgAy,
Vi <V - B L) Ik+———(V, —-By+—
t+1—< t 4+ Ce t+12Kd><rk+1+1~1ﬂ( Gt H—l*?Kd)
A2+ On2 A2 Ay, + AL v AL
Ul S-Tu2 \/?TS u2 u2
- n _\ 7 2 2 2 N A3 3
=V (Irk + 1—1—1111”) +nAL, + Cn7[[AfFrs Ay, + 7EA52Vt+1A52
~1 —1
n ', = D 2KdAu1 n ¥, = >, 2KdAu1
I+—— - B I+ -—— - B (F.1
b (Tt 0 W) @ B 20 (L (G- B B50))rag)

By using Proposition 29, we have for ¢ < Tpaq

1 -t 2kgA 1 2kgA -t
In+——V, (i — B NI+ ——-— (Vi 4+ ¢ — By + —
< “T 1T t) (G t+1—2|<d)( < prm (Ve t+1—2|<d)>
- _ 2kqg Ay n _ (= _ 2kq Ay, | - _ 2kq A, _
<(¢&-B L) — V,(é&-B L) — - B, + )y,
—(Ct th12|<d) 1+ 1.1n t(g T o) T T GmBit T,
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o (6B ) T (e B ) T
+ (122:%])2‘7}(@ B + ?Kdg:;) Vi, + (1+]112111)2 (Ct B; + dej;:l)V{t (Ct B; + ingz;)
ST +T‘121 ) <Ct 3 iK_ngd)gﬂL a ;fln)QVt <C B, + iK‘“;K )Vt+n‘°’C‘1Au
for some C; = O(1) . We have the following: First:
Vi (G B 2 ) Vw6 B 20 ) v v 115% 7

2KdAu1

ét - Bt + 1—2Kkgq

where (a) follows by || V|| < 5 and ‘

- _ 2kg A, 2 2kq A, _ 2KkgA\,, - _ 2kgA\, 3
Ct_Bt'i‘# +( ¢ — Bt"‘# Vil — Bt"‘# + Ct+Bt+#
1-— 2Kd 1-— 2 1-— 2Kd 1-—- QCd

, < 2.5k4, and (b) follows by kg4 < z5. Second,

3 — 2KdA 9 = = 36
— B Zattun < 2 (2 4+ B? 97 A2
g(Ct iy 2Kd) ~ k2 (6 + t)+(1—2n<d)2 “

A
u@ Tl v

2KdAul

where (c) follows by ||V;|l2 <5 and HCt B, +

_ 2kgA, 2kgAy, \ -~ S = 2kgAy )\ /2 _
-B L B Vi— (¢ — B+ = —2d_(¢2 4 B?
(Ct tt——F ) (Ct t+ 2Kd> t (Ct t+ 1— 2k, + 1+ 11 (Ct + t)

< 2.5kg. Third:
2

1—2kyg

_ _ - _ _ 4k _ _ _ _
< 2K+ G+ 2KBy o+ BUK) — 0 (Kiha, + A K +3 (G + BY)
- = — — 4Kd(1 — Kd) P
Au Au - Au B B Au 71 9. \2
+( 1Ct+ct 1) ( 1By + By 1)+ (1_2Kd)2 uy
(d) 4Kd — — 4Kd( ) — 1 —
=< 8kgK? — KA, + A, K 71&2 2 — 4kyg)Ay,, B 3+ — | B?
Ka 1*2d( thuy + 1 t)+ (1*2Kd) —( Kd) 1 t+( +Kd> t
(2 2Kd 2 = L\ 52
= 2Kth' + 1 A (2 — 4Kd)Au1Bt + |3+ Kf Bt s
- d
where we used Proposition 22, and the second and fourth items in Lemma 4 in (d). Therefore, we have
—1
_ _ 2 _ 1 1 — 2kq)n? o 2KkgA
(F19) <V (Lot — ) + 2K g L (-2 2y Ko
1+1.1n 1+ 1.1n 10 (14 1.1n)(1 + 1.2n) 1—2kq
n AZ ~ ) . _ 2(1—2kg)m _ 15kg+05 5,
Cn||Al|grsAy -B,——— (A, -
+1+1-1n (12Kd+ IAlFrsAw, |+ Ceir = By 1+ 1.1n P k(1= 2kg)
(e) - -1 2
> n(l — 2k4) o n A A A2 2Kahu, g
= I+ ——V; . Cn||AllgrsAqy - B
- t( T 1o ) TTxion 1ok, T MAlprs A, +Ct“+1 o2kg
— 2KdAu —
<V L - B
Vi + G + 1— 2k, t+1;

where we used Proposition 30 and (F.17) in (e).
Lower bound proof: Similar to the upper bound proof, here we will show that for ¢t < Tyaq,

2Kd./Xg1
14 2kyq

——Ay 2V (F.20)

V,+¢ +B,— 2V = Vi +¢, By —

1+ 2
Since the base case holds at t = 0 and Tpaq > 0, it remains to prove (F.20). By (F.6), we have

_ 2KdAg n 2KdAZ ! 2
v, (v B, — N (L+ —2 (v, B,— 2 A
t+1 & (t +£t+*t 1+2Kd) < rk+ 17 11“(715 +£t+*t 1+2Kd) +T] 0,
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— Cn2|AErAr, + —=AZ Vi AL

Vs
n - 2 2 2 N A3 3
=V <Irk + 1_1_1nvt> + A7 — On7||Al[grsAg, + ﬁAé"tHAZ
—-1 -1
n 2KdAg1 n 2KdAg1
T —V, B, — I —(V B, — F.21
+('“Lll.m'f) € +B, 1+2Kd)(rk+11.1‘q(t+ct+t T+oxg)) &2

By using Proposition 29, we have for ¢ < Tpaq

n - 2kq Ay n 2kaAs, \
Ijy+—V B, - L) (I + ———(V, B, — !
< k+1—1.1nt> (Ct+t 1—|—2Kd)( kJr1—1.1n(*t+£t+*t 1+2Kd)>

2KdAg n 2KdAg n 2KdAg1
- B, — L) — B, — L) — B, - —— "L
- (Ct+t ) 1—1.1nL/t &+ B, 1+ 2kq 1—1.1n &+ B, 1+ 2kq v

1+ 2kq4
- (s B ) - (e - ) -
v (- B v (e 00 Yy (g0 200 )
+ (1_111111)2 (Ct B, - ffgﬁ;)g * (1_111111)2V <<t + 8.~ ff?ﬁ;) V, —n’CaAs,
for some C = O(1) . We have the following: First:
~K3V -3V, (ct +B,— f'f;‘ﬁd ) 2‘4 +V, (ct+Bt— fidf;ﬁd ) v, L soc v _%%j

where (f) follows by ||V, ||2 < 5 and Hgt +B, - 21‘:12113

2 2kgAs, \ 2 2cqlAy 2Ky 2kgAs, \°
- = B, - 1 B, - L)V, B,— 1 B, - 1
K2 (Ct+t 1+2Kd> &t B 142kg) & +B: 1+ 2kq &t B 1+ 2Ky

, < 2.5kq, and (g) follows by kg < %. Second:

d
(h) _3 2kgAe, \° . =9
- B, - . >7(2 BZ)—SGAQ,
- K2 (Ct+t 1+2Kd> - K3 & B G

where (h) follows by ||V, ]2 <5 and Hgt +B, - 2111121?;

2Ky, 2kaAy, 2kaAe, \° /S [, oo
- <Ct+Bt1—‘r2Kd B §t+§t71+2|<d V.- StJrEtil—i—QKd C1-1.1n (§t+ﬁt>

) < 2.5kq4. Third:

4k
=2 (K¢ +CK,) ~2(K B, + BUK,) + 15— (K Ae, + A Ky) = 3(C + BY)

dkq(1 + Kd)A%1
+ (Aelgt +§tAel) + (A, B, + B,Ay,) — T42k)?

(1) 4 dkg(1 + kg)A2 1
Kd d<d)£l+<2_4Kd)A£1Bt_(3+>B?

= —8cyK?+ —2 (K,A Ay K,) —
z —8eaky + 5 (Kb + AnKy) (1 + 2Kq)2 Ka
2kgA2 1
=2 V2 - — 8 4 (2-4ky))B, Ay, — (3+— | B?
Ka¥Vy (1+ 2x4) +( Kd)ft 0 < + Kd) Dy,

where we used Proposition 22, and the first and third items in Lemma 4 in (i). Therefore, we have

n )‘1 2k o 1 (142ke)n? 2 2Ky
V. 0

F21) =V, (I,+ ———V _ 2l 2 _
( )—t( +1—1.1n*f I-1In—" 151 —-11n)(1—1.2n)" 1+ 2«4
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T Az, —Cnl|A|2rsAy, | +¢.  + B, +
1—1.1n \ 1+ 2k 2 241

@) 149 -t A2 . 2
SV, (IT + n(Jr'“‘l)Vt> +— O Cn|AlErAe ) +¢,,, + By — — Ay,

2(1 = 2xq)m 1.5kg +0.5 o
Y 4 Aélit - 0 4 _ Dy
1-1.1n Ka(1l — 2kg)

1—1.2n T—1.n \ 1+ 2kg 1+ 2kg
2Kd
=V, + Ct+1 B, mAéu
where we used Proposition 30 and (F.16) in (j). O

F.4 Analysis of the bounding systems

F.4.1 Lower bounding system

In this section, we consider (F.12). For notational convenience, we multiply both sides by the factor (14 2k4)
and use a generic learning rate 7, i.e.,

Vi =V,ITu+1V,) " +1 (Agl - C’T]||A||12;1"SAL;1) , where V, = 2A7 G,A; — Ay,

The main result of this section is stated in Proposition 15. To establish it, we first prove an auxiliary result,
Lemma 5. For the following, we define

_ A,
Afz A (Af 1; — I ) 1.1kgrs

A= /A2 — Cn||A2r.As, = diag({A}I,) and D, = . 1
By Corollary 3, we have
X A (A I, A—A - 1
G — 1 Ay, " Ao A 1 At 12A Aoy \ A1z n & ‘G AA; (F.22)
=t Ay,  AaAy, ] 4 Ay 2 2A,, =0 Ay,

where Ay 11, A¢ 12, and Ay 99 are defined as in (R.1) with A. For o =0, we will consider {G,}ten in the basis
of Gy without writing explicitly, which will imply that {G,}ten is diagonal due to the rotational symmetry
for a=0.

We further decompose {G,}:en and related matrices to isolate their top-left submatrices of dimension
rk, € {ry,7u,}, where r, < r and r,, < r, which we will denote as rk, < rk. The decompositions are as

follows:

G G . A 0 D 0 Z1.

G — =11 =t,12 A:: 11 R D — t,1 , Z K= 1:rky ,
= |:G;|:12 Qt,22 7 0 Asy|’ ‘ 0 D, Lirk

where G, 11, Dy,1, A1y € R™*>% We define

1 T
Wzlrk Z1 irk +Dt,1 105le rk*ZQ

') =D;,+—2Z. kzl K=
r ! 105ZQZ1Trk* 1052222 + Dt 2

105

and

o [ (e
b '&rtThQ Ty

whenever TI'; is invertible. Lemma, 5 is stated as follows:
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Lemma 5. We consider the following setting:

T 1 1
a€l0,05): — — ¢pe(0,00), L—————, Kg=——=3,
[ ) r el Jom dri-alog*d ¢ log®® d
1 1
a>0.5: re <1, n<

7[7 K :7r0
dritelog®d’ ¢ 1 l0g?td

Ginit implies the following:

o Fora >0 and K < rk, < rk, we have fornt < 3(K + 1) log (££21),

A 1A (At22 7Ik) 19 (K+1 )“

t,12 r 2Kgrg 1 0.57 ) e 1

D, > — I, and D 1-— T vk, -
b= 2 d b2 & ( log3d> <dlog1-5d ko

o forr, = Lrs(l — log%ld) Ar] and 1y, =rs, and Nt < %(rk* + 1)*log (dl%wd), we have

AJA(R2 L) [ 0
T, - — 5 + [ st o s -0, (F.23)
dlogzd rk—rk*
where
= o €10,0.5) 21(1+ )" acf0.05)
and Co = ve) ’
(11r6* Jlog d )v a>0.5 2, a > 0.5.
Within the same time interval, we have
-1
A A (At 22 _ Irk) Cirs T 0
< 4 | dogtratte . F.24
¢ - 2 O dlfgzz ':iIrk—rk* ( )

o For a > 0, we have

—1
B 1
(T, 1)11 = (Dt,l + §Z1:rk* ZIrk*> )

for 0.001 > 8 > log ™ d

re=lrs(1=0)Ar] and ntS%(rs(l—\/g)/\r) log(w), a € (0,0.5)

ru, =7 and Nt < %T? log (dl%”d) , a>0.5

*

provided that

d>Qs(1) Vexp (2.5078), a€(0,0.5)
d>Q, (1), a>05.

Proof. For the first part of the first item, by (R.2), we have

1A (A -1 A,
D, = A A (At fz - ) ﬂAqu 1-1KdeI (;1_) AZ2 (Aijz - Irk) 1.2Kd7‘SI
t — 9 2 2 d rk — 9 p ks
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where (a) follows n < *4=. Moreover, since A;;A = (1- =)Lk, by (R.4), we have

log
I As)'
1 ( rk—rk, — T 22) 1.3kgrs
Dt72 b (1 - 1 3d> n n N T di Irk—rk* . (F25)
08 (Irk—rk* +T1A22> - (Irk—rk* *ﬂAzz)
We observe that
RN o
(Irkfrk* - T]A22) Irkfrk (b) ( Ts >(1+2nrk:a)(lm) I
>_ *
RN RN SnA - 15 rk—rk,
(Irkfrk* +T1A22) - (Irkfrk* —ﬂAzz) exp (1_1/12222) — Tre—n, dlog™"d
() 0.9r, (rtm)”
i <dlog15d> Irk—rk*a

where we use nt < (K + 1) log (dl%l'sd) in (b) and d > Q(1) in (c). By (F.25), the first item follows.

For the second item, by Proposition 24 with ¢ = ;—%- for a € [0,0.5) and ¢ = Tlgzd for o > 0.5, we have
A'A (G2
T > Ais rk _ 1.2Kd7‘51_ 1 EZI:rk*ZIrk* 0
b= 2 d ™7 105 0 AV A
For a € [0,0.5), since kg = 3 s, by (H.1), we have
1.2k 47 .1 1.2k47 1 r
—=Z. T*er - Sl e T - 3 Te T Sl Ty 7T73IT*
1.05 . d dlog®d 6.25 d 10 dlog®d

Similarly by (H.3), we have

2
e 1 1.2k 1\ 217,
¢ 2 g,z s (1 4 ) =1,
1-¢1.05 d Vo) dlog®d

For o > 0.5, since kg = @ and 7, = [log?® d], by (L.1), we have
1.2k47s Ts 1 1.3
—Zvy, 2, — I, > — I, .
1. 05 Liry, “1ir,, d U d10g4.5d <11TS \/10@) Uk
Similarly by (L.2),
—& 1 1.2Kd/rs _27’3
Z, — I, _ -—1I _,. .
1—£1.05d°%7? d T T glog?d T

Therefore, we have (F.23). By Proposition 25, we have (F.24).

For the last item, we have

-1

-1
(T, Hu (Dt 1t 05 —Z1k, (Irs T ——Z, D, Zz> ZIm) . (F.26)

For o € (0,0.5), if 7, = r, the statement follows. If not by the first item, for K = [(1 — \/S)’I“SJ and
r, = Lrs(l — 5)], we have

1 1-— «
K+ < ﬁ+3§1—0.9¢5: K1 <1 - a0.9V5.
re +1 1-6 Ts r, +1
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Therefore,

1—a0.9v3 (d) d log /4d © 1 loe d
Dt,2 t <05f?5) Ir—r* i sz () Ir—r* = Is 08 IT‘—T‘*7
dlog °d dlog °d d

where we used d > Q(1) V exp(2.5a78) in (d) and d > Qg(1) in (e). By (F.26) and (H.3), we have the
statement for a € (0,0.5). For o > 0.5, K = r, = r,, we have

K 1 [eY 1 0.5 1
+ <(1+ <1-—.
re+1 rs+1 2(rs+1)

Therefore,
l—gtigs 8
0.575 20rs ¥1) < log® d
Dt,2 t <f5) Iruf'ru i Is 08 IT*T*
dlog™°d * d
for d > €,_(1). By (F.26) and (L.2), we have the statement for o > 0.5. O

Proposition 15. Let

Gy = (1+ 2x9) (Go - Ki;s I,k) :

Under the parameter choice in Lemma 5, Ginit guarantees that:
o We have Q( - log_Tld)I,k =< G, whenever

3 (rs(l - log%ld) A r) log (W) , a€]0,0.5)

nt < 1.5
%T? IOg (dlofs d) ) a> 0.5

o Let Avibe the rh x vk, dimensional top-left sub-mairi of A Given 0.001 > 5 > log = d and vk, = {r. =
lrs(L=0) ATl ra, = Ts}, we have

G o log3 d
T 1072”61 exp (—2ntA11) +1
and
~io A1 NS i <5 rkZ*A? 1_112d 2
JAIE —1AbG, LAb R < ST R4S (1 _ o ) ,
’ i=(tke AP F1 i=1 é*,z 'r’d exp (—2ntA;) + 1
for
1 52 a € [0,0.5) L(ry(1=E) A 7’) log (M) ., ae[0,0.5)
Cw=—= and Nt < dlost 5 g
15 |5, @>05 Lrolog <%> ’ 0> 05
o Ford = log%d, we define
i A2 lAke Ak s S B[
Tw=inf ¢n >0 [Allp — [[Af Gy 11 AT 7 Z /\J +

j=(rsAr)+1 logg d
Then,

Ts

3
2n (rs(l —log™ d) /\7’) log <20dl°g4(1+d/”)) , a€][0,0.5)
— 3
o7 log (wdzg“d) , a > 0.5.
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Proof. For a > 0.5, we assume that d is large enough to guarantee that (ﬁ - i;zd> > 0. We observe
that

AA (4 - 1) AL (A-A)
2 - 2

"‘QO t Ft7

where we used (E.1), Ay, = Ay, and n||Al|freLn < “4F= Ay,

For the first item, by using rk, = {?"* = Lrs(l — log_71 d) AT Ty, = rs}7 we define

- A
] and Dy, = j{?le.

Cirs
_ | arogtraln. 0
Dy, = 0 —Cors 1
dlogzd rk—rk*

We introduce submatrix notation for block-diagonal matrices. Specifically, we write

- At22
42 4 1) 0
Dpy 0 } and Ay 22 (At,12 )

Dy, = - = )
. { 0 Dppe Ao 0 <% + Irk>
t,12 22

where the block dimensions of each submatrix match those of Dy,. We start with proving the lower bound
part. By the second item in Lemma 5, we have

" Ay
1 /A Ai o 1 Ai 2o N A A, T A,
G, - ’ T — A L 2D A —2 2
T2\ Ay, ((At 12 M B2\ Ay 12 ) 2B t,12 Ay, * 2

1 A At 22 ) -1 (<At 22 > - )_1 —1 A
- 2 L) - A —— — Iy ) +2D A ; E.27
2\ Ay <<At 12 “ B2\ Ap 1z “ lb b1z Ay, ( )

where we used Ay, > A in the second line. We have

(ium +Irk> _A;112 ((jt,m _ Irk) n 2ﬁlb)71A;112 _ (Ag22 + Ap12)(Aro2 — Ag1a + ?blet7l2) — Iy
£,12 £,12 Ai12(Apoo — A2 + 2D Ay 12)

(0 2D (422 + I
= Ay 22 , -
A7= — 1T K + 2le

t,12 r

= Atg,22
2Dy 1 <m+lrk ”
(At,22
Ag 12

0

*Irk)11+2f’1,b,1 (F.28)

- A
2D 2 (A:?z +Irk)22

A 22 =
(At,12 _Irk) 22+2le,2

0

where we used A7y, — A7 5 > Iy (by (R.2)) and Ay — Ay 12 + 2D; Ay 12 = 0 (by (F.23)) in (a). Since

% — Iy > 0 and le,l >~ 0, it is enough to look at the bottom-right submatrix in (F.28) for the lower

bound part. We have

2Dy, (ﬁffz + Irk) ’s 2Dy, (ﬁ:fi + Irk)22 (F.20)
~ = - . F.29
Ay o - A »
(42 - 1) +2Due (52 +Iu)_ —2Lucn. +2Du

Note that by (R.4),

(At,22 +Ik> o 2(Lye—r, +MA2)"
' 2 B (Irkfrk* +T]A2)t - (Irkfrk* _T]A2)t
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2(Lok—rk, — HQAEV €xp (_QtﬂAz)

Irk—rk* - (Irk—rk* - HQA%)t exp (—2t1’]A2>

® 0.9r
=24+ —5— | T,
- ( dlog1‘5d> Kok

t 2Irk—rk* +

where we use nt < 1 (rk, + 1)*log (C“%W) in (b). Hence, for d > Q(1)

(2 + 7dlog1 % d) Dy (c) 12Dy, (d) —15C,

(F.29) »= -
%Lk . + Do ﬁIrk—fk* 10g0 vd

Irkfrk*a (F?’O)

where we used Dy o = = 2’”5 Iy in (c¢) and (d). The first item follows from (F.30).

For the second and third items, let (ﬁ:i +1, rk)ll denote the rk, x rk, dimensional top-left submatrices with

rke = {7"* = |rs (1 — 5) AT T, = rs}. By using the third item in Lemma 5, we immediately observe that
for a >0, G, ;; = 0 and

2011,7‘5 At,22

() 0 \1 ~d° (T - +Irk)

N _ 2 : 11 ]

G“l—(l 1og3d)2 Avi _p ) 4 2w (F31)
A rk 1 d rky

t,12

for

o 1 52 ac005) o f5(n0- VE) A r) log (M) ., a€(0,05)
an
=15 X a>05 = Lrolog (Lgmd) : o> 0.5,

where we used Ay, = A = (1 — m%d) Ay,, and followed the steps in (F.27)- (F.28) with (H.1) and (L.1) to
obtain (e). Then, by (R.4), we have

20,7 [ At,22
1 ldb (At,12 +Irk)11 - Irk* o Irk*

A - Iy, —mA)t - A :
P ), 2 (1) Ry I e (C2h ) + Lo

Consequently, by observing A= Ay, — CnI and using the lower bounds for Ay, in Propositions 12 and 13,
we have

10

G - - log3 d ’
=1l éli , exp( 21’]tA11) +1

where Aq; denotes the rk, X rk, dimensional top-left sub-matrix of A. Therefore,

. . r 1_ 12 2
A2~ [AZG, ;A7 |2 < /\2+ A2 log” d , F.32
A% = 1AF G, 11 1||F—. ) Z ITT o (anta) 11 (F.32)

which proves the second item for o > 0. Moreover, since (F.22) is in the eigenbasis of G,;, the arguments in
(F.27)-(F.28) and the condition in (H.2) extend (F.31) to o = 0 in the eigenbasis of G, for d > €(1). Given
(F.31), we can extend (F.32) to o = 0 as the Frobenious norm is basis independent.

3
For the third item, for a > 0.5 and t > %7‘;" log (20'“;)75”1), we have

2 T AQ
F o Z >\?+” !F,

1
log2d i=(ronr)+1 logzd

r

(F32)< > A+

i=(rsAr)+1
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which gives us the corresponding bound for 7j;.

_ 3
For a € [0,0.5) and ¢ > %(rs(l = longd) A7) log (w), we have

Ts

T rsAT Lrs (l—log%d) A 1-— 41% ?
F.32) < \2 A2 A2 (1 - e d
F32)< Y A+ >N+ X Az( >+1>

d
_ o 222 oxp (—2nt\;
i=(rsAr)+1 i=Lre (1—logT1d) Ar]+1 Cip s 4

r All2
C Oy s AL

7 1 )
i=(rsAr)+1 IOg 8d

which gives us its bound for 7p. ]

F.4.2 Upper bounding system

In this section, we consider (F.13). For notational convenience, we multiply both sides by the factor (1 —2ky)
and use a generic learning rate n, i.e.,

— — _ ~ _ 1 _ 1
Vier = Villu+1Vy) " +1 (Af“ + OnHAH%rsAu]) . where V, = 2A2,G4A2, — Ay, .

The main result of this section is stated in Proposition 16. To establish it, we first prove an auxiliary result:

Lemma 6. The following statement holds:

e The reference sequence satisfies Ty = *4= Ty and {t > 0: ||Ti||2 > 1.2xq} = co.

d
e Forr,, = 2r,, we have
2
_ 2.2(14-L) r,
Gy = %L = (1—2kq) (Go+ £4=1,.) o €[0,0.5)
(F.33)
Go =2 {QT{) ol } = (1-2kq) (Gou1 + *4=1,,), a>05
provided that G holds.
For the following, we introduce T} := %%Tt Note that for d > Q(1), we have
1
. . . . A T
Tiy =T, +2(1 — 2Kd)nAngt(I,k - Tt> and —4 0 4 Tt LT (F.34)
1.1A,, !
By Proposition 34, we have
. (1-2ka)2nt(xi— O-i;;“)
) A 1 1A TO,ii exp ( 1+2(1—2Kd)ﬂ1>\1 d ) , (VRS [0, 05)
LA Ty g exp (2nt\;) > Thii > = F.35
ot exp (Midi) = Tis > 2 - (l_ng)Qﬂt(’\i_mil)a_42+3'11 4d) ( )
LA To,i; exp T G o oy v . a>0.5.
Proof of Lemma 6. For the first item, by Proposition 34, we have
. . (a)
=Ty = T = Th =~ L
where we multiplied each side with % 222 for (a). Moreover, by (F.34)-(F.35), we have
T, < kgD < 1.1L = {t > 0: | Ty|2 > 1.2k4} = oc.
The second item follows (E.2) and (H.3) (for a € [0,0.5)) and (L.2) (for a > 0.5). O
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Proposition 16. We consider rk € {r,r,}, where ., = [log*® d], and

€0,05): = Hpe(000), N — L
s Ue : - , 00), B Kg = )
r TS Gralogtd” 47 10g?0d
1 1
a>0.5: rs <1, n <«

————, Kg= ———5+.
dritelog®d ¢ o log?® d
If Gy are taken as in (F.33), we have the following:

° {ét}neN 1s diagonal and satisfies

:zs k<G 2 G4 ((1+ k) A, Gr + (1 + ka)GiAy, — 2GiA,,Gy) < 11T

e For a €[0,0.5) and d > Q(1), we have fort < 21 r%log (‘“Llsd) :

_1

2 beor()gjgt.

I\J‘H

2GUT,
2
_1 _1 5.5(1+ L
- é( )Tt 557( %) (2nt V ro)I,.

Kd

- Gy = (L. 1(;0 exp (2ntA) A1) + 04(1)

2
_ r 2.5(1+-L ) rs
IAI2 — THAGHA) = 21, A2 (1~ 2o(trs) f) exp (2ntAz-))+ — 04(1).

o Fora> 0.5 andd > Q,_ (1), we have fort < %r? log ((“%Md) :

I\J‘H

- C;'T%j%‘l”[ for0<j<t.
- T, (nZ j1) Tt < B2 (2r,) log I,
Go exp (21’]tA11) A\ Iru) + Od(l).

E ||Auu% ~ Tr(AnGrnAn) > S0 A (1 2 e (nid) )+ S 0 M - o).

N‘H

Proof. Given that = I < G, < 1.1I,, we have

(a)

Gis1 =X G +1 (Au, Gy + GiAy, — 2Gi A, Gy) + L1CT?||Al[77s Iy,
) _ _ _ _ _
= G+ ((1+Ka)Au, Gt + (1 + a)Gi Ay, —2G1A,,Gy)

_ (c)

Gt+ >‘
(d)

+1 (Ay, Gt + GiAy, — 2G A, Gy) — L1C|| A frsn* I
>‘ ( 1-— Kd Auth + (]. — Kd)Gt wr T 2GtAu2Gt)

where we use —2A.,,, < V*(I, Jrth) =< 2A,, in (a) and (c), and we use n[|A[[grs < kqrk™*Z in (b) and
(d). By Proposition 34, we have Iz =Ty = Gt+1 =< 1.11, hence, the induction hypothesis holds Therefore,
we have the first item.

By using the first item and Proposition 34, we can write for the given time horizons in second and third
items that

(1.1Gg exp (2ntA) A ) + 2n° I

(F 36)
1.2 (Goexp (2ntA) A L) ,

G; < (Go exp (2(1 + Kd)ntAul) A (1 +(1+ Kd)QngAil) Irk) =< {
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where both upper bounds are valid and will be used in different parts of the proof. The third sub-items
immediately follow from the first bound.

For « € [0,0.5), we have

. 1 . 1 (e) <
T > 3 (LA Tp i exp (2ntX;) ) = This > 1 (ka AT i exp (2ntX;) ) = Ty > % (1A % exp (2ntA;) ),

where we used Ty = =47= Iy in (e). Therefore by (F.33) and the second bound in (F.36), we have for j <t

2

1 2.27, .

G 1.2 (1 A (1 + \/@) 7 exp (2nt/\z)> 11 ( 1 )2
i < < 1+ )
T, i 0.25k4(1 A % exp (2ntA;) ) Kd

On the other hand, by using the second bound in (F.36),

N> oG _ 11 (1 + ﬁ)Z n (t A5 370 exp(2nA; ))

T i - Kd (LA Zexp (2ntA;))
1\ (1, log 4+
esfued) (b et
B Kd log 4+
e, 2nt > —*=
L \2
5.5 (1 + —)
< VO (omt v ).

Kd

Lastly, by using the first bound in (F.36), we get

A3 — Tr(AG,A) > ZAQ(l 280 ) o (omi, ), — Al

For a > 0.5, we have for 7 < 2r; log%d and d > Q, (1),
N 1 A 1
T > §(1 ATpiexp (2ntA;)) = Ty > Z(Kd AT, exp (2ntX;) ).

Therefore, we have

. 1
T > k4 {O 25(1 A Z5 exp (2nt)\i)), 1 < 2rgloged

=, 1> 2rg logéd.

On the other hand, for nt < 3r¢ log(dlL) and i > 2r, log= d, we have for d > Q(1).

_ _ _ e log(dlogd) _
Gt,ii S 1.2 (GO,ii exXp (2T]t)\z) A\ ].) S 1.2 GO,ii exp W A1l S 15G07“

b

Therefore, for nt < 1re 10g(f“L”’d)

1.2 (1 A 325us exp (2nt);))

e , 1< 2rgslo ad
Giai _ ) 025ka(1A exp(2th))”  — 7 &

Tiii = | d 8.25r,r .
L i > 2rgloged
s d R 1 > 2rglog
26.41,,
< —.
Kd
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Moreover, for nt < 1r¢ 1og(dlLlod)

)

26.47, M (f NG eXp(2nj/\¢))

tfl_“_ ) .<2510 éd
Nl i T T (AGemein))
Tiii d 8.25r,r, : 1
22T, i > 2r;log=d
KdTs d

13.2r, /\%, 2nt < <! ” and 7 < 27, logad

Kd 2nt, 0therw1se
13.2 15
< Kd’"“ (2nt V (2r)% log d) < K—?(zrs)a log d.

Finally for nt < 1 log(dlL) and d > Q,_(1), by using the first bound in (F.36),

27rg

[A1]|F—Tr(A11Gr11A11) > Z)\f (1 — 127 exp (2nt);) ) Z )\2( — 127 exp (20t ))+
=1 1=rs+1
+ A7 (1 — 805mrs oxp (2nt);) ) — 27| AR
> exp (01A,) ) — 2| AJ}
i=2r+1
(f) & 1 2rs
> 2(4 1217, ) _ 2
> (1 12t exp(ontr) )+ (1 - d) i_; %
+ (1—6.o5rulogl«'§d(7;) ) SN - AlR
i=2rs+1
rs . 1-L Ty
> A%(l = (2nt)\i)) + (1 — 6.05r, log V3 d (%) ﬂ) PORPY:
1=1 + i=rs+1
( 4+ )1+2a
- — Al
where we used the bounds for ¢, d in (f). O
F.5 Bounds for the second-order terms
We recall
RG] = 12 O'E, [VsiLiy1Vs L), ] ©
3 L
_ MtIElt[ Lid=~ } M7 — " __Sym (@TEt {W] M;)
167‘3 1 +c t+1 327’2/2 1 + Ct+1
4 Vst L Vs L]
_ n TE St t+1Pt4-21 Stdietq o (FS?)
25672 1+c2,,

Proposition 17. For n < d—'/2, there exists a universal constant C > 0 such that
02

—C(77 th+7721) = Ry[Gy] = C( th +n21)

Proof. We bound each term in (F.37). In the following, v denotes a generic unit norm vector with proper
dimensionality. For the first term,

O'E, VStLt+1VStL2—+1} e
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=07 (I - WW,") By [(g141 — Ge1) 2 IW, w3z, | (I — W,W,') ©.

We have
B (91— G2 AW, @ |3 {0, 20407 < O
Therefore,
2
0= o O'E; [VstLi11Vsi L] © X Cn* (I, — Gy).
For the second term,
2
— 9 I, - WW,") z 1 ||ZW, 22/ | W,
M,E, {’P“;l} MtT = M,E, (yt+1 yt+1) ||( d t t2) t+1]5W, @1 t+1 YVt MtT'
L+cipy L+
We have
. 2 2
E (Y1 = Gerr) | (Ta = WiW,T ) @i |13 (v, W @i40) <Cd
t 2 _— .
L+ciy
Therefore,
2 2d
0= Mk, | -PHL | M7 <G,
].67’5 1+ Ciy1 s
For the third term by using Proposition 22,
3 Vst L1 P
T Sym <@T]Et [W} MJ)
32r; tci
4 L Pi+1Vse L], 2d
<C n @TEt Vst t+127>t+1 E, t+1 82t | @ + n G,
r2d 1+cfy L+ci Ts
We have
O'E, [vStLt+12Pt+1:|
L+ciy
T T (Y1 = Genr)’ T 21w T 2 T
=0 (I;- WW,' ) E, W\\(Id—WtWt ) e [BIW, 3@z W |
t+1

Then, by using Cauchy-Schwartz inequality, we can show that

. \3
Y — U
E (t4{1+2f+1)”(1d -WW,") wt+1||§||Wtth+1gwtﬂthHWt] < Cdrs.
Cit1 )
Therefore,
4 Vst L P Vs L]
T o'k, { = t“ft“] E, { AL tﬂ © < Citd(I, — Gy).
r2d 1+ciyy 1+ ¢ty
We get
3 L 2d
LSym O, M;’Pt“ M, ) = C (g, - Gy + n G, ).
327’2/2 1+ Cri1 Ts
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By repeating the argument with the lower bound in Proposition 22, we can also show

3 L 2d
LS/stm <®T]Et [W} MJ) - —C <n4d(Ir —Gy)+ 1 Gt) :
327y 1+ Ci+1 Ts

For the last term, we write

VStLt+1,Pt+1VStL:+1 :| e}

O'E, [

L4 cfy
T T (o1 — gt+1)4 T 4 T 2 T T
=0 (I, - W,W,")E, WHW} o1 |2l (La—WW,' ) o [3zize, | (1o — WW,') ©.
t+1
We have
L\4
g, | = 0e) e ww 2¢ 2l < oar?
t 1+ 2 W, $t+1\|2|( d— WiWy )wt+1||2 v, T411)" | < Cdry.
t+1
Therefore,
4 VstLi1Pi1VsiL],
0~ %@TEt stdot41 t+21 Stdopiq o =< C’774d(Ir —G).
Ts L+
By using G; > 0 and n < d~'/2, the result follows. O

F.6 Noise characterization

To prove the noise concentration bound for both the heavy-tailed and light-tailed cases simultaneously, we
introduce some new notation. Specifically, we define the submatrix notation:

Mt,l} _[e]/w,

O = [@1 @2] and M; =: |:Mt2 = [@;—Wt] ,

where ®; € R4*"™ and M;; € R™*"s. We note that G} 11 = Mi,lMtTl' To unify the treatment of the
heavy-tailed and light-tailed cases, we use the following notation to represent both cases:

Q= {@,@1} Mt = {MtaMt,l}-

With the new notation, we have

2 2
?/%VtJrl = Z%Sym (@T (VStLt+1 — K [VStLt+1] ) M;r)

2
_n M, Pt4r21 _E, PtJr21 M;r
167, T+eci, T+

2
+ 0 (VsiLi1Vsi Ll ) — By [V L1 Vs L)1, ]) ©

167,

_ n® Sym (@7 VStLt+12Pt+1 _E, vStLt+12Pt+1 M7
32r3/? L4+ L+t

. 774 e-r vStLtJrl,PtJrletL;.l ) vStLt+1Pt+1VStL:+1 o
25612 1+, ’ 1+ e, '

We start with the following statement:

Proposition 18. Let e;11 == (Yir1 — Ji41), rk € {r,7,} and Ty, Ty € R™**™ be a deterministic symmetric
positive definite matrices. There exists a universal constant C > 0 such that for L > 8y/2e, the following
statements hold:
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1. We define

A1 (T, Tz) = {HTl@ VisiLiaM, T2H2 < *\/TT L — Gy)) Tr(T2G,) and |epq] < L}.

We have Py [Apyq (T, T5)] > 1 — 262;\/56. Moreover,

E, [(Sym (10T VaLi 1 M) T) )2} < C(Tr(Tth)Tl(Lk — Gy + Tr(TA(I, — Gt))TQGtTQ).

2. We define

Bf-i—l (Tl,TQ {HTlMt’PtJ’_lMTT2||2 < 7\/TT' T2Gf)TT(T2Gf) and |€f+1| < L}

-L
We have Py [Biy1 (T, T2)] > 1 — 2e2v2e . Moreover,

E, [(Sym (TiM P11 M T) )2} < Cd? (TH(T2G,)TG, Ty + Tr(T2G,)ToGTy) .

3. We define

L
Ciy1 (T1,T2)E{‘ TleTvStLtJrletL;:-leTQ’ ,S

Ts \/Tr(Tf(Irk —G)) Tr(T3(Inc — Gt)) and |ecy1] < L} .

We have Py [Coqq (T, To)] > 1 — 262;\/156. Moreover,

Et [(Sym (TleTVStLt+1VStL;r+1T2) )2]

= Cr? (TT(T2 (I — Gy)) Ty (Tne — G) Ty + Tr(T{ (Inc — Gy)) To (Lo — Gt)TQ)

4. We define

D1 (Th, T) = {HT1@ VstLit1Pir1 My TQH < 7’5 \/Tr(Tf(I,k — Gt)) TT(TQQGt) and |es41] < L} .
We have Py [Dyyq1 (Th,To)] > 1 — 26%, Moreover,

E, {(Sym (T10"VsiLiy1PraM, T») )2}

=< Cd*r? (Tr(Tgct)Tl(Lk — G)T + Tr(T7 (I — Gt))TQGtTQ).

5. We define

Fi+1 (T, Tz) {HTle VSth+17’t+1VSth+1@T2H < \/T 2(In — Gt)) Tr(T2 (I — Gt)) and |es1]| < L}~
We have Py [Fyqq (Th,To)] > 1 — 264;\/156, Moreover,
E: | (Sym (1107 Vi1 Prin Vil OT) )|
~< Cd2r3(Tr(T§(I — G))Ti (T — G)Ty + Tr(T2(Iy — Gy)) To(Iy — Gt)TQ).

Proof. First, we derive a concentration bound for |e;11]. By Corollary 6 and Proposition 33 we have

=

1 R P _—u_
E [lec1/”] < (Be [[yesal?]? + Ee (|41 [P]7 )7 < 8%pP for p > 2 = Pyflersr| > u] < e3v2 for u > 4v/2e.
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In the following, we prove each item separately.

First item. We define

710 Vs LM T, =T10" (I - W,W, er 121 2, W W, OT.

=W 41 ey T
+ =U,

For u, L >0

P; [HutHULIHQ > uL\/Tr(le(Irk — Gy))Tr(T4G,) or |epa| > L}

= Pt[HquvtTHHz = “L\/Tr(Tf(Irk —Gy))Te(T3G;) and egsa| < L} + Py {|€t+1| > L}

<Py [ e < mennvfiall, > wly/ Te(T2(Ln — Go) TH(T3Gy)| + P [lecen| > L].
We have for p > 2

Eq [H]l\em\SLutJrl";lHﬂ < LPE, [|Ti0 T (Ig — WW, a1 |B] B, [|| 10T W W, 2,11 ||5]

O (g)p (zm(Tf(Lk ~ Gt))Tr(Tgct)) ,

b
2

where we used Corollary 7 in (a). By Proposition 33, we have for u > 2e

P [[[11e,<eterrofis |, >y T(T2 (I — G0) TH(T36,)| < e,

By choosing u = %, we have the probability bound.

For the variance bound, we have
2 2
Et [Sym (TleTVStLtHMtTTQ) ] = ]Et {Sym (ut+1v;1) ] .
By using Proposition 22, we have

2
E; {Sym (Ut+1v;1) ]
<10 (I;— WiW, )E; [e},, | T20 WiW, &1 312 4| (1o — W, W, )Ty
+ 10 W W, E, [, |TiO" (Is — W,W, a1 3212/, | W, W, OT
()
= C’(Tr(TfGt)Tl(I,k —G)T, + Tr (TE(Irk - Gt))TQGtTg),

where we used the Cauchy-Schwartz inequality in (b).

Second item. We define

TlMt,Pt+1M;rT2 = 6?+1|| (Id — WtWtT) a:t+1|\§T19TWtWtTa:t+1 w;:_thWtT@TQ .

=u R
t+1 =V

We have for p > 2

Ey [H]lletﬂlSLut'HUtT-&-lHﬂ

1
2

< L [|(Ta = WiW,) @i |37 Ex [ITi0TWiW, e |3] " Ee (1120 T WiW, a3

©
< p2eye <3d\/Tr(T12Gt)Tr(T22Gt))p,
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where we use Corollary 7 in (c). By Proposition 33, we have for u > (2¢)?

1/2

Pt |:||]]-|et+1|§Lut+1vtT+1 ||2 Z uL23d\/Tr(T12Gt)Tr(T22Gt)} S e e

L

By choosing u = we have the probability bound. For the variance bound, we have

Et [(Sym (TlMt,PH»lM:TQ) )2:| = Et [Sym (ut+1’l];:_1)2:| .

By using Proposition 22, we have

E, [Sym (Ut+1vtT+1)2}

< TO"WW,'E, [e}1]|(Is = W,W," ) @11 |5 T20 T WW, 1 |32 1 20 | W W, OT,
+ TQGTWtWtT]Et [G?Jrl H (Id - WtWtT) Tyl \|3||T1@TWtWtth+1||§wt+1w:+1] WtWtTeTQ

(d)
= Cd® (Te(T3G) TG Ty + Tr(TPG)T2Gi T) |
where we use the Cauchy-Schwartz inequality in (d).

Third item. We define

T10 Vs Li11Vsi L 1 OT = €7 |W, @1 |30 T (Iy — WW, )z i1 2 (Ia — W,

w,her,.

=u ey T
t+1 =V

We have for p > 2
By {H]lletJrlISLut-‘t-lvtT-i-lHZ}

1
2

< LB, ([ W, @0 |37 B 11107 (L = WoW, e |3

(;) L2Pp?P (37"5\/Tr(T I — Gy)) Tr (T3 (I — Gt))>pv

where we use Corollary 7 in (e). By Proposition 33, we have for u > (2¢)?

wl/2

Py {||1|e,+1|gLut+1vjﬂy|2 > uL23rs\/Tr(T12(Irk — Gy)) Tr (T3 (T — Gt))] <e w

By choosing u = L , we have the probability bound. For the variance bound, we have

Et {(Sym (Tl eTVStLt+1VStL;r+1eT2> )2:| = Et [Sym (’U,t+1’l);|;1)2:| .

By using Proposition 22, we have

E; [Sym (utﬂvt—rﬂ)z}

2T (Is— W, W, Eyfet 1 [|W, @1 |5 T2 (Ig—WiW, @y |3 12 ] (I — Wi W,

B[ 207 (L~ WaW, v |37

1
2

. ) OT

+To0 " (Io = W,W,") Edfef [|W, @ 5| T1O T (I = W W, a1 |31 | (Id_WtWt ) OT

(Q COr2(Tre(T5 (In — Go)) Ti (I — Go) T + Tr (T (I — Gp)) T (I — Gi)T),

where we used the Cauchy-Schwartz inequality in (f).
Fourth item. We define

110" Vs Liy1PraM] Ty
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= e} [|(Ia = WoW, @ |3|W, @ 3T T (I — WW, gz, W, W, T, .

= ey T
41 =

We have for p > 2

By {||]1Iet+1|§LUt+1U;r1Hﬂ

< LB [||(To = WaW,) @0 [T (T — WiW, s |B] B [IW, @ 371 T20T Wi W, a5

e

< 197 (2p)P (V3d)p¥ (VTR (T2 (I —Gt))f (2)" (Var,)pt (VBTH(TEG))
= L3P(12V3)Pp* <drs \/Tr(Tf(Lk - Gt))Tr(TQQGt)>p.

By Proposition 33, we have for u > (2¢)3

1/3

P {|‘ﬂ|et+l|SLut+1’U;1H2 > uL312\/§dr5\/Tr(T12(I,k - Gt))Tr(TQQGt)} <e ¢

By choosing u = %, we have the probability bound. For the variance bound, we have

Et {(Sym (TleTVStLtHPtH M;FTQ) )2:| = Et [Sym (ut+1v1~_1)2} .

By using Proposition 22, we have

2
Et {Sym (ut+1v;_1) :|
X TO (L= W W E, [¢f, 1 |(Ta— WiW, i1 |5 W, @i 5| ToO T W W, 1|31 2/ 4
x (I,-W,W,")eT,
+ 1,0 WW,'E, [, |(Ia = WW, i1 |[3|W, @ |3 T1O T (Ig — WW, a1 3212, 4
X WtWt @Tg
=< Cd?*r? (Tr(TQQGt)Tl(I,k — G T + Tr(TE (I — Gt))TQGtTQ).

Fifth item. We define

T1eTVStLt+1'Pt+1VStLtT+1eT2
= et (L = WoW, )z 1 |3 W, 0 [3T3 0T (1 = WaW ) 2,y (o — W W, )OT; .

=u ey T
t41 =V

We have for p > 2

By [||]1|et+1|§Lut+1vtT+lHﬂ

< LB [ (L= WiW, ) o [ IW i |3 1T 0 (L= WaW, st ST © (L~ Wi W, e 5]
1

1 1
< LK, {H(Id -W.w) $t+1||3p} “E [||T1@T(Id — WiW, w5 }

1
4

X B || T30 (Lo = WoW, i |3

P
2

Ey[||W @14 37
< L) (V3 p(3Tr T2 (I — GO) T (T3 (I — G0) )~ (2p)*7 (V31

_ L4P(2\[ 4p 4p <dr \/Tr ))Tr(TQQ(Irk — Gt)))p.
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By Proposition 33, we have for u > (2¢)*

wl/4

P, [HLEHHSLUHW@HQ > uL4(2\/§)4drf\/Tr(T12(Lk — Gy)) Tr(T3 (I — Gt))} <2 %%

By choosing u = o0 2{;15) <, we have the probability bound. For the variance bound, we have

2 2
Eq {(Sym (110" Vst Ly 1Piya Vse L), 0T) ) } =K {Sym (wer1v/1) } :
By using Proposition 22, we have

E, {Sym (utﬂvt—rﬂ)z}

=T (Ia— W,W,")

X By [e81 (T = WiW, )z [5|W @0 (B T20 T (Lo = WiW, )z 3202 | (Io — WiW,)OT
+ 10" (I; - W,W,")

X By [ (Lo = WiW, ) @ea | W 2o [ T0 T (Ia — WiW, @i B2, | (Ia — W W,[)OT,
< Od?r (ﬂ(Tg(Lk — G)) T (I — G) Ty + Te (T2 (I — Gy)) T (I — Gt)Tg).

By recalling the definitions {T}}+en, A, A11 in Sections F.2 and F.3, we define the event:
A (T 17 ) N A (AR T2 AY), e [0,05)
Apyr = -1 -1 R D
Ar (T2 17 ) 0 A (AT T7 AL, a> 05,

We define the events Bii1, Ciy1, Diy1, and Fryq in the same way. Based on these events, we define the
clipped versions of the noise matrices:

At+1 = Sym (@TVStLt+1M;rILAt+1 — Et [@TVStLt+1M:1At+1])

Bir1 =

M;P: 1M/ 15,,, E M;P: M/ 15,,,
1+, ! 1+,

Cip1 = @TVStLt+1VStL2—+1elct+l - E; [@TVStLt+1VStL:+1@]lCH1]

O Vst Lip1PryiM] 1p, ., _E, [@TVStLtH'PtH M;r]lDHl])

D¢+1 = Sym
i Y ( 1+cfy 1+cfy

(F.38)

Frop i @TVStLt+1Pt+1VStL;rJrl@]l]:Hl g, |:@TVStLH—l’PH—letL;Ll@]1]-‘,5“ :| -

1+c, 1+

Let X € {%A, 7,2r/168, nzr/wc’ 7’33//322D, n47/§56F} and

I., a€l0,0.5) Az, «€][0,05)
F1 = |_2 = 1
I., a>05

For ¢ € {1,2}, we define:
© - Fy 2 )?
j=1
We have the following corollary.
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Corollary 4. Let rk € {r,r,}, rky € {r,rs} and
¢
n 2.5
S; =1 Gj_1 andn=——— and r, = [log=’d].
t EQJ NAIE

Assume the following conditions hold:

L4 T1t = K(ZTSIrk;

@tV ro)I,., «€]l0,0.5)
relogdl,,, o >0.5,

— kg

« TFS,T7 < Cb{

-1 -1
o T,? G,;T,> jCK—’:Irkforjgtfl.

Let
pr=1 and po=1-q, a€e[0,1)
pr=1 and ps = 721‘1’555”“ a=1
pir=1 and py =0 a > 1.
Formt < 3rk{ log (%W), the following results hold:
(a) Quadratic variation bounds. We have:
Cund — X= %A
Czbnsdz X = n2/1GB
) Clogd ||Al|prkPerks ) 2
| Quad) (x|, « CoBAIANERCHG 3 oo x = a0
d s 573 n*/32
Cun’d®, X=1LFD
W2, X = 126F

(b) Operator norm bounds. For L > 8v/2e, there exists C > 0 such that

—1 —1
znjfj\/T’"(r?Tfl) Tr(M3T,7 GyaT,? ), X="2A
%dTr(r%Tt% ijth%)v X = HQT/:GB

HI’/—’}TXJ‘F—’}T I'zH2 grfﬁ (X)= —"21]54 Tr(r2Ty), - —”i/jﬁc
. —1 —1
Sgsj%d\/ﬂ(rfn—l) THI3T, G, T, 7 ), X="1/2D
478 4S
e dTr (T, X = 2/256F
L2/Cynvd, X = %A
L4Cub7}2d, X = 7]27‘/5168
< O ) e X = 1A5¢
T Kg Tg ’ :S
LS Y Cub773d3/27 X=1 3//?;2 D
L8774d2, X = U4£§56F

Proof. Quadratic variation bounds. We will use the variance bounds given in Proposition 18. For X =

we have

A =1 =1 -1 -1
Quad( (Z2A) < C”\”F'F (Tr(rgf_rt > S, )rg:l;—lrg + Te (P27 T3 2 ST, rg)
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Pe &
< Cnl|Allr Cubrk I’Qk* logdiLk'

- V/Ts K3 Ts

For X = @B, we have

3 72
Quadi?(”Z/lGB) < CCuwn°d HA”F

-1 -1 -1 -1
sup (Te(F31,7 G, T,7 ) ) T, ST, T

" ri/? j<t
CnPd?||Alg C2, rkPerk$ log d
< u I
3/2 2 r
Ts d

For X = @C, we have

Cn3d?||Al|r rkP“rkS log d
3/2 Kd rk~

Quad(?) (TLOC) < O tTe(T3T, V)M, T <

3 /=
For X = "3—//322D, we have
Ts

: CnPd?||A 1
Quad!?)(42D) < ”f”'F (T3, ST+ (P )T, ST
Cn5d2||AHF Cuprk? 1k logd d
2 \/E Kd s rk-

4 /256
For X =1 7{2 F, we have

Cn"d?||Al|p rkPrk$ log d

-lk
3/2 2 rKe
Ts/ Kd

Quad() (LBOF) < CpPdPTe(T2T, )Ty T, <
Operator Norm Bounds. We will use the events defined in Proposition 18. For X = %A, we have

) n/2 n/2 ., 5 5 CL? /CupnVdrk?
TN(:%A) \FL \/T T )Tr(r T GJ 1T, = ) < ” - )

For X = 772/316 B, we have

4 2 Pe
dTe(PT? G, T, ) < OL” Cupndrk™

MO %/16 B) =
s ) 167, Kq rs

]7 Ts

For X = ’72/‘16(:, we have

4 .2 Pe
(0) (n?/16 r2p-1y <« CL7 n7drk
rj,t( Ts ) 16Ts ( Lttt ) — Kq s .
For X = ":3(/:22 D, we have
0 /32 _ CLS /Copon>d®/?rkPt
ﬁj(%@z D) = 32\/>L6d\/"_[‘r (r27,= GJ T2 )T&c(rth h < o - .

For X =1 /256F we have

8 4 2 | Pe
(() 7 /255F ’I7 L8 Tr 1 CL d“rk
e U T
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Proposition 19. Let {Y;, t = 1,2---} be a symmetric-matriz martingale with difference sequence {X; =
Yit1 — Yy, t =1,2---}, whose values are symmetric matrices with dimension r < d. Let {Ti, t=1,2,---}
be a deterministic sequence, whose values are positive semi-definite matrices with the same dimensionality.
Assume that the difference sequence is uniformly bounded in the sense that for a predictable triangular
sequence {r;j}j<¢, we have

R |
)\maz(nz XjT;fz )Srj,t fO?" .]:1527 7t-

Define the predictable uniform bound and quadratic variation process of the martingale:
k 2
-1 -1
Rk’t = H'1<alz(’rj’t and Quadk,t(x) = ZEj_l |:(’11t : X]"Tt : ) :l fOT k<t= L2,---.
i< ,
Jj=1
Let T < d® be a bounded stopping time. Then, for any deterministic o2, L>0

~ —u?/2
P (It <T,Y: AuT;: and Itn§a7)_<||Quadt7t(X)H2 <o? and rtIlSa7>_<Rt7t < L] <d*-exp <02—|—E/u/3> .

Proof. We have
Erarget = {Elt < T,Y: ZuT; and gr%a%(HQuadt,t(X)Hg < o? and Itr%z?_(Rm < L}

.
C |J {3k <t,Y) £ uT, and ||Quad, ,(X)||2 < 0* and Ry, < L}.
t=0
Therefore, we have
d3
P[€arger] < 3P [ak <t, Yy 2uT, and [|Quad,,(X)||l2 < 0% and Ry, < E] . (F.39)
n=1

In the following, we will bound the each term in the right hands-side of (F.39). By [Trol0, Lemma 6.7], we
have for k =1,--- ,t and 6 > 0,
0T = e —6-1 =1 =L

1g, . <iBEr— [eLT‘ T } = 1p, <D exP (ZzEkl [(TQ X T ? )2}) : (F.40)

For notational convenience call g(#) := ¢’ — 0 — 1. We define a super martingale such that for 0 < k < t,

Oy r= _ 90
Sk ="Tr (exp (LCI't Yth — ?Quadkﬁt(X) II-Rk,tSZ,
with initial values Ry = 0, Yo = Quad, ;, = 0, and thus, So = r. Note that by (F.40) and [Tro10, Corollary
3.3], we can show that Ej_1S; < Sp_1. We define a stopping time and an event

Toie = {k >0 [ Amax(T,2 YT, 2 ) > u} Aty Eni = {Taie <t} N {[|Quad, ,(X)[l2 < 0 and Ry, < L}.
We have

0 g(0) ,\ @ 0 9(0) »
Ly ST > ey, €xp (Zu — ?U = r > P[Eni] exp fu — ?0
inf 0% 02 ) > Pl
=7 inf exp | — f+g( )E > P[Enit]
where we use Doob’s optional sampling theorem in (a). Since the infimum is attained at § > 0 and the
convex conjugate of g() is ¢g*(0) = (0 + 1) log(f + 1) — 6, we have

o? ul —u?/2
P& <r-exp| —=—g¢" | — <r-exp| —=——1,
[Enit] p( 729 (02>> p<02+Lu/3>

u?/2
T+u/3

where we used g*(6) > in the last step. By r < d and (F.39), we have the statement. O
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Proposition 20. Let Py denote the conditional probability conditioned on Wy. We consider r,, = flogQ'5 dl,
and

. Ts - 1 _ 1 _ 1)
c [0,05) : 7 — P, NX m, Kg = @7 Cub =12 (]- + ﬁ) 3 d Z Qa,cp,ﬁ(l)
1
a>0.5: rs X< 1, nx m, Kqg = m7 Cub = 20‘307“1“ d Z Qa,rs(1)~
) u

For o € ]0,0.5), we define T := Tpaa A % (rs(l — log%ld) A r) log (%ﬁ) . We have

—1 —

5 1 =t 1 —a
Py [SupHTt : T2Vt ||A2T VtTt * Az > kqr2  and Qmu] < 20d* exp(— log® d).
t<T

dlog!®d
For a > 0.5, we set T = Tpaa A 2n r$ log - . We have

Py {SupHT_2 _T ll2 \/ru ||A11 TgtT%AHHg > Kdrua and gim-t] < 20d* exp(—log2 d).

Proof. For notational convenience, we introduce X = {"/QA 1 /168 L /16C 1 3//:22D 1 /256F} For both

cases, we will set the clip threshold to L = log d. We introduce the notation R( ) = maxxecx Max <y rget) (X)
and [|Quad{”[|s == maxxex||Quad{?] (X) (s for £ =1,2.

For a € [0,0.5), we can write for all X € X,

—«

Py [supHT v, T, ||2\/r2||A2T utT A l2 > kqr= and ginit]

-«

—1

< Z Po{ TtT > deoz and ginit:|
Xex 2
Kgr— <
+)§(}P’o{supHA T2 ZX T A .2 10 and ginit]

By Propositions 14 and 16 and Corollary 4, Gi,;¢ implies the events

o) (r=®) 1) _ Oape (r™®)
& = d(l) < a,B,¢ d R( ) < L
ht,1 {rg1<a7>_<Qua ¢z < log™® d an ?137’5 Vdlog?® d

Oa,pp (r*) Oup e (r™>%)
&= A, < a,B,¢ d R(2) < Zabe )
ht,2 {rtnga%(Qua 2 < log'? d an Itn<a7)_< = Vdlog 2 d

Therefore, by using Proposition 19

—a

71 Kqr 2
s (20087 2 5
syl (Sxm] = 5
<IP’0{ ZX ’ > deoz and ght,l}
< 2d*exp (flog d).
Similarly,
Kgr— ¢
A ’I’2 X H > d ini:|
o[ sup [A3TT (o) T AR, > 2= and G

J<t
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2 and 5ht,g]

—1 —1
< Py sup HA%TF(ZXJ»)TFA%
t<T j<t
< 2d* exp (— log? d) .
For a > 0.5, we can write for all X € X,

Py [supHT v, T, ||2\/7“u ||A11T utT A11||2 > Kdru and ginit]

—a

= Kdruz
<> PO{ )T ||, 2~ and G
Xex
71 1 Kqr, @
+ Z ]P’O[bup HAHT ZX V2AT ) > 15 and ginit:|

Xex <t

By Propositions 14 and 16 and Corollary 4, Gi,;t implies the events

Oa r —da O —4da—1
Cip1 = {max”QuadEl)Hg < # and maxR(l) < (Tu115)}
t<T log™~d t<T Vdlog'® d

—4da—(anl) —4a—1,—(aAl)
Oa“lg?“u — ) and max R(2) Or, (T“H = T 5 ) }
log™“dlog™ " ry t<T ~ Vdlog't? dlog ™27,

&2 {ItnaXHQuad 2)||2 <

Therefore, by using Proposition 19

=

=1 KqTu>
sup || T, * X)T 2 || > and gini:|
[K?H ; DT, = =1 ;
=1 =1 KdT;TQ
S]P’o[sup HT;fz (ZX])EQ ’ 2 and 51t1:|
n< N 10 ’
<7 J<t
< 2d* exp (— log? d) .
Similarly,
—1 1 —Q
Po[supHAuT ZX T, A} , > deg and ginit]
71 1 Kd’r‘;a
< Po[supHAuT Zx 77 AL, = S and &z

< 2d*exp (— log? d) .
O

Corollary 5. Consider rk, = {r, = Lrs(l - log_l/2 d) A7l Ty, =75} and the parameters in Proposition 20.
We have

Po | Toaq > %rk* log ((“%Md) and gimt] > 1 —20d* exp(— log? d).
Proof. By using the first items in Proposition 15 and 16 ,and Lemma 6, Gj,;; implies that
7I>ad > 7:101se /\ rk lOg (%) .
On the other hand, within the (negation) of the events given in Proposition 20, we have
1.5
7;10188 > 7T)ad A %I’k* log (dl%sd) .

Therefore, the statement follows.
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F.7 Stability near minima

In this section, we will establish that given (SGD) is near global minimum it will stay near global minimum.
For the statement, we (re)introduce the block matrix notation: rk, = {r, = [rs(1— log "/ d) A, ru, =rs},
we have

Ginn Giao Vi1l V12 A 0 Ay 11 0
G = 2 ’ vV = 2 ’ A = s A L= J s
¢ [G,Ilg G 22 K vily Vi 0 A & 0 Ay, 22
where Gy 11,V¢11, A11, Ag; 11 € R Xrks and Ay; is introduced (F.2). We define the following iterations:

1 1
o Given G, = I, — @ diagonal and V, = 2A£22,11QtA£22,11 — Ay, 11, we define

ViV (1" v} 10 (a2 O A O() £z
e A N I T T—Lin \"0M T i logd M 10g2a” 1)

_ — n/2
e Forvy=0,v,,, =v,+ \/T—SVt+1,11-
o We define a sequence of events {&; }1>0

ikt ki ® —rk. Y AL
& = l’72I|rk* 2y = r721rk* N {riIrk* = AlélztAlél = r*4I'k*}7
log” d log“d log™ d log™ d

We define the stopping times
. 3 5
7:10ise((/~)) = inf {t Z 0 | w ¢ 5t} Ad® and 7T:oounded =<t Z 0 Gt % Irk* - @Irk* .

and Tgtable ‘= Tnoise A Thounded-

We have the following statement:

1

Proposition 21. Consider the parameters in Proposition 20. (SGD) guarantees that if Go11 = I, — Togd’

I o 2 . .7
we have Gya1 = I, — @ fort < W with probability 1 — d* exp(— log2 d).

1 1
Proof. We define gt = 2A;2711gtA;2711. We make the following observations observations:

e Since G?’u + Gt,lQGZm < I, for t < Thounded, We have

5
Gt,12G212 j @Irk*

Therefore, by using (F.8), we have for ¢ < Thounded

n 5 n/2

G -G (A G GiiAs, 11 —2Gr 1A G)———, /2
t+1,11 = G M Ay 11Ge1 + G e 11 t,1140¢,,11G¢ 11 k7 log d k*+\/avt+1,11

1 1
Then, if we define V;™ := 2A£22"11Gt’11A£22,11 — Ay, 11, we have

_ _ _ om
Vi = Vi —n(Vig)? +nA7 10— —a—Anan +

1 1
A} A}
rkf logd 05,1178 +1, 02,11

/N

Vs
- o) 2 5 3 3

=V <Ir + 1= 1_1th ) +m (Azl,n T logdAKQ’n) + A Vi Ag, 4

70



e To derive an upper-bound for G,, assuming G, = 1.11y,, we have

2 —1
_ n 2 n 3
Vi =V, - m‘ft + ml@ (Irk* + 111Vt>
_ N (A2 o)
+ 1—1.1n <Af1711 rk& logdA/'z,ll log2 dAIQ 11)
o App— 2,0 A? 5.

1—1.In""  1-1.1n
Then, by Proposition 34, we have G, < 1.1Iy, . Since the bound holds for ¢ = 0, it holds for all ¢ € N.

e To derive a lower-bound, we first observe that by monotonicity V|, > 0 . Therefore,

n n/2
Qt+1 =G, — 1-1.1n (2A2 11G Ae 11 Afull) 1-1.1n ( ?1,11 k& logdAe%H 1og(221A/z,11)
2

n A% A% A2 A o) A2

=Gy — 1—11n 2 ez,ugt 03,11 ( €,11 ~ k% logd logd £2,11 7 1507 g 132,11)

n/2 2 ) Oo(1) 2
— A e — - —==A .
1o < BT O ogd M log?d M

Then, by Proposition 34, we have G, = G, = Ix, — @Lk*

We start our proof by showing that V,” = V, + ¢ . for t < Tstable- Assuming the statement holds for ¢ € N,
we have

~1
n 5 1 1
Vi = (Ve +¢) ( 711(‘4 +Ct)) +n (A?hn T K lond 10gdA€2’11> +Af, VA gy
*

-1
n , 5
v, (1,+ 2 v, A2 ——> A
( 1—1.1n ) +n < ol @ og d 62’11)

-1 -1
S m } }
(Ir t1o Iin Vt> <, <Ir + - (V, +Ct)> + A7, VA g

_|_

We have for t < Tgiable

—1

-1
n n
(IT Tz 1.1n Vt) S <I’° L 1.1n (V. +Ct))

n n 1 9
- - — V¢ -—C¢V, - —
S L T [ L g LY
" v v (s v 10)) W e
(1—1In)2™" 1-1In—") =t 1—1an "= YeT§,
LI VB 2 2 N’ O(k.*)
=6, V- 1+ log”d)¢? — T
=TT Tmiegd = e DS T e logtd ™

. n o) -
t 1-1linlog?d '

=<
Since V- =V +¢ o the claim follows. Then, by the third item above, we have for ¢ < Tgaple

1 ki 5
Ir Ir = Ir - 7Ir = /nois S un .
logd ke — log d ke = drky logd Ko To e 7;30 ded

GtiQo‘i‘Zt iIrk* -
In the following, we will bound Tpeise. We have
2 (o) 2 2 2 2
E, [Ht-s-l] 2v; + 0 ), = E [Zt] = O(mt) L,
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By clipping strategy we used with L = log? d in (F.38), and defining I'; == Iy, , Iy == Alél, and

k =1 =1 2
Quad()(X) = S E;_, [(I'th"‘ X, T, rg) } L Ce{1,2),
j=1
we can show that the following events hold: For any T € N,
St = max||Quad(1)||2 < O(n*T) and maxR\Y < O(nrk% log? d)
L — t<T t,t — t<T tt = *
ght,z = {r&ajg(HQuadft)Hz < Ou(n?Trk?>™1) and max RE? < Oa(nrkir% log? d)}

where ps is defined in Corollary 4. By using Proposition 19, we can show that with probability d* exp(— log;2 d),

k* log? d
7;10ise 2 %~ O

G Auxiliary Statements

G.1 Matrix bounds
Proposition 22. For A, B € R¥*" we have
~-ATA-B'B<A'"B+B"A<A"A+B'B.

Ifr=d, then (A+ AT)2 <2ATA+2AA". Moreover, if Ay,---, Ay are symmetric matrices,

k 2 k
(Z Ai) <kY A7
i=1 =1

Proof. We have
(A-B)"(A-B)-0=A"A+B'B>-A"B+B'"A.
By using A < — A, we obtain the left inequality too. For the second inequality, we have
(A+ AT =ATA+ AAT 1 AA+ATAT
(A-ANT(A-AT)=ATA+AAT —AA-ATAT
Therefore, (A+ A")2 <2(ATA+ AAT). For the last statement,
k 2k Eook Eook k
PIZUIES SIS 35 DRFTED 3 SR BIRES o3
i=1 i=1 i=1 j=i+1 i=1 j=i+1 i=1
where we use the first statement in the last inequality. O

Proposition 23. Consider a symmetric square matriz with block partition

A B

If A is invertible, then M = 0 if and only if A= 0 and C — BTA™'B ~ 0.

72



Proof. If A is invertible, we have

A Bl [ I 0][A 0 I A'B
BT c|”|B"A! I|]|0 ¢c-B"A'B||0 I |

Note that

Therefore, the statement follows. O

Proposition 24. Let r, <r and Z € R"™" such that

Z = {21} , where Z; € R™*"s Zy c RT™"uX"s,
2

Forant0<e<1

Z,2] 0 Z,2] — 702](2:2]) 2,27 0] ¢ [0 0
T 12, . 144 145 (424, 24y _
2z —5[ 0o o T 0 0] T1-c |0 Zz|

where A — AT denotes the pseudo inverse operator.

Proof. We will denote « € R" as

T _
T = L}l] where x; € R™,xy € R" ",
2

We have

1
' ZZ 'z = <;c1TZlZlT:c1 + 22 Z,Z) x5 + 1:82TZ2ZQT$2> — %w;ZQZ;mg
—€

(a) c
> (2 212, &1 — (1 — &)z Z:12Z) (Z2Z, )" ZZ] x1) — 17_E:c2TZQZQTgc2,

where we minimized the first term in the first line over x5 in (a). Since (a) holds for all x, the statement
follows, O

Proposition 25. Let A € R™" be a symmetric matriz. For S = —A, S — —(S + A)~! is monotone.
Proof. Let §1 = Sy > —A . We have
—(S1+A) T (S + AT = (S + A) (S — S) T+ (Se+A)TH TS, +A) T =0, (G)

For S; = So, we can use S1 + €I, in (G.1) and take € | 0 O

G.1.1 Additional bounds for continuous-time analysis

Proposition 26. For a symmetric positive definite Dy, D3y, and C > 0, we have

-1 _
D, <D1 + 2, (CI,, + ZJD;ZQ)“ZI) Z,Z] (2,2] + CD,)” ' D,

— 7,(CI.,+ Z{D;'Z,+ Z] D' 2,) "' Z].
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Proof. We have

(D1 +2,(CI,, + Z;Dglzg)‘lzfyl = D;'~ D{'2(CI,, + 2, D;' 2, + Z] D' 2,) ' ] D"
Therefore,

D, (Di+2; (I,,S+Z2TD2‘1Z2)7]ZI) 2= 2,(1.,~(CL.+2{D;' Z, + 2] D;'2,) 2 D;'Z))

=Z,(CI,, + Z, D;'Z; + ZfD;lzl)‘ (CI,, + Z, Dy ' Z>)

Then,
Z\(CI., + 2, D;'Zs + 2] D' 2,) " (CI,., + 2] Dy 2,) 2] (222 + CD,) " D,
=2, (CI,, + Z, D;'Z, + Z D;'2,) " 2]
O
Proposition 27. For some diagonal positive definite A = diag({a;}~,) and B = diag({b; }d 1), we let

Aexp(—tA) Do — Bexp(—tB)

D =— "’ =
! I, —exp(—tA)’ 2 I; ., —exp(—tB)’

For some Zy € R™*"s | Zy € RU=TI)X"s and C' > 0, we define
M = exp(0.5tA)Z, (CI,, + Z, D;'Z> + Z] D;lzl)’1 Z, exp(0.5tB).
We have

a; exp(t(a; + bi))>

w/\T
2 . ) >\min(ZTZ2)
Ml = z:: ( max(Z121) exp(t(ai + b)) A (C+ Amax (D) ) exp(ta;) — 1

where

)\max(Z;—Z2)

Amin(ZTZ ) 2
(C+ Amax(2D2)2 )

é:

Proof. For convenience, we will use

- A - B

Dy= oA = Z = 0.5tA)Z:, Z, = 0.5tB)Z
L T en(A) T I epm)y LT PO ZL 2y = exp(051B) 2

We let

M, = Z, <CI +Z] Dy Zy + Z] Dy 121)T ,

-1

M, = (CITS +Z D 2y + fo);lzl) czr
We observe that
Tu/\Ts
|M[7 = Te(M My Mo M) < Y X(My M)A (M, M)
i=1

where we used that rank(MlMlT ) <r, Ars and Von Neumann’s trace inequality in the last part. We have

)\max<Z;Z2)

Amax(ZJ Z>2)
C + >\max(-2E)2 )2

My M, < exp(0.5tB)Z; (CI,, + 1 7] Z5) "' Zyexp(0.5tB) < exp(tB)

( 2)
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On the other hand,

5 min ZTZ 5 ~ 5 - >
M, M| = Z, ((C + w) I, + ZID;lzl) A

Amax(DQ)
Y g1 vz (04 2eE e b)) 7)) 2y
_C—|— Amin(Z4 Z2) ! e T4 (( + ’\‘“ax(D2)) 1) ! 1
Amax(D2)
'z (04 22 by 7,27) (04 2emZiz)) p
T 0 ez M ((c+25) D+ 227) - ((0+ %255 D)

Amax (D2)

We have the following at the same time:

= Amin(Z] Z2)\ F = 5T\ ) Amin(Z] Z2)\ F Amin(Z] Z2)\ F
o 2,77 ((C+7Am:x(2,32;)) D+ 2,Z] ) (c + 7%[‘;){(2,32;)) D, =< (C n 7&‘;){(2,32;)) D,

~ o~ . T - ~ o~ -1 ) T -
« 222 ((C+ 2252 Dy + 202] ) (C+ 2525.20) Dy < Anan(Z12]) exp(tA)

Therefore, for ¢ < r A r,, we have

1 (ZT a; exp(ta;)

T T Amin(Z5 Z2) p

Ni(M M) < (2T 7 (/\max(le1 ) exp(ta;) A (C’ + /\max(2 2)2 ) eXz o i 1)
c Amax(2D2) P\

Therefore,

Mz <c'S - expli(as + b))
2 < T . . )‘mm(Z;— Zz) Q; exp(t(a”b + 7 )
|| ||F <C : ()‘max(zlzl )exp(t(az + bz)) N (C + Ao (D2) ) exp(tai) —

G.1.2 Additional bounds for discrete-time analysis

Proposition 28. For some positive definite diagonal matrices Dy, D1 € R™™" and symmetric matrices
G,v € R™", we let

V :=2DIGD} — D, and ¢ :=DivDi and V =V +¢,
where

° ||G||2 S LG and ||1/H2 S L,, and ||D0||2 S LO.
o |Dy'Dyllz < Lyjg and [|[DoDy |2 < Lo

e For notational convenience, let Lp = 2Lg + L1so and Ly, := 2(Lg + Ly,) + Ly o -

For0<n< ﬁ, we have that (I, +nV) and (I, +nV) are invertible and the following bounds holds:

N N N o\ —1
Dy = V(L + V)V (IT n nv) < C\D; and — CoD <V V2 (IT + nv) < C5Dy(G.2)

. N N
—CsDy < V3 (I, + V) ¢ < 3D, and — C,Dy < (V3 (IT n nv) < 4Dy (G.3)
where
o — L, Loy L3 Ly L o L,Lop LrL3 Ly _ L,LopL3LE _ LyLopLELG
YT (U —nLeLo)(1—nLpLe)’ 0 1-nLpLy ' ° 1-nLpLy ' 1-nLpLe
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Proof. Note that || V|2 V||V ||a < L Lo, therefore, if 0 < 5 < ﬁ, (I, +7V) and (I, + V) are invertible.

For the following, we introduce the notation
G=G+v and F=2G+ Dy'D, and F=2G + D;'D,.

Note that we have ||F||y < Lp and || F|ls < L .. For the left part of (G.2), we write

1 N N Nt TS N .\ 1
Dy VA, + V) ¢V (IT + nv) D;? = FDoFDq (I, + nFDy) ' vDoF (IT n nD0F> .
Therefore, we have

| F|[3]|F |2 || Dol|3]|v|2
2 (L=nl[F|2]Doll2) (1 = nl[F|2|Dol|2)
) L3L,I3L, |
~ (1 =nLpLo)(1 —nL;Lo)

N L\ —1
HFDOFDO (I, + nF Do) " vDo (IT + nD0F>

Therefore, we have the bound. For the right part of (G.2), we write
_1 N N a1 N N o\ —1
Dy vev? (£.+9V)  Dy* = FDywDoFDoF (I, +nDoF )
Therefore, we have

\ < 2 3
_ FIAFIEIDo 3w ]2 _ Lrliloly

2 L—||Fl2|Dollz  ~ 1=nlplo’

N N L\ 1
HFD()VD()FD()F (IT + T}DOF>

which gives us the bound. For the left part of (G.3), we write

_1 _ _1 _
D, *V* (I, +nV) (D, * = (FDy)* (I, +nF Do) " v
Therefore, we have

< | FI3]Dol13]Iv]]2 < L,L} L3
2= 1—n|F|2|Doll2 = 1 =nLrLo’

|(FDo)? (1, +nFDy) 0|

which gives us the bound. The the right part of (G.3) can be derived similarly. O

Proposition 29. Let V, V € R™" be symmetric matrices such that V=V+ ¢ . We have

14 (IT + nv>71 V(L V) = V)¢ (IT + nV)fl .

Moreover, given that
M = —nV¢—1CV = ¢ +n*¢VE+ ¢ + VvV

under the conditions of Proposition 28, we have for any kg > 0,

—7W2C2 -’ K3V4 - UQKZVCQV — Cn’Dy

PN

Loty e (LanV) M

PN

2
?nzcz + 23V 2EVERV + CnP Dy
d

where C = Cy 4+ Co 4+ C3 + Cy, i.e., the sum of the constants given in Proposition 28.
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Proof. We write
V(L +0V) " = (Lo4nV) TV = (L aV) T (L4 nV)(V 4 ¢) = V(L4 9V) ) (L4 9V) ™

= (L +v) ¢ (L + 77‘7)71 :
For the second part, we write
(L +nV) "¢ (I + nV)fl
- (L, gV (I + nV)_l) ¢ (I,, v (IT + m‘/)_l>
= ¢V (L =V + 7V (L +0V) )¢
¢V (I’r’ — gV P VE (L V) ) PV (L4 V)T OV (Ir - 77‘7)_1

N _ N «\ 1
=¢—nVE—nCV =0+ PV AV PV (L V)T - ¢V (Ir + nV)

. N1
PV (I, V) eV (L. + 77V)

We have

V2 + ¢V = PV + 0%V + 0)? = n* VA + ¢V + ¢V 402 CVE+ ¢
::Ml

Moreover,
) s N1
iV (L +0V) " ¢V (L 4+ V)

N N N oy —1

= PVeV (IT + nv) — PV + V)T eV (Ir + nv)
N N N N o\ —1

— VYV — PV V2 (IT + nv) — PV + V)V (Ir + nv)

N N\ 1 N N

= PVCV 42V PV V2 (IT + nv) VA, + V) eV (Ir + nv)

M.
=A4vl2

By Proposition 22, we have
—20°¢* —*V*' =PV PV < My + My < 20°C + *VE+ P VPV

Therefore by Proposition 28, we have
1

(I, +nV) ' ¢ (Ir + nV>_ - M

PN

2 ;
=S¢ =GV = PGV Y - Oy D,
d

PN

2
S AN GV + PGV Y + O Dy
d

Proposition 30. By using the notation in Proposition 28, we consider

Then,
V(I +nV) eV = V(L +9(1+6)V) " —25en’CDy

V(I AqV) 4 enVE V(I + 11 —¢)V) ' 4+ 1.5ep*CDy,

_ LopLyLg
where C = m
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Proof. For the lower bound, we have
V(I +nV) " —enV? =V — (1+emV? + *V3(I, + V)~
=V - (1+e)Vi+1+e)* V3T, + (1 +e)nV) !
— 2+ PV V)T H (L4 )2 VAL + 1+ e)pV) (I + V) !
=V (I, +n(1+e)V) ! = 2.5e0*CDy,
where we used C3 with L, = 1 in Proposition 28 in the last step. For the upper bound,
VI AnV)  +enV =V — (1 -V + > V3L, + V) !
=V -1-enmVi+(1—e)* V3, +(1—-e)pV)!
+(2e —)PVE3I + V) = (1 —e)2enP VI + (1 —e)pV) L (I, + V) !
<V I +n(1+e)V) '+ 1.5en?CDy.

O
Lemma 7. For anyn € R and t € N, we have
I +nA)'+(I.—nA)* —1 (I +nA) ' =T, —nA)*
|:I'r UIr]t (+n)42r( nA) AL +77)2( nA) -
nA? I, ALt —Lmnf)' Tty 4’ '
Proof. We observe that
. t
[0 I - AN
A= [A2 ol = (G.4)Z(k>n Ak,
. k=0
Note that
A2k 0 T 0 A2k
A% = [ 0 A2k and A*M! = A2k+2 o |-
Therefore,
r t o Dk Ak t o B\ pk AR—1
i (t>7]kAk _ Zkke;(e)n (k)n Zkko_(?d (k)n
— k Ztk:o (]i)nkAk+l Ztkzo (i)nkAk
-k odd k even
i (IT+nA)‘42r(IT—nA)t A_1<IT+nA)t;(IT—nA)‘
B A(1r+nA>fg(Ir—nA)t (1T+nA>f-2+(1r—nA>f
O

G.2 Some moment bounds and concentration inequalities
Lemma 8 (Hypercontractivity). Let Py, : R? — R be a polynomial of degree-k and x ~ N(0,1;). For q > 2,
we have B [Py ()1 < (q — 1)"/2E [Py(x)?]"/* .

Lemma 9. Let z ~ N(0,1;) and S € R*? be a symmetric matriz. For u > 0,

2

P [l:BTS(L' — Tr(S)| > 2||S||Fu+ 2HS||2u2] < 2e ",

Proof. We note that & " Sz—Tr(S) has the same distribution with Z?Zl \i(S)(Z2—1), where Z; ~i;qa N(0,1).
By using the Laurent-Massart lemma [LMOO], we have the result. O
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Corollary 6. Lety=x' Sz — Tr(S) and  ~ N(0,1,). For p > 2, we have ]E[|y|p]% < (p— V2| 8| .
Proof. By observing that E[|y|?] = 2||S||%, we have the result. O

Corollary 7. For A € R¥™" p>2 and = ~ N(0,1,), we have E[||AT |2 v <V3(p-1tr(AT A).
2

Proof. By Lemma 8, we have E[||AT$||§I’]% < (p—1)E[|ATx|4)2. For § = AAT, we have
E[|ATz|3] = E[(x Sx)?] = Tr(E[(x ' Sz)zz ]S).

We have
(a)
E[(x" Sx)xx'] = Tr(S)I; + 28 = E[|ATx|3] = Tr(S)? + 2||S||% < 3Tr(S)?,
where (a) follows that S is positive semi-definite. Since tr(S) = tr(AT A), we have the statement. O
Proposition 31. Let ¢; ~;;q N(0,1,), for j € [N]. There exists a constant ¢ > 0 such that for 6 =
u(r+\/Cr$%d+Clog d)} we have

N
1
P| sup |— Z 1 Tr(S(:L'ja:jT - IT))2 — 1| > max{26,6%} + 10d~°/?| < d? exp(—cu?) +2Nd~°.
sl M
=

Proof. We observe that

(llae5 13 + ) -

N —

1
§||mjw;r - Ir”F <

By using Lemma 9, we can derive

P[||z;||3 < 7+ 2y/r\/Clogd+2Clogd] > 1—2d €.
:ZSJ‘

We have
1/2
E[3Te(S(ja] — 1)1, | — 1| = SE[Te(S(zja] — 1)"1e] < 3E [Tr(S(ase] — 1))"| T v2a-C"2
< 9v2d-¢/2.

By using [Ver10, Theorem 5.41], for § = ulr+vCr i;gﬁd+m°g 4 we have

N
1
IP’[ sup | Z %’I‘r(S(me;r - I,a))2 — 1| > max{2§, 6} + 1Od_c/2]

+2Nd~¢

<.
Il
—

O

Proposition 32. Let x; ~; ;.4 N(0,1,), for j € [N], and W € R¥*" be an orthonormal matriz. For a fized
S eR¥>d C>16 and N > Crlogd, we have

|2 3 Lov(stasa] — L)W (ese] — LW — WTsW|| s21elsle (/% + )]
j=1

—Cr
s

<2 s +2Nd°.
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Proof. Without loss of generality, we assume ||S||F = 1. By using Lemma 9, we have

P[|Tr(S(z;z] — 1)) < 4y/Clogd] >1—2d"°.

::Ej

For the following, we fix a v € S?~!. First, to bound the bias due to clipping, we write:

<E {ﬁ(S(wJ ~ 1) f]E {(<v,w>2 - 1)4F NoT el
< 18V2d~9/2.

& [1e( (2] — 1) (0,207 ~ 1

On the other hand, to bound the moments of the clipped random variable, we have for p > 2,
E [m(S(xja:j — 1)) (v, @) — 1)PLg, } (4y/Clog d)P2E [Tr( T 1) |((w, x)? — 1)|p}
< (12¢)2(8V2e+/Clog )p’Q%.

By using [Tro10, Theorem 6.2], for a fixed v € S9~!, we have

N
’% Z %Tr(S(:cjw;r — 1)) ({v, a:j>2 - 1lg, — IEETI(.S’(QME;r - Id))(<v,w]->2 - 1)151} ‘ > 12eu
=1

—Nu?/2 )
14 uy/Clogd/"

By using e-cover argument, we can derive

< 2exp(

N
1
H Z STe(S(@e] — L)W (@;0] — L)W — W SW || > 21eu+18v2d-/*
—Nu?/2
<29 exp () +2Nd €
= P\ u/CTogd
By using v = +/Cr/N, we have the result. O

Proof. Without loss of generality, we assume [|S||p = 1. We have

N 5 | N )
HZyJ(:BJaB;r —1;) —SH < sup Z%’H —IT)) -1
j=1 P oserr| N A
ISllF=1
Hence, by considering the event in Proposition 31, we have the statement. O

Proposition 33. Let X € R be a random variable such that for some K,C > 0, E[|X|P] < CKPpr© for
some ¢ >0 and p > k. Then, P[|X| > Ku] < Ce™ "+ foru>(ke)

ul/c

Proof. Use Markov inequality with p =

G.3 Miscellaneous

Proposition 34. We consider n < 1—10. The following statements holds:
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e For0.2>4§>0, let
Uprr = Ug +nue(l —uy), 140 >wup > 0.

We have 1 + ((5 \Y; %) > sup; up > 0. Moreover, t* = inf{t : us > 1}, we have upy1 > uy fort < t* and
Upr > up > 1 fort > t*.
o For0.5>¢>0and 1.1 >y > ug > uy > 0, let
Uppr = + (1 +)u(l =) and w,qq =y +nu, (1 — wy).
and
up + nue(l — ug) < ugrr <ug + 71+ e)ug (1 — uy).

We have

| ,
5 (1A ™) < u, < <7 < (L1ATE).

Proof. If t > t*, by monotonicity of the update, we have 1 < upyq < uy < ugs. If t* > 0, then for ¢ < t*, we
have 1 > u; > 0 and u; (1 —u) > 0, and thus, we have u;41 > u; > 0. Next, we observe that u;» < 1+ 0.25n
and by monotonicity of the update for ¢ > t*, we have 1 < u; < us. Hence, it is sufficient to bound wu to
bound sup, u;. Note that, we have 1 > us«_1 > 1 — 0.257, and thus,

2
14— ) <14n? = ue <14+ L.
Upx 1 4

Ut

For the second item, by monotonicity, we have 0 < u, < uy <7 < 1.1. Moreover, by [AGP24, Lemma A.2],
we have for ¢ < t,, == inf{t : u, > 0.5}

nt
1
@06 +n

U
- Suy = et <.
14+ uge™n 2

For t > t,,, by the first item, we have u, > 0.5. Therefore, we have

(Qoe% N 1) < uy.

N | =

On the other hand, for all t € N, we have @, < Te”11t9)t. By the first item, we have 7, < e’ t)tA1.1. O

Proposition 35. Fort, A > 0, we have

1 < A < 1
texp(tA) — exp(tA) —1 — ¢

Proof. The upper bound follows exp(t\) — 1 > tA. For the lower bound,

1 A exp(tA) —th —1
- — = . G.5
t exp(th) =1 t(exp(th) — 1) (G5)
We have
-~ () o~ (V)" o~ (tV)*
exp(tA) —tA—1< ) o= Ay I <HENY o= tA(exp(th) — 1).
k=2 k=1 k=1
Therefore,
1 A 1 A
D)< A - < A < .
(G5 =A= t ~ exp(th) —1 tA= texp(tA) ~ exp(tA) —1
O
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Lemma 10. Let rg < d?, v €[0,1), and log™'d < Cy < log'’d. We define Fy,Gq, Hy as

2
Fy(u) = (1 - ! ) ;o Ga(u)=1- . T

()
= (1-cu(2)")

We have

e For any C >0, sup, <jpgcqlFa(u)| <1 for d > Qc(1).
e sup,|Ga(u)| V|Hg(u)| < 1.

e For any 6 € (0,0.5), let Cs == {u > 0: |u—1| < d}. For any compact K C (0,00] \ Cs, we have

d—o0

Fy(u) —= 1{u > 1} uniformly on K.

e For any compact K C [0,00] \ Cs, we have
Ga(u), Hy(u) <22 1{u > 1}, G2(u) =% 1{u > 1}
all uniformly on K.

Proof. For the first item, if u < log® d, for d > Q¢c(1)

dCqu  _ d

1> C+1d_

z — 1>0.
Ts 7ﬂleg

Therefore, |Fy(u)| < 1. For the second item, since % > 1 for d > Q(1), the item follows.

For the third item, since E := [0,00) \ Cs is closed in [0, 00), it suffices to establish the result on small open
intervals around each point of of E within [0,00). Fix uy € E and choose € € (0,/2). Since B(ug,€) =
(up — €,ug + €) N [0,00) is convex it can be either in Py :=={u: u>1+§/2} or Pc = {u: u<1—4/2}.
Without loss of generality let us assume it is in P.. Then,

1
sup  [Fa(w)| <1 - : .
- —05(1)
u€ B(uo,e)C P< 1+ (Oﬁ(Cd) _ (%> ) (%) s

A similar step can be repeated if B, C P-.

0.

For the last item, we first observe that uniform convergence of G4(u) implies the uniform convergence of
G?(u). Therefore, we will only prove the first result. Since F = [0,00] \ Cs, is compact, and thus, P~ N E
and P. N E are also compact, we can directly use these sets. Without loss of generality let us use P- N E.
Then,

Os(1
sup_[Ga(w)] v [Ha(w)] < (1= Ca2”") 0.
ueEP-NE R N

A similar step can be repeated if P~ N E. Therefore, the statement follows. O

Proposition 36. Let r, < r and

‘e (0,00), a €[0,0.5) ) r*, a€]0,0.5)
(0,00)\{j*:j €N}, a>0.5 1, a>0.5.

We have
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e For Ke {G,H} and t # limg_, ﬁ, we have
Kd(m) — ]].{% > t:‘ieﬁ‘} = Od(l).

e forKe {F,G,H},

|A|| Z ( (St ) — 1{%>tﬁcﬁ}):od(1)- (G.6)

Proof. The first item immediately follows Lemma 10. In the following, we will prove the second item for the
heavy and light tailed cases separately.

For a € [0,0.5): We define a sequence of measures jq{i/r} o j72%, j < [r]. We observe that
e We have pg — p weakly such that y is supported on [0, 1] and p([0,7]) = 7172< for 7 € [0, 1].
e Moreover, (G.6) = Ex~p, [(Ka(X?/t) — 1{X*> > t})1{X < Z}}].

By using the Cs definition in Lemma 10:

|Ex ey [(Ka(X¥/t) = {X* > tHI{X < 2P| < Exeop, [[Ka(X/t) — H{XY > tH1{X" € [0, 1]\ Cs}]
+ Exmp, [[Ka(X/t) = T{X* > t}1{X“ € Cs5}]

(a)
< 04(1) + Px.,[X® € O],

where we used the second item in Lemma 10 for (a). Since Px.,[X* € Cs] 229, 0, we have the first result.

For a > 0.5: We define a sequence of measures jq{j} o< j 2%, j < [r]. We observe that
e We have pg — p weakly such that u{j} o< 572 for j € N.
e Moreover, (G.6) =Ex.,, [(Kd(Xo‘/t) —{X*>tHI{X < ru}]

Let t € ((j —1)*,j) for some j € N. For small enough § > 0, we have

|Expy [(Ka(X /1) = T{X* > ) 1{X <r,}]|
)
= Exop [[Ka(X /) = L{X* >t} 1{X €[0, 7]} 1{X* £C5}] 2 ou(w).

where we used both items in Lemma 10 for (b). O

Corollary 8. For 1> c¢q>> log™°d, we define

(A1) = —Xexp(—tA) A2 exp(—t)) (CJE )\exp(—t)\)))l

1—exp(—tA) (I —exp(—=tA))2\t d 1—exp(—tA
Let r, <r and

) Teff = Reff 10g d/Ts-

o r*  «a€[0,0.5)
TV, a>05

We have
|A||2 ng NjitTerr) = D AL{GE > ther} | = 0a(1)
j=1

for any fixed

¢ e 4(0,00), a €10,0.5)
(0,00)\ {j*:j €N}, a>0.5.
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Proof. We observe that

1
ga(Ait) = A | 1 -
1 —exp(—tA) + %?—5 exp(—t\)

Therefore, we have g3(\;tTer) = A2 Fy(5——). Then, by Proposition 36

)\j tReff

1 Tu Tu 1 Tu
HA”% Zgg(AjytTcﬁ) - Z)\?l{% > tﬁcﬁ'} = 7HAH% Z)\z (Fd(i)\jtteff) _ I]_{% > tﬂcﬁ'}) — Od(l).
j=1 j=1 =1

O
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