Examples of Interp. Rules

|7Trapezoidal Rule (an example of the first special case):
b
1(f)= | Pila)ds

where zo = ¢ and x; = b. We then have,

r — X1 r — X

Py(z) = lo(z) fo + l(x)f1 = fo +

o — L1 X1 — X

fi.

Therefore we have

b b
1) = [ det@+ [ raero)

(455) @+ (52) 5= (452 ) + s

|
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Examples of Interp. Rules

fWe also have that II; () = (z — a)(z — b) is negative for x € [a, b] and T

f I (z)de = L 6"’> We therefore have satisfied the conditions of the

first special case and this implies,

T(f) = (52)[f(a) + F0)), E7(f) = =L (b — a)?,

Simpsons Rule (an example of the second special case):

S(f) = / ' Py(e)de,

with g = a, 1 = 42, 29 = b.

|
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Simpsons Rule

Pa(e) = o) (a) + o) (“57 ) +1ala) )
where
L @-shE-bh o (@)
R A == e =2
_ @—a)e )
S O =
Simplify and verify (after some tedious algebra) that,
SU) = 1 to@dnlf@)+ [ @ f(F + 1w so)




Simpsons Rule (cont)

fNote that for z € [a, b], II2(z) is antisymetric about 2 and this implies T
f: Iy (x)dz = 0. Furthermore by choosing z3 = 2t2 we have

a+b.,
9 ) ($—b),

[3(x) = (x —a)(x —

Is of one sign and this implies,
b

BS(f) = 1(5) = S(5) = 315 (n) [ Ta(a)da

a

But f: II3(x)dr = —-%(%52)5 so we have,

S(f) = (529)[f(a) + 4F (<£2) + f(0)] || BS(f) = =L (b5a)5

|

CSCD37H — Analysis of Numerical Algorithms — p.168/184



Gaussian Quadrature

Recall that the error for interp. rules satisfies, T
E(f) = f: flroxy - - - xpx|ll, (x)dz, and if f; IL, (x)dz = 0 we have,

b
E(f) = / flroxy -+ xpr1x]ll, 1 (2)dr,
for any z,, 1. Now if f: IL,,+1(x) = 0 as well we can show similarly,

b
B = [ floosar.+nia.alllysao)ds

In general if we let go(x) =1 and ¢;(z) = (z — xpy1) - (x — xpy) fOr
i=1,2,---(m — 1). We can then show that if f; IL,(x)q;(x)dx = 0, for
i=0,1,---(m — 1) then,

b
E(f) = / flrors - Ty (7)d.

. |
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Gaussian Quadrature (cont)

fThe key idea of GQ is to choose the interpolation points, (xqg, x1, - - xy) T
such that f; IL, (x)q(x)dz = 0 for all polynomials, ¢(x), of degree at most
n. In particular for the choice ¢q(x) = ¢;(x) fori =0,1,---n we have
f IT,, ( z)dr = 0 and,

b
E(f):/ flrowy - xony12]llan 1 ()d.

To ensure that I, .1 () is of one sign for = € [a b] we can choose
Tpyiv1 = x; fori=0,1,---n and we then have Il,, 1 (z) = II% (2),

E(f) = flvory - want1€] / T, (x)dz = (2n i 2)!f2n+2(77)/ T, (x)dz.

Note that these rules will be exact for all polynomials of degree at most

2n + 1 since f2"*2(n) = 0.
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GQ - Orthoganal Polynomials

fHow do we choose the z;'s to ensure that f; IL,(x)q(x)dx = 0O for all T
polynomials, ¢(z) of degree at most n ? This question leads to the study
of orthogonal polynomials.

® Definition: The set of polynomials {rq(x),r1(x), - rr(x)} is orthogonal
on [—1, 1] iff the following two conditions are satisfied:

r f_ll ri(z)r;(z)dz = 0, fori # j,
o The degree of r;(x)isifori =0,1,---k.

|
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Properties

f’ Properties of orthogonal polynomials: T
» Any polynomial ¢;(x) of degree s < k can be expressed as.

qs(z) = Z cjri ().

» 7 (x) is orthogonal to all polynomials of degree less than k. That is,
f_ll ri(x)gs(z)dxr = 0 for s < k. (This follows from the previous

property.)

» r,(x) has k simple zeros all in the
interval [—1, 1].

. |
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Proof (last property)

|7For ri(x), let {1, po, - - - um } be the set of points in [—1, 1] where ri(x) T
changes sign. It is clear that each ; is a zero of r;(z) and all simple

zeros of ri(x) in [—1, 1] must be in this set. We then have m < k as the
maximum number of zeros of a polynomial of degree k is k. Assume
m < k. We then have, m

gm(z) = | [ (@ — ),
IS a polynomial of degree m < k thazt:clhanges sign at each p; and,

/ : G ()7 (2)d = 0.

—1
But ¢,,(x) and r,(x) have the same sign for all x in [—1, 1] (they change

sign at the same locations). This implies a contradiction (the integrand is
of one sign but the integral is zero)— our assumption must be false. We
must therefore have m = k.

|
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3-Term Recurrence
fThe ri(z) also satisfy, T

rsi1(x) = as(x — bs)rs(x) — csrs—1(x),

fors=1,2,- k Where the a, are normalization constants, »_;(x) = 0,
and if t; = f . 75 (x)dx then,

1 [! ast
bs = —/ rri(x)dr, c,= .,
ts —1 as—lts—l

For example, we obtain the classical Legendre polynomials if we
normalise so r;(—1) = 1. This leads to,

2 1
As = 5 ; bSZOa Cs = i .
s+ 1 s+ 1

. |

. . CSCD37H — Analysis of Numerical Algorithms — p.174/184
Bk y g p

ek



Orthogonal Polys on|a, D]

f’ To transform orthogonal polynomials defined on [—1, 1] to |a, D] T
consider the linear mapping from [—1, 1] — [a, b] defined by
x = 2%y + 2t The inverse mapping is y = [2z — b — a] and from

—Qa
calculus we know,

[ s =57 [ a5+ 5y

This relationship, combined with the properties of Legendre
polynomials give a prescription for the choice of the x;’s for GQ:
Fori=20,1,---n, sety; to the i*" zero of the Legendre Polynomial,
rn+1(y). With this choice we note that [[7_,(y — y;) = K r,11(y) for
some K # 0.

|
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Choice of thex;’s for GQ

Then with the choice z; = %5%y; + £ we have,

b—a a-+b S b—a a-+b
+ ]«

I, (z) = TL,( 9 ) 9 Y+ 9 — zj)

7=0

S b—a a+b b—a a—+b
= [+~ 5w+

|
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Choice of thex;’s (cont)
fTherefore for any polynomial, ¢(x) of degree at most n, T
!/CbIIn(x)q(x)da:

1 b—a b+ a

= (T)/ M(z)a(——y + ——)dy,

= (%)"”K rr1(y)q(y)dy = 0.

since ¢(y) is a polynomial of degree at most n.
That is with the z;’s chosen as the ‘transformed zeros’ of the Legendre
polynomial, ,,+1(y), we have the property we need.

- |
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Composite Quadrature Rules

prproximating the integrand with a PP leads to the class of T
Composite Rules. Leta = x¢ < ---zp; = band S(z) be a PP

approximation to f(z) (defined on this mesh). We can then use f; S(x)dx

as the approximation to I(f) = f; f(x)dz. Recall that S(x) = p; »(x) for
r € |ri_1,x;] i=1,--- M. From calculus we have,

s some <5 [ s

—A sum of basic interpolatory rules.
If we use equally spaced x;’s and low degree interpolation we obtain famil-
lar rules.

|
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Error Estimates for GQ

fLet Gn(f) =>._,wif(z;) denote the (n + 1) — point Gaussian quadraturej

® We have shown,
I(f) = Gn(f) =O0(b—a)**, as (b—a)— 0.

® Therules G,.1,Gpy0,- -+, are more accurate (as (b — a) — 0) so we
could use,

ESTc. =Gnin(f)—Gn(f)=Ecg. + O(b — a)2nth+3,

® The rules G, and G,, have at most one common interpolation point
so the computation of this error estimate more than doubles the cost
(2n + k + 2 integrand evaluations).

- |
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Error Est for GQ (cont)

f.’ An alternative (to forming an error estimate based on GG, ) IS to use T
the integrand evaluations already available (for the computation of
G, (f)) and introduce only the minimum number of extra evaluations
required to obtain an effective error estimate.

® This approach leads to a class of quadrature rules called Kronrod
quadrature rules, K,,x(f). The error estimate for G,,(f), is then
Kn+ix(f) — Gn(f), where K, (f) is more accurate and less
expensive to compute than is G,, .« (f). Kronrod proposed a
particularly effective class of such rules where k = n + 1,

n n—+1

Kon1(f) =) aif(z:) + > bif(yy),

. |
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Koni(f) = 30 gaif () + 3070 bif (y))

f.’ The z’ s are the interpolation points associated with G,,(f), and the T
y;'s are the extra interpolation points necessary to define an accurate
approximation to I( f). Kronrod derived these weights (the «a;’s and the
b;’s) and the extra interpolation points (yg, y1, - - - y,,) SO that the
resulting rule is order 3n + 3.

® The resulting error estimate is then,

ESTGn = KQn—I—l(f) o G’n(f)7

with an associated cost of 2n + 3 integrand evaluations and an order
of accuracy of O((b — a)3"4).

® These Gauss-Kronrod pairs of rules can be the basis for composite
guadrature rules and adaptive methods. These methods are widely
used and implemented in numerical libraries.

. |
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2D Quadrature

f.’ Consider the problem of approximating integrals in two dimensions, T

1= [ [ s ydsdy

This problem is more complicated than the one dimensional case
since D can take many forms.

® One can develop the analogs of Gaussian rules or interpolatory rules
but the weights and nodes will depend on the region D. Such rules
can be determined and tabulated for simple regions such as
rectangles, triangles and circles.

® An arbitrary region must then be transformed onto one of these simple
regions before the rule can be used. Such a transformation will
generally be nonlinear and may introduce an approximation error as
well.

|
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2D Quadrature (cont)

® An alternative approach is to apply a ‘product rule’, where one
reduces the 2D-integral to a sequence of two 1.D-integrals:

B(y) b
/ /( | (z,y)dzdy —/ 9(y)dy,
a(y a

B(y)

g(y) = / i

® Note that g(y) is a 1. D-integral with upper and lower bounds depending
on y.

where

® In this case g(y) is approximated, for a fixed value of y, by a standard
method (for example, ~ Z;‘io w; f(x;,y), and f g(y)dy is also
approximated by a standard method.

. |
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2D Quadrature (cont)
fThat IS, T

B(y) b
/ / (z,y dwdy—/ g9(y)dy
o(y) a

Q &
M= 1[M=
g ®
Q
M= 3
&
<o
Q&
<

Note that error estimates for product rules are not easy to develop since
the function ¢g(y) ~ Zj]‘io w; f(x;,y) will not be a ‘smooth’ function of y
unless M and the x,’s are fixed (which is unlikely since a(y) and 5(y) are

|
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not fixed). In particular this ‘inner rule’ cannot be adaptive.



