Optimization Intro
September-10-12 3:03 PM

Diophantine Equation
A Diophantine equation is an equation p(xy, ..., x,) = 0
where p is a polynomial with integer coefficients.

Problem (Hilbert's 10t")

Can we decide whether or not there exist x4, x5, ..., x, € Z
such that p(x, ..., x,) = 0 (given p)?

No. Not even if we fixn =9
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Optimization

Given a set S (the feasible region) and a function f: S — R (the objective function) solve
max(f(x):x € ) or min(f(x): x € S)

Note: min(f (x): x € §) = —max(—f(x):x € S)

Linear Programming
f(x) = c"x where S(x) = {x € R": Ax < b}
ceR"beR™AEeR™™

Integer Linear Programming Problems
f)=cTx,  S(x)={x €Z":Ax < b}

Convex Optimization

min(f(x):x € S)

S € R™is convex, meaning Vx,y € S, Vs € [0,1] xs +y(1—s) €S
f convex

Remarks
Consider an optimization problem min(f (x): x € S)
We can assume without much loss of generality that
1. SCR"
2. fislinear

min(f(x):x € S) = min(z:z = f(x),x €S)
Now, the function is linear so the optimum lies on an edge of the set, so can replace S by its convex
hull. Therefore, can assume that

3. Sisconvex

Examples

1. Atwo player game.
Given A € R™™
Rose chooses a row i and Colin independently chooses a column j then Colin pays row $a;;

Example
a=[7 Sl

If Rose chooses 2 she gets > 1, if she chooses she gets > —2

If she chooses the two rows with equal probability, she expects > min (%:%) ;

Rose wants to solve

m m
i SOl H L= >
ITJTé?RF,i, Jg{lllT}l}Z piaij subjectto Z pi=1, P1 o Pm 20
= i=
Equivalently: Maximize z subject to
m

zSZpiai,-, forje{l,..,n}
i=1

prttpm=1 Py, Pm20
This is a linear program

2. Weighted bipartite matching
Problem:
Given n jobs, n workers and a "utility" a;; for worker j to complete job i. Find an assignment
maximizing the total utility (i.e. the sum of the utilities)

Formulation
Maximize

n n
55
i=1j=1
subject to

n

inl' =1vi€e{l,..,n}

j=1
n

le‘j = 1V] € {1,71}

i=1
Xij € {0,1}v i,j € {,..,n}
This is an integer programming formulation.

3. 3D Modelling
Problem
Given a € R™™™, qa;; is the utility of job i being completed by worker j on machine k, find
an "assignment” of maximum total utility.

Formulation
Maximize

n n n
2.2, D, ik
i=1j=1k=1
subject to
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M=

Xijk = 1Vvke{l,..,n}

J

I
-

xiik = 1Vj € {1,...,71}

SINRINGE

Xijk = 1vie{l,..,n}

1
< xijk < 1 integer Vi, j, k € {1, ...,n}

nglingh

-
Il
=

(=}

Remark
The 3D Matching Problem is NP-hard and hence integer linear programming is NP-hard.

Diophantine Equations

Minimize
sin(nx)? + sin(my)? + sin(mz)?
P subject to
¥+y3-2z3=0
l x,y,z=1

Not that (P) has optimal value = 0 if and only if there are non-negative integers such that
B +yd =23

Problem (Hilbert's 10t)

Can we decide whether or not there exist x4, X5, ..., x,, € Z such that p(x, ..., x,,) = 0 (given
p)?

No. Not even if we fixn =9

Formulation
n

Minimize z sin(mx;)?
i=1

subject to p(xq, ..., x,) =0

P

This has optimal value 0 iff p has an integer root.

Distance from Feasibility
Problem
Given A € R™*" b € R™, and z € R™, how far is z from the feasible region {x € R™: Ax < b}?

Formulation
n
Minimize z(x- —z)?
(P) L 13 L

Subjectto Ax < b

This is a convex optimization problem
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Remark
Matrices do not have ordered rows and columns. A € FX*Y Fisa fieldand X,Y
are finite sets.

Fundamental Theorem of Linear Algebra

For A € F™", b € F™, exactly one of the following holds:
1. There exists x € F™ such that Ax = b
2. There exists y € F™ such that y"A = Gand y™h = 1

Solutions to Linear Systems
A € F™" withrank(4) = m and let b € F™
Let A; denote the jt* column of A and for B S {1, ..., n}, let Ag = [4;:j € B| We
call B abasis if |§| = m and A is non-singular.
Note that if § is a basis, then there is a unique solution to
a) Ax=1b
b) x;=0,j€&p
Since we are left with a square invertible matrix when removing the j's

We call this the basic solution for 8
Itis the unique solutionto Ax = b, x; =0 j €

Support
The support of x € F"is supp(x) = {i:x; # 0}

Theorem
For A € F™ " p € F", if Ax = b has a solution, then it has a solution whose
support has size < rank(A4)

Note that Ax = b can be solved in O(mn rank(A)) arithmetic operations. Is this
efficient? What about the size of the solution?

The size of a solution
For a € Z, define size(a) < |log,(lal + 1)| + 1 <log,(lal) + 2,fora>1

size (%) = size(a) + size(b)

Permutation Definition of Determinant

det(4) = z sgn(o) ﬁAivGi
i=1

GESy

Crammer's Rule

For a matrix equation

Ax =b

the solution is
det(4;)

T Get(a)”

A; is the matrix formed by replacing the i column of A by the column vector b.

i=1,..,n
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Proof of Theorem
Let A € Z™™,b € Z" and let L be the size of the largest entry in A orb
Suppose that 4 is non-singular

size(det(4)) < size(n! (21)™) < 2 +log,(n! (2X)™) < 2 + n(logzn + L)

Now consider x = A~1b

By Crammers' Rule each entry of det(4).A~" a determinant of a
submatrix of A, and hence, has size < 2 + n(log, n + L)

So each entry of x has size<n + (L + 1) (2 +n(log,n + L))

This is polynomially bounded in the size of 4,b
Additionally, Gaussian Elimination can be performed carefully (by

triangularizing without scaling) such that all intermediate values are
small.
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Theorem (Farkas' Lemma; Theorem 2.7)
LetA € R™™and b € R™.
Exactly one of the following hold.
(1) There exists x € R" such that Ax < b
(2) There exists y € R™ such thaty > 0,yT4A = 0,andy"bh = —1

Variable Elimination (Fourier-Motzkin)
Removing a variable from a system of linear inequalities

Rewrite the inequalities as

(L1
(1.2)
(1.3)

Xy = i(Xq, ey Xno1), L € Aq
Xn < gi (1, s Xn—1), L€ 4,
0= gi(xq, ., Xp_1), L EAs

(A1,4,,A3) partition {1, ...,n}

Note that there
satisfying (1.3)

is a solution if and only if there exist x4, ..., x, € R
such that

Iiléj)l((gi (X1, ) Xn—1)) < ?ggzl(gi(xp s Xp1))

Equivalently
21 gilxy, -
(2.2)

o Xn1) S gj(xg, e, Xn_ ) VIE Ay, j EA,

0= g;(xy, ., Xp1) Vi E Az

Not that this is a system of linear inequalities in n — 1 variables.

Other Forms of Farkas' Lemma

Theorem (2)

LetA € R™"and b € R™

Exactly one of the following hold:

(1) There exists x € R" such that Ax = b,x > 0

(2) There exists y € R suchthatyT’4A >0, yTh = -1

Theorem (3)
Let A € R™M*n,

b eR"

Exactly one of the following hold
(1) There exists x € R™ suchthat Ax < b,x >0
(2) There exists y € R™ suchthat y"A >0, y"b = —1,andy >0

Proof: Exercise

Geometry

Suppose A = [A4, ...
Define cone(4y, ...

Problem: is b €

,An] € RTT
JAp) = {A1xy + -+ Apxpix € R™, x > 0}

cone(4y, ..., Ap)?

Equivalently, does (Ax = b, x = 0) have a solution?

By the theorem

Ax =b,x = 0xor3ys.t.yTA>0,yTh = -1

there exists @ € R™ such that a4 = 0and a”bh = —1
Equivalently,

aTA; 20,aTA; >20,..,aTA, =20,aTh = -1

Equivalently,

Ay, A,, ..., A, are contained in the half-space {x € R™:a”x > 0} but b is

not.

Equivalently,
cone(Aq, ...

Theorem
b & cone(4y, ...

,Ap) € {x € R™:aTx > 0} buth ¢ {x € R™:a’x > 0}

, Ay) iff there is a hyperplane separating b from the cone.

Separating Hyperplane Theorem
Let S € R™ be a closed convex setand b € R™. If b ¢ S then there isa
hyperplane separating b from S.

Prove later

CO 255 Page 4

Proof of Theorem

Easy part: (1) and (2) cannot both hold.
IfAx <b andy = 0 then yTAx < yb
Butif yTA =0, then0 < yTh

It remains to prove that if (1) does not hold then (2) does.
Restatement

Let f;: R™ > R be linear for i € {1, ...,n}

Define f;(x) = a;1%; + @p%xz + =+ ainXn — by

If f;(x) < 0,i € {1, ...,n} has no solution, then there exists @ € R} such that
n

Zaifi=1

i=1
Where R, ={z € R:z > 0}

Proceed by Induction:
n = 0 is a trivial base case: LHS is 0
Assume that Farkas' Lemma holds for systems with n — 1 variables.

Break it down into equations withn — 1 variables: (2.1) and (2.2)
Assuming that Ax < B has no solution, so (2.1) and (2.2) don't either.
Then by the inductive assumption, there exist « € Rﬁlx‘qz and B € RﬁS such that

Z Z aif(gi _gi)"' Z Prgr =1

(€A, jEA, k€A

Fori € {1, ..., m} we define

Z a;j i€A;
JEA;
a; = .
Z aji 1€ AZ
JEAY
b; t 1EA;
Now,
Gi(xXq, s Xpo1) — Xy €A
fi(xlv '"vxn) = _gi(xlv ...,Xn_1)+xn i EAZ
i (x4, e xp) i €A;

Now a > 0 and

Zaifi = Z (Z aij)(gi —Xp) + Z <Z aji)(xn_gi) + Z Br 9k
i=1

{ea, \jea, {eay \jea, KeAs
= Z <Z a;j(g; — %) + a;;(xy, —Hj)) + Z Br Ik

i€A; \jEA, KkeAsz
= Z Z a;j(g: —9;) + Z Bragr =1

{cAy jeay Keas

As required.
This proves Farkas' Lemma

Proof of Theorem (2)
Ax = b,x = 0 can be rewritten as
Ax < b, —Ax < —b, —-x <0
A b
Let A" = [—A] and b’ = [—b]
-1 0
So (1) is equivalent to

1) There exists x € R™ such that A'x < b’

By the Farkas' Lemma, this is equivalent to:
29 There do not exist y;, ¥,,y3 € R™ such that

1 y2y5l" A =0, 1y2ysl™b' = —1, Y1 Y2,¥3 =20
That is,
ViA=yiA-y3=0, y{b—yjb=~1,  y,y,y320
That is
01— y2)TA=ys, 1 —y2)"h=-1, Y1, Y2,¥3 20
Soy=y1 =y,
Note to Self
Proof works in reverse:
Assume 2 is false so there does not exist y such that y"A > 0 and yTb = —1

Which means y4,y,,y3 do not exist, and by Farkas' Lemma, there must be a solution to
A'x<b'
A solution to A'x < b’ provides asolutionto Ax =b, x > 0.m

Proof of Theorem (3)
Ax < b,x = 0 can be rewritten as
Ax < b, —x <0

LetA' = [;AI] and b’ = [g]
Then (1) is equivalent to
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(1)  There exists x € R™ such that A'x < b’

By the Farkas' Lemma, this is equivalent to:

(2")  There do not exist y;,y, € R™ such that
Ay; —y, =0, yIb=-1, Y1,Y220

Sety = y; thenhave Ay > 0,y"h = -1,y >0
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Linear Program

Alinear program (or LP) is a problem of the form max(cTx: Ax <
b) or min(cTx: Ax > b)
where 4 € R™"™ b € R*, ¢ € R™.

Note
max(cT: Ax < b) = —min(—cTx: Ax < b)

Remark

The problem of determining the best bound on the objective
function via linear combination of constraints is a linear
programming problem.
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Example
Maximize x,
subject to
X1 + X2 <3
4x1+x, =24
X1 + 2x2 <4
X1, % =0

(P)

The maximum x* satisfies 4x; + x, =4 and x; + 2x, = 4sox™ =
21T . 12
[3,1— and the optimal value is z
7’7 7
Problem
How in general can we prove that a given solution is optimal?
Equivalently, how can we generate upper-bounds on the value?

Answer
Take linear combinations of the constraints.

X1 +x, <3 X 2
4x; +x, 24 x-—1
X1 +2x, <4 X2

5x, <10=>x, <2

So each objective function has objective value < 2

Note that to prove that x* is optimal we shall only use inequalities that
x* satisfies with equality:

4x; +x, =24 X-—1

X1 +2x, <4 X4

12
7x; 12> x, < -
So x* is optimal.
Remark

The problem of determining the best bound on the objective function
via linear combination of constraints is a linear programming problem.

x1+x2S3 Xy120
4x1 +x, =24 Xy, <0
X1+ZXZS4 Xy320
xl,x220

Take the linear combination:
(O +4y2 +y3)x1 + (71 +¥2 + 2y3)x, < 3y; + 4y, + 4ys
X1,%X2 =0

We want
0x; +1x; < (¥ + 4y2 +¥3)x1 + (Y1 + y2 + 2y3)x;
N

(objective function)
Sowewant y; +4y, +y; =0andy; +y, +2y; =1

The dual of (P) is



Minimize 3y; + 4y, + 4y3
subject to
D) y1+4y:+y320
yity2+2y321
Y120y, <0,y320
By construction, if x is feasible for (P) and y is feasible for (D) then
X2 < 3y; + 4y, +4y3

T
Note that for x* = [3,175] andy* = [0, —%, - g] we get equality.

Unboundedness

Example
Maximize x; + x,
subject to
P X1 —xy <2
—2x1+x, <1
x1,x2 =0

~_[1 _n
Letx = [2] andd = [1]
Then % + ad is feasible for all « > 0 and has objective value 3 + 2« so
(P) is unbounded.

Note that the half-line {X + ad: a = 0} is contained in the feasible
regionand c’d > 0

In general, this is not always possible for unbounded sets
F = {(;) Yy = xz}, maximize {x: G) € F}
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Theorems of LP
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Theorem

"Fundamental Theorem of Linear Programming'
Every LP is either

(1) infeasible,

(2) unbounded, or

(3) has an optimal solution.

Lemmal

Consider an LP

(P) max(cTx:Ax < b)

A€ER™" beR™ceR"

Suppose that % is a feasible solution with ¢T% = y

If the column A is a linear combination of the other columns, then
either
(1) (P) has a feasible solution % with ¢”% =y and %, = 0, or
(2) there exists d € R™ such that Ad = 0 and c"d > 0
(here (P) is unbounded)
As far as I can tell, this is not a xor.

Lemma 2

Let A'x < b’ be the subsystem of Ax < b that % satisfies with equality.
Then X is an extreme point of {x € R™: Ax < b} if and only if
rank(A’) =n

Consequence

Note that there are only finitely many extreme points of {x €

R™: Ax < b}

For each subsystem A'x < b’ of Ax < b with rank(A4’) = n there is at
most one solution to A'x = b’

Geometry

Letzy,.., 2z, € R™

We say that x is a convex combination of z;, ..., z, if there exist

t1, ..., tx € Rsuch that

X =12y + et bz

ti+ot+te=1  t=0

We define the convex hull of {zy, ..., z; }, denoted conv(zy, ..., x,) to
be the set of all convex combinations of z, ..., z.

Claim
conv(zl, . z_) is the smallest convex set that contains zy, ... z;

Theorem

Let A € R™ " with rank(A) = n,and let b € R™,

Let P = {x € R™: Ax < b}

Let K = {x € R™: Ax < 0}

and let C be the convex hull of the extreme points of P.

For each x € P thereexistz € Candd € K suchthatx =z+d

Note
Foreachz€ Candd € K,z+d € P

Corollary 1
Consider the LP
(P) max(cTx:Ax < b)
where A € R™" withrank(4) =n,b € R™ and c € R™.
Either
1) (P) is infeasible
2) There is an extreme point of {x € R™: Ax < b} that is optimal for
(P), or
3) There is a feasible half-line {x + Ad: 1 > 0} with c"d > 0.
(Hence (P) is unbounded)

Corollary 2

Consider the LP

(P) max(cTx:Ax < b)

where 4 € R™" b € R™,c € R*

If (P) feasible and bounded, then (P) has an optimal solution.

Corollary 3 (Unboundedness Theorem)

Consider the LP:

(P) max(cTx:Ax < b)

Then (P) is unbounded if and only if there is a feasible half-line
{2 + ad: a = 0} with cTd > 0.
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That theorem is not vacuous:
Consider
o1
(NLP) M]l’lllee;
subjecttox > 1

Proof of Lemma 1

There exists z € R™ such that Az = 0 and z; = —1

We may assume that c¢”z = 0 since otherwise (2) holds withd = zord = —z.
LetX¥ = % + %,z. Then X, = 0,% is feasibleand cT¥ = ¢z = y. W

Proof of Lemma 2

Suppose that rank(4’) = nand £ = Ax* + (1 — )x? where 0 < 2 < 1 and x* and x? are
feasible. A'x? < b’,A'x2 < b’ and A’'X = bwe have A'x! = b’, A’x%2 =D’

However, rank(A’) = n so x = x? so % is an extreme point.

Conversely, suppose that rank(A") < n. Then there exists d € R" such that A'd = 0 and
d # 0.Forsmalle >0, £ —ed, £+ ed € {x € R": Ax < b}
So % is not an extreme point.

Proof of Claim (Exercise)
Let S be any convex set containing{zy, ..., z }.
Let x € conv(zy, ..., z) suchthat XX t;z; =xand XK, t; =1, t; >0
Induct on j to show that
J
= Yioq tizi
R
Zi:l ti
j=lx, =2z €S
Assume x;_; € S then
Itz j=1
= L)y iz _ (O ti)x, LU
J it Jop TV
i=1ti i=1ti =1t
by convexity of S.

€S

ZjES

Therefore, x = x; € S so conv(zy, ..., z) S S.

Example of Theorem
X;— Xy <2
(P)=<{—-2x;+x,<1
X1,X5 20

X1 =%, =<0
(K) ={—-2x;+x,<0

xX,X 20
5l = o] +[3]

EP €C €K

Proof of Theorem
Let X € Pandlet A’x < b’ be the subsystem of Ax < b that X satisfies with equality.
We may assume that:

1. IfX € P satisfies more of the constraints with equality than X, then there exist Z € C

andd € K suchthat% = 7 +d.
If Theorem did not hold, then take % to be the largest counter-example

2. %isnotan extreme point. (Otherwise 2 = £, d = 0)

By (2), rank(A") < n (Lemma 2) so there existsd € R" such thatA'd =0andd # 0.

Since rank(A) =n, Ad # 0
By possibly replacing d with —d we may assume that Ad has a negative entry.

Case 1

Ad <0 (Sod €K)

Choose t; = max(t € R:x — td € P}

Since Ad has a negative entry, this is well defined.

Letx; =X —t;d
Now x satisfies more of the inequalities Ax < b with equality than X



Consider the LP:
(P) max(cTx: Ax < b)

Then (P) is unbounded if and only if there is a feasible half-line

{# + ad: @ > 0} withc"d > 0.
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Since Ad has a negative entry, this is well defined.

Letx; =% —t;d

Now x satisfies more of the inequalities Ax < b with equality than X
So by (1), there exists z; € C and d; € K such that

Xy =2z +d;

Hence

X=x1+t;d =2z + (dy +t;d)

Note that z; € C and d; + t;d € K as required.

Case 2

not Case 1

(That is, Ad has both positive and negative entries).

Lett; = max(t € R:X —td € P) and t, = max(t € R:X + td € P)
Note that these are well defined and positive

Letx! =% —t;d, x2 =% +t,d

Note that x* and x? satisfy more constraints with equality than %, there exist z*, z% € C
and d!, d? € K such that x! = z! + d! and x? = z% + d?

t t t t
Now®=—2—x! 4 ——x2=—2— (7' +d") + —— (2% + d?)
b+t ittt Lth ti+t;

e (2 ) (6 + 1,d2)
ti+t, 1 61, 1

Since C and K are convex

1
—————— (tpz' + t,2%) € C and
t; +t, t; +t,

(tz' + t12%) €K

Proof of Corollary 1
Assume that (P) is feasible. Let y be the maximum objective value of an extreme point of
{x € R": Ax < b}

We may assume that there is a feasible solution £ with c"x >y
(otherwise % satisfies (2))
By the Theorem, we can writeX = Z + d where
d € {x € R™: Ax < 0} and 2 is in the convex hull of the extreme points of {x € R": Ax <
b}.NotethatcTz <y
Hence cTd > 0 and £ + Ad is feasible for all 1 > 0. So (3) is satisfied.

Proof of Corollary 2

By Lemma 1 we may assume thatrank(4) = n

((P) is feasible and bounded so if rank(A4) < n then can reduce problem to one in one
fewer dimension)

Then Corollary 2 follows from the theorem.

Proof of Corollary 3

< Easy

= By lemma 1, we may assume thatrank(4) = n

(Suppose rank(A) < n, then either get the ray automatically, or can induct with one
fewer column in 4)

Now the result is an immediate corollary of Corollary 1.
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Polytope
A set of the form {x € R™: Ax < b} is called a polyhedron.
A bounded polyhedron is a polytope.

Corollary 4
Every polytope is the convex hull of its extreme points.

Proof
Let P = {x € R™: Ax < b}

Corollary 5
For zy, ..., z; € R", conv(zy, ..., z¢) is a polytope.

Valid Inequality
We call an inequality a”x < g valid for conv(zy, ..., z,) if
alz; < pforeachi€ {1,..,t}

Lemma 1
If X € R" is not contained in conv(z, ..., z;), then there is a valid
inequality such that a”£ >

(See Homework Problems page)

Corollary 6
A setS € R™is a polytope if and only if it is the convex hull of a
finite set of points.

Carathéodory's Theorem
Let S € R"™ be finite. Then any point in conv(S) can be written as
a convex combination of at most n + 1 pointsin S.

Proof: assignment 2 (or see MATH 245)

Theorem

Let A € R™™and b € R™

If the system Ax < b is infeasible then it contains an infeasible
subsystem with at most n + 1 inequalities.

Proof: assignment 2

Equivalently

IF Hy, ..., H,, S R™ are halfspaces with empty intersection (that is,

H; N ---N H,,, = @), then some subcollection of at mostn + 1 of
these halfspaces has an empty intersection.

Corollary

If Py, ..., B, S R™are polyhedra with empty intersection, then
some subcollection of < n + 1 of these polyhedra has an empty
intersection.

Proof

Consider all inequalities defining these polyhedra. A subset of <
n + 1 of them are infeasible, so use the at most n + 1 polyhedra
those inequalities come from.

Helly's Theorem

IfS;, ..., S © R™ are convex sets with empty intersection then
then there is a subcollection of < n 4+ 1 has empty intersection.
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Proof of Corollary 4
Let P = {x € R™: Ax < b} be a polytope. Since P is bounded, it does not contain a line so
rank(A) = n (See assignment 1)

Assume feasible (if infeasible get Corollary automatically). Not contains a line = contains an
extreme point X = A'X = b’, rank(A’) = n.n = rank(4) = rank(4’) =n=>rank(4d) =n

By the theorem, if P is not in the convex hull of its extreme points, then there exists X € P
that can be written as 2 + d where  is in the convex hull of the extreme pointsand d €
{x € R™: Ax < 0} withd # 0.

Then {£ + ad: a > 0} is contained in P, contradicting the statement that P is bounded. H

Proof of Corollary 5

a
Qo = {[ﬁ]: alz; <B,..,aTz, < ,B}
Note that

1) This is a cone (since you can scale valid inequalities by non-negative numbers)
2) Q, is apolyhedron since it is defined by a finite set of linear inequalities.

Now define
a a
0= {[g] € Qoi-1=[g| <1
Now @ is a polytope. Let [[31]' . [,BS] be the extreme points of Q;.

Let P = {x € R™ (aD)Tx < gt ...(a%)Tx < 85}

Claim
P = conv(zy, ..., z¢)

Proof
All inequalities in definition of P are valid, so zy, ..., z; € P so conv(zy,..,2;) € P

Suppose that P # conv(zy, ..., z;)
Then there exists ¥ € P — conv(zy, ..., z;)

a

By Lemma 1, then there exists [ﬂ] € Q, such that aTx > B.
a

By scaling we may assume that [,B] €Q

a
By Corollary 4,3 Ay, ..., A; > Owith 4, + -+ A, = 1 and [ﬁ] [/31] Foet A [ﬁs]
Now B < a®% = 4 (@V)T%+ - + A (a®)T% < 1,1 + -+ 2,35 = . Contradiction. B

Example Proof of Carathéodory's Theorem (n=2)
Split polygon into triangles, each point is in one of the triangles and can be written as
combination of three points of triangle.

In higher dimensions, pick a vertex. Project interior points to opposite face, which has
dimension n — 1. Induct.

Proof of Helly's Theorem
We may assume thatm >n + 1
Suppose that each subcollection of n + 1 of the sets has nonempty intersection. Then there is

asetX € R™ with |X]| < (
element of X.

m
n+ 1) so that each subcollection of n + 1 of the sets contains an

Fori € {1, ...,m} define P; = conv(X N S), a polytope (by Corollary 6)
Every n+1 of these polytopes has non-empty intersection so

ﬂP # (@ so ﬂS 2 ﬂP # (@ contradiction m



Duality

October-03-12 2:30 PM

Duality
Consider the LP
maximize  cTx
) {subject to Ax<b
Ify € R™ and y > 0 then yT Ax < yTb is a valid inequality for (P)

If yTA = cT,then c¢"x < yTb gives you a bound on the objective value

Dual

The dual of (P) is the linear program
minimize bTy

D) . ATy =¢
subject to y>0

Weak Duality Theorem
If x € R™ is feasible for (P) and y € R™ is feasible for (D), then c"x < bTy

Corollary 1
If (P) is unbounded then (D) is infeasible.

Corollary 2
If (D) is unbounded then (P) is infeasible.

Corollary 3
If % is feasible for (P) and ¥ is feasible for (D) and c¢"% = b” ¥, then ¥ is optimal
for (P) and y is optimal for (D)

Strong Duality Theorem

If (P) has an optimal solution % then (D) has an optimal solution 7, and ¢”% =
bTy.

Relationship between Primary and Dual

(P)\ (D) infeasible
infeasible | Yes - exercise Yes
unbounded Yes No No
optimal No No Yes

unbounded optimal

No - exercise

Alternate Forms

Consider the following LPs
maximize cTx

(P1) {subject to Ax<b

maximize cT(xt —x?)

(P2) {subjectto A(x'—x2)<b
x1L,x2>0

maximize cT(xt —x?)

(P3) {subjectto A(x'—x%)+s=b
X1,%X2,520

Claim

For any y € R, the following are equivalent
(1) (P1) has a feasible solution with objective valuey
(2) (P2) has a feasible solution with objective value y
(3) (P3) has a feasible solution with objective value y

Standard Inequality Form
(P2) is in standard inequality form

max cx

subject to
Ax<b
x>0

(Psn)

The dual of (PSI) is
minbTy
subject to
ATy >¢
y=0

(DS

Standard Equality Form
(P3) is in standard equality form

( max c’x
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Proof of Weak Duality Theorem
cTx=@TAx=yT(Ax) <y"b=bTym

Proof of Corollary 1
Contrapositive is obvious

Proof of Strong Duality Theorem
Consider the system

—cTx+bTy <0

Ax <b
W G, 25
y >0

If X, y satisfy (1) then ¥ is feasible for (P), j is feasible for (D) so by the
weak duality theorem, cT% = bT§. So % is optimal for (P) and j is optimal
for (D) as required.

So we may assume that (1) has no solution.

Multiply the rows of (1):
—Tx+ by <0 z=0
Ax <b y=0
& e
-Aly =-c X
y =0
Claim

If (1) has no solution then there existx € R",y € R™ and Z € R satisfying
—cTx+ bTy <O

Ax <zb

(2) ATy =zc

y =0

Z >0

Proof:
| Exercise (Use Farkas' Lemma)

—cT b7 0
A 0 b
Letd' =| 0 AT |andb' =] ¢
0 —AT —c
0 -1 0

Then (1) can be written as

I x !
<
A [yj <b
Since we assome no solution to (1) exists, by Farkas' lemma there must
exist z > O suchthat ATz =0and b'Tz = —1

Z1
Z2
Write z = | Z3| forz; € R, z,,z5 € R™, 23,2z, € R"
Zy
Zs
then
ATy = l —cz; + ATz, I _ IOJ
bzy + Azz — Azy — zg 0
b'Tz=b"Tzy+cTz3— Tz, = -1

LetZz =z, ¥y = z,, and X = z, — z3 then
—zc+ ATy =0= ATy = 2zc
Zb—AX—25=0=>Ax=2b—x5<Zb
—Tx+pTy=—-1<00

Consider a solution (X, ¥, Z) to (2)

Case1:2>0

We can scale (%, 7, Z) so that Z = 1. Now (&, y) satisfies (1) — contradiction.

Case2:z2=0

Now yTA = 0and y = 0. Since (P) is feasible y"b = 0
(ATy = 0 & y"b < 0 is proof of infeasibility)

Thatis b™y > 0

Moreover, Ax < 0

(P) is bounded, so cTx < 0
So —cTx + b7y > 0 — contradicting (2) B

Proof of Strong Duality Theorem for Standard Inequality Form
Note that X is optimal for
max c’x

(13) subject to [fl] x < [g]
The dual of (P) is

min bTy
(RN ) e o AT .



Standard Equality Form
(P3) is in standard equality form

max c’x

(PSE) subject to
Ax =b
x=0

The dual of (PSE) is
min b7y

DSE
(DSE) subject to ATy > ¢

Theorem (Strong Duality for Standard Inequality Form)
If (PSI) has an optimal solution x then (DSI) has an optimal solution y and
cTx =bTy.

Corollary

If (DSI) has an optimal solution y then (PSI) has an optimal solution X, and
cTx=bTy.

(That is, "the dual of (DSI) is (PS)")

Theorem (Strong Duality for Standard Equality Form)
If (PSE) has an optimal solution X, then (DSE) has an optimal solution y and
cTx=bTy.

Proof
Exercise

Constructing Duals

(P) max (D) min

< constraint non-neg.var.
> constraint non-pos. var
= constraint free variable
non-neg. var. = constraint
non-pos. var. < constraint

free variable == constraint

CO 255 Page 12

The dual of (P) is

min b’y
(D){subjectto ATy—s=c
y,s=0

By the Strong Duality Theorem, (D) has an optimal solution (¥,3) and
cTx = bTy. Note thatsince § > 0, ¥ is feasible for (DSI). However, cT% =

b"y,so y is optimal for (DSI)

Proof of Corollary
Note that ¥ is optimal for

max —bTy
P) . ATy < —c
subject to y>0

which is in standard inequality form.

The dual of (P) is
min —c'x
(D) {subjectto —Ax = —b
x=0
By the Theorem, (D) has an optimal solution ¥ and —cT % =

T

Note that X is clearly optimal for (PSI) &

Yet Other Forms

max 3x; — % +x3
) subject to 2x1 +2x, =4 Vi
X1 —2X;+2x3<3 y, =20
X1,X, 20

The dual of (P) is

min 4y1 + 3y,
subjectto  2y;+y, =3 x>0
(D) 2y, =2y, =2-1 x,=0
2y, =1 X3
Yo = 0

_bTy



Complementary Slackness
October-10-12 2:31PM

Complementary Slackness Theorem
(P)max(cTx: Ax < b)
(D) min(bTy : ATy =c¢,y =0)

Let  be feasible for (P) and j be feasible for (D). Then cTx = bTy if
and only if for each i € {1,...,m} either 7; = 0 or [4; 4, ..., 4; | = b;

Standard Inequality Form
Let X be feasible for
(PSH max(cTx : Ax < b,x > 0)
and y be feasible for
(DSD min(bTy : ATy = ¢,y = 0)
Then cTx = bTy iff
1) Foreachi €{1,..,m}[4;4,...,A;,]% = b;or ; = 0;and
2) Foreachj € {l,..,n} [Alj, I

| Proof: Exercise

Standard Equality Form

Let X be feasible for

(PSE) max(cTx : Ax = b,x > 0)

and y be feasible for

(DSE)min(bTy : ATy = ¢)

Then bT§ = cT% ifand only if for each j € {1, ..., n}, either
[Al,]" ""An,i]y = C]' or f] =0
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Proof of Complementary Slackness Theorem
Consider

(P)max(cTx: Ax < b)

and its dual

(D) min(bTy : ATy =c,y =0)

If X is feasible for (P) and y is feasible for (D) then

BTy — % = §Th— yT A% = y7(b - Ax)—Zyl< ZAU ]>
yl>0<b —ZA” ]>>Osoyl<b —ZA )

Equality holds 1f and only if either y; = 0 or X7

Proof of Standard Inequality form CST

If X is feasible for (PSI) and y is feasible for (DSI) then
bTy —cTx = yTh — yTAx = yT (b — Ax)

Ty —cTx = xTATy — xTc = xT(ATy — ¢)

y=0, b—Ax=20=>yT(b—Ax) =0

X =0, ATy —c=20=>xT(ATy—c) =0

IfbTy — cTx = 0 then
Vi€ {l,..,m}y; = 0or (b = (4%);) = 0
¥j €{1,..,n} % = 0or (A7), — ;) =0

Conversely,

yT(b—Ax) =0=—xT(ATy - c)
bTy —yTAx = —yTAX + cTx
bTy—cTx =0

|

Proof of Standard Equality Form CST

Rewrite (DSE) as

(DSE")max(—bTy : —ATy < —c)

and apply the original complementary slackness theorem. l



Simplex Method

October-10-12 2:54 PM

Consider
maximize  c¢’x
(P) {subjectto Ax=b
x>0

and its dual
minimize bT
" 7
subjectto A'y >¢

where A € R™" b € R™, andc € R"
We can assume that rank(4) = m (without loss of generality)

Basic Solution
A=[A4,..,Ay]and for B S {1,...,n},Ag = [4; : i € B]
We call B a basis if |B| = m and rank(Ag) = m
For a basis B,
1) There is a unique solution to

Ax=Db
xi=0,j&B

This is a basic solution for B
2) Thereis aunique y € R™ satisfying
Ap)Ty =cp
this is the basic dual solution.
If X is the basic solution for B and X = 0, then we call ¥ a basic feasible
solution.
If ¥ is the basic dual solution for B and AT¥ > c, then we call ¥ a basic dual
feasible solution.

Optimality Theorem

Let ¥ € R" be the basic solution for B and ¥ € R™ be the basic dual solution
for B. Then c"x = bTy. Moreover, if & is feasible for (P) and y is feasible,
then # is optimal for (P) and y is optimal for (D).

Remarks
1) X € R™is an extreme pointof {x € R" : Ax = b, x = 0} iffitis a basic
feasible solution. (See assignment 2)
2) y € R™is an extreme pointof {y € R™ : ATy > c} iffit is a basic dual
feasible solution. (See assignment 1)

Claim
A feasible solution for (P) is a basic feasible solution iff the columns of
[Aj: Xj* 0] are linearly independent.

Proof
= By definition
< any linearly independent set extends to a basis B

Simplex Method

Using the linear program definitions given at the top of the page.

Let X be a basic feasible solution for a basis B, let ¥ be the basic dual
solution for B, and let 7 = c"x (= bT¥)

Recall (45)7y = cp
Note that, for any feasible x,
Tx=cTx—yTAx—b) = (c—ATPNTx+yTh=(c —ATPTx+ ¥

We can rewrite (P) as
maximize ¢’ x + 7
(P") {subjectto Ax =b

x>0
Where
1) c=c—-ATy
2) A=(4p)74A
3) b=(4p)"'b
Note that

i) Ap = I so we may assume that the rows of 4 are indexed by the
elements of B and that b is indexed by B.
ii) Xg=»b
iii) ¢z = cg — ALY = 0 (by the selection of 7)
iv) yis feasible for (D) iffc < 0

Optimality
If ¢ < 0, then X is optimal for (P) and ¥ is optimal for (D).
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Proof of Optimality Theorem
Ty —cTx=xTATy—xTc=xT(ATy —c) = x5(ALy —cp) m

Note: This proof works since X and ¥ satisfy the complementary slackness
conditions:
Ifi € Bthen ATy = ¢;elsex; = 0

Finding a Basic Feasible Solution
Input: A feasible solution x
Output: A basic feasible solution

Step 1
If [4;:%; # 0] has independent columns then STOP: output %

Step 2

Find d € R™ such that
1) Ad=0
2) dj = 0 whenever x; = 0
3) d#0

Step 3

If d < 0, replace d with —d.
Let 1 = max(t € R: ¥ — td > 0)
Replace x with x — Ad

Repeat from step 1

Note that [support(X)| decreases with each iteration, so the algorithm
terminates, and by the claim, the solution returned is basic.

Simplex Method

Goal
Given a basic feasible solution, solve (P)

Simplex Method Example

maximize 2x1 + 3x,
subject to
X1+x3—x4 =4
) Xp—X3+2x4 =2
—x1+x,+x5 =
X1, e, X5 >0

Note that {1,2,5} is a basis

For any feasible x, 2x, + 3x, = 2(4 — x3 + x4) + 3(2 + x3 — 2x,) = 14 +
X3 —4x,

(Here we are eliminating the basic variables from the objective function.)

So (P) is equivalent to
maximize 14 + x3 —4x,

subject to
X1 +x3—x4 =4
(P) Xp—x3+2x4 =2
2X3—3x4+x5 =6
X1, 00 X5 >0

Note that the linear systems of (P) and (P;) are equivalent
Warning: (P) and (P;) have different duals

The basic solution is
¥ =1[4,2,006]"
and the objective value is 14

Note that x3 has a positive coefficient in the objective function for (P;)
Set 3 = t and %, = 0. Now solve for ¥4, X,, X5

4 1

2 -1
X=|0|—t[-1

0 0

6 2
Take t = 3 we get

1

5
X = | 3| with objective value = 17

0

0

This is basic for B = {1,2,3}

Eliminate the new basic variables from the objective function
1 5 1
14 +x3 —4x, = 14+§(6+3x4—x5)—4x4 = 17—§x4—§x5



Optimality
If ¢ < 0, then X is optimal for (P) and ¥ is optimal for (D).

Iteration
Suppose that ¢; > 0 for some j. (Note that j € B by ii))
xj is the entering variable.

Define d € R™ by

—dii H i€B
di = 1 H i :j
0 :  otherwise
Note that the unique solution to
Ax =D
Xj =t

x;=0,i € BU{j}
is X + td, which has objective value ¥ + t¢; (in (P))

Unboundedness
Ifd > 0, (P) is unbounded. B
{x + td: t > 0} is a feasible halfline and &7d = ¢; > 0

Update

Suppose that d has a negative entry (otherwise unbounded).
Choose t = ma x(l ER:X+Ad = 0) and replace ¥ with ¥ + td
By our choice of t, there exists i € B such that ¥; = 0 and d; < 0
X; is the leaving variable.

B — {i} + {j} is a basis.

Replace B with B — {i} + {j}

Note that ¥ is a basic solution for B.
Now we repeat.

Since the basis has changed in only two elements, it is easy to update the

problem (P")
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Eliminate the new basic variables from the objective function

1 5 1
14+x3—4x4=14+E(6+3x4—x5)—4x4=17—§x4—ix5

For any non-negative x, we get an objective value < 17

Therefore, ¥ = is optimal.

OO WUl



Termination of the Simplex Method
October-17-12 3:12PM

Termination

e There are < (rrrll) bases
e Ateach iteration the objective value does not decrease
¢ There are examples where the Simplex Method cycles
o That is, it revisits a basis
o The easiest way to avoid cycles is to pick entering variables randomly
amongst the choices.
o If the objective values does not increase in an iteration, then the solution x is
basic for two distinct bases B; and B,. Hence |support(x)| < m.

Nondegeneracy
A basic solution ¥ is nondegenerate if |support(%)| = m
(P) is nondegenerate if each of its basic solutions is nondegenerate.

Note
The Simplex Method will terminate given any nondegenerate linear program and the

. . . n
number of iterations is at most (m)

Hirsch Conjecture (1957)
The distance between any two vertices in 1-skeleton of (P) is <m
This is the graph-theory distance (how many edges you need to traverse.)

False (Proved in 2010)

The 1-skeleton is the frame of lines between vertices that could be traversed by the
Simplex Algorithm.

Problems
1) Isthere a polynomial bound on the diameter of the 1-skeleton?
2) Isthere a "pivoting rule” for the simplex Method that gives a polynomial-time
algorithm?
Pivoting rule is the rule for selecting an entering variable of possible
choices.

Perturbation Method
Idea: We carefully select the leaving variable in order to avoid cycling. This is
achieved by perturbing b.

max cTx
(P){subjectto Ax=bh
x>0
Consider
max cTs
(P") {subjectto Ax=1Db'
x>0
by +e€
2
where b’ = b + €
b, + €™

here € is a variable that we think of a s a small positive real number.
Polynomial Ordering
For polynomials p(€) and q(e) we write p(e) < q(€) (for arbitrarily small €) if the

coefficient of the smallest degree term of q(e€) — p(e) is positive.

Claim
(P') is nondegenerate

Note that we can solve (P) using the Simplex Method since it is nondegenerate.
Another Way to Avoid Cycling
Break ties when choosing entering and leaving variables by taking the one of

minimum subscript.

Theorem (Bland)
The smallest subscript rule avoids cycling.
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Proof of Claim

For a basis B consider the basic solution X. We have x5 = (45)~1b’

Since each row of (4g)~! is a nonzero real vector and the entries of b are
polynomials with distinct degrees, each term of X is nonzero. B



Feasibility
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Information Returned by SM
If has optimal solution, it will give you the solution and the
feasible dual solution.

If unbounded if will find an unbounded ray.

The dual basic solution to the optimal value of (P') is a
proof that (P) is infeasible if that is the case.
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Finding a Feasible Solution

Consider
maximize  cTx
(P) {subjectto Ax=0»b
x=0
We have algorithms for
1) Given a feasible solution, find a basic feasible solution.
2) Given a basic feasible solution, solve (P)

How do you find a feasible solution?
We can scale so that b > 0.
Consider the following auxiliary problem

maximize —S;{—S;..— Sy
(P") { subject to Ax+s=b
x5=0
Note that

1) x =0, s = bisa (basic) feasible solution to (P"), so we can solve
(P") using the Simplex Method.

2) Since —s; — sy — -+ — S, < 0, (P') is bounded so the simplex
method will terminate with an optimal solution (x, 5)

3) Ifs = 0then x is a feasible solution to (P)

4) If ¥ is feasible for (P) then (X, 0) is an optimal solution for (P")

Hence the optimal value for (P') is zero iff (P) has a feasible solution.

Remark
If (x, 0) is a (basic?) feasible solution for (P') then x is a basic feasible
solution for (P).

Information Returned by SM
If has optimal solution, it will give you the solution and the feasible dual
solution.

If unbounded if will find an unbounded ray.
Recall: Farkas' Lemma
Exactly one of the following has a solution
1) Ax=b,x=20
2) ATy >0, bTy <0

The dual of (P')

min bTy
(D) {subjectto ATy >0
y=>-1

If (P) is infeasible and ¥ is an optimum solution to (D') then by < 0 so
y satisfies ATy > 0, bTy < 0

Note: this gives a (more) constructive proof of the Farkas' Lemma

The dual basic solution to the optimal value of (P") is a proof that (P) is
infeasible if that is the case.



Midterm Review
October-22-12 2:33 PM

Geometry

Convex Hull and Cone

Forz!,..,z" € R™, define

conv(zt,..,z") = {1zt + -+ 1, z" : LER, A=0, M+, =1}
cone(zl,...,z") = {4z  + -+ A,z2" : 1ER, A1=0}

Separating Hyperplane Theorem (Farkas Lemma)
1) Ifb # conv(z?, ..., z") then there is a hyperplane separating b from the convex hull conv(z?, ..., z™)
2) Ifb # cone(z, ..., z") then there is a hyperplane separating b from the convex hull cone(z?, ..., z")

Polyhedral Theory
Polyhedron:  {x € R" : Ax < b}

Polytope: bounded polyhedron
Polyhedral cone: {x e R": Ax < 0}
Lemma 1l

For apolyhedron P = {x € R" : Ax < b}, the following are equivalent:
1) P has no extreme point
2) P containsaline
3) rank(A) <n

Lemma 2

Characterization of extreme points:

For Ax < b,let A'x < b’ be the subsystem of Ax < b satisfied by x with equality.
Then x is an extreme point iff rank(4’) = n

= There are only finitely many extreme points

Theorem A
S € R"is a polytope iff it is the convex hull of a finite set of pointsin R™

Theorem B
If S is a polyhedral cone, then there is a finite set Z € R™ such that s = cone(Z)

Remark
The converse is true (Exercise; use Theorem A)

For 1,5, € R™, define
Si+S;={a+b:a€S;,beS,}

Theorem C
Let Z be the set of extreme points of P = {x € R" : Ax < b}.
If P does not contain a line, then P = conv(Z) + {x € R" : Ax < 0}

Remark
B & C = There exist finite Z, D € R" such that
1) P = conv(Z) + cone(D)
We used that P does not contain a line, but can easily account for lines by having d, —d € D where {x + Ad} is
aline.
Note we can scale that
2) |ldll = 1foreachd € D
If (P) does not contain a line then there are unique minimal sets Z, D € R" satisfying (1) and (2).
Z is the set of extreme points.
D is the set of extreme rays. (Take a plane through the cone and look at the extreme points)
= Every polyhedron that does not contain a line is generated by its extreme points and extreme rays.

Applications
Carathéodory's Theorem
Helly's Theorem

Linear Programming
max cTx

) {subject to Ax<b

AER™ ™ pheR™ceR"

Fundamental Theorem
(P) is either infeasible, unbounded or has an optimal solution.

Infeasibility Theorem (Farkas Lemma)
(P) is infeasible iff there exists y € R™ satisfying (ATy =0, b7y <0,y > 0)

Unboundedness Theorem
(P) is unbounded iff
e (P) is feasible, and
e there exists d € R" satisfying (A4d < 0, c"d > 0).
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Dual
The dual of (P) is

min bTy
(D) {subjectto ATy =¢
y=0

Weak Duality Theorem
If  is feasible for (P) and y is feasible for (D) then c"x < b”.

Strong Duality Theorem

(P) has an optimal solution iff (D) has an optimal solution.
Moreover, if ¥ is optimal for (P) and ¥ is optimal for (D), then
cTx=>bTy

Application of Duality
Theorem

If X is an extreme point of the polyhedron
P = {x € R™ : Ax < b}, then there is a halfspace H such that P N H = {x}

Exercise
Let X be an extreme pointof P = {x € R" : Ax < b},
where A € Z™" and b € Z™.

Show that, if Z € Z" then there exists ¢ € Z™ such that X s an optimal solution

tomax(cTx: x € P)and c’x ¢ Z.

Do you need 4, b to be integer valued?
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Proof of Strong Duality Theorem
Ideally we would like X, ¥ with c"x = b y.
That is, we want x € R™ and y € R™ satisfying

—cTx+ b7y = Z
Ax <b y=0
€Y iy o
ATy =-c x
y =0

Suppose no such x, y exist.

By the Farkas Lemma, there exist z € F,x € R", and y € R™ satisfying
—cTx+ bp'x <0

Ax < bz

@) ATy =cz
y =0

z >0

Claim:z=0
Proof: Otherwise we can scale to get z = 1 and then (x, y) satisfy (1),
contradiction B

Either:
1) x satisfies (c"x > 0,Ax < 0) or
2) ysatisfies (b7y < 0,47y =0,y = 0)

In case 1, (P) is infeasible or unbounded and (D) infeasible
In case 2, (D) is infeasible or unbounded and (P) is infeasible
In either case, neither (P) nor (D) has an optimal solution.

Proof of Polyhedron-Point-Halfspace Theorem

Since ¥ is an extreme point, there exists a partition A'x < b’, A”"x < b"'
of the inequalities Ax < b suchthat A'Xx = b’,rank(A’) = nand A’ is

n X n. (¥ may satisfy some of A" x < b" with equality.)

Let

c=0AN"1
a=cTx=1"TA'x=1Tp’
H={xeR":cTx>a}

Now consider the LP:

max cTx
(P){subjectto A'x <b’
A'x <b"”
and its dual
min B)Ty+ ")z
(D) {subjectto (A)Ty+(A")Tz=c
v,z20

Lety=1andz=0

Now X is feasible for (P), and y, Z is feasible for (D) with
Tx=0)y+0" ) z=a

So x is optimal for (P) and (¥, 2) is optimal for (D).

Consider another optimal solution % for (P). Note that ¥ > 0, so by the
complementary slackness conditions, A'X = b'. However A’ is

invertible, so ¥ = x. Hence X is the unique optimal solution and
HnP={x}.1A



Integer Programming

October-26-12 2:33 PM

Integer Program
An integer program is a problem of the form

max cTx
(IP) {subjectto Ax <b
x €L

Linear Programming Relaxation
Drop the integer constraint.
The linear programming relaxation is

max cTx
(LP) {subject to Ax<b

Notation
We denote by OPT(IP) and OPT(LP) to be optimal values of (IP) and (LP)
respectively.

For infeasible problems we define OPT = —oo and for unbounded problems we
define OPT = oo,

Note that the OPT(IP) < OPT(LP) since the optimal solution for (IP) is feasible
for (LP)

If z is the set of feasible solutions to (IP) then,
conv(z) € {x € R": Ax < b}
equality is "rare".

Integral
A polyhedron is integral if its extreme points are integral. (That is, all entries are
integers).

Lemma (1)
If P = {x € R™: Ax < b} is integral, rank(A) = n, and (LP) has an optimal
solution, then OPT(IP) = OPT(LP)

Totally Unimodular Matrices

A matrix is totally unimodular (TU) iff each of its square submatrices has
determinant 0, 1, or -1.

In particular, the entries are 0, 1, -1

Theorem
Let A € {0,+1}™ " be TU and b € Z™ then P = {x € R" : Ax < b} is integral.

Modifying TU Matrices
Let A € {0, £1}™" be TU. then
(1) ATisTU
() [1,4]
(3) IfA’isobtained from A by scaling a row or column by -1, then A" is TU
(4) [A,—A]isTU

= For b € Z™, the following polyhedra are integral
e Pi={x€eR":Ax < b, x =0}
e Po={xeR": Ax = b, x =0}
e P;={xER™: Ax < b, | < x < uwhere l,u € Z"}

Lemma (2)
Let A € {0, £1}™™ If each column of A contains at most 1 and at most one —1
then Ais a TU.
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Proof of Lemma (1)
OPT(LP) is attained at an extreme point.

Proof of Theorem

Let X € R™ be an extreme point of P. Then by Assignment 1, there is a
subsystem A'x < b" of Ax < b such that A'x = b’
A'isnxnandrank(4A') =n

Now x = (A4")~1b’. By Crammer's rule, (4’)~! is integral and hence so is .

Proof that P, is Integral
P; can be rewritten as

e [ol= )

A

By applying (1), (2), and (4) [—A] is unimodular
=1

so by the theorem, P, is integral.

Proof of Lemma (2)

Suppose otherwise and consider a counterexample A € {0, £1}™*" with

m + n as small as possible.

Thus m = n and det(4) # {0,1,—1}

By minimality, each column contains has two nonzero entries (otherwise
expanding the determinant at that column would give a smaller matrix with the
same property.

The two nonzero entries have to be 1 and -1, but then the rows sum to zero and
hence, det(4) = 0. Contradiction H



Graph Theory

October-29-12 2:32 PM

Incidence Matrix
Vertices on rows, edges on columns. 1 if that edge is
incident on that vertex, 0 otherwise.

Bipartite Graph

A graph G = (V, E) is bipartite with bipartition (X, Y) if
(X,Y) is a partition of V and each edge has an end in X and
anendin?Y.

Theorem
The incidence matrix of a bipartite graph is TU.

Remark

Suppose that x € {0, 1}¥ and Ax = b. (A is the incidence
matrix of G and b € ZV)

Then b,, is the number of edges in support(x) that vertex v
is incident with.

Matching

M € E is a matching of G if each vertex is incident to at
most one edge in M

A perfect matching is a matching that saturates all

vertices. So if M is a perfect matching then |M| = % 14!

Matching Polyhedra

Let A be the incidence matrix of G. Define
MG)={xeRF:4x <1, x = 0}
PMG)={xeRE: Ax =1, x = 0}

Note that
1) M(g) N ZF < {0,1}f and PM(G) N ZF < {0, 1}F
2) Forx € {0,1}F, x € M(G) iff support(x) is a matching.
3) Forx € {0,1}F, x € PM(G) iff support(x) is a perfect
matching.
4) For bipartite G, A is TU so M(G) and PM(G) are
integral polyhedra.

Let M(G) be the set of all x € {0, 1}¥ such that support(x) is
a matching.

Theorem (Summary)
If G is bipartite, then
conv(M(G)) ={x € RF : Ax < 1,x = 0}

r-Regular
A graph is r-regular if each of its vertices has degree r.

Theorem
Forr = 1, every r-regular bipartite graph has a perfect
matching.

Cover
C € Visacover of G if each edge of G is incident with a
vertex in C.

Note that if M is a matching and C then |[M| < |C].
Konig's Theorem

In a bipartite graph, the maximum size of a matching is
equal to the minimum size of a cover.
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Graph Example

Graph G(V,E)

Finite vertex set: V = {a, b, ¢, d}
E = {ab, ac, ch, bd} is a set of unordered pairs of vertices, called edges.

Incidence Matrix
ab ac bc bd
a 1 1 0 0
A=Db 1 0 1 1
c 0110
d 0 0 01
The row sum for the v" row of A is the number of edges of G incident with the

vertex v and is denoted deg(v).

Note that A is not TU:
110

det{1 0 1] =42
01 1

Proof of Theorem

Let (X,Y) be a bipartition of G and let A be the incidence matrix of G. Let A’ be
obtained from 4 by scaling the rows indexed by X by —1. By Lemma (2), A" is TU and
hence sois A Ml

Proof of Theorem (r-regular perfect matching)

T
Let G be an r-regular bipartite graph and let x = [ .,1]

Note that x € PM(G). Let X be an extreme point. Since G is bipartite, PM(G) is
integral, so X € ZE. Hence support(¥) is a perfect matching. H

Proof of Konig's Theorem
Let A be the incidence matrix of a bipartite graph G(V, E).

Consider
max 17x
(P) {subjectto Ax <1
x=0
The dual is
min 1Ty
(D) {subjectto ATy >1
y=0

Both are feasible, withx = 0andy =1

Hence there exist optimal solutions for (P) and (D).

Let X be an optimal extreme point for (P) and y be an optimal extreme point for (D).
Since A is totally unimodular, x and ¥ are integral.

Note that X and y are {0, 1}-valued.

Let M = support(¥) and € = support(¥).

M is a matching and C is a cover and |C| = 17y = 17x = |M| (by strong duality)
Therefore, M is a maximum matching and C is minimum cover, and they have the
same size. ®



Min-Cost Matching
October-31-12 2:51 PM
Minimum-Cost Perfect Matching
Problem

Given a bipartite graph ¢ = (V, E) and ¢ € R, find a perfect matching M
minimizing Y.epy Ce

We denote Z ce by c(M)
eeM

We will assume that G has a perfect matching.
(Either find one with an un-weighted algorithm or throw in very high
weight edges)

Min-Cost Matching
Let A be the incidence matrix of G and consider

min cTx
(P){subjectto Ax =1
x>0

and its dual

) [ max y(V)

subjectto ATy <c

y(v) = Z yo=1Ty

vev

Since A is TU, (and has at least one perfect matching), there is a perfect
matching M with ¢(M) = OPT(P)

Lety € RV and ¢ = c — ATy (thatis ¢, = c, — y, — ¥, fore = uv € E)
We call these reduced costs.

Note that ¢ > 0 iff y is feasible for (D)

Define G=(¥) to be the subgraph of G with vertex set V(G) and edge set
{e€E:c, =0}

Complementary Slackness
If M is a perfect matching and y’ is a feasible solution for (D) then
c(M) =y' (V) iff M € E(G=("))

E(G=(y"))={e€E:c,=0}={e€E:c,= ALy}
by complementary slackness, for e & E(G=(y’)), xe =050
M < E(G=(")

Claim
If y is a feasible solution for (D) and M is a perfect matching of G=(¥),
then M is a min-cost perfect matching.

Because M and y satisfy complementary slackness conditions.

Algorithm
Let (X,Y) be a partition of G. We may assume that |X| = |Y]. since
otherwise G has no perfect matching.

Overview
0. Find a feasible ¥ for (D)
a. Lety,=0foreachv=Y
b. Lety, = min(c,:e =vw,w =Y) forv € X
1. If G=(¥) has a prefect matching M, stop. Output M
2. Find a feasible solution y’ for (D) with y'(V) > ¥(V). Replace y
with y’ and goto 1.

Neighbour Set
If Z € V(G), the neighbour set of Z , denoted N;(Z) is the set of vertices
w € V(G) — Z such that there exists v € Z such that vw € E(g)

Hall's Theorem

Let G be a bipartite graph with bipartition (X, Y) where |X| = |Y|. Then G
has a prefect matching iff for each Z € X, |N(Z)| = |Z|.
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Example

2

M = {a2,b4,c3,1d}
Claim
M is a maximum matching

Suppose
(o) = {c(e) +1: eincident Yvith a

c(e) otherwise
Then for any perfect matching M, ¢’ (M) = ¢(M) + 1 so finding a min cost perfect
matching with respect to ¢’ is the same as finding a min cost perfect matching with
respect to c.

Define

Co=Ce— YV, —yyforeache=uv €E

(In drawing, red are ¥, and green are new edge weights. At this point y is specified
without explanation.)

For any perfect matching M,

eM) =c(M) —y(V) =c(M) - 6

Note that ¢ > 0 and E(M) = 0, s0 M is a min cost perfect matching with respect to ¢ and
hence also c.

Example @
I




O

y+E

v -4

Note that G=(¥) has no perfect matching since Ng=(3 ({a, b}) = {4}

Change y as shown. For small €, ¥ remains feasible and we get y(V) =8 + ¢
We can take € = 1. Repeat from step 1

Proof of Hall's Theorem
= Obvious
=
If G has no perfect matching then G has no matching of size |X|. So, by Kénig's Theorem, there
is a vertex cover C with |C| < |X].
Let Z = X — C. Note that, since Cisacover, N(Z) <Y NnC
(There are no edges between Z and Y — ()
Moreover, |Z| = |X —C| > |C = X| =|Y nC| = [N(Z)]| as required m
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Algorithm for Min-Cost Perfect Matching

November-05-12 2:33 PM

Min Cost Perfect Matching
Let G = (V, E) be a bipartite graph with bipartition (X, Y) and let ¢ € RF
Assume |X| = |Y]

min cTx

(P){subjectto Ax =1
x>0

and its dual

max y(V)
ORI 2

subjectto A’y <0

Lemma

Ify € RV is a feasible solution for (D) and G=(¥) has a perfect matching M. Then M is a min cost perfect matching.

Hall's Theorem
Let G be a bipartite graph with bipartition (X,Y) where [X| = |Y|. Then G has a prefect matching iff |[N(Z)| = |Z| foraeach Z € X.

Assumption

We have an efficient algorithm for Hall's Theorem.

That is, we can find either a perfect matching or a set Z € X with |[N(2)| < |Z)).
See MATH 239/249

Algorithm
Let ¥ € RV be a feasible solution for (D) and suppose that ¢=(¥) has no perfect matching
Then there exists Z € X such that |NG=(y) (Z)| <1Z]

V, T € vEZ
Let y,_’; = J_/v —€ UVE NG=(y)(Z)
Vo otherwise

Note that, for small € > 0 y'is feasible and has objective value
Y1) =) + (121 = [Ng=5(@]) > 3 (V)
How large can we make €?

€ = min (ce:e =u €EG),ueEZvey — NG=(y)(Z))
This is well defined unless N;(Z) = Ng=(y) (2)
But then |[N;(Z)| < |G| and hence G has no perfect matching.

Remarks
1) Ifc € ZF andy € Z" then we gety' € ZV.
(So we keep an integral dual solution)
2) There is a way to chose Z so that the number of iterations is at most |V (G)|? (independent of ¢)
See CO 450
3) The min cost perfect matching problem can be solved in polynomial time, even for non bipartite graphs.
a. See CO 450.
b. We need additional constraints for X < V(G) odd. For each cut, the number of edges across the cutis > 1
c. This has exponentially many constraints, but is still solvable in polynomial time so long as the constraints are given
implicitly (only generated when needed).
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Directed Graphs

November-05-12 3:06 PM

Directed Graph

A directed graph is a pair (V, E) where V is a finite set and E is a set of ordered
pairs of distinct vertices.

V is the vertex set and E is the edge set.

For e = uv € E, u is the tail and v is the head of e.

Incidence Matrix

Like incidence matrix for undirected graph but now 4 € {0, +1}* where
1, ifv = head(e)

Ape =11, ifv =tail(e)
0, otherwise

Since A has one 1 and one -1 in each column, A is totally unimodular.

For X € V(G), we define
INX) ={uv € E(9):u ¢ X,v E X}
OUT(X) ={uv € E(g):u € X, v & X}

Suppose that Ax = b
Then x(IN({v})) - x(OUT({v})) = b, foreachv eV

Notation
Ifx € RE,w CE, x(W) = ¥oew Xe

Inflow
inflow, (v) = x(IN({v})) - x(OUT({v}))

(s,t)-flow

Let s and t be distinct vertices in a directed graph G = (V,E) and let u € R% be
edge capacities. x € R isan (s, t) flow if inflow, (v) = 0 foreach v € V — {s, t}
x is feasible if 0 < x < u

The value of x is inflow, (v)

Problem
Find a feasible (s, t)-flow of maximum value.
This is a linear program

max inflow, (t)
(P) {subjectto inflow, (v) = 0, vEeEV —{s,t}
0<x<u

Note that if the edge capacities are integer then this is an integer linear program.

(s,t)-cut

An (s, t)-cut is a partition (S, T) of V(G) with s € S and t € T, the capacity of
(§,T)is

u(S,T) = u(IN(T)) = u(0UT(S))

Claim
If x is a feasible (s, t)-flow and (S, T) is an (s, t)-cut, then inflow, (t) < u(S,T)

Max-Flow Min-Cut Theorem

The maximum value of a feasible (s, t)-flow is equal to the min capacity of an
(s, t)-cut.
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(s,t)-flows

The red edge labels give an edge flow of 3
The blue cut allows a maximum of 3 across it from s to t
Therefore 3 is optimal

Proof of Claim

inflow, (t) = Z inflow, (v) = inflow, (T) = x(IN(T)) — x(OUT(T))

< u(IN(D)) :VZT(S, T)
u

Proof of Max-Flow Min-Cut Theorem

We may assume thatu > 0

Let G’ be obtained from G by adding a new edge f = ts and defining u; =
oo (or sum of all other capacities plus 1)

Let c € RF be given by

o = {1, e=f
€ 0, e+f
Now the maximum value of a feasible (s, t)-flow is given by
max cTx
) subjectto Ax=0 y€eRV
x<u z€RE
x=0
The dual of (P) is
min ulz
(D) {subjectto ATy +z=>c
z=0

. AT ).
Note that 4 is TU so 0 IlsTU.So

()15 6=l

is an integral polyhedron.

Moreover, since [(C)] is (0,1)-valued, each extreme point is (0,1)-valued.

(See assignment 5)
Hence there is an optimal solution (¥, Z) to (D) that is (0, £1) valued.

Deleted from following lecture:
Since Z = 0, Z is (0,1) valued.
Note that z, is in two constraints:
Yo —Vyu+Ze=coandz, 20
Sosince u, > 0,z, = max(0,c, — ¥, + ¥,)

Note that, for any a € R, (¥, —a, Z) is an optimal solution for (D), so we
may assume that y, = 0.
LetS={veV:y, >1}andT={veV:y,<0}

For each e = uv € E, X, occurs in only two constraints ¥, — 3, + Z, = c,,
Ze 20

Moreover, u, > 0 so z, = max(0, c, — ¥, + i)

Claim 1

(S,T) is an (s, t)-cut

Proof

(S,T) is clearly a partitionand t € T (since y; = 0).

Consider f = ts.Sinceus =00, % =0s00=¢s =Y+ Y, =1 =¥
Then y; > 1 and s € S as required.

Claim 2
Ife=uv,u€Sandv ETthenz, > 1

Proof
Z, = max(0,c, — ¥, + 3,) = 1sincey, < 0Oandy, > 1



By claim 2,

u(S,T) < utz= 0PT(D) = OPT(P) = max value of a feasible (s, t)-flow
However,

U(S,T) = max value of a feasible (s, t)-flow

by the earlier claim m
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Complexity Theory LP Feasibility Problems
Instance: A € Q™*", b € Q"

November-09-12. 2:57 PM Question: Does there exist x € Q" such that Ax < b?

IP Feasibility
Decision Problems Instance: A € Q™*", b € Q™

i . i n
A decision problem is a yes/no question on a countable set of Question: Does there exist z € Z" such that Ax < b
instances; the "size" of an instance is the length of a binary

encoding. Bipartite Matching Problem

Instance: G bipartite, k € Z,
Polynomial-Time Question: Does G have a matching of size > k?
An algorithm is polynomial time if its running time is bounded
by a polynomial in the size of the input. P is the set of all Clique Problem
decision problems that can be shown to be polynomial time. Instance: A graph G, k € Z.,

Question: Does G contain a set of k pairwise adjacent vertices?
Claim
LP feasibility is in NP Examples of NP problems

1) Bipartite matching problem
Exercise ¢ Give the matching
Show that IP is in NP 2) Clique problem
e Give the clique

Find a rational half-line 3) LP feasibility problems

e Give a solution, whose size is small

Nondeterministic Polynomial time

A decision problem P is in NP if there is a polynomial time Proof of Claim: LP feasibility is in NP

algorithm 4 and a polynomial p such that Consider P = {x € R™: Ax < b}
1) for each yes-instance I of P there is a certificate C such Suppose that ¥ € P
that |C| < p(|I]), and A accepts (I, C) We may assume without loss of generality that x > 0
2) for each instance I of P and any C with |C| < p(]I]), A (by changing variables. This does not change the size of the solution)
rejects (I, C). By adding some inequalities we may assume that P € R}
If (NOT P) € NP, then P is in co-NP Now P has an extreme point ¥.

there is a subsystem A’x < b' of Ax < b suchthat A" isn X n,rank(A’) =nand A’X = b’

Claim Now % is the unique solution to A’x = b’ and we have shown that
LP feasibility is in co-NP size(%) < polynomial(size(4',b"))
]
Major Conjectures
1) P=NP Example
2) NP = co-NP Bipartite Matching is in co-NP
3) P=NPnco-NP Show a vertex cover of size < k

Proof of Claim: LP feasibility € co-NP

By the Farkas Lemma,

(Ax < b) is infeasible, iff (ATy > 0,bTy < —1,y = 0) is feasible.

This "reduces” NOT(LP feasibility) to an instance of LP feasibility of a similar size m

Polynomial Time Reduction

We say that P; reduces to P, if there is a polynomial time
algorithm A such that for each instance /; of P;, A generates an
instance I, of P, such that I; is a yes instance of P; iff I, is a yes
instance of P,.

Example
NP-Completeness Consider the clique problem on an instance G = (V,E), k
A problem P € NP is NP-Complete if every problem in NP Constructan instance of [P feasibility
reduces to it. .( Z
x, =k

veV
Theorem (Cook) ! Xy +x, <1, u, v non-adjacent
IP feasibility is NP-complete H 0<x<1
(Cook used "3-SAT") l x integer

. This reduces the Clique Problem to IP feasibility.
Formalism

Let A = {0,1, —} (can fix any finite alphabet with |[4| = 2)

A* denotes the set of finite words in A Sketch of Proof of Cook's Theorem

Consider a problem P € NP.

Let A4, p be the requisite algorithm and polynomial.

Start with input /, certificate C, and empty memory

Algorithm to verify (I, C) runs in polynomial time with polynomial memory.

Consider all bits in memory at each time step. Each unknown one is a (0, 1) variable.
Linear inequalities are used to describe feasible transitions according to the model of

w=awf. ) ) ) computation, and to describe the accepting state.
We say that w' is obtained from w by replacing w; by w, if w =

aw;B and w' = aw,f
(not we are only replace on instance).

Problem
A problem is any subset of A* (these are the yes-instances).

Given w;,w € A* we say that w contains w, iff

Now this is a IP feasibility problem.

Exercise

Algorithm Write an algorithm for checking a + b = c on given integers a, b, c.

An algorithm is a sequence
(wy, wi), ..., (Wi, wy)

Start: w

Step 1: Fori = 1, ..., k if w contains w;, then replace the first
instance of w; with w;'. Repeat from Step 1.

Step 2: Stop

An algorithm solves a problem IT if IT is the set of instances on
which the algorithm terminates.
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An algorithm is polynomial-time if there is a polynomial P
such that for each instance I on which the algorithm
terminates, the algorithm termination in < p(length(l)) steps.
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Nonlinear Optimization
November-16-12 2:32 PM

Nonlinear Optimization Problem
minimize(f(x) : x € 5)
SCR*, fiS->R

Inf / Sup
inf{f(x):x € S} = mgoxoo](f(x) >z:x€S)

Z€[—

sup{ f(x):x € S} = Ze[rzlg}w](f(x) <z:x€S)

Compactness
AsetS € R" is closed if for each convergent sequence
(x(l), x®@, ) inS, lim x@Des

11—

Forc € R", r € R define
Ball(c,r) ={x eR": |lx —c|| < r}

S is bounded if there exists d € R such that S ©
Ball(0, d)

S is compact if S is closed and bounded.

Bolzano-Weierstrass Theorem
If S € R™is a compact set, then any sequence of points
in S contains a convergent subsequence.

Corollary (Weierstrass)
If S € R™is nonempty and compact and f:S — Ris
continuous, then there exists x € S minimizing f.

Nearest Point

LetS € R™and z € R™

We call X € S a nearest point to z if ||x — z|| < ||x — z||
forallx € S

Theorem
If S € R™ is nonempty and closed and z € R, then
there exists a nearest pointin S to z.

Separating Hyperplane Theorem

Let S € R™ be a closed convex set and z € R™.

Then z ¢ S iff there exists a € R™ and b € R such that
a’x < bforallx € Sanda’z > b.

Boundary of a Set

A pointx € S is in the interior of S if there exists € > 0
such that Ball(x,€) € S

The interior, denoted int(S) is the set of all interior
points.

The boundary is the set S — int(S).

Theorem (3)

Let S € R™ be a closed convex set and let X € S be on
the boundary. Then there exists a nonzero ¢ € R" such
that X minimizes (cTx : x € S)
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minimize(f(x) : x € S)
SCR", fiS>R

Recall that
1) "intheory" we can reduce to the case that f(x) is linear and S is convex
By rewriting as

min(y+ (7) {("5?) :x e 5})
and can replace {(f(;)) tx € S} by its convex hull

2) Small problems can be nontrivial

eg.
minimize sin(mx)? + sin(ry)? + sin(wz)?
subject to x3+y3 =23

x,y,z=1

Note that min(f(x): x € S) may not be attained even if S # @ and f(x) is bounded below.
Eg. min{x: x > 0}

Proof of Theorem
Letx € Sandd = ||x — z||.
Now S N Ball(z, d) is compact and nonempty. By the corollary to B-W Theorem, there is a nearest
point ¥ € SN Ball(z,d) to z. Clearly X is a nearest pointin S to z.
]

Exercises
1) LetS S R" be a nonempty, closed, convex set and let z € R™. Prove that there is a unique
nearest pointin S to z.
2) Letza,b € R"andletS = conv({a, b})
Prove that a is the nearest pointin S to z iff (z — a)" (b —a) < 0

Proof of Separating Hyperplane Theorem

& Trivial

= Suppose that z € S. We may assume that S # @

So, by the previous theorem, there is a nearest point X to zin S.
Leta=z—x%andb =a"x
Nowa’z=aT(z-%)+a"’x=lz=x?+b>Db

Let x € S and let L = conv({x, x}) Since L € S, ¥ is the nearest pointin L to z. Now, by Exercise 2,
-0)Tx—-%)<0
Thatis,a’x < b

Exercise
Let S € R™ be a closed convex set and let X € S be in the boundary.
Prove that there exists Z & S such that 7 is the nearest pointin S to z.

Proof Sketch of Theorem (3)
Take z & S such that X is the nearest pointin S toz. Letc = ¥ — z.
Now continuous as in the proof of the separating Hyperplane Theorem. m



Certifying Optimality

November-19-12 2:40 PM

Cost Splitting Theorem

(Sufficient condition for Optimality)

LetS;, .., Sm ER™, letS=5;N--NSy,letc € R", andlet X € S.
If there exist ¢y, ..., ¢y, € R™ such that ¢ = ¢; + -+ + ¢, and such
that ¥ minimizes each (c/x : x € §;) fori = 1, ..., mthen x
minimizes {cTx : x € S}

Cost Splitting for Linear Programming
Letc,aq,...,am € R* and by, ..., by, € R
Now let H; = {x € R": (a;)Tx = b;}
Consider the linear program

(P)min(cTx : x € Hy N -~ N Hy)

Letz € HyN--NHy

Problem
Do there exist ¢, ..., ¢ € R™ such that ¢ = ¢; + -+ + ¢, and such
that % minimizes each of (¢] x : x € H;)

Leti € {1,..,m}
Now % minimizes (¢ x : x € H;) iff
[) ¢i=0o0r;
) (a;)Tx = b; and ¢; = A;a; for some A; = 0

Define I = {i € {1,..,m}: al % = b;}
These give the "tight constraints”
We want to find (4; = 0 : i € I) such that

Cc = Z /L-ai
i€l

Theorem
X is optimal for (P) iff ¢ € cone(a; : i € 1)
That is, for LP the cost splitting theorem is necessary and sufficient.

Strong Cost Splitting Theorem

(Necessary and Sufficient Conditions for optimality in convex
optimization)

Let Sy, ...,Sm € R™ be closed convex sets with int(S; N -+ N Sy,) #
@.
Letc € R"and X € S; N NSy,

Then % minimizes (cTx : x € §; N -+~ N Sp,) iff there exists

€1, ., Cm € R™ such that ¢ = ¢4 + - + ¢, and X minimizes each of
(clTx HEY ESi), i=1,...m

Remarks

1) LetS < R"™, n = 2 bea convex set. Int(S) = @ iff there exists
ahyperplane H = {x € R":a"x = b} withS € H

2) Let F be the affine subspace spanned by S; N ---N S;;, and let
F ={x—x:x € F}.Ifc € F then we don't need the condition
that int(S; N -+ N S;,) # .
If c & F we can take the orthogonal projection of ¢ onto F.

3) Using (2) itis a straightforward exercise to deduce the Strong
Duality Theorem from the Strong Cost Splitting Theorem.

Closed Sets

Note that the intersection of closed sets is closed.
Hence, if § € R", there is a unique minimal closed set containing S.
This set is denoted closure(S).
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Certifying Optimality

Problem: How can we prove that x € S minimizes (c"x:x€58)?

Answer: In general, we can't.
Nonlinear programming is undecidable.

Proof of Cost Splitting Theorem
cTx>min(cTx:x € 8) =min(cFx + -+ chx:x€5)
> min(clx; + -+ chxm X4, s X € S)
=min(clx1: %1 €8) + -+ min(chxpm: xm € S)

> min(clxg:x; € §1) + - + min(chxm: X € Sp) = cF X + -+

Remark
Cost splitting is not always possible

Example

S, = Ball([g],l) 5 = Ball (2)] 1)

S=50nS, = {[(1)]} = (x}

c<]

% minimizes (cTx:x € S)

X minimizes (c;x: x € S1) iff ¢, = [—a] az0

0 >
X minimizes (c;x: x € Sy) iff c; = [g] b=>0
Soc# ¢ +cyforanya,b >0
Proof of Theorem
« Cost splitting Theorem
= Suppose that ¥ is optimal for (P).
Now rewrite (P) as
mim cTx
subject to aiTx >b i=1,...m
The dual is
max biys + -+ bpmym
(D) {subjectto a;y1+ -+ amym=c
Y1 Ym =0

Let ¥ be optimal for (D).

+chx=cTx

By the complementary slackness conditions, fori € {1, ..., m} — I we have

¥; = 0.So0 ¢ € cone(q; : i € I) as required. m
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Strong Cost Splitting Theorem

(Necessary and Sufficient Conditions for optimality in convex optimization)

Let Sy, ...,Sym € R™ be closed convex sets with int(S; NN S,) # @.

Letc e R"andx € S; N--NSp,

Then X minimizes (cTx : x € S; N -+ N S,,) iff there exists cy, ..., ¢;, € R™ such that
¢ =c, + -+ ¢, and X minimizes each of( cgrx 1 x € Si), i=1,....m

Lemma 1
IfS;,S, € R™ are convex and int(S; N S,) # @ then
closure(S; N'S,) = closure(S,) N closure(S,)

Tangent Cone
For S € R™and % € S, T(%,S) = closure(cone({x — %: x € S}))

Remarks
1) IfSis convex, then T(x,S) is a closed convex cone.
2) This definition is nonstandard but agrees with the usual definition on
convex sets.

Theorem 2
Let S3,S, S R™ be closed convex sets with int(S; N S,) # @andletx € S; N S,.
ThenT(%, 5, N S,) = T(%,S,) NT(%S,)

Note
We need the condition int(S; N S,) # @
Consider the example of the two balls.

Convex Cones

Separating Hyperplane Theorem for Cones
Let K € R™ be a nonempty closed convex cone and z € R™. If z € K then there
exists c € R" such that c"x >0V x € Kand ¢z < 0.

Duality for Cones
For § € R", defineS* ={c eR": cTx >0, x € S}
S*={ceR":cTx >0, Vx€S}

Remarks
1) If0 € S, then S* is the set of all ¢ € R™ such that
0 minimizes (cTx : x € §)
In other words, S* is the set of all directions that are minimized by 0 over S
2) IfK isacone, then K* is called the dual of K.

Lemma 3
Forany S € R", S* is a closed convex cone.

Lemma 4

Let S € R™ and let K be the smallest closed convex cone containing S. Then $** =
K

Duality Theorem For Cones
If K € R"is a closed convex cone, then K** = K

Normal Cone
LetSS R"andx € S.
N&x S)={ceR": cT(x—%x) >0, x € S}

Note that:
1) ¢ € N(%,S) iff X minimizes (c"x : x € S).
2) Nx,S)={x—x:xeS}

Lemma5
Let S € R™ be a convex set and x € S. Then
N(x,S) =T(,S)*

Sum of Sets

For §;, 5, € R™, let

Si+S,={a+b:a€S;,beS,}

Exercise

Let Ky, K, € R™ be convex cones. Prove that K; + K, is the smallest convex cone

containing K; and K,

Remark
There exist closed sets S;,S, S R" such that S; + S, is closed

Lemma 6
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Proof of Lemma 1
Exercise

Example of Tangent Cone

s=sal([0].1), =[]

{x —x:x€S}=BRBall [(1)],1)

cone (Ball ([(1)] , 1)) = {[g] u{x eR?:x, >0}

}
closure (cone (Ball ([(1)] , 1))) ={x eR?:x, >0}

Proof of Theorem 2
We can translate S; and S, so thatx = 0.
Now since S; and S, are convexand 0 € S; N S,
cone(S; N'S,) = cone(S;) N cone(S,)
(Consider scaling points in one set into the other)
Since int(S; N S,) # @, int(cone(Sy) N cone(S,)) # @
So by Lemma 1,

T(x,5;NS,) = closure(cone(S1 n 52)) = closure(cone(Sl) n cone(Sz))

= closure(cone(Sl)) n closure(cone(Sz)) =T(x,S,)NT(x,S,)
[ ]

Proof of Separating Hyperplane Theorem for Cones

By the Separating Hyperplane Theorem, there exists ¢ € R"and b € R
such thatc"x > band ¢z < b.

We may assume that b = inf(c’x : x € K)

Notethat0 € Ksob <0

We may assume that b < 0 (otherwise we're done)
There exists ¥ € K with cT% < g
However, since K is a cone 2% € K and cT(2%) < b - contradiction m

Proof of Lemma 3
Foreachx € S,let H(x) = {c € R" : ¢Tx > 0}
So H(x) a closed convex cone. Now

§t = ﬂ H()

€S
which is also a closed convex cone. m

Proof of Lemma 4

By definition, § € $** and, by Lemma 3, $** is a closed convex cone.
SoK € §**

Suppose that K # S**, then $** # @ and let z € S** \ K

By the separating Hyperplane Theorem, there exists ¢ € R™ such that
c"x>0forallx € KandcTz < 0.

SinceSS K, ceS*

ButcTz < 0, soz & S** - contradiction. m

Proof of Duality Theorem for Cones
Immediate by Lemma 4

Proof of Lemma 5

S={x—-x:x€S}

By definition,

N(x,S) = §* and T(%, S) = closure (cone(é:))
By Lemma 4

T(%,5) = §* = (N(%,5))

By the duality theorem, T(X,$)* = N(X,S) m

Example of Remark

S; ={x e R?: x, > e*1}
S, ={x ER?:x, =0}
S1+S, ={x eR?: x, >0}

Proof of Lemma 6
See assignment 6

Proof of Lemma 7

LetS=Kn{x e R*:dTx = 1}

Since S is the intersection of two closed sets, S is closed.
Since d € int(K*), for each nonzero x € K, dTx > 0.
Hence K = cone(S)

Chose € > 0 such that Ball(d, €) € Int(K*)
Consider any ¢ € R™ with ||c|]| = €

Nowd —c€ K*soforanyx €S
0<d—-c)Tx=d"x—cTx=1-cTx
Thus cTx < 1.1t follows that S is bounded.



Kemark
There exist closed sets S, S, S R™ such that §; + S, is closed

Lemma 6
If S;,S, € R™ are compact, then S; + S, is compact.

Lemma 7
If K € R"isa closed cone and d € int(K*), then {x € K : dTx = 1} is compact and
K =cone({x €K : dTx = 1})

Lemma 8
If K1, K, € R™ are closed cones with int(K{ N K;) # @ then K; + K, is closed

Theorem (m = 2)
Let S;, S, € R™ be closed convex sets with int(S; N S,) # @.
Then N(%,S; N S,) = N(%,S;) + N(%,S,)

Theorem

Let S;,S; € R™ be closed convex sets and X € S; N'S, such that
1) T(x,S5,NnS;) =T, S)NT(,S,)and
2) N(x,S,) + N(x,S,) is closed

then N(%,8; N S,) = N(%,5;) + N(%, S,)

Has essentially the same proof as the above.

Claim
If S; and S, are polyhedra then (1) and (2) are satisfied.
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uoines sy o s veaees pen
Nowd —c € K*soforanyx € S
0<d-c)Tx=d"x—c"Tx=1-cTx
Thus cTx < 1.1t follows that S is bounded.

Proof of Lemma 8

Letd € int(K{ N K3),
Si=Kin{xeR™: dTx = 1}and
S,=K,N{x ER": dTx = 1}

By Lemma 7, S; and S, are compact, so, by Lemma 6, S; + S, is compact.
Now K; + K, = cone(S; +S,) soK; + K, isclosed. m

Grand Finale * Joz2 H“ hds*

Recall that N(x, S) is the set of all ¢ € R™ such that ¥ minimizes
(cTx:x€S)

Cost-Splitting Theorem (Reworded)
IfSi,....,Sm S R"and X € S; N - N S, then
N(x,S) + -+ NE&, Sp) SN, S N-NSy)

Strong Cost-Splitting Theorem
IfS;, ..., Sy © R™ are closed convex sets and int(S; N - N S,,) # @, then
N(x, S1) + -+ n(x,Sy) =N, Sy NN Sy)

Note that both of these results follow from the special case that m = 2

Proof of Theorem (m = 2)
By the Cost Splitting Theorem, N(x,S;) + N(x,S,) € N(x,S; N S;)

If equality does not hold, there exists z € N(%,S; N S,) \ (N(%,S,) +
N(%,S,))

Since int(S; N S,) # @, int(T(%,S) NT(x,S,)) # @

So by Lemmas 5 and 8, N(x, S;) + N (%, S,) is closed.

So by the Separating Hyperplane Theorem, there exists d € R™ such that
1) d'x>0forallx € N(%,S;) + N(%,S,) and
2) dTz<0

By (1) and Lemma 5,d € T(x,S;) NT(x,S,)

By Theorem 2,

deT(x,5;NS,)

However, z € N(¥, S; N S,) and dTz < 0 contradicting Lemma 5. m

Proof of Claim

1)
Recall that for a convex set S, T(x,S) = clasure(cone({x —X:XE S}))
Note that cone({x —x:x € S; N S,}) = cone({x —x:x €S, N
cone({x —x:x € S,})

So if cone({x — x: x € $;}) and cone({x — x: x € S,}) are closed then (1)
holds

If S; and S, are polyhedra then cone({x — x: x € S;}) and cone({x — %:x €
S,}) are polyhedral cones and hence are closed. So (1) holds.

2)

The dual of a polyhedral cone is a polyhedral cone (why?)

So N(x,S;) and N(x, S,) are polyhedral cones.

The sum of polyhedral cones is a polyhedral cone. So N(X, S;) + N(x, S;) is
closed. Hence (2) is satisfied.

Exercise
Show that the above theorem and claim imply the Strong Duality Theorem

For A € R™*", ¢ € R"*, b € R™ have LP and dual:
(P)max(cTx : Ax < b)

(D) min(bTy : ATy =, y =0)

Define Sp, Sp © R**™ by

Sp={(x,y) € R*"*™ : Ax < b}

Sp={(x,y) eR™M: ATy =¢, y=0}
Define a = —c + b and consider the problem

(@ min(a” (x,y) : (x,y) € Sp N 5p)

Suppose that ¥ is optimal for (P) and ¥ is optimal for (D). Note that

(%, %) = min(—cTx : (x,y) € $;) = min(bTy : (x,y) € S,)

S, and S, are polyhedra so they satisfy (1) and (2) in the alternate Strong
Duality Theorem and hence (¥, ) is optimal for (Q).

still have to prove optimal value is 0
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(P) min(cTx:x €5)
S € R" closed, convex

Assumptions
1) S < Ball(0,R), R given
2) Sisgiven by a "separation oracle”
Given z € R", the oracle returns
yes:ifz € S
a separating hyperplane ifz ¢ S

Remarks

Consider a linear program

(P) min(cTx : Ax = b)

for z ¢ {x € R" : Ax = b} it s trivial to get a separating hyperplane. There exists R with size(R) < poly(size(A, b)) such that solving
min(cTx : x € P n Ball(0, R)) solves (P).

Feasibility Problems
Given a closed convex set S € R", is S nonempty?

Note that:
1) If we can solve the feasibility problem, then we can solve (P)
Consider S N {x € R™:c"x < a}and use binary search on a.
2) Foralinear program (P) min(c"x : Ax = b)
consider the feasibility problem:
(Ax = b, ATy =¢, y =0, bTy =cTx)
If (x, ¥) satisfies (F) then X is optimal for (P)

Ellipsoid Method

Method to Solve Feasibility Problem

Ellipsoid
An ellipsoid is an affine transformation of Ball(0, 1)
For ¢ € R™ and a symmetric positive definite matrix D € R™ " we defineell(c,D) = {x e R": (x —c)TD ' (x — ¢) < 1}

Positive Definite
A matrix A is positive definite iff xTAx > 0 Vx # 0

Useful Facts
4
1) vol(ell(c,D)) = §m/det(D)
2) Ifa€eR"andS =ell(c,D)N{x € R™: a’x > alc}
then there is an ellipsoid ell(¢’,D") such that S < ell(c¢’,D") and
vol(ell(c',D")) 1

— < =
vol(ell(c,D)) ~ e

Idea
Suppose that S < ell(c, D)

If ¢ € S then S is feasible.
If not, then there exists a € R* such thatS € {x e R"* : aTx > aTc}.
Find the smallest ellipse ell(c’,D") containing ell(c,D) N{x € R* : aTx > a’c}

Foranye > 0, let

oo (£
k=02n-2)|log\=——

€
After k iterations of the above we either

1) find a feasible solution, or
2) prove that vol(S) < €

Linear Programming Feasibility
LetP ={x € R": ax = b}
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Facts:
1) Ifint(P) # @, then vol(P) > e Poly(size(4 D))
(Uses that fact that for x1, ..., x"*1 € R", |det [xll x"+1]| = vol(conv(x?, ..., x™*1))

2) There exists § > 0 such that size(8) < poly(size(A, b)) such that P # @ iff P(§) = {x e R": Ax > b — 58} # 0

Remark
The above facts, together with the ellipsoid method prove that linear programming can be solved in polynomial time.
For more details see CO 471 or CO 463

What's next in C&0

Highly recommended:

CO 450 Combinatorial Optimization (Fall)
¢ Network flows
e Matching
e Matroid optimization
¢ Travelling Salesman Problems

CO 463 Convex Optimization (Fall)
¢ Ellipsoid method
e Duality

CO 471 Semidefinite Optimization (Summer)
e Optimization with quadratic constraints
¢ linear programming theory extends naturally
e applications in graph theory

Recommended
CO 466 Continuous Optimization
CO 452 Integer Programming

Applied Courses
CO 456 Game Theory
CO 454 Scheduling

Shameless advertising
CO 446 Matroid Theory
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