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Abstract

We proposea modelthat canlearnparts-basedrepresentationsof high-
dimensionaldata.Ourkey assumptionis thatthedimensionsof thedata
canbe separatedinto several disjoint subsets,or factors,which take on
valuesindependentlyof eachother. We assumeeachfactorhasa small
numberof discretestates,andmodel it usinga vectorquantizer. The
selectedstatesof eachfactorrepresentthemultiplecausesof the input.
Given a set of training examples,our model learnsthe associationof
datadimensionswith factors,aswell asthestatesof eachVQ. Inference
and learningare carriedout ef�ciently via variationalalgorithms. We
presentapplicationsof this modelto problemsin imagedecomposition,
collaborative�ltering, andtext classi�cation.

1 Intr oduction

Many collectionsof dataexhibit a commonunderlyingstructure:they consistof anumber
of partsor factors,eachof which hasa smallnumberof discretestates. For example,in a
collectionof facial images,every imagecontainseyes,a nose,anda mouth(exceptunder
occlusion),eachof which hasa rangeof differentappearances.A speci�c imagecanbe
describedasa compositesketch: a selectionof theappearanceof eachpart,dependingon
theindividualdepicted.

In this paper, we describea stochasticgenerative modelfor dataof this type. This model
is well-suitedto decomposingimagesinto parts(it canbethoughtof asa Mr. PotatoHead
model),but alsoappliesto domainssuchastext andcollaborative �ltering in which the
partscorrespondto latentfeatures,eachhaving severalalternative instantiations.This rep-
resentationalschemeis powerful due to its combinatorialnature: while a standardclus-
tering/VQmethodcontainingN statescanrepresentat mostN items,if we divide theN
into j -stateVQs, we canrepresentj N =j items. MCVQ is alsoespeciallyappropriatefor
high-dimensionaldatain whichmany valuesmaybeunspeci�edfor a giveninputcase.

2 Generative Model

In MCVQ we assumethereareK factors,eachof which is modeledby a vectorquantizer
with J states. To generatean observed dataexampleof D dimensions,x 2 < D , we
stochasticallyselectonestatefor eachVQ, andoneVQ for eachdimension.Giventhese
selections,asinglestatefrom asingleVQ determinesthevalueof eachdatadimensionxd.
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Figure1: Graphicalmodel representationof MCVQ. We let r d=1 representall the vari-
ablesrd=1 ;k , which togetherselecta VQ for x1. Similarly, sk=1 representsall sk=1 ;j ,
which togetherselecta stateof VQ 1. Theplatesdepictrepetitionsacrosstheappropriate
dimensionsfor eachof thethreevariables:theK VQs,theJ states(codebookvectors)per
VQ, andtheD inputdimensions.

The selectionsare representedas binary latent variables,S = f sk j g; R = f rdk g, for
d = 1:::D ; k = 1:::K , andj = 1:::J . Thevariablesk j = 1 if andonly if statej hasbeen
selectedfrom VQ k. Similarly r dk = 1 whenVQ k hasbeenselectedfor datadimension
d. Thesevariablescanbedescribedequivalentlyasmultinomials,sk 2 1:::J; r d 2 1:::K ;
theirvaluesaredrawn accordingto their respectivepriors,ak andbd. Thegraphicalmodel
representationof MCVQ is givenin Fig. 1.

AssumingeachVQ statespeci�esthemeanaswell asthestandarddeviationof aGaussian
distribution, andthe noisein the datadimensionsis conditionally independent,we have
(where� = f � dk j ; � dk j g):

P(xjR; S; � ) =
Y

d

Y

k ;j

N (xd ; � dk j ; � dk j )r dk sk j

Theresultingmodelcanbethoughtof asatwo-dimensionalmixturemodel,in whichJ � K
possiblestatesexist for eachdatadimension(xd). Theselectionsof statesfor thedifferent
datadimensionsarejoined alongthe J dimensionandoccurindependentlyalongthe K
dimension.

3 Learning and Inference

Thejoint distributionover theobservedvectorx andthelatentvariablesis

P(x; R; Sj� ) = P(Rj� )P(Sj� )P(x jR; S; � ) =
� Y

d;k

ar dk
dk

�� Y

k ;j

bsk j

k j

� Y

d;k ;j

N (xd ; � )r dk sk j

Givenaninput x, theposteriordistribution over the latentvariables,P(R; Sjx; � ), cannot
tractablybecomputed,sinceall thelatentvariablesbecomedependent.

We applya variationalEM algorithmto learntheparameters� , andinfer hiddenvariables
givenobservations.Weapproximatetheposteriordistributionusingafactoreddistribution,
whereg andm arevariationalparametersrelatedto r ands respectively:

Q(R; Sjx; � ) =
� Y

d;k

gr dk
dk

�� Y

k ;j

msk j

k j

�

Thevariationalfreeenergy, F (Q; � ) = EQ
�

� logP(x; R; Sj� ) + logQ(R; Sjx; � )
�

is:

F (Q; � ) = EQ
� X

d;k

rdk log(gdk =ak j ) +
X

k ;j

sk j log(mk j =bk j ) +
X

d;k ;j

rdk sk j logN (xd ; � )
�
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=
X

k ;j

mk j logmk j +
X

d;k

gdk loggdk +
X

d;k ;j

gdk mk j � dk j

where� dk j = log � dk j + (x d � � dk j )2

2� 2
dk j

, andwehaveassumeduniformpriorsfor theselection

variables. The negative of the free energy �F is a lower boundon the log likelihood
of generatingthe observations. The variationalEM algorithm improves this boundby
iteratively improving �F with respectto Q (E-step)andto � (M-step).

Let C bethesetof trainingcases,andQc betheapproximationto theposteriordistribution
over latentvariablesgiventhetrainingcase(observation)c 2 C. We furtherconstrainthis
variationalapproach,forcing thef gc

dk g to beconsistentacrossall observationsx c. Hence
theseparametersrelatingto thegatingvariablesthatgoverntheselectionof a factorfor a
givenobservationdimension,arenotdependenton theobservation.Thisapproachencour-
agesthemodelto learnrepresentationsthatconformto this constraint.Thatis, if thereare
severalposteriordistributionsconsistentwith anobserveddatavector, it favoursdistribu-
tions over f r dg that areconsistentwith thoseof otherobserveddatavectors.Underthis
formulation,only thef mc

k j g parametersareupdatedduringtheE stepfor eachobservation
c:

mc
k j = exp

�
�

X

d

gdk � c
dk j

�
=

JX

� =1

exp
�

�
X

d

gdk � c
d�k

�

The M stepupdatesthe parameters,� and � , from eachhiddenstatekj to eachinput
dimensiond, andthegatingvariablesf gdk g:

gdk = exp
�

�
1
C

X

c;j

mc
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A slightly differentmodelformulationrestrictstheselectionsof VQs,f r dk g, to bethesame
for eachtrainingcase.VariationalEM updatesfor this modelareidenticalto thoseabove,
exceptthatthe 1

C termsin theupdatesfor gdk disappear. In practice,weobtaingoodresults
by replacingthis 1

C term with an inversetemperatureparameter, that is annealedduring
learning.Thiscanbethoughtof asgraduallymoving from agenerativemodelin whichthe
rdk 's canvaryacrossexamples,to onein which they arethesamefor eachexample.

The inferredvaluesof thevariationalparametersspecifya posteriordistribution over the
VQ states,which in turn implies a mixture of Gaussiansfor eachinput dimension. Be-
low we usethe meanof this mixture, x̂c

d =
P

k ;j mc
k j gdk � dk j , to measurethe model's

reconstructionerroroncasec.

4 Relatedmodels

MCVQ falls into theexpandingclassof unsupervisedalgorithmsknown asfactorial meth-
ods, in which theaimof thelearningalgorithmis to discovermultiple independentcauses,
or factors,that canwell characterizetheobserveddata. Its directancestoris Cooperative
VectorQuantization[1, 2, 3], which modelseachdatavectorasa linear combinationof
VQ selections.Anotherpart-seekingalgorithm,non-negativematrix factorization(NMF)
[4], utilizesanon-negativelinearcombinationof non-negativebasisfunctions.MCVQ en-
tails anotherroundof competition,from amongsttheVQ selectionsratherthanthe linear
combinationof CVQ andNMF, which leadsto adivisionof inputdimensionsinto separate
causes.The contrastbetweentheseapproachesmirrors the developmentof the competi-
tive mixture-of-expertsalgorithmwhich grew out of the inability of a cooperative, linear
combinationof expertsto decomposeinputsinto separableexperts.
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MCVQ also resemblesa wide rangeof generative modelsdevelopedto addressimage
segmentation[5, 6, 7]. Thesearegenerallycomplex, hierarchicalmodelsdesignedto focus
on a differentaspectof this problemthan that of MCVQ: to dynamicallydecidewhich
pixelsbelongto which objects.Thechief obstaclefacedby thesemodelsis theunknown
pose(primarily limited to position) of an object in an image,and they employ learned
objectmodelsto �nd thesingleobjectthatbestexplainseachpixel. MCVQ adoptsamore
constrainedsolutionw.r.t. partlocations,assumingthattheseareconsistentacrossimages,
andinsteadfocuseson the assemblingof input dimensionsinto parts,andthe variety of
instantiationsof eachpart. Theconstraintsbuilt into MCVQ limit its generality, but also
leadto rapidlearningandinference,andenableit to scaleup to high-dimensionaldata.

Finally, MCVQ alsocloselyrelatesto sparsematrixdecompositiontechniques,suchasthe
aspectmodel[8], alatentvariablemodelwhichassociatesanunobservedclassvariable,the
aspectz, with eachobservation. Observationsconsistof co-occurrencestatistics,suchas
countsof how oftena speci�c word occursin a document.The latentDirichlet allocation
model [9] can be seenas a propergenerative versionof the aspectmodel: eachdocu-
ment/inputvectoris not representedasa setof labelsfor a particularvectorin thetraining
set,andthereis a naturalway to examinetheprobabilityof someunseenvector. MCVQ
sharestheability of thesemodelsto associatemultiple aspectswith a givendocument,yet
it achievesthis by samplingfrom multiple aspectsin parallel, ratherthanrepeatedsam-
pling of anaspectwithin a document.It alsoimposestheadditionalselectionof anaspect
for eachinput dimension,which leadsto a soft decompositionof thesedimensionsbased
on their choiceof aspect.Below we presentsomeinitial experimentsexaminingwhether
MCVQ canmatchthesuccessfulapplicationof theaspectmodelto informationretrieval
andcollaborative�ltering problems,afterevaluatingit on imagedata.

5 Experimental Results

5.1 Parts-basedImageDecomposition:Shapesand Faces

The�rst datasetusedto testourmodelconsistedof 11� 11gray-scaleimages,aspictured
in Fig. 2a. Eachimagein the setcontainsthreeshapes:a box, a triangle,anda cross.
Thehorizontalpositionof eachshapeis �x ed,but theverticalpositionis allowedto vary,
uniformly andindependentlyof the positionsof the othershapes.A modelcontaining3
VQs, 5 stateseach,wastrainedon a setof 100shapeimages.In this experiment,andall
experimentsreportedherein,annealingproceededlinearly from an integer lessthanC to
1. Thelearnedrepresentation,picturedin Fig. 2b, clearlyshows thespecializationof each
VQ to oneof theshapes.

Thetrainingsetwasselectedso thatnoneof theexamplesdepictcasesin which all three
shapesarelocatednearthetopof theimage.Despitethishandicap,MCVQ is ableto learn
the full rangeof shapepositions,andcanaccuratelyreconstructsuchan image(Fig. 2c).
In contrast,standardunsupervisedmethodssuchasVectorQuantization(Fig. 3a)andPrin-
cipal ComponentAnalysis(Fig. 3b) produceholistic representationsof thedata,in which
eachbasisvector tries to accountfor variationobserved acrossthe entire image. Non-
negativematrix factorizationdoesproducea parts-basedrepresentation(Fig. 3c), but cap-
tureslessof thedata'sstructure.UnlikeMCVQ, NMF doesnotgrouprelatedparts,andits
generativemodeldoesnot limit thecombinationof partsto only producevalid images.

As an empiricalcomparison,we testedthe reconstructionerror of eachof the aforemen-
tionedmethodson an independenttestsetof 629 images.Sinceeachmethodhasoneor
morefreeparameters(e.g. the# of principalcomponents)we choseto relatemodelswith
similar descriptionlengths1. Usinga descriptionlengthof about5:9 � 105 bits, andpixel

1We de�ne descriptionlengthto be thenumberof bits requiredto representthemodel,plus the
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Figure2: a) A sampleof 24 trainingimagesfrom theShapesdataset.b) A typical repre-
sentationlearnedby MCVQ with 3 VQs and5 statesperVQ. c) Reconstructionof a test
image:original (left) andreconstruction(right).

b)
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Figure3: Othermethodstrainedonshapeimages:a) VQ, b) PCA,andc) NMF. d) Recon-
structionof a testimageby thethreemethods(cf. Fig. 2c).

valuesrangingfrom -1 to 1, theaverager.m.s.reconstructionerrorwas0.21for MCVQ (3
VQs), 0.22for PCA,0.35for NMF, and0.49for VQ. Notethat this metricmaybeuseful
in determiningthenumberof VQs,e.g.,MCVQ with 6 VQshadanerorof 0.6.

As amoreinterestingvisualapplication,wetrainedourmodelonadatabaseof faceimages
(www.ai.mit.edu/cbcl/projects).Thedatasetconsistsof 19 � 19 gray-scaleimages,each
containinga singlefrontal or near-frontal face.A modelof 6 VQs with 12stateseachwas
trainedon2000images,requiring15 iterationsof EM to converge.As with shapeimages,
themodellearnedaparts-basedrepresentationof thefaces.

Thereconstructionof two testimages,alongwith thespeci�c partsusedto generateeach,
is illustratedin Fig. 4. It is interestingto notethatthepixelscomprisinga singlepartneed
not bephysicallyadjacent(e.g. theeyes)aslong astheir appearancesarecorrelated.We
againcomparedthereconstructionerrorof MCVQ with VQ, PCA,andNMF. Thetraining
andtestingsetscontained1800and629imagesrespectively. Usingadescriptionlengthof
1:5� 106 bits,andpixel valuesrangingfrom -1 to 1, theaverager.m.s.reconstructionerror

numberof bits to encodeall thetestexamplesusingthemodel.Thismetricbalancesthelargemodel
costandsmall encodingcostof VQ/MCVQ with the small modelcostandlarge encodingcostof
PCA/NMF.
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Figure4: Thereconstructionof two testimagesfrom theFacesdataset.Besideeachrecon-
structionaretheparts—themostactivestatein eachof six VQs—usedto generateit. Each
partj 2 k is representedby its gatedprediction(gdk � mk j ) for eachimagepixel i .

was0.12for PCA,0.20for NMF, 0.23for MCVQ (both3 and6 VQs),and0.28for VQ.

5.2 CollaborativeFiltering

Theapplicationof MCVQ to imagedataassumesthattheimagesarenormalized,i.e., that
the headis in a similar posein eachimage. Normalizationcanbe dif�cult to achieve in
someimagecontexts;however, in many othertypesof applications,theinputrepresentation
is morestable.For example,many informationretrieval applicationsemploy bag-of-words
representations,in whicha givenwordalwaysoccupiesthesameinputelement.

WetestMCVQ onacollaborative�ltering task,utilizing theEachMovie dataset,wherethe
inputvectorsareratingsby usersof movies,andagivenelementalwayscorrespondsto the
samemovie. Theoriginal datasetcontainsratings,on a scalefrom 1 to 6, of a setof 1649
movies,by 74,424users.In orderto reducethesparsenessof thedataset,sincemany users
ratedonly a few movies,we only includeduserswho ratedat least75 moviesandmovies
ratedby at least126users,leaving a total of 1003moviesand5831users.Theremaining
datasetwasstill very sparse,asthe maximumuserrated928 movies, andthe maximum
movie wasratedby 5401users.We split thedatarandomlyinto 4831usersfor a training
set,and1000usersin a testset. We ranMCVQ with 8 VQs and6 statesper VQ on this
dataset.An exampleof theresults,after18 iterationsof EM, is shown in Fig. 5.

Notethatin theMCVQ graphicalmodel(Fig. 1), all theobservationdimensionsareleaves,
soaninput variablewhosevalueis not speci�edin a particularobservationvectorwill not
play a role in inferenceor learning. This makesinferenceandlearningwith sparsedata
rapidandef�cient.

We comparethe performanceof MCVQ on this datasetto the aspectmodel. We imple-
menteda versionof theaspectmodel,with 50aspectsandtruncatedGaussiansfor ratings,
andused“temperedEM” (with smoothing)to �t theparameters[10]. For bothmodels,we
train themodelon the4831usersin thetrainingset,andthen,for eachtestuser, we let the
modelobservesome�x ednumberof ratingsandholdout therest.We evaluatethemodels
by measuringtheabsolutedifferencebetweentheirpredictionsfor aheld-outratingandthe
user's truerating,averagedoverall held-outratingsfor all testusers(Fig. 6).

6



The Fugitive 5.8(6) Pulp Fiction 5.5(4) CinemaParadiso5.6(6) The ShawshankRedemption5.5(5)
Terminator 2 5.7(5) The Godfather: Part II 5.3(5) Touchof Evil 5.4(-) Taxi Driver 5.3(6)
Robocop5.4(5) The Silenceof the Lambs 5.2(4) Rear Window 5.2(6) DeadMan Walking 5.1(-)

Kazaam1.9(-) TheBradyBunchMovie 1.4(1) JeandeFlorette2.1(3) Billy Madison3.2(-)
Rent-a-Kid1.9(-) Readyto Wear1.3(-) Lawrenceof Arabia2.0(3) Clerks3.0(4)
AmazingPandaAdventure1.7(-) A GoofyMovie 0.8(1) SenseSensibility1.6(-) ForrestGump2.7(2)

Bestof Wallace& Gromit 5.6(-) Tank Girl 5.5(6) Mediterraneo 5.3(6) Sling Blade5.4(5)
The Wr ongTrousers5.4(6) Showgirls5.3(4) Thr eeColors: Blue 4.9(5) OneFlew ... Cuckoo'sNest5.3(6)
A CloseShave5.3(5) Heidi Fleiss: Hollywood Madam5.2(5) JeandeFlorette4.9(6) Dr. Strangelove5.2(5)

Robocop2.6(2) TalkingAboutSex 2.4(5) Jaws 3-D 2.2(-) TheBeverly Hillbillies 2.0(-)
DangerousGround2.5(2) Barbarella2.0(4) RichieRich 1.9(-) CanadianBacon1.9(4)
StreetFighter2.0(-) TheBig Green1.8(2) GettingEvenWith Dad1.5(-) Mrs. Doubt�re 1.7(-)

Figure5: The MCVQ representationof two testusersin the EachMovie dataset.The 3
mostconspicuouslyhigh-rated(bold) andlow-ratedmoviesby themostactive statesof 4
of the8 VQsareshown, whereconspicuousnessis thedeviation from themeanratingfor a
givenmovie. Eachstate's predictions,� dk j , canbecomparedto thetestuser's trueratings
(in parentheses);themodel'spredictionis aconvex combinationof statepredictions.Note
theintuitive decompositionof moviesinto separateVQs,andthatdifferentstateswithin a
VQ maypredictverydifferentratingpatternsfor thesamemovies.
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Figure6: Theaverageabsolutedeviation
of predictedandtrue valuesof held-out
ratingsis comparedfor MCVQ andthe
aspectmodel. Note that the numberof
usersperx-bin decreaseswith increasing
x, asausermustrateatleastx+ 1movies
to beincluded.

5.3 Text Classi�cation

MCVQ canalsobeusedfor informationretrieval from text documents,by employing the
bag-of-wordsrepresentation.We presentpreliminary resultson the NIPS corpus(avail-
ableat www.cs.toronto.edu/˜roweis/data.html), which consistsof thefull text of theNIPS
conferenceproceedings,volumes1 to 12. Thedatawaspre-processedto removecommon
words(e.g. the),andthoseappearingin fewer than� ve documents,resultingin a vocab-
ulary of 14,265words. For eachof the1740papersin thecorpus,we generateda vector
containingthenumberof occurrencesof eachword in thevocabulary. Thesevectorswere
normalizedsothateachcontainedthesamenumberof words.A modelof 8 VQs,8 states
each,wastrainedon thedata,convergingafter15 iterationsof EM. A sampleof theresults
is shown in Fig. 7.

Whentrainedon text data,thevaluesof f gdk g provide a segmentationof thevocabulary
into subsetsof wordswith correlatedfrequencies.Within a particularsubset,the words
canbepositively correlated,indicatingthatthey tendto appearin thesamedocuments,or
negatively correlated,indicatingthatthey seldomappeartogether.

6 Conclusion

We have presenteda novel methodfor learningfactoredrepresentationsof datawhich can
be ef�ciently learned,andemployed acrossa wide variety of problemdomains.MCVQ
combinesthe cooperative natureof somemethods,suchas CVQ, NMF, and LSA, that
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PredictiveSequenceLearningin RecurrentNeocorticalCircuits TheRelevanceVectorMachine
R. P. N. Rao& T. J.Sejnowski MichaelE. Tipping

afferent ekf latent ltp svms hme similarity extraction
lgn niranjan som gerstner svm svr classify net
interneurons fr eitas detection zador margin svs classes weights
excitatory kalman search soma kernel hyperparameters classi�cation functions
membrane wp data depression risk kopf class units

query critic mdp spline jutten chip barn mdp
documents stack pomdps tresp pes ocular correlogram pomdps
chess suf�x prioritized saddle cpg retinal interaural littman
portfolio nuclei singh hyperplanes axon surround epsp prioritized
players knudsen elevator tensor behavioural cmos bregman pomdp

Figure7: The representationof two documentsby an MCVQ modelwith 8 VQs and8
statesperVQ. For eachdocumentweshow thestatesselectedfor it from 4 VQs. Thebold
(plain) words for eachstateare thosemostconspicuousby their above (below) average
predictedfrequency.

usemultiple causesto generateinput, with competitive aspectsof clusteringmethods.In
addition,it gainscombinatorialpower by splitting the input into subsets,andcanreadily
handlesparse,high-dimensionaldata.Onedirectionof furtherresearchinvolvesextending
the applicationsdescribedabove, including applyingMCVQ to otherdimensionsof the
NIPScorpussuchasauthorsto �nd groupingsof authorsbasedonword-usefrequency. An
importanttheoreticaldirectionis to incorporateBayesianlearningfor selectingthenumber
andsizeof eachVQ.
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