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where
E : +j-2
. i+j
ajj = X
k=1

and xi, x3, ..., X,, are distinct with n < m — 1. Suppose A is singular and that ¢ # 0 is such
that ¢'Ac = 0. Show that the nth-degree polynomial whose coefficients are the coordinates of
¢ has more than n roots, and use this to establish a contradiction.]
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e 8.5

The previous section considered the problem of least squares approximation to fit a collec-
tion of data. The other approximation problem mentioned in the introduction concerns the
approximation of functions.

Suppose f € Cla, b] and that a polynomial P,(x) of degree at most »n is required that
will minimize the error

b
/ [F() = Po()? dx.

To determine a least squares approximating polynomial, that is, a polynomial to mini-
mize this expression, let

n
Pu(0) = anx" + ap-1x" '+t aix +ag = Y e,
k=0

and define, as shown in Figure 8.5,

b n 2
E(ap, ay,...,a,) = / (f(x) - Zakxk) dx.
a k=0
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The problem is to find real coefficients ag, @1, . .., n that will minimize E. A necessary:
condition for the numbers ag, 41, . - ., @y to minimize E is that

19-}-3— =0 foreachj=201....n

i

Since

b n b b n 2
E-_-/ [f(x)]zdx—ZZak/ xkf(x)dx-i-/ (Zakxk) dx,
a a a k=0

k=0

we have

) b U bk
—_— = —-2/ x’f(x)dx+2§:ak/ x!7* dx.
5“)’ a k=0 a

Hence to find P,(x) the (n + 1) linear normal equations
n b b )
(8.6) }:ak/ xitkdx = / x/ f(x)dx, foreachj=01,...,n
k=0 a a

must be solved for the (n + 1) unknowns a;. It can be shown that the normal
always have a unique solution provided f € Cla, b]. (See Exercise 15.)

EXAMPLE 1 Find the least squares approximating polynomial of degree two for the function
sin 7rx on the interval [0, 1]. The normal equations for Py(x) = ax® + ayx + ag

'y

1 1 1 1
aO/ 1dx+a1./ xdx+a2/ xzdx=] sin 7x dx,
0 0 0 0
1 1 I 1
a()/ xdx+a1/ xzdx+a2/ x3dx=/ x sin mx dx,
0 0 0 0

1 -l 1 1 ,
a()/ xzdx+a1‘/ x3dx+a2/ x“dx—"—/ x? sin mx dx. -
0 0 ()} 0

Performing the integration yields
1
5,

1 2 1 1
a0+-—a1+—a2=—1;, gyt za;t - =

11
2173 2T 3N Ty gt gat

1
T 3 4
These three equations in three unknowns can be solved to obtain

720

1202 =120 _ 050465 and @ =—a=—"——y

3

aO=
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Consequently, the least squares polynomial approximation of degree two for Jx) = sin mx
on [0, 1]is Py(x) = -4.1225152 + 4, 12251

— 0.050465. (See Figure 8.6.) =

Figure 8.6

f6x) = sin 7x

- Example 1 illustrates the

tion. An (n + 1) X (n 1

Po(x). The coefficients
bxf‘”‘dx L BIYERL ke
b -—-———-“..‘-!
; Jtk+1
alinear

r system that does not have an easily computed numerical solution,
linear system is known as a Hilbert matrix. This ill-conditioned matrix is
for:demonstratiﬂg roundoff error difficulties. (See Exercise 6 of Section 7.4.) Another
disadvantage is similar to the situation that occurred when the Lagrange po: '
first introduced in Section 3.1, The calculations that were performed in obtaining the best
nth-degree polynomial, P, (x), do not lessen the amount of work required to obtain P, , 1(%),
the polynomial of next higher degree. - ‘ Lo
A different technique to obtain least squares
This turns out to be computationially efficient,

determine P,+1(x). To facilitate the discussion,

The matrix in the
aclassic example

and once P,(x) is known, it is easy to
we need some new concepts.

++» $ukis saidito be linearly independent on [4, 5] if, whenever
Codo(x) + c1py(x)

The set of functions {gy, .

Tt ada®) =0, forallx g b},

cothemeg=cp=viimg =0, .
- Otherwise the set of functions is said to.be lin




