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Abstract

We proposea modelthat canlearnparts-basedepresentationsf high-
dimensionabata.Our key assumptioris thatthe dimensionf the data
canbe separatednto several disjoint subsetspr factors,which take on
valuesindependenthof eachother We assumesachfactorhasa small
numberof discretestates,and modelit usinga vectorquantizer The
selectedstatesof eachfactorrepresenthe multiple causesof the input.
Given a set of training examples,our model learnsthe associatiorof
datadimensionswith factorsaswell asthe statesof eachVQ. Inference
andlearningare carriedout ef ciently via variationalalgorithms. We
presentapplicationsof this modelto problemsin imagedecomposition,
collaboratye Itering, andtext classi cation.

1 Intr oduction

Many collectionsof dataexhibit a commonunderlyingstructure:they consistof anumber
of partsor factors,eachof which hasa smallnumberof discretestates For example,in a
collectionof facialimages everyimagecontainseyes,a nose,anda mouth(exceptunder
occlusion),eachof which hasa rangeof differentappearancesA speci c imagecanbe
describedasa compositesketch: a selectionof the appearancef eachpart,dependingon
theindividual depicted.

In this paper we describea stochastiggeneratre modelfor dataof this type. This model
is well-suitedto decomposingmagesinto parts(it canbethoughtof asa Mr. PotatoHead
model), but alsoappliesto domainssuchastext and collaborative Itering in which the
partscorrespondo latentfeaturesgachhaving severalalternative instantiationsThis rep-
resentationakchemeis powerful dueto its combinatorialnature: while a standardclus-
tering/VQ methodcontainingN statescanrepresenat mostN items,if we divide the N
into j -stateVQs, we canrepresenj N7 items. MCVQ is alsoespeciallyappropriatefor
high-dimensionatlatain which mary valuesmaybe unspeci edfor a giveninput case.

2 Generative Model

In MCVQ we assumehereareK factors,eachof which is modeledby a vectorquantizer
with J states. To generatean obsened dataexampleof D dimensionsx 2 <P, we
stochasticallyselectonestatefor eachvVQ, andoneVQ for eachdimension.Giventhese
selectionsa singlestatefrom a singleVQ determineshevalueof eachdatadimensionx .
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Figure1: Graphicalmodelrepresentatiof MCVQ. We let ry4=1 represengll the vari-

ablesrg-1 ., which togetherselecta VQ for x;. Similarly, sq=1 representsll sy=1 ; ,

which togetherselecta stateof VQ 1. The platesdepictrepetitionsacrosshe appropriate
dimensiondor eachof thethreevariablestheK VQs,theJ stategcodebookvectors)per

VQ, andtheD inputdimensions.

The selectionsare representeds binary latentvariables,S = fsy;g;R = frgcg, for
d= L:D;k = 1K, andj = 1::J. Thevariables,; = 1if andonly if statej hasbeen
selectedrom VQ k. Similarly rq« = 1 whenVQ k hasbeenselectedor datadimension
d. Thesevariablescanbe describedequivalentlyasmultinomials,sk 2 1:::J;rq 2 1:2:K;
theirvaluesaredrawvn accordingo theirrespectie priors,ax andbg. Thegraphicaimodel
representationf MCVQ is givenin Fig.[1l

AssumingeachVQ statespeci esthemeanaswell asthe standardieviation of a Gaussian
distribution, andthe noisein the datadimensionss conditionallyindependentywe have
(where =f g, aj0):

Y
P(XjR;S; ) = N(Xd; dkjs dkj)
d kj

Theresultingmodelcanbethoughtof asatwo-dimensionaimixturemodel,in whichd K
possiblestatesexist for eachdatadimension(xq). Theselectionf statedor the different
datadimensionsarejoined alongthe J dimensionand occurindependenthalongthe K
dimension.

3 Learning and Inference

Thejoint distribution overthe obseredvectorx andthelatentvariabless
Y Y Y
P(x;R;Sj ) = P(Rj )P(Sj )P(X]R;S; ) = alj » N (xg; )% S
d;k Kij dikij
Givenaninput x, the posteriordistribution over the latentvariables P(R; Sjx; ), cannot
tractablybe computedsinceall thelatentvariablesbecomedependent.

We applya variationalEM algorithmto learnthe parameters, andinfer hiddenvariables
givenobsenations.We approximatehe posteriordistribution usingafactoredlistribution,
whereg andm arevariationalparameterselatedto r ands respectiely:

i Y I dk Y Skij
Q(R; Sjx; ) = Quk my;
d;k k;j
Thevariationalfr)e(eenegy,F(Q; ) = E?( logP(Xx;R;Sj )+>I<ogQ(R;ij; ) is:

F(Q: )= Eq rak log(gak=axj) +  Skj log(my; =hy;) + lakSkj l0gN (Xq; )
d:k k:j dikij



X X X
= Mg; logmy; +  Qak 109 Qak + Odk Mkj  dkj
k:j d:k diksj

)2 . . .
where g = log gk + (X"—zd:'fz‘—),andweha/eassumedmlformprlorsfortheselect|on

variables. The negative of the free enegy F is alower boundon the log likelihood
of generatingthe obsenations. The variational EM algorithm improves this bound by
iteratively improving F  with respecto Q (E-step)andto (M-step).

Let C bethesetof trainingcasesandQ°¢ betheapproximatiorto the posteriordistribution
over latentvariablesgiventhetraining case(obsenation)c 2 C. We furtherconstrainthis
variationalapproachforcing thef g§, g to be consistenticrossall obsenationsx €. Hence
theseparameterselatingto the gatingvariablesthatgovernthe selectionof a factorfor a
givenobsenationdimensionarenot dependenbn theobsenation. This approactencour
agesthemodelto learnrepresentationthatconformto this constraint.Thatis, if thereare
several posteriordistributionsconsistentvith an obsened datavector it favoursdistribu-
tions over f r4g that are consistenwith thoseof otherobsened datavectors. Underthis
formulation,only thef mﬁj g parameterareupdatediuringthe E stepfor eachobsenation
C X X X
my; = exp Ok akj = exp Ok K
d =1 d

The M stepupdatesthe parameters, and , from eachhiddenstatekj to eachinput
dimensiond, andthe gatingvariablesf gqx 0:

1 X 1 X
= ex — me S = ex — mf S
Odk p C Kj  dkj p C iod
cij =1 cij
x C (o4 X (o4 2 C C 2 C
dkj = Mg Xg = My dkj = my; (Xg dkj)T = My
C (o4 C C

A slightly differentmodelformulationrestrictstheselection®f VQs, f r 4« g, to bethesame
for eachtraining case.VariationalEM updatedor this modelareidenticalto thoseabove,

exceptthatthe & termsin theupdatedor gk disappearin practice we obtaingoodresults
by replacingthis é termwith aninversetemperaturgparameterthatis annealediuring

learning.This canbethoughtof asgraduallymoving from ageneratre modelin whichthe

rqk 'S canvary acrosexamplesto onein which they arethe samefor eachexample.

The inferredvaluesof the variationalparameterspecify a posteriordistribution over the
VQ stateswhich in turn implies a mixture ('\_t Gaussiandor eachinput dimension. Be-
low we usethe meanof this mixture,x’g =y mﬁj Odk dkj,» t0 measureghe model's
reconstructiorerroron casec.

4 Relatedmodels

MCVQ fallsinto the expandingclassof unsupervisealgorithmsknown asfactorial meth-
ods in which the aim of thelearningalgorithmis to discorer multiple independentauses,
or factors,thatcanwell characterizehe obsened data. Its directancestoiis Cooperatie
VectorQuantization[1, 2, 3], which modelseachdatavectorasa linear combinationof
VQ selections.Anotherpart-seekinglgorithm,non-neyative matrix factorization(NMF)
[4], utilizesanon-nayative linearcombinationof non-neative basisfunctions.MCVQ en-
tails anotheroundof competition,from amongsthe VQ selectiongatherthanthe linear
combinationof CVQ andNMF, which leadsto a division of inputdimensionsnto separate
causes.The contrastbetweentheseapproachesirrors the developmentof the competi-
tive mixture-of-expertsalgorithmwhich grew out of the inability of a cooperatie, linear
combinationof expertsto decomposénputsinto separablexperts.



MCVQ also resemblesa wide rangeof generatie modelsdevelopedto addressmage
segmentatior]5, 6, 7]. Thesearegenerallycomple, hierarchicaimodelsdesignedo focus
on a differentaspectof this problemthanthat of MCVQ: to dynamicallydecidewhich
pixels belongto which objects. The chief obstaclefacedby thesemodelsis the unknavn
pose (primarily limited to position) of an objectin animage,andthey employ learned
objectmodelsto nd thesingleobjectthatbestexplainseachpixel. MCVQ adoptsa more
constrainedolutionw.r.t. partlocations,assuminghattheseareconsistenficrossimages,
andinsteadfocuseson the assemblingof input dimensiongnto parts,andthe variety of
instantiationsof eachpart. The constraintsuilt into MCVQ limit its generality but also
leadto rapidlearningandinferenceandenableit to scaleup to high-dimensionatiata.

Finally, MCVQ alsocloselyrelatesto sparsematrix decompositionechniquessuchasthe
aspecimodel[8], alatentvariablemodelwhichassociateanunobseredclassvariable the
aspectz, with eachobsenation. Obsenationsconsistof co-occurrencetatistics suchas
countsof how oftena speci ¢ word occursin adocument.The latentDirichlet allocation
model [9] can be seenas a propergeneratie versionof the aspectmodel: eachdocu-
ment/inputvectoris notrepresentedsa setof labelsfor a particularvectorin thetraining
set,andthereis a naturalway to examinethe probability of someunseenvector MCVQ
sharegheability of thesemodelsto associatenultiple aspectsvith a givendocumentyet
it achievesthis by samplingfrom multiple aspectsn parallel, ratherthanrepeatedsam-
pling of anaspectwithin adocumentlt alsoimposeghe additionalselectionof anaspect
for eachinput dimensionwhich leadsto a soft decompositiorof thesedimensionshased
on their choiceof aspect.Below we presentsomeinitial experimentsexaminingwhether
MCVQ canmatchthe successfulpplicationof the aspectmodelto informationretrieval
andcollaboratve ltering problemsafterevaluatingit onimagedata.

5 Experimental Results

5.1 Parts-basedimage Decomposition: Shapesand Faces

The rst datasetisedto testour modelconsistecbf 11 11 gray-scalémagesaspictured
in Fig.[2a. Eachimagein the setcontainsthreeshapes:a box, a triangle, and a cross.
The horizontalpositionof eachshapes x ed, but the vertical positionis allowedto vary;,

uniformly andindependentlyof the positionsof the othershapes.A modelcontaining3

VQ@s, 5 stateseach,wastrainedon a setof 100 shapeimages.In this experiment,andall

experimentsreportedherein,annealingoroceededinearly from anintegerlessthanC to

1. Thelearnedrepresentatiomicturedin Fig.2b, clearly shavs the specializatiorof each
VQ to oneof theshapes.

Thetraining setwasselectedso that noneof the examplesdepictcasesn which all three
shapesrelocatednearthetop of theimage.Despitethis handicapMCVQ is ableto learn
the full rangeof shapepositions,andcanaccuratelyreconstrucsuchanimage(Fig.[2c).
In contraststandardinsupervisethethodssuchasVectorQuantizatiorn(Fig.[3a) andPrin-
cipal ComponenfAnalysis(Fig. 3b) produceholistic representationsf the data,in which
eachbasisvectortries to accountfor variation obsened acrossthe entire image. Non-
negative matrix factorizationdoesproducea parts-basedepresentatioiFig. 3c), but cap-
tureslessof thedatas structure.Unlike MCVQ, NMF doesnot grouprelatedparts,andits
generatie modeldoesnot limit thecombinationof partsto only producevalid images.

As an empiricalcomparisonwe testedthe reconstructiorerror of eachof the aforemen-
tionedmethodson anindependentestsetof 629 images. Sinceeachmethodhasone or
morefree parameterge.g. the# of principal componentsjve choseto relatemodelswith
similar descriptionlengthg. Usinga descriptionlengthof about5:9  10° bits, andpixel

We de ne descriptionlengthto be the numberof bits requiredto representhe model, plusthe
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Figure2: a)A sampleof 24 trainingimagesfrom the Shapesiatasetb) A typical repre-
sentationearnedby MCVQ with 3 VQs and5 statesperVQ. ¢) Reconstructiorof a test
image:original (left) andreconstructiorfright).
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d) Original VQ

Figure3: Othermethoddrainedon shapemages:a) VQ, b) PCA, andc) NMF. d) Recon-
structionof atestimageby the threemethodg(cf. Fig. 2c).

valuesrangingfrom -1 to 1, theaverager.m.s.reconstructiorerrorwas0.21for MCVQ (3
VQs), 0.22for PCA, 0.35for NMF, and0.49for VQ. Note thatthis metric may be useful
in determiningthe numberof VQs, e.g.,MCVQ with 6 VQs hadanerorof 0.6.

As amoreinterestingvisualapplicationwe trainedour modelonadatabasef faceimages
(www.ai.mit.edu/cbcl/projects). Theatasetconsistsof 19 19 gray-scaleimages,each
containinga singlefrontal or nearfrontalface.A modelof 6 VQs with 12 stateseachwas
trainedon 2000imagesyequiring15iterationsof EM to corverge. As with shapamages,
themodellearneda parts-basedepresentatioof thefaces.

Thereconstructiorof two testimagesalongwith the speci ¢ partsusedto generateach,
is illustratedin Fig. 4. It is interestingto notethatthe pixelscomprisinga singlepartneed
not be physicallyadjacent(e.g. the eyes)aslong astheir appearancearecorrelated.We
againcomparedhereconstructiorerrorof MCVQ with VQ, PCA,andNMF. Thetraining
andtestingsetscontainedl800and629imagegespectiely. Usingadescriptionengthof
1:5 10° bits,andpixel valuesrangingfrom -1 to 1, theaverage.m.s.reconstructiorerror

numberof bitsto encodeall thetestexamplesusingthe model. This metricbalanceshelargemodel
costand small encodingcostof VQ/MCVQ with the small model costandlarge encodingcostof
PCA/NMF



Figure4: Thereconstructiorof two testimagesrom the FacesdatasetBesideeachrecon-
structionarethe parts—themostactive statein eachof six VQs—usedo generatet. Each
partj 2 k is representedly its gatedprediction(gak my; ) for eachimagepixelii.

was0.12for PCA, 0.20for NMF, 0.23for MCVQ (both3 and6 VQs),and0.28for VQ.

5.2 Collaborative Filtering

Theapplicationof MCVQ to imagedataassumeshattheimagesarenormalizedj.e., that
the headis in a similar posein eachimage. Normalizationcanbe dif cult to achieve in
somemagecontets; however, in mary othertypesof applicationstheinputrepresentation
is morestable.For example,mary informationretrieval applicationsemploy bag-of-words
representationdn which a givenword alwaysoccupieghe samenput element.

WetestMCVQ onacollaboratve Itering task,utilizing theEachMwie datasetwherethe
inputvectorsareratingsby usersof movies,andagivenelementalwayscorrespondso the
samemovie. Theoriginal datasetontainsratings,on a scalefrom 1 to 6, of asetof 1649
movies,by 74,424users.In orderto reducethe sparsenessf the datasetsincemary users
ratedonly a few movies,we only includeduserswho ratedat least75 moviesandmovies
ratedby atleast126 userseaving a total of 1003moviesand5831users.Theremaining
datasetvasstill very sparseasthe maximumuserrated928 movies, andthe maximum
movie wasratedby 5401 users.We split the datarandomlyinto 4831 usersfor a training
set,and1000usersin atestset. We ran MCVQ with 8 VQs and6 statesper VQ on this
datasetAn exampleof theresults after 18 iterationsof EM, is shavn in Fig. 5.

Notethatin theMCVQ graphicalmodel(Fig. 1), all theobsenationdimensionsareleaves,
soaninputvariablewhosevalueis not speci edin a particularobsenationvectorwill not
play a role in inferenceor learning. This makesinferenceandlearningwith sparsedata
rapidandef cient.

We comparethe performanceof MCVQ on this dataseto the aspectmodel. We imple-
menteda versionof the aspecmodel,with 50 aspectandtruncatedsaussiansor ratings,
andused‘temperedeEM” (with smoothing)to t theparameters[(. For bothmodelswe
trainthemodelonthe 4831usersn thetrainingset,andthen,for eachtestuser we let the
modelobsene some x ednumberof ratingsandhold outtherest. We evaluatethe models
by measuringheabsolutelifferencebetweertheir predictionsfor a held-outratingandthe
userstruerating,averagedver all held-outratingsfor all testuserg(Fig. 6).



The Fugitive 5.8(6) Pulp Fiction 5.5(4) CinemaParadiso5.6 (6) The ShawshankRedemption5.5(5)

Terminator 25.7(5) The Godfather: Part Il 5.3(5) Touchof Evil 5.4(-) Taxi Driver 5.3(6)
Robocop5.4(5) The Silenceof the Lambs 5.2 (4) Rear Window 5.2 (6) DeadMan Walking 5.1(-)
Kazaaml.9(-) TheBradyBunchMovie 1.4 (1) JeandeFlorette2.1(3) Billy Madison3.2(-)
Rent-a-Kid1.9(-) Readyto Wearl.3(-) Lawrenceof Arabia2.0(3) Clerks3.0(4)
AmazingPandaAdventurel.7 (-) A Goofy Movie 0.8(1) SenseSensibility1.6 (-) ForrestGump2.7(2)

Bestof Wallace& Gromit 5.6(-) Tank Girl 5.5(6) Mediterraneo 5.3 (6) Sling Blade 5.4 (5)

The Wrong Trousers5.4 (6) Showgirls5.3(4) ThreeColors: Blue 4.9(5) OneFlew ... Cuckoo's Nest5.3(6)
A CloseShave5.3(5) Heidi Fleiss: Hollywood Madam5.2(5) Jeande Florette 4.9(6) Dr. Strangelove5.2 (5)
Robocop2.6 (2) Talking About Sex 2.4 (5) Javs3-D 2.2(-) TheBeverly Hillbillies 2.0(-)
Dangeroussround2.5(2) Barbarella2.0(4) RichieRich1.9(-) CanadiarBaconl1.9(4)
StreetFighter2.0(-) TheBig Greenl.8(2) GettingEvenWith Dad1.5(-) Mrs. Doubt re 1.7(-)

Figure5: The MCVQ representatiomf two testusersin the EachMorvie dataset.The 3
mostconspicuoushhigh-rated(bold) andlow-ratedmovies by the mostactive statesof 4
of the8 VQs areshawvn, whereconspicuousness thedeviation from themeanratingfor a
givenmovie. Eachstates predictions, g, canbecomparedo thetestuserstrueratings
(in parenthesesjhe model's predictionis a cornvex combinationof statepredictions.Note
theintuitive decompositiorof moviesinto separatd/Qs, andthatdifferentstateswithin a
VQ maypredictvery differentrating patterndor the samemaovies.
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5.3 TextClassi cation

MCVQ canalsobe usedfor informationretrieval from text documentsby employing the
bag-of-wordsrepresentationWe presentpreliminary resultson the NIPS corpus(avail-

ableat www.cs.toronto.edu/ meeis/data.tml), which consistsof thefull text of the NIPS

conferenceroceedingsyolumesl to 12. The datawaspre-processeth remove common
words(e.g. the), andthoseappearingn fewer than ve documentsresultingin a vocab-
ulary of 14,265words. For eachof the 1740papersn the corpus,we generated vector
containingthe numberof occurrencesf eachword in thevocahulary. Thesevectorswere
normalizedsothateachcontainedhe samenumberof words. A modelof 8 VQs, 8 states
eachwastrainedonthedata,corvergingafter15iterationsof EM. A sampleof theresults
is shavnin Fig. 7.

Whentrainedon text data,the valuesof f gq« g provide a sggmentationof the vocalulary
into subsetf wordswith correlatedfrequencies.Within a particularsubsetthe words
canbe positively correlatedjndicatingthatthey tendto appeaiin the samedocumentsor
negatively correlatedjndicatingthatthey seldomappeartogether

6 Conclusion

We have presentec novel methodfor learningfactoredrepresentationsf datawhich can
be ef ciently learned,andemployed acrossa wide variety of problemdomains. MCVQ
combinesthe cooperatie natureof somemethods,suchas CVQ, NMF, and LSA, that
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Figure 7: The representationf two documentdy an MCVQ modelwith 8 VQs and 8

stategerVQ. For eachdocumentve shaw the statesselectedor it from 4 VQs. Thebold

(plain) words for eachstateare thosemost conspicuousy their above (below) average
predictedrequeng.

usemultiple causego generatenput, with competitve aspectof clusteringmethods.In
addition, it gainscombinatorialpower by splitting the input into subsetsand canreadily
handlesparsehigh-dimensionatiata.Onedirectionof furtherresearchnvolvesextending
the applicationsdescribedabove, including applying MCVQ to otherdimensionsof the
NIPScorpussuchasauthorgo nd groupingsof authorshasednword-usefrequeng. An
importanttheoreticalirectionis to incorporateBayesiariearningfor selectinghenumber
andsizeof eachvQ.
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