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Abstract
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A shock graph is a shape abstraction that decomposesa shape into hierarchically or-

ganizedprimitiv e parts [55]. In this thesis,we proposea novel shock graph computation

algorithm that yields stable graphsunder noiseand shape deformation due to viewpoint

changes. Next, we extend the indexing and matching framework for hierarchical struc-

tures introduced by Shokoufandehet al. [54], and apply it to the problem of matching

shock graphs representing views of 3-D objects. The indexing performanceis improved

by a vote accumulation algorithm that e±ciently solvesa multiple one-to-oneassignment

of votes. In turn, the matching algorithm is extendedby ensuringthe satisfaction of all

the hierarchical constraints encodedin the graphs. Weshow that the proposedintegrated

framework is e®ective in recognizingobject shapes and in estimating the poseof their

corresponding 3-D object models. We demonstrate the performanceof the framework

with a databaseof 2688object views.
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Chapter 1

In tro duction

One of the most interesting featuresof the human visual systemis its abilit y to quickly

recognizea stimulus from a large visual memory. What is truly remarkable is that this

e±cient mechanism works even with objects that are only partly similar to objects in

memory. This function of the brain is not fully understood, but somethingseemsto be

clear: the brain doesnot comparethe stimuli with all the objects in the memoryoneat a

time, and it abstracts the information soasto only match the most meaningful features.

In this thesis, we will present a framework for recognizingthree-dimensional(3-D)

objects without resorting to a linear search of all the models in the database| the

system'svisual memory. We will extend a framework for indexing and matching that

will allow us to map an abstraction of the hierarchical structure of parts of an object onto

a graph, and to utilize a low-dimensionalencoding of the graph's structure to quickly

prune the model database.

As an exampleof a decomposition of an object into parts, let us considerthe hierar-

chical relationshipsamongthe parts of the silhouette of a person'sbody: four relatively

long extremities (arms and legs) and a blob-like shape (the head) subordinated to a

trunk. In order to quickly discardnon-body like shapes,the idea is to only selectshapes

with body-like con¯guration of parts for further analysis. A hierarchy of parts can also

1



Chapter 1. Intr oduction 2

be driven by the level of detail that the part represents, e.g., the ¯ngers can be regarded

asthe details of a hand-like shape. In turn, dividing the information into parts can allow

us to determine whether a personwearing a hat is still similar to our abstraction of a

person'sbody by identifying the hat as an accessorypart of our model.

Represen ting Views of Ob jects

In order to de¯ne a 3-D object recognitionframework, we ¯rst needto decideon the most

convenient way of representing all the views in which the object models are likely to be

found. Previousresearch in this areahastakeneither a 3-D model-basedapproach, where

complete3-D models are stored in a model database,or a 2-D view-basedapproach, in

which all the expected 2-D model views are stored in the databasewithout explicitly

representing the 3-D structure of the objects.

It canbearguedthat theseapproachesare, in fact, complementary and that a general-

purposesystemwould require both methods combined. On one hand, 3-D model-based

approachesneedto search for the model and the geometricaltransformation of it that best

explains the image. The view-basedapproach is simpler and doesnot require the trans-

formation; however, the resulting databaseis larger, adding to search complexity. The

advantageof the model-basedapproach is that in addition to a compact,object-centered

model database,having completeinformation of the models supports the recognition of

unseenviews. This feature depends,however, on a 3-D model acquisition processthat

limits the applicability of the approach. On the other hand, view-basedmethods do

not require completedescriptionsof the models; furthermore, they provide a meansfor

dealingwith painted and textured objects, for which pixel intensity statistics can alsobe

considered.

A relatedproblemis the representation requiredto encodethe relevant object features

and their interrelations. A commonstrategy in both model-basedapproachesand view-

basedapproacheshasbeento decomposethe object's shape into a small number of (3-D
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or 2-D) primitiv es forming the building blocks of all possibleshapes. Unfortunately,

there is no generalagreement on what constitutes the primitiv e parts of all shapes,and

whether there is a unique and small set of parts suitable for all objects. Several view-

basedapproaches,such as [30, 29, 43], look for characteristic portions or patcheson the

object view. The characteristic patches can be those that contain corners,edges,etc.

However, this strategy is not su±cient to answer the more generalquestion of how to

generalizeobject properties, which might require the construction of a 3-D model of the

object.

Cho osing the Righ t Features

What object featuresshould we useto accomplish3-D object recognition? There is no

conciseanswer to this question in the literature to date, where the answer given will

depend on the kind of objects that we want to recognize,and on whether we want to

identify particular instancesof objects or any object belongingto a certain class. That

is, there are someobjects that have a well-de¯ned shape and set of parts, but there are

others that are best characterizedby their texture (water, trees), colour (fresh food vs.

rotten food), painted patterns (books, CD cases),or functionality (chairs, tables, cars).

In turn, we alsoneedto agreeon whether we want to recognize,say, our dog or any dog?

In this thesis, we will focus on objects that can be characterized by their shape.

Di®erent psychophysical experiments support the idea that a large number of objects

fall into this category. Pioneering work on this subject was conducted by Biederman

[5, 7], who surveysthe ¯eld in [6]. As an exampleof thesetypesof experiments, we can

considerthe work by Hayward et al. [26], in which the authors tested whether people

would ¯nd contour information usefulfor recognizinga givensetof unknownobjects from

novel viewpoints. They presented subjects with an initial stimulus of a shadedimage,

and then a secondstimulus of shadedimagesand silhouettesof the object. They found

that the recognition was faster for shadedimagesover silhouetteswhen the object was
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in the sameviewpoint, but that there wasno di®erencein recognitionperformancewhen

the object rotated relatively to the ¯rst. The results suggestthat shadinginformation is

not critical to identifying the objects under viewpoint changes.

Dealing with a Large Database of Ob jects

Regardlessof the featuresweuse,wealsoneedto addressthe problemof how to e±ciently

handlea potentially largedatabaseof object models. A commonapproach in the database

community to deal with the problem of large databasesis to createindicesthat sort the

data according to some property. Similarly, in the caseof shape matching, we can

decomposethe problem into an indexing stageand a matching stage. When indexing,

the number of objects in the databasethat might account for the query is reducedby

somecoarsefeatures; next, in the matching (or veri¯cation) stage, a greater number

of features in the query are matched to those of the models, yielding a set of feature

correspondencesand an overall similarit y measurefor each model.

1.1 View-based 3-D ob ject recognition using shape

information

In the present thesis, the aim is to develop a framework to e±ciently recognizea po-

tentially large number of objects over changesin viewpoint. To this end, we will use

shock graphsasour shape representation, whosetopology will form the indexing feature

used to prune the model database. A shock graph is a shape abstraction that decom-

posesa shape into a set of hierarchically organizedprimitiv e parts [55]. We will propose

a novel shock graph computation algorithm that yields stable graphs under noise and

shape deformation due to viewpoint changes.This topological stabilit y of the represen-

tation will allow us to combine shock graphswith an indexing and matching framework

for hierarchical structures originally introduced by Shokoufandeh et al. in [54]. The
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Figure 1.1: The viewsof 3-D objects are abstractedasgraphsof hierarchically organized

primitiv e parts. In our experiments, each of the views in the model databaseis pulled

out from the databaseand usedas the query. The topology of the query graph is used

to quickly prune the databaseby selectingonly a few candidatesfor veri¯cation. Next,

the matcher computesthe similarit y betweenthe query and each of the candidates,and

sorts them accordingly. The best ranked candidate is consideredto be the most similar

view to the query amongthose in the database.

performanceof the indexing component of the framework will be improved primarily by

an e±cient vote accumulation algorithm that ¯nds an optimal solution to the problem

of multiple one-to-oneassignment of votes by using ¯xed-size bu®ersbounded by the

number of nodes in the query graph. We will next extend the matching algorithm by

ensuringthe satisfaction of all the hierarchical constraints embeddedin the graphsand

by propagating the information contained in intermediate matching results. An outline

of the interaction of all thesecomponents is depicted in Figure 1.1. Finally, it will be

shown that this framework is e®ective in recognizingobject shapesand in estimating the

poseof their corresponding 3-D object models. We will demonstratethe performanceof

the framework with a databaseof 21 objects and 128views per object, giving a total of

2688object views.
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Qualitativ e shape information reducesthe number of views per object that needto

be stored, and provides °exibilit y to accomplishgenericobject recognition. However,

using shape information only may not be suitable for various domains in which shape

information is di±cult to obtain or is not distinctive (see[32] for a discussionon the

selectionof good featuresfor a givencontext). For this reason,wewill not only explorethe

solution of using 2-D shape silhouettesfor 3-D object recognition, but will alsoevaluate

and extend an indexing and matching framework that providesa generalmethod to deal

with other hierarchical representations basedon featuresthat may be more appropriate

for a given domain.

1.2 Related Work

The conceptsregarding each of the components of the thesis, namely the shape repre-

sentation, the indexing strategy, and the matching algorithm are, to a certain extent,

independent from each other. Thus, we prefer to include related work sectionsin the

chapterswhereeach of the components are introduced. Nevertheless,there is somework

related to the thesisas a whole. Several authors have looked at the problem of indexing

and matching a large number of 2-D views of 3-D objects using shape information.

In [4], Beis and Lowe perform 3-D object recognition from shape information using

straight edgesasthe shape primitiv es,and group them together accordingto collinearity

and parallelismcriteria. The anglesand length ratios from thesegroupsare usedto form

feature vectors,which are indexed from a point databaseusing K-D-trees | a nearest-

neighbour search technique. The nearestneighbours to the query vector are weighted

accordingto probability distributions learnedin a training stage,and areusedto generate

hypotheses.The modelsthat receive the most votesareveri¯ed usinga method for ¯tting

parameterized3-D models,described in [22].

Similar to the approach followedin this thesis,Sebastianet al. [50] useshock graphsto
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represent 2-D shape silhouettessampledfrom the object's viewing sphere.The authors,

however, proposea hierarchical partitioning of the database,in which shapesaregrouped

into categories.A small number of exemplarsfrom each categoryare chosento represent

the grouping, thus forming a databaseof prototypesusedto index into the larger model

database. A problem with this approach is that it is not always possibleto ¯nd shape

clusters large-enoughto signi¯cantly reducethe sizeof the database. In addition, each

match at the prototype level implies a linear search amongthe shapesbelongingto that

category, which should be as small as possible.

In recent work, Cyr and Kimia [14] explorethe problem of how to partition the view

sphereof a 3-D object using a collection of shock graphs. However, they do not address

the shock graph indexing problem, and resort instead to a linear search of all views in

the databasein order to recognizean object.

1.3 Overview

We present a framework for view-based3-D object recognition in which a query imageis

represented as a shock graph, a directed acyclic graph (DAG) encoding the hierarchical

decomposition of a 2-D shape silhouette into primitiv e parts. Such primitiv esarisefrom

a labelling of the singularities along the medial axis of the shape [8]. Shock graphsare

presented in detail in Chapter 2, along with a novel algorithm to compute them that

improves the topological stabilit y of the graphs under small deformation of the shape

boundary due to noiseor viewpoint changes.

Given a databaseof shock graphsrepresenting viewsof 3-D objects, the shock-graph

indexingproblemwill beformulated asthe selectionof a smallnumber of candidateobject

views from the databasethat might account for the query. Chapter 3 reviews related

work on graph indexingand introducesthe indexingstrategy, proposedin [52], identifying

its limitations and exploring a number of extensionsto overcomethem. In particular, an
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e±cient vote accumulation algorithm is developed in order to ¯nd an optimal solution to

the problem of multiple one-to-oneassignment of votes.

In the veri¯cation step, each of the candidateshock graphsis matched to the query,

yielding a similarit y measurethat is usedto rank the candidates.The matching problem

is posedas a best assignment problem, in which the node correspondencesmust satisfy

a set of constraints. For the particular caseof hierarchical structures, we search for the

set of node correspondencesthat maximizesthe shape similarit y and also preserves all

hierarchical constraints. Chapter 4 discussesthe matching algorithm, introducedin [52],

and proposesa number of extensionsto this algorithm to guarantee that no hierarchical

constraint is violated and to avoid other typesof incorrect node correspondences.

In Chapters3 and4, a speciale®ortis madeto present the contributions independently

of shock graphs, in order to enhancetheir applicability to other domains. Chapter 5,

in contrast, brings together the di®erent parts of the thesisand evaluatesthe approach,

as a whole, for the speci¯c task of view-based3-D object recognition. To evaluate the

framework, a number of experiments are carried out on large databasesof object views

by systematically pulling out views from the database,and using them as the query. In

addition, we repeat the sameexperiments, varying the sampling resolution of the views

and the degreeof missingdata in the query.

Finally, Chapter 6 reviewsthe results and outlines the directions for future research.

A number of ideas will be consideredon improving the discriminatory power of the

indexing mechanism, and on view clustering to further reducethe number of views per

object that needto be stored in the model database.

1.4 Summary

Weproposea framework in which the silhouettesof 2-D object viewsaredecomposedinto

hierarchical relationshipsamongprimitiv es. Theseprimitiv esand their relationshipsare



Chapter 1. Intr oduction 9

represented asDAGs and usedfor indexing and matching. The generalindexing strategy

relies on a hierarchical shape description from which a stable structure under visual

transformationscanbeextracted. Topologicalindicesareformedfor each graphby a low-

dimensionalencoding of its structure that allows us to only retrieve topologically similar

graphs from the model database. In the veri¯cation step, a matching algorithm uses

theseindices, coupledwith a domain-dependent node similarit y function, to determine

node correspondencesand rank-order the candidates.



Chapter 2

Shape Skeletons and Shock Graphs

2.1 In tro duction

In this chapter, wewill brie°y reviewBlum's shapeskeleton,alongwith recent algorithms

to computethem which are lesssensitive to noise. Next, we will discussthe shock graph,

a shape abstraction that groups skeleton points according to the local variation of a

radius function. Such a grouping will provide a decomposition of a skeleton into parts,

whoseinterrelation will conform to a well-de¯ned grammar. Finally, we will proposea

shock graph computation algorithm and a node similarit y function that will satisfy a set

of stabilit y criteria.

2.2 The Medial Axis Transform

The skeleton of a shape aims to capture the shape's part structure. One of the ¯rst

formal de¯nitions of the skeleton is that of Blum [8], who de¯ned the medial axis of a

shape as the locusof center points of all the maximal circlescontained within the shape

boundary. Blum called the shape's skeleton the \Medial Axis Transform" (MAT), an

exampleof which is shown in Figure 2.1.

Blum also gave an alternate de¯nition in terms of a grass¯re front that has become

10
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Figure 2.1: Skeleton of a 3-D object's view.

very popular. The idea is to imagine that the shape is uniformly covered with grass

and that ¯re is set simultaneously to all boundary points. The ¯re front will start

propagating toward the center and will extinguish whenmeetingan opposingfront. The

collision points of the fronts form the medial axis of the shape. The distance of any

skeleton point to its closestboundary points de¯nes the time of formation of the points,

and it corresponds to the radius of the maximal inscribed circle.

In order to reconstruct the original shape from the skeleton points, we need the

information provided by the radius function, R(s), so as to map every skeleton point,

s, to the radius of the maximal inscribed circle centred at s. The original shape can be

reconstructedby the union of all disks of radius R(s) centred at s1.

The ¯rst algorithms that wereproposedto computethe MAT havegreat di±culties in

the discretedomain of images,and tend to createskeletonsthat are extremely sensitive

to noise and to small deformations along the shape boundary. In order to robustly

computethe MAT, a number of researchers,including Blum himself,proposeda variety of

solutions. Thus, we can ¯nd Blum's GeneralizedMAT [8], which considersonly skeleton

points whoseradius function is greaterthan somer . A number of other approachesbased

on branch pruning and multiscale skeletonswerealsoproposed[21, 45, 44], most of them

suggestinga rather ad-hoc solution to the problem.

1Note that s can be de¯ned as a function of the Euclidean coordinates x and y in the plane.
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In [34], Kimia et al. noticed that the MAT is a special caseof a well-studied curve

evolution equation from singularity theory, in which the entropy-satisfying singularities,

or shocks2, correspond to the skeleton points. More formally, the evolution in time of a

curve or wave front, C, can be described by the following partial di®erential equation:

@C
@t

= F N ; (2.1)

whereN is the unit inward normal at each point s at time t, i.e., N (s; t), and F = F (s)

is the speed of the front at each point. When F > 0 is a constant, and the curve at

time zero,C(s;0), is set to the initial boundary of the shape, the singular points of the

equation correspond to that of Blum's skeleton3.

This result gave rise to several skeletonization algorithms based on detecting the

singular points of Equation 2.1. Several of these new approaches rely on a threshold

to determine whether a given point is singular or not [40, 1, 38, 23]. It turns out that

there seemsto be no such threshold that will ensurea one-pixel-thin connectedskeleton

for which the union of maximal disks will exactly reconstruct the original shape. In

[15], Dimitro v et al. solve this problem by setting a conservative threshold, and then

applying a thinning algorithm that simultaneouslypreservesthe shock connectivity and

its homotopicity with the original shape. The latter algorithm succeedsin coping with

small noise along the shape boundary. All the shape skeletons for the ¯gures in this

chapter have beencomputedwith this algorithm.

2A shock, or shock point, is the usual term that refers to a skeleton point when the algorithm used
to compute the skeleton is basedon Equation 2.1. Nonetheless,it is harmlessto considerthis term as a
synonym of skeleton point. Other terms that have becomesynonyms are: MAT, (Blum's) skeleton, and
grass¯re transform, and also time of formation as referring to the value of a shock's radius function.

3In singularity theory, F is set as a function of the curvature at each boundary point: F = (1 + ®· ),
where ® ¸ 0 is a regularizing parameter and · is the curvature. Hence,for ® = 0 we obtain the MAT of
the shape [34].
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2.3 Represen ting Shapes

The skeleton is a transformation of the shape that highlights the symmetries of the

boundary. Hence,it doesnot provide an abstraction of the shape, but instead, it can be

usedto facilitate the task of computing such an abstraction. There are a large number

of shape representations that do not require computing the shape skeleton. The main

argument to perform this transformation is that the skeletonsimpli¯es the decomposition

of a shape into parts which, in turn, provides a meansfor dealing with partial occlusion

and articulation of parts. For our particular task, we are interestedin hierarchical repre-

sentations that satisfy Marr's stabilit y requirement [41]: local changesto the shape must

result in local di®erencesin the representation. Our goal will then be to usethe stabilit y

of the representation and its hierarchy of elements to e±ciently index and match shapes.

To this end, we will next study the shock graph: a directed acyclic graph representing

the decomposition of a skeleton into primitiv e parts.

2.3.1 Shock Graphs

Inspired by Blum's original idea of using directed graphs to de¯ne equivalenceclasses

of shapes,Siddiqi and Kimia de¯ned the conceptof a shock graph [55]. A shock graph

is an abstraction of the skeleton of a shape onto a directed acyclic graph (DAG). The

skeleton points are ¯rst labelled according to the local variation of the radius function

at each point. Type 1 shocks form a segment of skeleton points, in which the radius

function variesmonotonically, as is the casefor a protrusion. A type 2 arisesat a neck,

and is immediately followed by two type-1 branches °owing away from it in opposite

directions. Type 3 shocks belong to an interval of skeleton points, in which the radius

function is constant. Finally, a type 4 ariseswhen the radius function achievesa strict

local maximum. That is, the boundary collapsesto a singlepoint. An exampleis shown

in Figure 2.2. Next, we will provide a formal de¯nition of a shock graph basedon that
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in [56].

The construction of the graph can be divided into three steps,each of which requires

a de¯nition. To this end, we will considerthe set of skeletonpoints S to be a continuous

and connectedset of the medial axis points of a closedcurve, as de¯ned by Blum [8].

Two points in a set are said to be connectedi® they can be joined by a continuouspath

of points also in the set. In order to present the de¯nitions basedon a continuousset of

skeletonpoints, asit wasoriginally donein [56], we needto translate the conceptof point

adjacencyfrom the discretedomain to the continuous domain. To this end, let N (s; ²)

be the set of shocks in S n f sg within distance² from s, and let N (s) be the set of the

largestconnected setsof points in Snf sg. That is, respectively, the set of skeletonpoints

that do not include s, and the set of connectedcomponents originated by removing s

from the skeleton.

First, we will de¯ne the labelling of each point in a skeletonbranch accordingto its

time of formation. A skeleton branch is formed by all the connectedmedial axis points

betweentwo endpoints. An endpoint is a skeleton point s s.t. jN (s)j 6= 2, i.e., terminal

points and junction points4. Next, we will determinehow the labelled points in a given

branch are to be grouped accordingto their labels and connectivity, so that each group

of same-label connectedpoints will be stored in a graph node. One skeleton branch will

give rise to one or more nodes. Finally, we will specify how to add edgesbetween the

nodessoasto producea directed acyclicgraph with edgesdirected accordingto the time

of formation of the shock points in each node.

De¯nition 1 (lab elling) Let R(s) be the radius function R : S 7! R+ , and l(s) be a

shock labelling function l : S 7! f 1; 2; 3; 4g, whereS is the set of continuous medial axis

points (i.e., shocks) of shape X . Then l(s) for s 2 S is de¯ned as:

4Junction (or bifurcation) points are consideredto belong to all the branchesthey are connectedto,
and so repetition of junction points will be allowed in the shock graph nodes.
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Type 1 shocks Type 2 shock

Type 4 shockType 3 shocks

Figure 2.2: Skeleton points labelled accordingto time of formation.

l(s) =

8
>>>>>><

>>>>>>:

4 if 9² > 0 s.t. R(s) > R(s0) 8s0 2 N (s; ²);

3 if 9² > 0 s.t. R(s) = R(s0) 8s0 2 N (s; ²) 6= ; ;

2 if 9² > 0 s.t. R(s) < R(s0) 8s0 2 N (s; ²) and N (s; ²) 6= ;

and N (s; ²) is not connected;

1 otherwise:

(2.2)

Alternativ ely, this de¯nition can be regarded as specifying how to label the skeleton

points according to their velocity dR=ds, and their accelerationd2R=ds2. To label a

skeleton point, s, we only need to look at the signs of its instantaneous velocity and

accelerationso as to determine whether R(s) is: monotonically increasing/decreasing

(type 1), a strict local minimum (type 2), constant (type 3), or a strict local maximum

(type 4).

De¯nition 2 (grouping) Let B1 : : : Bn be the largest groupsof connected shocks in S

s.t. 8s;s0 2 B i ; l (s) = l(s0) and 8s 2 B i , either jN (s)j · 2 or if jN (s)j > 2, then s must

be a terminal point of B i (i.e., B i n f sg is connected),for 1 · i · n. Let the group's

label, l(B i ), be the label of the shocks in B i , and similarly, let the time of formation of

the group, t(B i ), be the interval [min
s

(R(s)); max
s

(R(s))] de¯ned by the time of formation

R(s) of all s 2 B i .
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In other words, the shock groupsare skeleton segments in which all the shocks have the

samelabel and belong to the samebranch. Moreover, note that each bifurcation point

will belong to more than one group if the point's label is the samethan those of the

groupsof points meetingat the bifurcation.

De¯nition 3 (Sho ck Graph) The shock graph of a 2-D shape is a labelledgraph G =

(V; E; ° ) such that:

vertices V = f 0; : : : ; ng, corresponding to the groupsB1 : : : Bn , and 0 denoting a root
node;

edges (i; j ) 2 E µ V £ V directed from vertex i to vertex j if and only if i 6= j , and i 6= 0
^ t(B i ) ¸ t(B j )5 ^ B i [ B j is a connectedsetof shocks, or i = 0 ^ 8k 6= 0 (k; j ) =2 E;

lab els ° : V 7! f # ; 1; 2; 3; 4g s.t. ° (i ) = # if i = 0 and ° = l(B i ) otherwise.

From the above de¯nition, it can be seenthat the shock branches act as the shape's

primitiv e parts which, in turn, are represented as nodes in the graph. The edgesare

directed accordingto the relative time of formation of each part such that the last shocks

to form are at the top of the hierarchy of dependencies.Thus, the central parts of the

shape will be at the top, and the smaller shape extremities will be further down in the

hierarchy.

2.3.2 The Shock Graph Grammar

One of the most appealing characteristics of shock graphs is that any shock graph can

be described by a grammar composedof an alphabet of ¯v e symbols: f # (the start

symbol), 1, 2, 3, 4, © (the terminal symbol)g, and ten rewrite rules: seeFigure 2.3.

The grammar constrains the possiblearrangement of primitiv e parts that form shapes

5The binary relation ¸ for the intervals t(B ) can be de¯ned in di®erent ways. In this thesis, we
de¯ne it as t(B i ) ¸ t(B j ) , (max

s
(Ri (s)) > max

s
(Rj (s))) _ (max

s
(Ri (s)) = max

s
(Rj (s)) ^ min

s
(Ri (s)) ¸

min
s

(Rj (s))).
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Figure 2.3: The Shock Graph Grammar. Pleaserefer to [56] for details.

and, furthermore, it allows for the identi¯cation of semantic equivalencesamongparts.

The rows in 2.3 group the sequenceof symbols that are semantically equivalent into four

types: birth, protrusion, union, and death.

2.3.3 Limitations and Possible Solutions

The labelling of skeleton points or shocks is invariant to translation and rotation of the

shape. In addition, sincethe labelling is locally determined, it is stable under uniform

scalingand within-classpart deformation. However, wecannoticesomelimitations of the

representation whenconsideringskeletonscomputedfrom discreteimages.On onehand,

scaleandviewpoint changesoften originatenewbranchesin a skeletondueto smalldetails

on the boundary that werenot identi¯ed at a lower scaleor that werenot visible from a

di®erent viewpoint. Thesenew branchescan a®ect,to a certain extent, the structure a

shock graph. On the other hand, the shock labels depend on the pairwise di®erenceof
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Figure 2.4: Skeletonsand their shock graphs. Skeletonsegments and their corresponding

nodesarelabelledwith the sameID. The displayedattributes of each nodeareID:LABEL.

(a) A simple shape. (b) A new part is addedand linked by a ligature segment (yellow).

(c) A third component is added;segment 5 acts as a neck in the new context.

the radius function at adjacent shocks (seeEq. 2.2), which requires,in practice, to de¯ne

somethreshold to increasethe toleranceto di®erencesin radii. For example,we could

rede¯ne the equality condition for type 3 in Equation 2.2 as,R(s) = R(s0) § ¿. However,

the choiceof ¿ dependson the scaleand so,to output the sameresultsat di®erent scales,

¿ must be de¯ned as a function of the relative scaleof the given skeleton segment. We

will comeback to the later limitation in Section2.5.1, in which we will proposea robust

method for labelling the skeleton points that will alsoaccommodate small di®erencesin

scale.

Another sourceof instabilit y in shock graphshas beenstudied by August et al. [2].

They have shown that concave cornersin the shape boundary produceskeletonsegments
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whereall the points are related only to the corner points at the boundary. Thus, small

changesin the positionsof thesecornerpoints will causerather big changesin the ligature

segments, which will ultimately give rise to di®erencesin the corresponding shock graph

(seeFig. 2.4). In [2], the authors proposeto eliminate the nodes in the shock graphs

causedby ligature segments and show how this simple strategy producesmore stable

graphs.

Finally, on a rather implementation-related aspect, we can notice that the shock

labelling function, 2.2, de¯nes type 2 and type 4 nodes as single points. Thus, small

noiseor small variations in shape canturn thesenodesinto a type 3. Such label variation

is, in fact, captured in the grammar, which speci¯es that a type 3 acting as a neck is

semantically equivalent to a type 2 (Rule 6), and a type 3 in a birth processis equivalent

to a type 4 (Rule 1). This problem can be solved by either labelling type 3 nodesas 2

or 4 accordingto their local context, or by factoring in the local context of a node into

the node similarit y function (next section).

2.4 No de Similarit y Functions for Shock Graphs

Shock graphsde¯ne meaningfulequivalenceclassesfor shapes: two shapesabstractedby

the samegraph are expected to be perceptually similar at a coarselevel. This property

will allow us to index a model databaseto recover a set of candidatemodelswith similar

shock graphs. The next stepwill then be to verify each of thesecandidatesby evaluating

the information that we have ignored in the abstraction. With this goal in mind, a list

of attribute vectors is associated with every point s in every node in the graph. Such

vectorsare4-tuples(x; y; t; ®) representing the attributes of each shock point in the node:

Euclideancoordinates(x; y), time of formation t, and direction ®. The setof attributes of

each node are usedto de¯ne a local measureof similarit y betweentwo nodesin di®erent

graphs.
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Several authors have proposeddi®erent de¯nitions of node similarit y functions for

shock graphs. For instance,Pelillo et al. [46] computea weighted sumof each of the four

components of all the attribute vectorsin a given node. The terms in such a summation

correspond to the length di®erenceand the averagedi®erencein: radius, velocity and

direction. Sincethe two segments being comparedare likely to di®er in the number of

shocks, the m shocks in the longestsegment are mapped to the n shocks in the other by

»(i ) = din
m e. Clearly, such a mappingof shocksmay not bethe onethat bestrepresents the

similarit y of the segments. In contrast, Klein et al. [35] proposea dynamic programming

algorithm to ¯nd the bestmapping that will maximizea comparablesimilarit y function6.

In [56], Siddiqi et al. suggesta di®erent approach to the problem. The idea is to choose

¯v e equidistant points in each segment and then compute the a±ne transformation that

best aligns the 4-D curves. The overall dissimilarity betweenboth curves is considered

to be the Hausdor®distanceamongall the 4-D points in the aligned curves.

To the best of our knowledge, there has not been a formal comparisonamong the

above similarit y functions. A brief examination of them, however, will reveal that ¯nd-

ing the best mapping amongall the points in the curvesmay provide the best solution as

long as scaling transformations can be ignored. Unfortunately, this algorithm has time

complexity O(jG1j2 jG2j diameter(G1) depth(G2)2), and so the simple approximation of

Pelillo et al. may be a better choice for certain applications. When scaling transforma-

tions are to be accounted for, noneof the ¯rst two will do, and thereforecomputing the

best alignment of the 4-D curvesbecomesa reasonablealternative.

2.5 Computing Stable Shock Graphs

Recall the de¯nition of shock graph labelling introduced by Siddiqi et al. [56] that

is presented in Section 2.3.1. In the de¯nition, the shock labels are determined by the

6More precisely, they de¯ne a measureof dissimilarit y, or cost, in which the attributes' di®erences
are not, in fact, averagedor weighted.
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radius function at each point's local neighbourhood. Unfortunately, in the caseof discrete

skeletons,the location of shock points is very sensitive to the accuracywith which both

the radii and centers of the locus of the maximal inscribed circles can be computed.

Clearly, perturbations to the shape's boundary will a®ect the exact pixel location of

the shock, regardlessof the algorithm usedto compute the skeleton. Furthermore, the

skeletonization algorithms proposed to date also su®er from instabilities, due to the

discrete nature of images. In [15], for instance, Dimitro v et al. propose a dynamic

programmingalgorithm to ¯nd the locationsof skeletonpoints in neighbourhoodsde¯ned

by the singular values of equation 2.1. This method guarantees a connectedskeleton,

but cannot avoid small °uctuations in the locations of the shock points within each

neighbourhood.

2.5.1 Robust Lab elling

Our problem is to ¯nd a labelling of the skeleton points that is robust to small pertur-

bation of the boundary and to noise in the location of the points. A ¯rst attempt to

ameliorate these problems would be to smooth the radius function by someweighted

averageof each point's neighbourhood. Unfortunately, this solution will not eliminate

the problem completelyand at the sametime, will introducenew artifacts that will lead

to a new sourceof instabilities.

We proposeinstead a model selectionapproach to the problem, which can naturally

accommodate the instabilities of the radius function. Our method consistsof ¯nding

a small number of line segments to approximate the radius function for each skeleton

branch. Before we develop the algorithm, recall that we can think of the labelling as a

function of the instantaneousvelocity, dR=ds, and acceleration,d2R=ds2, at each point.

Thus, in order to computethe derivativesof R(s), we would ¯rst needto apply a smooth-

ing ¯lter to the data to obtain a di®erentiable function. However, the signsof the deriva-

tiv esarehighly sensitive to noisein the data, and sowe will follow an alternate approach.
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We will approximate the data with line segments, whoseslopeswill give us the velocities

of the points that they model. The line slopeswill allow us to label segments of points

as either type 1 or type 3 shocks. Next, by consideringthe shock graph grammar, we

will infer the type 2 and type 4 points in a robust fashion.

Fitting the data with line segments instead of using segments of a higher-degree

polynomial may seemto be,at ¯rst, very limiting sinceit is easyto imagine,for example,a

shapepart for which its radiusfunction will bebestapproximated by a quadratic function.

It is rare, however, to encounter a piece of a skeleton branch whose radius function

requires higher degreepolynomial segments to accurately ¯t it using fewer segments.

In our experiments, we have observed that most radius functions have piecewiselinear

behaviour and only a few have segments with quadratic behaviour. Hence,in principle,

by using line segments to approximate a radius function, we will be forced to useextra

segments when the radii of the skeleton points changequadratically. Fortunately, this

will turn out not to be a problem for our goal of labelling the points.

We will assumethat all the data points modelled by a particular line segment have

equalvelocity, which is givenby the slopeof the line. Thus, the labelling problemreduces

to examiningwhether the segment's slope is zero,positive, or negative. Sincewe areonly

concernedwith the sign changeof the velocity, it should be clear that we do not needto

capture the exact shape of R(s). Rather, an approximation of R(s) by a number of line

segments will su±ce. The ¯rst step in the construction of shock graphsis then to group

adjacent skeleton points with equal sign or zero slope into a graph node, and label the

node as type 1 or type 3, respectively.

Mo del Selection

Our model selectionproblem is de¯ned as¯nding a small number of line segments (com-

ponents) that bestdescribesthe radius function for a givenskeletonbranch. To illustrate

the problem, considerthe plots of the radius function for the torso and neck of the boxer
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in Figure 2.5. The ¯rst task is to ¯nd the number of line segments that we need,along

with their parameters.We will alsorequire thesemodel parametersto be independent of

rigid transformations of the shape, which may causethe radius function to be mirrored.

One of the main di±culties of the ¯tting is dealing with points at in°ection locations,

where the ambiguity in the line segment ownership is more pronounced. The method

that we will proposenext will ¯nd a robust solution to this problem.

We will now turn to the discretedomain of images,and will assumethat the skeleton

S is a discrete and connectedset of points in N2, with the local neighbourhood of a

discretepoint taken to be the 8-neighbourhood. We are interestedin approximating the

radii of skeletonpoints asa function of the cumulative piecewiselinear distance,di , along

a given skeletonbranch with endpoints s0 and sn , wheresi = [x i ; yi ], for 0 · i · n. This

distanceis given by di =
P i ¡ 1

k=0 jj sk+1 ¡ sk jj 2, and the radius R̂(di ) of the shock point si

at distancedi from s0 is equal to R(si ).

The error of a given line segment ¯t is computed by its least-squareserror. In our

case,we do not expect outliers to occur and soan unweighted least-squaresmethod will

provide a good approximation. To compute the n + 1 indices of endpoints for n line

segments that minimise the ¯tting error, we de¯ne the following function:

Ê (n; i; k) =

8
>><

>>:

LSF(i; k) if n = 1;

min
i<j <k

n
Ê(bn=2c; i; j ) + Ê (dn=2e; j ; k)

o
otherwise;

(2.3)

where LSF(i; k) is the line and its associated error that best ¯ts, in the least-squares

sense,the data betweenendpoints indexed by i and k, i.e., LSF(i; k) = e(m ik ; bik ), for

e(m; b) =
P k

j = i (R(dj ) ¡ (mdj + b))2 and (mik ; bik ) = argmin
m;b2 R

f e(m; b)g. In turn, Ê (n; i; k)

is the minimum error that can be achieved when ¯tting points i to k with n segments.

Note that the segments are constrainedto be continuouson s but not on R(s).

This function is easyto implement by dynamic programming or memoization tech-

niques,soasto avoid computing the samecasesmorethan once. Then, we cane±ciently

¯nd the smallestvalueof n whoseminimum error is smallerthan a given threshold. That
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is, we start with n = 1, and increment n by one until the minimum error of ¯tting the

function with n segments is lessthan a threshold ¿e. This threshold is set so as to con-

sidersmall variation in wide and short branchesto be lesssigni¯cant than that for narrow

and long ones. In other words, if we set ¿e as a function of the number of points in the

(connected)branch, we can capture the perceptualsigni¯canceof the error7.

The choiceof endpoints for the ¯tting segments is sensitive to small variation of the

shape's boundary, which can causethe endpoints to °uctuate slightly. However, we will

seethat the labelling of points will not be a®ectedby the exact choiceof endpoints, since

a di®erent selectionof endpoints is not expected to a®ectthe slopesof the segments to

a large extent so as to changethe qualitativ e labelling of the segment.

Figure 2.5 illustrates the results of the above model selectionalgorithm for di®erent

branches of the boxer's skeleton. The algorithm naturally avoids small regions that

could be labelledaschangesin direction of velocity, but that are, in fact, causedby small

perturbations to the boundary or by noise from the skeleton computation. Consider,

for example,the challengeof labelling the points of branches12 and 15. Both branches

have very unstable values that do not correspond to meaningful events on the shape

boundary. In both cases,the line segments found provide a good representation of the

radius function and more importantly, of the contours they encode.

Grouping

Now that we have a small number of line segments that approximate each skeleton

branch's radius function, the labelling and grouping of shock points into graph nodes

becomeseasy. Points modelled by adjacent segments with equal slope sign are grouped

together in a graph node. The overall algorithm to construct a robust shock graph from

7In our experiments, we set this threshold to be 1=2 of the number of shock points in the branch.
Note that the number of points in a connectedskeleton is proportional to the scaleof the shape, and
so this method can accommodate small changesin scale. The precise value for the threshold is not
signi¯cant, provided that it causesthe desirede®ectand is consistent acrossall models.
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the skeleton of a shape can be stated as follows:

1. Given a set of points f si g 2 N2, and a radius function R(si ), with f si g thinned to

form a one-pixel-thin connectedskeleton. Compute the 2-connectedbranches.

2. Model the skeleton radius function of each branch with a small number of line

segments, as discussedin Section2.5.1.

3. Group shock points into graph nodes,and label them as either zerovelocity (type

3), or positive/negative velocity (type 1), asspeci¯ed in Section2.5.1. Add an edge

betweenany two nodeswhoseendpoints are adjacent in the skeleton (the direction

of the edgeis not important at this point).

4. For all junctions in which all the nodesmeetingat the junction are type 1 and have

equal velocity sign w.r.t. the meeting point, add a single-shock node adjacent to

all of them, and label it either astype 2, if the velocity sign of the nodesis positive

w.r.t. the junction, or as type 4 otherwise.

5. Order the nodesin the graph soasto preserve their adjacencyand satisfy the shock

graph grammar, while directing the edgesfrom nodeswith greater radii to those

with smaller radii (De¯nition 3). This step has been proven to exist and to be

unique for any closedcurve [56].

6. Add a root node labelled as #. Next, add edgesdirected from the root node to

every other node in the graph with in-degreeequal to zero,soas to obtain a single

rooted directed acyclic graph.

7. (optional) Relabel every type 3 node with only two adjacent type 1 nodes,oneon

each side,aseither type 2 if the radius functions of the type 1 nodesincreaseaway

from the type 3 node, or astype 4 if the radius functions of the two nodesdecrease

w.r.t. the type 3 node.
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The last step of the above algorithm is optional, mainly becauseit violates the de¯-

nition of a shock graph, which requirestype 2 and type 4 nodesto be composedof only

one shock point. However, we have found that this restriction weakens the topological

stabilit y of the graph, for small perturbations to the shape will easily transform a one-

shock type 2 (a neck) into a type 3 if the neck becomeseven one pixel longer. This

step will then improve the stabilit y of shock graphs in terms of node labelling, leading

to similar shapesbeing represented by shock graphswith equal or similar topology and

node labels.

Close to Zero Velocit y

Shock points modelledby line segments with zeroslopearelabelledastype3. In practise,

however, it is rare to ¯nd line segments with exactly zero slope, and so we needto set

a threshold that determineswhen a slope can be consideredto be equal to zero. When

doing this, we also want to capture the relative signi¯cance of the slope in terms of its

context. The perceived di®erencein the values of skeleton point radii is analogousto

the speed of a car, in which a change in speed of 15 km/h in, say, 4 secondsis more

signi¯cant if our current speed is 50 km/h than if it is 180 km/h. We account for this

simple notion as follows: given a line segment de¯ned by the line md + b in the interval

[d0; d1], we set a threshold, ¿z, on the ratio

m(d1 ¡ d0)

m (d0+ d1 )
2 + b

· ¿z;

which is the ratio of the di®erenceof radius in the interval and the actual radius at the

center of the interval. Note that this ratio is always de¯ned sincethe radius function at

every shock point is positive and so m = 0 i® b> 0.

Skeleton points modelled by a line segment with relative changein the radii at the

endpoints below thresholdare labelledastype 3. The advantageof a stable identi¯cation

of zero velocity shocks is twofold. Firstly, a stable labelling of the points will allow us,

when indexing and matching, to only considernode correspondencesbetweennodeswith
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Figure 2.5: Skeleton of a view of the boxer. The plots continue on the next page.
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Figure 2.5: Each ¯gure plots the valuesof the radius function corresponding to a skeleton

branch of the boxer. The data points are approximated by a few line segments, which

are shown overlaid on the points. The colouring of the skeleton shows the resulting

grouping of shock points. Note that the scalingfactor is di®erent for each plot. Branch

10, for example,is modelledby only oneline sincethe ¯tting error is 6.71,which is below

threshold ¿e = 11, set as half of the number of points to ¯t. Segments with relative

change in radii below threshold ¿z are show in green. Endpoints that are shared by

several branchesare displayed but not included when ¯tting.
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the samelabel. Secondly, it canbeseenthat the labelling of the points a®ectthe structure

of the graph, and so a stable labelling leadsto a structural stable shock graph.

Figure 2.7 shows an exampleof the structural changesrelated to the labelling of the

skeleton. In this ¯gure, the slope of segment 15 is greater that ¿z (seealso the plot of

branch 15 in Figure 2.5), which causesnot only that node 15 is labelled as type 1, but

also the addition of a type 2 (node 24, a local minimum), and a type 4 (node 25, a

local maximum). In contrast, a terminating type 3, such asnode 7, doesnot require the

addition of the type2 and type4 nodes8. Therefore,a labelling of the skeletonpoints that

is not highly sensitive to small changeson the boundary is crucial to obtain structurally

stable graphs.

Acceleration and Ligature Segments

We have mentioned that skeleton points modelled by adjacent line segments with equal

slope sign are to be grouped together. This step corresponds to the de¯nition of shock

graphs, which states that regardlessof the velocity or the acceleration,monotonically

increasingor decreasingadjacent shock points are to be labelled as type 1. However,

we have found that the endpoints of the ligature segments analysed in Section 2.3.3

are related to signi¯cant accelerations,i.e., to a large di®erencebetween the slopes of

two adjacent line segments. Ligature segments are of key importance to our task of

recognition, becausethey signal the attachment of shape parts. Figure 2.6 shows the

sameobject from di®erent viewpoints and the corresponding deformation of shape parts

in each view due to perspective projection. At matching time, we will compare the

attributes of pairs of nodes,and will compute a measureof their similarit y to obtain a

one-to-onenode correspondence.Hence,detecting ligature segments and grouping them

into distinct nodeswill allows us to reducethe impact of the deformationsby isolating

parts that will not likely be a®ectedin the sameway.

8A type 3 segment has no strict local minimum or maximum.
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Figure 2.6: Views of the boxer labelled with the algorithm described in Section 2.5.1.

Adjacent skeleton points with the samelabel are coloured similarly, where each group

of same-colouradjacent points represents a singlenode in the shock graph of the shape.

Note how the ligature segment that attaches the front leg(s) to the torso undergoes a

di®erent deformation than that of the segment corresponding to the leg. The ligature

segments in theseimagesweredetectedby the method described in this section.

It remainsonly to determinewhenan accelerationis signi¯cant. Oncemore,we must

account for a relative notion of change. To this end, let m0 and m1 be the slopes of

adjacent line segments with equal sign. Then, we group together the points associated

with thesesegments if

jm0 ¡ m1j
max(jm0j; jm1j)

· ¿l ;

where ¿l is the ligature segment threshold9. The main disadvantage of this method

to detect ligature segments is that it is di±cult to ¯nd a value for ¿l that precisely

separatesligature segments from non-ligature segments in all possiblecases.We believe

that other methods basedon detecting skeletonpoints associated with concave corners10

on the shape'sboundarymight provide morestableresults. Unfortunately, thesemethods

9Note that max(jm0j; jm1j) > 0 becausein this step we are dealing only with type 1 nodes.
10The de¯nition of a concave corner will alsodepend on a threshold. However, this concavit y threshold

might be more naturally set than our ¿l .
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require mapping skeleton points to boundary points, and so they are more di±cult to

implement. Furthermore, we have found that in practice, our approach behaveswell for

most cases.

It shouldbe noted that by splitting segments of equalslope sign,we areagaindepart-

ing from the strict de¯nition of shock graphs. This operation violates rule 4 of the shock

graph grammar (seeSection2.3.2), which states that a type 1 node can only have two

or more type 1 nodesas its children. Our (optional) modi¯cation relaxesthis constraint

and allows chainsof type 1 nodesto exist. We can alsothink of this step asan extension

to the grammar that addsa new type (5) to label ligature nodes,i.e., nodeswhoseshock

points belongto a ligature segment, which are described in Section2.3.3.

Figure 2.7showsthe resulting shock graphfor oneof the viewsof the boxer. The graph

was computedby the algorithm outlined above, including all the optional extensionsto

the shock graph de¯nition 11. In this case,nodes5 and 6 should be one node according

to the de¯nition of shock graphs, but are split in two due to the abrupt change in

acceleration, shown in Figure 2.5 for branch 5. This is also the casein branches 15

and 19; in all cases,the pronouncedaccelerationchangesignalsa ligature segment. In

addition, note that nodes that are labelled as type 3 in Figure 2.7 are those that are

modelled by a line segment with relative changein radii at the endpoints (Figure 2.5)

below threshold ¿z.

2.6 A Viewp oin t In varian t No de Distance Function

We have shown a method for computing stable graphsin terms of their topology which,

as we will seein the following chapters, has an important global impact on both the

indexer and matcher. We now needto addressthe problem of node similarit y in order

to solve the local domain-dependent component of the matching process. Our method

11The plots of Figure 2.5 show the line segments overlaying only the points they model, i.e., without
including the endpoints sharedby junction points betweensegments.
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Figure 2.7: The resulting shock graph for the skeleton of the boxer. The node labelsare

formed by each node's index and type. In turn, each node represents a skeleton branch

segment, which is coloureddi®erently from its adjacent segments and labelled according

to its corresponding node index.
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for computing shock graphsalsosuggestsa way of computing the similarit y betweentwo

shock graph nodes.

The idea is to usethe lines ¯tted to the shock points which model part of the nodes'

data, to measurethe similarit y betweenthe nodes. We will take the line segments (the

model) of onenode and computehow well they approximate the data of the other node.

This is analogousto asking, in a generative model approach, the conditional probability

of the data coming from a given model.

Our algorithm for measuringthe goodnessof ¯t of a given model and data is similar

to that with which the data is modelled. The main di®erenceis that now we will ¯x the

slopesof each component of the model, and will only allow the line segments to either

shrink or grow to best ¯t the data. The assumptionhere is that changesin viewpoint

causeparts to vary their dimensionsbut that their pattern of velocities and acceleration

changeswill remain roughly invariant.

Let M (u) be the set of line segments that model the data points in node u. We want

to computethe error of usingM (u) asa model for the data points in node v. To do this,

we will ¯x the slopesand y-interceptsof the line segments in M (u) and will minimize the

¯tting error over all combinations of inner endpoints12. That is, for the given ordering

of line segments in M (u), the ¯rst and last data points in v will determine the outer

endpoints of the model, and the remaining data points will be the inner endpoints to

consider.SeeFigure 2.8 for an example.

Let E(M (u); v) be the minimum error of modelling the radius function of v with

model M (u). Abusing notation, we will refer to this error as ÊM , which is given by

ÊM (ls; le; ps; pe) =

8
>>>>>><

>>>>>>:

LSE(ls; ps; pe) if le ¡ ls = 1;

min
ps + ±s · pi · pe¡ ±e

n
ÊM (ls; dle=2e; ps; pi ) +

ÊM (dle=2e; le; pi ; pe)
o

otherwise;

(2.4)

12Both model and data points are oriented such that they decreasefrom left to right.
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Figure 2.8: The model (2 line segments) for the skeleton segment 2 in shape a is used

to ¯t the radius function of segment 2 in b. The data points of a-2 are shown in red

and those of b-2 in blue. In this example, the two line segments have shrunk to best

approximate the data. Parts of the original model are shown with a thin black line.

wherels and le ¡ 1 are the start and end indicesof the chain of adjacent line segments in

M . That is, le is the index of the current last segment plus one. The number of segments

usedto ¯t a sequenceof points is given by le ¡ ls. LSE(ls; ps; pe) is the least-squareerror

of ¯tting points betweenendpoints ps and pe with line ls. Finally, ±s and ±e require a

special explanation, which is discussednext.

Wewant to guaranteethat all the components of the model areusedto ¯t the data and

so, given that we allow each component to becomeshorter or longer, we must set some

limits to this length variation. The obvious limit is to require that all the components

be greater than zero; a better limit is to de¯ne a range for its variation. For example,

whenmatching object parts that have beendeformeddue to a viewpoint change,we can

expect parts to not vary their sizeby more than k times. This value will accommodate

changesin size due to perspective, such as the legs of the boxer getting shorter as we
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move from a sideview to a top view. ±s and ±e aim to capture this idea of limits to the

variation in the number of points per component. ps + ±s is the ¯rst point index after ps

that will ensurethat there are enoughdata points to be ¯t by dle=2e¡ ls line segments.

Similarly, pe + ±e is the last index point that guaranteesenoughdata points on the right

side. Note that ±s and ±e will vary at each iteration of min.

Prop erties of the Algorithm

The combinatorial algorithms that we have presented to compute Ê and ÊM ¯nd an

optimal solution to their problems. We can a®ord this becauseof the discrete and

small nature of the solution spaceof both problems. We can thus provide an e±cient

implementation by usinga data structure that avoidscomputing their recursive functions

more than oncewith the sameparametervalues. In addition, the standard input of the

problemsdoesnot require a large storagesizefor this purpose.

It is important to note that the algorithm does not consider the absolute x-and-y

coordinates of the shock points, and so is invariant to translation and rotation of the

skeleton. Furthermore, by throwing away this information, we do not distinguish nodes

with di®erent curvature characteristics, which we believe is an advantage for our task

of viewpoint detection and for dealing with articulating objects. Consider,for example,

the bent neck of an animal drinking water and the neck of the sameanimal in an alert

position. Our algorithm will considerthe two necks to be very similar, provided that the

velocities and accelerationsthat characterizethe neck remain invariant to this sort of part

articulation, and that the neck's length doesnot vary signi¯cantly. In our experiments, we

have found that this is the casefor a large number of casesof articulation and viewpoint

changes.
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A Measure of Similarit y

The ¯tting error E(M (u); v) = ÊM is a measureof the dissimilarity between the at-

tributes of nodesu and v. However, we often needa measureof similarit y, as is the case

for our matching algorithm. This measurecan be computedby somefunction that maps

the valuesof ÊM onto the real interval [0; 1] and is inverselyproportional to ÊM . For our

experiments, we ¯rst de¯ne the non-symmetric node distance function d̂ : N2 7! [0; 1],

and then derive a symmetric similarit y measurefrom it. This distanceis de¯ned as

d(u; v) = »min
µ

E(M (u); v)
±(v) ¹R(v)

; 1
¶

+ (1 ¡ »)
jL(u) ¡ L(v)j

max(L(u); L(v))
;

whereu and v are nodesin shock graphsQ and M respectively, » is a convexity param-

eter, ±(w) is the number of shock points in node w, L(w) = d±(w) is the length of the

skeleton segment, de¯ned in terms of the distancedescribed in Section2.5.1,and ¹R(w)

is the averageradius for all the shock points in w13.

The ¯rst term in the above equation measuresthe ¯tting error as a function of the

number of points in node v assigninga distancein the interval [0; 1], which will be zero

when the model of u is a perfect model for the data in v, and onewhen the averageerror

is greater or equal than the averageradius of node v. We usethe averageradius of the

node simply to set a bound on the ¯tting error proportional to the radius function of v.

The secondterm is inverselyproportional to the lengthsof the skeletonsegments of each

node. As it can be seenin Figure 2.6, the variation in length of corresponding skeleton

segments betweenshapescan be large. However, when searching for similar views of an

object, we can assumethat the lengths would not change too much and consequently

penalizenodeswith large di®erencein length. We set » = 0:85 for our experiments, so

that 85%of the nodesdistancecorrespondsto the ¯tting error and only 15%represents

the di®erencein length of the skeleton segments of u and v.

13If the number of shock points in either oneof the nodesequalsone,we compute the distancebetween
the node attributes as d(u; v) = » j ¹R (u) ¡ ¹R (v) j

max ( ¹R (u) ; ¹R (v)) + (1 ¡ ») j L (u) ¡ L (v) j
max (L (u) ;L (v)) .
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A symmetric function of similarit y between the nodes is computed by ¾(u; v) =

1 ¡ avg(d(u; v); d(v; u)). Note that ¾(u; u) = 1 only if the line segments are a perfect

model of the data points in u.

2.7 Summary

Skeletonizationalgorithms have evolved to the point in which small perturbations to the

shape contour do not introduceunwanted branches. In turn, skeletonscan be abstracted

by shock graphs,which group skeleton points into nodesthat are hierarchically related

according to time of formation. When the limitations of shock graphs are taken into

account, they becomea stable shape abstraction that can guide the search for similar

shapesin a database.The additional attributes associated with every node can later be

usedto re¯ne the ranking of the matchesand to computenode correspondencesbetween

the query and every candidate. To this end, we believe that the behaviour of the radius

function is a powerful discriminating feature that provides important °exibilit y in terms

of viewpoint invarianceand natural deformation of parts.

We have developed a shock graph computation algorithm that overcomesthe sensi-

tivit y of the skeleton labelling processto noiseand shape deformation. The algorithm

was designedso as to represent similar views of an object captured from di®erent view-

points by shock graphs with similar topology and node labels. We have also proposed

a node similarit y function that robustly measuresthe distancebetweenthe attributes of

two nodes,which we believe alsoworks well under noiseand part deformation. However,

only indexing and matching experiments will be able to provide an exhaustive evaluation

of their performance.
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Indexing Hierarc hical Structures

3.1 In tro duction

Given a query shape, the goal of indexing is to e±ciently retrieve, from a largedatabase,

similar shapesthat might account for the query, or someportion thereof (in the caseof

an occluded query or a query representing a cluttered scene). Thesecandidate models

will then becompareddirectly with the query, i.e., veri¯ed, to determinewhich candidate

model best accounts for the query.

In this chapter, we will review and extend a graph-indexing algorithm proposedby

ShokoufandehandDickinson[54, 52]. The main ideaof this method is that of representing

featuresand their interrelation asdirected graphs,wherethe edgedirections capture the

hierarchical dependenciesamongfeatures.The eigenvaluesof the adjacencymatrix of the

graphs are usedto capture thesestructural relationships in stable and low-dimensional

vectors (structural indices). Thesevectors satisfy two goals: they form a new feature

vector that can be used to prune the model databaseand, in turn, provide structural

information that will guide the search in the veri¯cation stage(Chapter 4).

We analyzedthe behaviour of the indexing algorithm on large model databasesand

found that a large portion of the falsepositivesdelivered to the veri¯cation stagewere

38
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dueto the method for computing and accumulating the votesfor the structural indicesof

the models. This led us to de¯ne a newvote weighting function that favours the simplest

models that best explain the query. Furthermore, we developed a generalvote accumu-

lator algorithm that outperformsthe oneemployed in [52] in terms of its discriminatory

power.

From hereon, we will refer to indexing techniquesas thosemeant to prune a model

databasein order to provide a small set of candidatesto a matching (veri¯cation) stage.

Thus, the goodnessof a given method will depend on: the number of candidatesthat

needfurther veri¯cation, the probability of the target not being among the candidates

(which should be closeto zero), and the e±ciency of the indexing technique relative to

the matching algorithm's complexity.

3.2 Related work

Several alternatives for indexing shape features have been proposed. The most popu-

lar onesare basedon decision trees, interpretation tables, hashing, nearestneighbour

searching, and model prototyping.

A decisiontree [42] is a mechanismfor hierarchically partitioning a database.A query

shape is matched to the root, and depending on the results of the match, the processis

applied recursively to one of its children. At each step, the spaceof possiblemodels is

reduced.Thesemethods are very sensitive to noiseand occlusion,which may lead to the

descent down an incorrect path.

In turn, interpretation tables [16] are related to hashing techniques, which use a

hashing table and a hash function to map recovered image featuresto a list of models

that contain thosefeatures.Each featurematch is usedto vote for a model. A well-known

hashingtechnique in computer vision is geometrichashing. For instance,Lamdan et al.

[37] usegeometrichashing to map a±ne invariant interest point coordinates, expressed
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relative to basis-tripletsof three non-collinearinterest points, to a set of orderedpairs of

modelsand basis-triplets. Thus, they simultaneouslycollect votesfor modelsand for the

basis-triplets. This information is later usedto ¯nd the a±ne transformation that best

aligns the model to the query.

In order to account for noise in the image features, the hash function is usually

required to locate similar featuresin the samebin. The main problem with hash tables

is that their ¯xed-sized bins do not e±ciently represent the non-uniform distribution of

the data. This lack of adaptation gave rise to other data structures especially designed

for similarit y searching and for higher-dimensionalfeature vectors(seeSection3.3.3.)

In recent years, nearest-neighbour (NN) techniques have becomevery popular for

feature-basedretrieval applications. For instance, Beis and Lowe [4], use NN search

databasesto store classesof feature vectors that characterizearrangements of lines. A

featurevector is formed, for example,by the anglesbetweena set of three co-terminating

lines. Other perceptual grouping methods, as well as the number of lines considered,

de¯ne di®erent feature classes. The number of relationships among lines encoded in

a feature vector determines how global or local the feature is. A NN search on the

corresponding index databaseis performedfor every imagefeature, allowing each match

to vote for a model accordingto the saliencyof the feature in the database.

The method proposedby Shokoufandehand Dickinson [52], which we will cover in

depth in the following sections,alsoperformsa NN search of object featuresasperformed

by Beis and Lowe. However, instead of having several index databases,onefor each fea-

ture grouping, the relationshipsamongfeaturesare chosenasthe characteristic property

that will help prune the database. Thus, the method provides a generaltechnique ap-

propriate for applications in which the relationshipsamongfeaturesare su±ciently rich

to distinguish objects in a large database.

Indexing into a databaseof prototypes is another technique that helps reduce the

search space. The idea is to organize the databaseby grouping similar objects and
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choosinga representativ e for each group that is similar enoughto all the other members.

This ideacanberecursively applied, forming a hierarchical representation of the database.

Unfortunately, it is not always possibleto ¯nd clustersof similar shapesthat are large-

enoughto signi¯cantly reducethe sizeof the database.This technique is well-suited for

domains in which it is possibleto cluster views into prototypes or to arti¯cially create

prototypesto represent all the membersin a given group. Good prototypesarecrucial to

obtain a balancedhierarchy of small classes,which is necessaryto minimize backtracking

and avoid a linear search of the database.

3.3 Spectral Characterization of Graph Structure

In [54], Shokoufandehand Dickinson considergraphs as a meansof capturing relation-

ships among features. They noticed that for certain domains, the structure of these

relationshipscarry enoughinformation to quickly prune the model database,and to pro-

vide strong constraints on veri¯cation. They ¯rst proposeda method for encoding the

structure of undirected,uniquerooted trees,which waslater extended,in [52], to directed

acyclic graphs(DAGs).

The topological characterization of a DAG is basedon the eigenvaluesof the graph's

adjacencymatrix, the so-calledspectrum of the graph. Such eigenvaluesarerelated to the

branching factor, depth, and number of nodesin the graph, and so they provide a way

of encoding structural properties of the graph. Indeed, the analysisof the properties of

the spectra of graphsis a well-establishedarea in graph theory (seethe following books

for an introduction to the subject [13, 12, 11]). In [52], the stabilit y of the spectra of

DAGs under minor perturbations in structure is studied and usedto designa signature

for this type of graph. In addition to the stabilit y of the spectrum of a DAG, the spectral

encoding of a graph's topology is also motivated by the invarianceof the eigenvaluesto

permutations of subgraphsand relabellings of nodes.
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3.3.1 Graph Indexing

We will now review the spectral indexing mechanism proposedin [52], and will brie°y

analyzeits properties.

First, note that any graph can be represented as an antisymmetric f 0; 1; ¡ 1g ad-

jacency matrix, with 1's (-1's) indicating a forward (backward) edgebetweenadjacent

nodes in the graph (and 0's on the diagonal). The goal is to map the eigenvaluesof a

DAG to a point in somelow-dimensionalspace,providing a stable, compactencoding of

structure.

Speci¯cally, let G be a DAG rooted at node RG whosemaximum branching factor

is ¢( G) and whoseroot degreeis ±(G). Let the subgraphsrooted at the children of

RG be G1; G2; : : : ; G±(G) , as shown in Figure 3.1. For each subgraph, Gi , whoseroot

degreeis ±(Gi ), compute1 the magnitudes of the eigenvalues of Gi 's submatrix, sort

them in decreasingorder, and let Si be the sum of the ±(Gi ) largest magnitudes. The

sorted Si 's becomethe components of a d-dimensional vector assignedto RG, where

d = max
k

f ¢( Gk)g is the maximum dimensionof any graph in the model database.If the

number of Si 's is lessthan ¢( G), then the vector is paddedwith zeroes. The procedure

can be recursively repeated for the subgraph rooted at every non-terminal node, thus

assigninga vector to each node in the DAG. Such a vector is called the topological

signature vector (TSV), and is denotedby Â(v), wherev is the root of a directed acyclic

subgraphof G. The details of the TSV transformation, the motivation for each step,and

an evaluation of its properties can be found in [52].

The above de¯nition of the TSV has the disadvantage of ignoring someinformation

related to terminal nodes (leaves). The TSV of a DAG, Gv rooted at node v that has

terminal nodesf l i gn> 0
i=1 as it children will be equal to that of the samegraph with these

leavesremoved. The reasonfor this is that the zeroeigensumof a leaf is indistinguishable

1We useSVD to compute the magnitudes of the eigenvalues.
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Figure 3.1: Forming the graph's signatures.Next to each node is the result of summing

the kv = ±(G) largest eigenvaluescorresponding to the subgraphrooted at the node v.

The TSV of node a, Â(a), is: [3.9392,3.2361,1], and the other indices are: Â(b) =

[3:2361; 1; 0] and Â(c) = [1; 0; 0]. All the indiceswill be paddedwith zerosaccordingto

the maximum branching factor in the database.

from the padded zerosof a TSV. There is a simple solution to this problem. We can

add, as an extra dimension, the eigensumSv corresponding to Gv. Sincethis sum will

be greater than all the eigensumsof the subgraphsrooted at the children of v, it will

always be the ¯rst dimensionof the TSV, as is the casein Figure 3.1. We followed this

last procedureto compute the TSV to carry out the experiments of Chapter 5, in which

the maximum dimensionof any TSV in the model databasewas 8.

3.3.2 Dealing with PINGs

Graph spectra do not uniquely characterizegraphs. In fact, it is not uncommonto ¯nd

pairs of isospectral non-isomorphicgraphs, namely PINGs, as described in [12]. Thus,

an index vector solely basedon the graph's spectrum, such as the TSV, will potentially

retrieve graphs that are very dissimilar to the query. This lack of uniquenessof the

indices is solved in [54] by computing a TSV for every non-terminal node. Now, if we
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describe a graph'sstructure asa collectionof TSV's, the likelihood that for the subgraph

rooted at each node in one graph, there exists a co-spectral graph rooted at somenode

in the secondgraph, is small. In addition, having multiple indicesfor di®erent portions

of the graph provides a meansfor dealing with missingdata and/or occlusion.

The indexing algorithm is as follows: compute the indices (TSVs) for all the non-

terminal model nodes in all the models and store them in a point databasesupporting

nearest-neighbour search. Then, given a query graph, compute the indices of all the

non-terminal nodes in the query and ¯nd their nearest neighbours (NN) in the index

database. Finally, let the retrieved points vote for their associated model graphs and

accumulate the votesas evidence,accordingto the following weighting function:

W(q; m) =
jjÂ(q)jj

1 + jjÂ(m) ¡ Â(q)jj
; (3.1)

whereq and m are the query node and the model node, respectively, and jj ¢jj denotes

the L 2-norm.

This weighting function exploits the fact that the magnitudesof the graph'seigenval-

uesareproportional to the branching factor and number of nodesin the graph [39]. Thus,

the numerator weights the vote according to the relative sizeof the encoded subgraph

in the query graph, which causesboth larger and more complex structures to be more

relevant than smaller or simpler ones. In turn, the weight is also inverselyproportional

to the distanceor dissimilarity betweenthe indices.

3.3.3 Indexing as a Nearest-Neigh bour Search

Nearest-neighbour (NN) search in high-dimensionalspacesis a well-studied subject. In

the last decade,a number of techniqueshave evolved into a mature state. An example

of the activit y in this ¯eld is the work of Hjaltson and Samet[27], in which they propose

a NN search algorithm basedon an index data structure known asa quadtree,which or-

ganizesthe spaceasa hierarchy of disjoint boxes. This work stimulated the development
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of spatial data structures, such as R-tree, R*-tree, SS-tree,and SR-tree, among oth-

ers,which more e±ciently partition the spaceinto minimum bounding hyper-rectangles

and/or hyper-spheres.This evolution ultimately led to the recent A-tree and X-tree NN

search algorithms. A completesurvey of the subject can be found in [10].

The performanceof the NN search techniques proposedso far is highly dependent

on the characteristics of the data distribution. With the exception of approximate ap-

proaches,we canstill ¯nd datasetsthat will result in a particular techniquebeingoutper-

formed by a linear search. Fortunately, it is usually possibleto ¯nd an indexing method

with sublinear performancefor the averagecasefor a given domain. An evaluation of

several state-of-the-art NN search algorithms can be found in [19].

For the rest of the chapter, we will assumethat an appropriate selectionof a NN

search technique has been made2. However, there is still one last issueto addresson

this matter. When performing a NN search, we can usually retrieve either the k nearest-

neighbours (k-NN) of the query point or all the points within a ¯xed-size hypervolume

centered at the query point. k-NN has the advantage of ¯xing the retrieved number

of points regardlessof their distance to the query. Unfortunately, this meansthat we

can potentially retrieve points that are far away from the query. In addition, k is an

arbitrary value that might lead to missing good points3. Range queries,on the other

hand, eliminate the problem of missingsimilar points at the cost of possibly having an

unboundednumber of matches. For our indexing needs,consideringpoints that are not

closeis wasteful, and missing similar points reducesthe amount of evidenceavailable.

Therefore,from now on we will only considerrangeNN search queries.

2In our experiments, we have usedthe SR-tree technique proposedby Katayama and Satoh [33]. We
thank Norio Katayama for the useof his SR-tree implementation.

3Ties among points present an additional problem that is usually solved by returning more that k
points in caseof ties with the k-th point.
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3.4 Impro vements to the candidate selection scheme

3.4.1 Weighting the evidence

As the model databasegetslarger, it becomesfrequent to ¯nd objects composedof other

objects also in the database. For example, imagine the side view of the silhouette of a

personwearinga hat and riding a horse. We might have a view similar to this onein the

database,and also similar single views of the horse,the person,and the hat. In fact, it

is reasonableto think of having parts of object viewsin the databasesoasto account for

errors due to under-segmentation of the image. Situations like thesewill not be handled

well by the indexer. The reasonis that the vote weighting function described above,

(3.1), doesnot take into account how much of the query is explainedby the model nor

how well the model is explainedby the query. Thus, it is possiblethat when our query

view is simply a hat, the horse-man-hatmodel view will rank ashigh asa singleview of

a hat and vice versa.

What weneedis to represent an Occam'srazor-likeconceptinto our ranking algorithm

| we want the simplest model that best accounts for the query. This can be easily

accomplishedby rede¯ning the vote weighting function, such that for a query point q

and neighbouring model point m, we would like to increasethe weight of the vote for an

object model M if m represents a larger proportion of M , and similarly, we would like

to increasethe weight of the vote for M if q represents a larger proportion of the query.

Thesetwo goalsare in direct competition, and their relative merit is a function of the

task domain. The idea of favouring the simplest models that best explain the query can

be factored in the weighting function, which can now be speci¯ed as:

W(q; m) =
(1 ¡ ! )jjÂ(q)jj

TQ (1 + jjÂ(m) ¡ Â(q)jj )
+

! jjÂ(m)jj
TM (1 + jjÂ(m) ¡ Â(q)jj )

(3.2)

whereq and m are nodesin the query graph Q, and in the model graph M , respectively.

The weight is normalizedby the sumsof the TSV norms of the entire query and model

graphs, i.e., TG(V;E ) =
P

v2 V jjÂ(v)jj . The convexity parameter ! ; 0 · ! · 1, is the



Chapter 3. Indexing Hierar chical Str uctures 47

weighting a®ectingthe rolesof the opposinggoalsdescribedabove. The ¯rst term favours

modelsthat cover a larger proportion of the query, while the secondfavours modelswith

morenodesaccounted for. By normalizing by TQ and TM , we obtain vote weights whose

sum is in the interval [0; 1] for a one-to-onevote correspondencebetween query nodes

and model nodes. When w = 1=2, for example,the sum of all the one-to-onevotes for a

given model will be equal to onewhen all the nodesin the query and in the modelsare

mapped, and their TSV's are equal.

In order to choosean appropriate value for ! , we can usesomeknowledgeabout the

intendeddomain. For example,it is usually the casethat the model viewsin the database

are not occludedwhile, on the other hand, the query is likely to be occluded. For such

cases,we can set ! = 3=4 and so,75%of the vote weight will correspond to how well the

entire model is explainedby the query, while 25%thereof would account for the relative

number of matched nodesin the possiblyoccluded query.

3.4.2 Fair Coun ting of Votes

We are now ready to count the votes,which might seem,in principle, a trivial task: let

every point in the index databasevote for several model points and then selectthe models

with the most votes. However, in order to havea fair, or truly democratic, voting process,

we must ensurethat no query point votes for more than one point in the samemodel,

and that no model point receives more than one vote from the query points. In other

words, given a large number of models, we want to ¯nd the best one-to-oneassignment

of votes from query points to model points for each candidatemodel.

Several approaches that rely on voting schemes,such as those in [54, 4], allow a

many-to-many assignment of votes, supposedlyunder the implicit assumptionthat the

number of falsepositivesdueto the relaxation of such a constraint will not be signi¯cant.

Unfortunately, as the model database increasesin size, more models that should be

discarded may receive several unfair votes and will be sent to the veri¯cation stage,
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Figure 3.2: A query graph and a databasewith only three models. For simplicity, votes

are not normalized,and consequently they do not add up to 1. Here W(q,m) represents

index similarit y, whereperfect similarit y equals1 and total dissimilarity equals0.
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a®ectingthe performanceof the system.

3.4.3 An Example

Figure 3.2 depicts an examplewhere a one-to-oneassignment of votes would make an

important di®erencein the selectionof candidates. The task in this exampleis to rank

the models according to the similarit y of their nodes to those of the query. Here, the

subgraphG rooted at q2 is \similar" to that rooted at q3. Imagine also that in addition

to the models shown in the ¯gure, there is a third model, M 3, isomorphic to the query

graph. Note that just for this example, and in order to make the meaning of votes

more intuitiv e, we do not normalize the votes by TQ and TM i as shown in Equation

3.2 4. Thus, by performing a many-to-many vote accumulation, we obtain the ranking:

f M 2 = 6:5; M 3 = 4:4; M 1 = 2:1g, which incorrectly ordersthe models. The model graph

M 3 is isomorphicto the query and sowe would expect it to lead the ranking. Moreover,

the model graphsM 2 receivesseveral votesdue to its large size,which allows the model

to collect more votes than an isomorphicgraph to the query.

This particular assignment of votesis a simplecasethat demonstrateshow misleading

a trivial counting of votes can be. The reasonis that a query graph may have several

similar subgraphsin it, but each of thesesubgraphscanonly explainat mostonesubgraph

in a model graph, and vice versa. A one-to-oneassignment of votes will turn out to

be fundamental for the kind of objects we used in our experiments (see Figure 5.1).

Our model databaseis composedof simple models represented by small graphsand by

complexmodels that will include the graphsof the simpler modelsseveral times among

their subgraphs.

4For simplicit y and without lossof generality, we only compute the indices of the graphs' roots and
their immediate children. Up to now, we have computed the indices of all the non-terminal nodes,so as
to minimize the occurrenceof PINGs. However, for a given domain (with minimal occlusion), it might
be su±cient to consideronly the indices of the nodesup to a certain level in the hierarchy, as shown in
the example.
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3.4.4 Small Bounded Bu®ers to Accum ulate Votes

A simpleway of obtaining a maximal one-to-oneassignment of votesis to accumulate all

the votesreceived for each candidate in a list of model graphsM k . Each of the elements

in this list is, in turn, another list of all the (qi ; mj ) pairs of votes,for qi 2 Q and mj 2 M .

We can then computea maximum weight bipartite matching (MWBM) per model graph

list, which will give us a one-to-oneassignment of votes per model and ultimately the

overall vote for each model.

There is oneimportant problemwith this approach. Namely, regardlessof whetheror

not there are many-to-many assignments of votes,we will have to compute k maximum

matchings, wherek is the number of models that receive at least one vote, resulting in

a matching complexity of order proportional in the number of votes and the number

of nodes in the models, which is potentially large. It is clear, then, that the gain in

performanceof ¯nding the optimal one-to-oneassignment of votes will probably not be

enoughto justify the increasein time complexity of the indexing stage.

Instead, we will proposean algorithm that ¯nds the optimal solution with a small

overhead,and only for those queriesthat will bene¯t from a careful counting of votes.

We will prove the optimalit y of the solution, and will convince ourselves that the price

paid to obtain this solution is justi¯ed in terms of the gain at the veri¯cation stage.

The idea is to compute the distancesbetweenall query nodes' TSVs, and usethese

distancesto determine which nodesmight vote for two (or more) di®erent nodesin the

samemodel so as to prevent them to vote twice. Given the range for the NN search,

we know that query points within this rangefrom each other are potential competitors.

Thus, we can give a special treatment to the sets of query nodes that are likely to

produce a many-to-many mapping to model nodes. In principle, we can store all the

votes corresponding to the nodesin thesesetsand then compute a maximum matching

for each set. Sincethe setsare small, we are gaining something;however, we must still

storeall the correspondencesbetweenthe nodesin the set and all the models' nodes. We
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Figure 3.3: An exampleof overlapping index rangesfor a TSV spaceof dimensiond =

max(¢( Q); max
i

f ¢( M i )g) = 2. Each point v represents the 2-D TSV Â(v) of node v. In

this example,the rangequery of nodesq2 and q3 is determinedby a weighted L 2-norm,

while that of q1 is given by a weighted L 1 -norm. In general,a weighted L s-norm is used

to allow morevariation on onedimensionthan on the other. The rangequeriesfor nodes

q4 and q5, on the contrary, are speci¯ed by an unweighted L 2-norm that treats every

dimensionequally. The TSVs of nodesq2 and q3, along with thoseof q4 and q5, are said

to overlap for their given rangequeries.

can do better by keepingonly the fewest number of votes that will allow us to ¯nd the

optimal solution, as we will seenext.

3.4.5 Multiple One-to-One Vote Corresp ondence (MOO V C) Al-

gorithm

Beforewe present the MOOVC algorithm, we needto de¯ne a few data structures. Let

P1; : : : ; Pn , be a partition of the query points' topological indicesÂ(q) 6= ~0 8q 2 Q, such

that two indices that overlap belong to the samepartition. Given the range queries5

~r1 and ~r2 for two subgraphsrooted at q1; q2 2 Q, the indices Â(q1) and Â(q2) are said

5A range query is usually de¯ned by a weighted L s distance. Given two n-dimensional vectors~x and
~y, the L s distance betweenthem is de¯ned as L s(~x; ~y) = (

P n
i =1 wi j~x i ¡ ~yi js)1=s. In our experiments, we

usethe weighted maximum distance (L 1 ) for all the range queries,i.e., L 1 (~x; ~y) = maxf wi j~x i ¡ ~yi jg.
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Figure 3.4: Intermediate steps of the MOOVC algorithm for the example in Figure

3.2. In the example, the range queries induce the partitions P1 = f Â(q1)g and P2 =

f Â(q2); Â(q3)g. The results, Si , of the range queries for each query node i are S1 =

f Â(m1
1); Â(m2

1); Â(m2
2); Â(m3

1)g, S2 = f Â(m1
2); Â(m2

3); Â(m2
4); Â(m2

5); Â(m3
2); Â(m3

3)g, and

S3 = f Â(m1
2); Â(m2

3); Â(m2
4); Â(m2

5); Â(m3
2); Â(m3

3)g.

to overlap if the d-dimensionalhypervolume centred at Â(q1) and Â(q2) with dimensions

de¯ned by ~r 1 and ~r2 intersect oneanother (seeFigure 3.3). Let Sj ;1; : : : ; Sj ;k be the sets

of nearest-neighbour points in the database that are within range f ~r lg
k
l=1 of the query

node indices f Â(ql )g
k
l=1 in the samepartition Pj , for k = jPj j and 1 · j · n. Finally,

let Vi;j be a k-by-k matrix containing in each column q the best k votes for the object

model graph M i received from every index Â(q) 2 Pj . SeeFigure 3.4 for an exampleof

thesematrices, which we will useto bu®erthe votes for each model, and for each set of

overlapping indices.

We can now de¯ne the evidenceaccumulation algorithm. For every partition set Pj ,

1 · j · n, perform k = jPj j NN searchesto ¯nd the setsof model node indicesS1; ¢¢¢; Sk

corresponding to the points in Pj . Then, for every point Â(m) 2 Sl , where 1 · l · k,

compute the votes W(q; m) for all indicesÂ(q) 2 Pj . For each vote, update the matrix

Vi;j if W(q; m) is greaterthan the smallestvote in column q of Vi;j
6. Onceall the nearest

6This sorted matrix can be implemented by k sorted lists, one for each query point. The list need
not be longer that k, sowhenever we are about to exceedthis limit, we can safelyeliminate the smallest
(¯rst) element of the list and insert the new one in the right-most position according to its value.
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neighbours of the indicesin Pj have beenprocessed,computea MWBM for each matrix

Vi;j so as to obtain the best one-to-oneassignment of votes f (q; m)gk0·j Pj j
v=1 from query

nodesin Pj to model nodes. Finally, sum over the resulting k0-mapping of votes,

Ti;j =
k0X

v=1

W(MWBM( Vi;j )v);

and tally a vote Ti;j for each object model M i from the partition Pj
7. This vote is the

largest sum that can be obtained by a one-to-oneassignment of votes from query nodes

in the partition j to the nodesin the model graph i .

After the evidenceaccumulation is complete, those models whosesupport is su±-

ciently high are selectedas candidatesfor veri¯cation. The bins containing the overall

votesfor every model M i and the vote bu®ermatricesVi;j can, in e®ect,be organizedin

a heap,requiring a maximum of O(log n) operationsto maintain the heapwhenevidence

is added,wheren is the number of non-zeroobject accumulators.

Complexit y Analysis of the Algorithm

A MWBM canbe computedin O(n2:5) [28], wheren is the number of overlapping indices

in a given object model. The computations of MWBMs are performed only when we

encounter querynodeswith similar indices. Therefore,the overheadincurred to obtain an

optimal solution for all the models, comparedto the suboptimal algorithm in [54], is n(n¡ 1)
2

distancecomparisonsagainst~r to create the partition sets,Pj , plus the computation of

the small MWBMs whenmorethan onequery nodescompete to vote for the samemodel

node. That is, the time complexity of the overhead is O(m¤k2:5), wherem is the number

of modelswith at leastonenodereceivinga vote from several nodesin the samepartition,

and k = max(jPj j). In other words, m and k are directly proportional to the number

of falsepositivesgeneratedby the previousmethod for counting votes. Hence,for little

7If memory requirements allow the retrieval of all the NN's of the nodesin a given partition, the votes
can be e±ciently computed by ¯rst sorting the retrieved points by model. This allows the matrices, Vi;j ,
to be processedsequentially , reducing both the storageand the heap-search requirements.
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extra time spent when accumulating the evidence,we get a much larger reduction of

workload in the veri¯cation stage,which is O(n3) per candidate.

Pro of of the Optimalit y of the Solution

Proof of the optimality of the solution. By the de¯nition of MWBM, we know that its

solution is the one-to-oneassignment of votes that maximizes the overall vote for the

model. Then, in order to prove that the abovealgorithm providesan optimal solution, we

just needto show that for a given model, it ¯nds the samesolution asthat of computing

a MWBM over the set of all the votes for the model. The competition for which model

node getsa query node'svote arisesonly wheneither several model node indicesf Â(m)g

from the samemodel graph receive a vote from the samequery index Â(q), or vice versa.

By construction of the node partitions Pj , this can only happen amongthe indicesin the

samepartition. Sincewe computea MWBM for the retrieved weighted votes for all the

indices in a given partition, we just needto show that it is enoughto consideronly the

set of k = jPj j best votes for every node in Pj .

It is easyto prove this by contradiction. Let Ti;j =
P k

v=1 MWBM (Vi;j )v be the overall

vote computed from the matrix Vi;j . Let us assumethat there exists a vote W(q; m0),

for someq 2 Pj ; that was left out of column q of Vi;j , but had it beenincluded by using

a larger bu®erV 0
i;j , it would have causeda rearrangement of one-to-onecorrespondences

with a greater overall sum, T0
i;j =

P k
v=1 MWBM( V 0

i;j )v.

Sincethere is a rearrangement in the assignment of votes due to the addition of m0,

it must be the casethat now q is mapped to m0 instead of someother m¤ in column q

of Vi;j . Moreover, we know that amongthe k model nodesoriginally in column q of Vi;j ,

there is at least one model node m that will not receive a vote in the ¯nal one-to-one

assignment of votes,sincethere are only k ¡ 1 query nodesother than q, which is already

associated to m0. The fact that we obtain T0
i;j without mapping m tells us that in the

original vote mapping, MWBM( Vi;j ), no query node q0 other than, possibly q, can be
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mapped to m with a vote W(q0; m) > W(q0; m00), for (q0; m00) 2 MWBM( V 0
i;j ). Thus,

sincemapping q to m0 results in a T0
i;j > Ti;j that was not possiblebefore, it must be

the casethat W(q; m0) > W(q; m). Thereforethere is a vote greater than W(q; m) 2 Vi;j

that is not in Vi;j , which contradicts the de¯nition of Vi;j .

It is easyto ¯nd an exampleto show that bu®eringfewer votes than the best k for

every q 2 Pj and k = jPj j can lead to a suboptimal solution. Hence,we know that we

are retaining the fewest number of votesthat are neededto achieve the optimal solution

to the multiple bipartite matching problems.

3.4.6 The Algorithm Applied to the Voting Example

The new vote accumulator algorithm is applied to the query and models in Figure 3.2.

Let f ~r i g3
i=1 be the vectors of range values for the NN searching algorithm that induce

the partitions P1 = f Â(q1)g and P2 = f Â(q2); Â(q3)g. Note that M 3 is a model in the

databasethat is isomorphic to Q. By performing a many-to-many vote accumulation

we obtain the ranking: f M 2 = 6:5; M 3 = 4:4; M 1 = 2:1g, which incorrectly orders the

models. The results of our one-to-oneaccumulator algorithm are, as expected: f M 3 =

3; M 2 = 2:9; M 1 = 1:4g 8. The algorithm's intermediate computations are shown in

Figure 3.4, whereit is easyto seethat the sizeof the vote-bu®ermatrices is boundedby

the number of overlapping indicesin the query graph.

3.4.7 Impro ving the TSV's Discriminatory Power

The discriminatory power of the indexing algorithm can be further improved by inves-

tigating new alternatives to the construction of the signature vectors. For example,up

until now we have consideredthe edgeweights in the graphsto be all equal to 1. How-

ever, we could instead use real values in the partly open interval (0; 1] to expressthe

8When using normalized votes (Eq. 3.2), M 2 can be further penalizedfor having unmatched nodes.
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strength of the link betweennodes,where the weights are a function of domain-speci¯c

or domain independent properties. To this end, the relative distancesof the nodes to

their subgraph'sroot can be used, for example, to have an inversenumerical in°uence

in the spectrum, so that noisefurther down in the hierarchy will contribute lessto the

graph's eigenvalues. This would penalizelessthe noisethat occursat lower levelsof the

hierarchy than noisehigher up, where extra/missing nodesare lesslikely. In addition,

geometrical information could also be incorporated as edgeweights or as extra dimen-

sionsin the signature vectorsso as to further constrain the votes. In [53], for example,

the TSV is extendedto incorporate contextual information speci¯c to the domain. An

extensive evaluation of such alternativesis left as future work.

3.5 Summary

The structure of a directed acyclic graph rooted at a single node can be characterized

by the spectrum of the graph which, in turn, can be used to index the graph into a

database.A TSV is an encoding of the spectrum that reducesthe dimensionality of the

graph accordingto the maximum out-degreein the model database.The dimensionality

reduction is stable under small perturbations of the graph, but increasesthe ambiguity

of the signature (index). Thus, the TSVs for every node are computed and used for

indexing soasto account for the ambiguity of the indiceswhile allowing partial occlusion

of graph structure.

We extendedthe above graph indexing technique soas to penalizeunmatched nodes

in the modelsand in the query. Furthermore, weproposeda vote accumulation algorithm

that e±ciently ¯nds the optimal one-to-onevote assignment, thus reducing the number

of falsepositivesdeliveredto the veri¯cation stage.

The discriminatory power of the indexing algorithm can be further improved by in-

vestigating new alternativesto the construction of the indices. For example,the relative
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distancesof the nodes to the subgraphs' roots could be used to reduce the in°uence

of a node in the spectrum, favouring stabilit y higher up in the hierarchy. In addition,

geometrical information could be incorporated as edgeweights to further constrain the

votes. An extensive evaluation of the signal-to-noiseratio of such alternativesand others

is left as future work.



Chapter 4

Matc hing Hierarc hical Structures

4.1 In tro duction

Hierarchical shape representations, such ascoarse-to-¯nedecompositions,part-whole re-

lationships,and multiscaledescriptions,arefrequently encodedasrooted treesor directed

acyclic graphs (DAG). For our purposes,DAGs are more expressive than rooted trees

becausethey allow nodesto have multiple parents and alsomake explicit the direction of

the hierarchical relationships. In this chapter, we shall focuson measuringthe similarit y

betweentwo hierarchical structures encoded asDAGs, and on computing their node cor-

respondences.In order to emphasizethe role of thesegraphsin our framework, we shall

refer to oneof them as the query graph, Q, and the other as the model graph, M .

4.2 Related work

Previous work on matching hierarchical structures has assumeddi®erent constraints on

the typeof graphsthey canhandleandon the characteristicsof the nodecorrespondences.

For instance, in [57], Umeyama matchessame-size,weighted graphsby an eigendecom-

position method that ¯nds the permutation matrix that minimizes the di®erenceof the

graphs'arcs'weights. In [20], Gold and Rangarajan usea graduatedassignment approach

58
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to match attributed graphswithout guaranteeing that all the hierarchical dependencies

among nodes are preserved. In general, there are a great number of graph matching

algorithms that are too restrictive to be useful in vision applications where we needto

measurethe similarit y among attributed graphs that may not be isomorphic and may

have di®erent numbersof nodesdue to noiseand/or occlusion.

When consideringa domain in which occlusion is non-existent and shape segmenta-

tion is exact, we still need to deal with the stabilit y of the shape representation, i.e.,

perceptually similar shapesshouldhave identical or at least very similar representations.

Thus, relying on graph isomorphismfor matching demandsa stable representation or a

very densesampling of the object's viewing sphereto accommodate the instabilities of

the representation. The complexity of the problem increasesrapidly if part articulation

alsocauseschangesin the representation of the shape.

Wecanrelax the requirements on representational stabilit y if weallow for somedegree

of misleadinginformation in the graphssuch asspuriousnoise,clutter, occlusionand part

articulation, and look for the largestisomorphicsubgraphsthat satisfy all the hierarchical

constraints. To this end, Pelillo et al. [46, 47] cast the attributed tree matching problem

asa maximum weight cliqueproblembasedon an auxiliary association graphby following

an approach ¯rst introduced in [3, 36]. The algorithm looks for the set of nodes in the

query and in the model graphsthat preserve the hierarchical constraints imposedby the

representation, and maximize cumulative pairwise node similarities among the nodes.

The best model from a set of candidate model graphs is then selectedby rank ordering

the modelsaccordingto the weights producedby their largest isomorphicsubgraphwith

the query, scaledby the relative massof this subgraphwith respect to the massof the

model. Oneproblemwith this approach is that by only consideringthe largestisomorphic

subgraph,small noisein the graph can largely a®ectthe similarit y value obtained.

In [49], Sebastianet al. addressthe problemsof noise,articulation and deformation

of parts, and occlusion for unrooted trees by computing the graph edit-distance. The
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edit-distance is de¯ned as the minimum cost of the deformation path that brings two

shapesto a simpler commonshape. Four edit operations are de¯ned to deform a shape

into another, three of which are in the graph domain and allow di®erent typesof merges

and deletions of nodes. The fourth operation permits altering the nodes' attributes,

thereby producing a geometrical deformation rather than a structural one. The main

disadvantageof this technique is that an occludedquery will dramatically slow down the

algorithm for it will spend much time editing out extraneousnodes.

In order to deal with inexact graph matching, several authors have analysed the

properties of the eigenvalues and eigenvectors of the adjacencymatrix of a graph [51,

57, 54, 9]. The approachesproposedin [51] and [57] both have the main disadvantage of

being unable to match graphs of di®erent size. In contrast, Luo and Hancock [9] allow

di®erent-size graphs to be matched by posing the search for node correspondencesas a

maximum likelihood problem, in which the query graph is the observed data and the

node correspondencesare the hidden variables. Finally, Shokoufandehet al. [52] propose

a recursive bipartite matching algorithm, which we will analysein detail in the following

section.

4.3 DA G Matc hing

In [52], Shokoufandehet al. develop an algorithm to deal with noisy DAGs under the

presenceof occlusion and articulation of parts. Such a method is a modi¯ed version

of Reyner's algorithm [48, 58] for ¯nding the largest common subtree. The main idea

of the algorithm is to cast the structural matching problem as a set of bipartite graph

matching problems. A similarit y matrix for the graphsis computed, in which each entry

of the matrix is the result of a domain-dependent node similarit y, ¾(u; v), and a measure

of the nodes' topological similarit y. Hence, the node similarit y function measuresthe

pairwisesimilarit y betweenthe node'sattributes and the structure of the DAG rooted at
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that node. The bestpairwisenodecorrespondenceobtainedafter a maximum cardinality

maximum weight (MCMW) bipartite matching is used to split the graph in two. The

split yieldstwo pairs of smallerDAGsto match, and sothe algorithm recursively proceeds

thereafter in a greedysearch fashion. The stepsof the algorithm are sketched in Figure

4.1.

The key idea in casting a graph-matching problem as a number of MCMW bipartite

matching problems is to use the topological signature vectors (TSV), computed for in-

dexing, to penalizenodeswith di®erent underlying graph structure. Recall that the TSV

of node v, denotedby Â(v), is a spectral encoding of the topology of the DAG rooted at

v, and is covered in detail in Section3.3 when investigating the indexing of hierarchical

structures. The advantage of using the TSV to enforcestructural similarit y is that these

vectors can be comparedto obtain a bounded measureof similarit y, which allows the

matching of subgraphswith small structural di®erences.

Weimplemented Shokoufandehet al.'s matching algorithm and evaluated it on a large

databaseof shapes. The experiments revealeda number of problemswith the approach,

which we will study in the following sections,along with our proposedsolutions.

4.3.1 De¯nitions and Notation

First, let us de¯ne the matching algorithm and its components. Let Q = (VQ ; EQ ) and

M = (VM ; EM ) be the two DAGsto bematched,with jVQ j = nQ and jVM j = nM . De¯ne

d to be the maximum degreeof any vertex in Q and M , i.e., d = max(±(Q); ±(M )). For

each vertex v, let Â(v) 2 Rd be the uniquetopologicalsignaturevector (TSV), introduced

in Section 3.3. The bipartite edgeweighted graph G(VQ ; VM ; EG) is represented as a

nQ £ nM matrix W whose(q; m)-th entry has the value:

W q;m = ® ¾(q; m) + (1 ¡ ®) (jjÂ(q) ¡ Â(m)jj ) ; (4.1)
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where¾(q; m) denotesthe domain-dependent node similarit y betweennodesq 2 Q and

m 2 M , and ® is a convexity parametersthat weights the relevanceof each term. Using

the scalingalgorithm of Gabow and Tarjan [18], wecane±ciently computethe maximum

cardinality, maximum weight matching in G with complexity O(jV jjE j), resulting in

a list of node correspondencesbetween Q and M , called L , that can be ranked in

decreasingorder of similarit y. This set of node correspondencesmaximizesthe sum of

nodesimilarities, but doesnot enforceany hierarchical constraints other than the implicit

onesencoded in (jjÂ(q) ¡ Â(m)jj ). Thus, instead of using all the node correspondences,

we take a greedy approach and assumethat only the ¯rst one is correct, and remove

the subgraphsrooted at the selectedmatched pair of nodes. We now have two smaller

problemsof graph matching, onefor the pair of removed subgraphs,and another for the

two remaindersof the original graphs. Both subproblemscan, in turn, be solved by a

recursive call of the above algorithm. The complexity of such a recursive algorithm is

O(n3). Additional details and examplescan be found in [52].

4.4 Problems with this approac h

It turns out that splitting subgraphsat nodes with high con¯dence of being a good

correspondenceis not a strong enoughconstraint to guarantee that all the hierarchical

relations are satis¯ed. Consider, for example, the graphs in Figure 4.2. After the ¯rst

iteration of the matching algorithm, nodes(q5; m5) will be matched sincetheir similarit y

is the highest one in L 1. In the next iteration, the subgraph rooted at q5, Q¤, and

the subgraphrooted at m5, M ¤, as well as their corresponding complement graphs Qc

and M c, will be recursively evaluated1. When matching Qc against M c, the best node

correspondenceaccordingto the outlined algorithm will be (q4; m3). It is easyto seethat

this match violates the hierarchical constraints amongnodesbecausethe siblings q4 and

1In the recursive call for Q¤ and M ¤, nodes q5 and m5 will be in the solution set, and so they will
not be evaluated again.
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Q M i

Qc M i
c Q* M i

*Q M i

Q M i Q M i

(a) (b)

(d) (e)

(c)

Figure 4.1: The DAG matching algorithm. (a) Given a query graph and a model graph,

(b) form bipartite graph in which the edgeweights are the pair-wise node similarities.

Then, (c) compute a maximum matching and add the best edge to the solution set.

Finally, (d) split the graphsat the matched nodesand (e) recursively descend.

q5 are mapped to m3 and m5, respectively, with m3 a parent of m5.

Another constraint that arisesin several domains is that of preservingsibling rela-

tionships. We would like that nodeswith the sameparent are mapped to nodesthat also

sharethe sameparent (seeFig. 4.3.) Note that this constraint is not, strictly speaking,a

hierarchical constraint, sincethere areno hierarchical dependenciesamongsibling nodes.

It is tempting to move aheadand enforcethis constraint when matching, but it turns

out that there is a possibility that a sibling's relation is genuinely broken by an occluder.

In such a case,we may not want to enforcethis constraint or elsewe will be unable to

¯nd meaningful matching subgraphs. A compromisesolution would be to penalizethe

matchesthat break a sibling relationship soasto favour thosethat provide a good set of

correspondenceswhile maintaining theserelationshipsintact.
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Figure 4.2: A casein which the hierarchical constraints betweenquery nodesand model

nodes will be violated after two iterations of the algorithm. Note that only non-zero

W q;m valuesare shown.

Figure 4.4 illustrates a situation in which the correspondence(q4; m5) would be the

secondbest match. To avoid this, we can propagate the information provided by the

previous best match, (q5; m4). This information is used to favour q4's sibling, so that

(q4; m3) can be choseninstead. Sincewe do not want to becometoo sensitive to noise

in the graph, we shall considerpreservingthe sibling-or-sibling-descendent relationships

instead of the stricter sibling relationship. We will refer to this asymmetric relation

betweennodes as the SSD relation2. Note that due to the asymmetry of the relation,

the desiredpropagation of information will occur only whenever the algorithm proceeds

in a top-down fashion. In the next section,we will seehow to promote a top-down node

matching.

Beforecontinuing, let us de¯ne the rather intuitiv e node relationshipsthat we will be

working with. Let G(V; E) be a DAG and let u; v be two nodesin V. We say that u is

a parent of v if there is an edgefrom u to v. Furthermore, let u be the ancestorof v if

2Note that while the sibling relationship is symmetric, the SSD relationship is not, i.e., if u is the
\nephew" of v, then SSD(u,v) is true, but SSD(v,u) is false.
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Query shape

Model shape
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Figure 4.3: Example of the importanceof the sibling relation information amongnodes.

Here, the left-front leg of a query view of a dog was matched to that of a similar model.

When matching the right-front leg, there are two equally good candidate parts in the

model: the remaining front leg and the visible back leg. In a caselike this, we can use

the information provided by the previous match and promote the association of parts

that are locally related, i.e., sharea commonparent in the graph.
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Figure 4.4: Preserving sibling relationships by propagating the information from the

previousbest match. The matching pair (q4; m3) is chosenover the slightly better match

(q4; m5), becauseit results in two siblings in the query being matched to two siblings in

the model.
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and only if there is a path from u to v. Similarly, let u be a SSDof v if and only if there

exists a parent of u that is alsoan ancestorof v.

The relations de¯ned above will allow us to expressthe desiredconstraints. However,

we ¯rst needto determinehow to make this information explicit, for it is not immediately

available from the adjacencymatrices of the graphs. A simple method is to compute

the transitiv e closuregraphs of our graphs. The transitiv e closureof a directed graph

G = (V; E) is a graph H = (V; F ), with (v; w) in F if and only if there is a path from v

to w in G. The transitiv e closurecan be computedin linear time in the sizeof the graph

O(jV j jE j)[24].

From the above de¯nition, it is easyto seethat the transitiv e closureof a graph is

nothing elsethan the ancestorrelation. Computing the SSD relation, on the contrary,

requiresa bit of extra work. Let A G be the adjacencymatrix of the DAG, G(V; E), and

let T G be the adjacencymatrix of the transitiv e closuregraph of G. By meansof these

two matrices, we can now compute the non-symmetric SSD relation by de¯ning SG as

the jV j £ jV j matrix, where

SG(u; v) =

8
>><

>>:

1 if 9w2 V f A G(w; v) = 1 ^ T G(w; u) = 1g;

0 otherwise:
(4.2)

Armed with our new matrices T Q ; T M ; SQ ; and SM , we can update the similarit y

matrix, W , at each iteration of the algorithm, so as to preserve the ancestorrelations

and to discouragebreaking SSD relations. At the ¯rst iteration, n = 0, we start with

W 0 = W . Next, let (q0; m0) be the best node correspondenceselectedat the n-th

iteration of the algorithm, for n ¸ 0. The new weights for each entry W n+1
q;m of the

similarit y matrix, which will be usedas edgeweights in the bipartite graph at iteration
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n + 1, are updated accordingto:

W n+1
q;m =

8
>>>>>><

>>>>>>:

0 if T Q (q; q0) 6= T M (m; m0);

¯ W n
q;m elseif SQ (q; q0) 6= SM (m; m0);

W n
q;m otherwise;

(4.3)

where 0 · ¯ · 1 is a term that penalizesa pair of sibling nodes in the query being

matched to a pair of non-sibling nodes in the model. It is su±cient to apply a small

penalty to thesecases,sincethe goal is simply to favour siblings over non-siblingswhen

the similarities of the others are comparableto that of the siblings. An exampleof this

can be seenin Figure 4.3, in which the dog's back leg and its right-front leg are equally

similar to an unmatched leg in the query. The extra information we needto solve this

competition is given by the sibling relationship of the dog's front legs.

It is clear that when q0 and m0 are the roots of the subgraphsto match, the ancestor

and SSD relations will be true for all the nodes in the DAG. Thus, in practice, when

matching the q0-rooted and m0-rooted DAGs, we can avoid evaluating the conditions

above. In addition, we know that only a few weights will changeas the result of new

node correspondence,and so we only needto update those entries of the matrix. This

can be done e±ciently by designinga data structure that simpli¯es the accessto the

weights that are to be updated. Alternativ ely, the update step can also be e±ciently

implemented with matrices by noticing that the column of A G corresponding to node u

tells us all the parents of u, while the row of T G corresponding to node v give us all the

descendants of v. Thus, given a node pair (q0; m0) and their corresponding A Q , T Q , A M ,

and T M , it is straightforward to selectand modify only thoseentries of W n
q;m that need

to be updated at each iteration of the algorithm.
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4.4.1 Encouraging top-do wn matc hing

A careful look at the algorithm asit hasbeenstated sofar will reveal that, in general,the

¯rst node correspondencesfound will be thoseamonglower-level nodesin the hierarchy.

We can expect this bottom-up behaviour of the algorithm becausethe lower-level nodes

carry lessstructural information and sotheir weight will be lessa®ectedby the structural

di®erenceof the graphsrooted at them. Therefore,nodesat the bottom of the hierarchy

will tend to have high similarit y valuesand consequently, they will be chosento split the

graphs,creating small DAG's with few constraints on the nodes.

A solution to this problem is to rede¯ne the way we choosethe best edgefrom the

bipartite matching. Instead of simply choosing the edgewith greatest weight, we will

also considerthe order3 of the DAG rooted at the matched nodes to select the pair of

nodesthat have a largesimilarit y weight and arealsoroots of largesubgraphs.We de¯ne

the mass,m(v), of node v asthe order, n(T), of the DAG rooted at v. For a given graph

G(V; E), the jV j-dimensionalmassvector, M G, in which each of its dimensionsis the

massm(v) of a distinct v 2 V, can be computedfrom the transitiv e closurematrix, T G,

of the graph by M G = T G £ ~1, where~1 is the jV j-dimensionalvector whoseelements are

all equal to 1. Thus, M G is a vector in which each element M G(v), for v 2 V, is the

number of nodesin the DAG rooted at v.

Unfortunately, the massdoesnot give us enoughinformation about the depth of the

subgraph rooted at a node since, for example, the path of n nodeshas the samemass

as the star of n nodes. A better idea is to considerthe cumulative mass,m̂. Let m̂(v)

be de¯ned as the sum of all the massesof the nodesof the DAG rooted at v. Thus, the

cumulative massvector will be given by M̂ G = T G £ M G, which can also be written as

M̂ G = T 2
G £ ~1. This vector can then be used to obtain a relative measureof how tall

and wide the rooted subgraphsare with respect to the graph they belong to, by simply

3Here we follow the convention in the Graph Theory literature that considersthe order of a graph to
be the number of nodesin the graph, and the size of the graph to be the number of edgesin the graph.
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normalizing the masses.Let ~M G be the normalizedcumulative massvector given by

~M G =
M̂ G

argmax
v2 V

n
M̂ G(v)

o ; (4.4)

wherethe normalizing factor will correspond to the cumulative massof the node whose

in-degreeis zero |a root| and has the greatestcumulative massin G.

The cumulative massis exactly the pieceof information we need,sinceit should be

easyto seethat for all the treeswith n nodes,the star is the onewith smallestcumulative

mass,while the path is the one with the greatest. Hence,the cumulative mass,m̂, for

the root of a tree of order n satis¯es 2n ¡ 1 · m̂ · 1
2n(n + 1). This measureis a good

indicator of how deepand wide a subtreeis, and soprovidesa meansto ¯nd a compromise

betweenthe node similarities and their positions in the graph.

We can then promote a top-down behaviour in the algorithm by selectingthe match

(q; m)+ from the list, L , returned by each MCMW bipartite matching, with the maximum

convex sum of the similarit y and the relative massof the matched nodes,

(q; m)+ = argmax
(q;m)2L

n
° W q;m + (1 ¡ ° ) max( ~M Q (q); ~M M (m))

o
; (4.5)

where 0 · ° · 1 is a real value that controls the in°uence of the relative cumulative

massin selectingthe best match. Sincewe want to promote a top-down association of

nodeswithout distorting the actual node similarities, we suggest° to be in the interval

[0:7; 0:9].

In Figure 4.5, we comparethe sequencesof graph splits using di®erent valuesfor ° .

When ° = 1, we obtain the original equation in [52] that, as can be seenin the ¯gure,

tends to producea bottom-up behaviour of the algorithm.

4.5 Selecting the best mo del

Given the set of node correspondencesbetweentwo graphs,the ¯nal step is to compute

an overall measureof graph similarit y. The similarit y of the query graph to the model
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Figure 4.5: An examplein which ° < 1 can promote a top-down behaviour in the algo-

rithm. The cumulative massof each node is shown in blue. Edgeweights are computed

accordingto Equation 4.5, for ° = 1 and ° = 0:7. For the given set of node similarities

and ° = 1, the best node correspondenceat this iteration is the pair of leaves(q6; m4),

whereasfor ° = 0:7, the best node correspondenceis the pair of non-terminal nodes

(q4; m2).

graph is given by

¾©(Q; M ) =
(nQ + nM )

P
(q;m)+ 2 © W q;m

2nQnM
; (4.6)

wherenQ and nM are the ordersof the query graph and the model graph respectively.

The graph similarit y is given by a weighted averageof the number of matched nodes

in the query and in the model, where the weights are given by the node similarit y of

each matched node pair. If all the query nodesare matched with similarit y 1, i.e., their

attributes are identical, we have
P

(q;m)+ 2 © W q;m = nQ , and so ¾©(Q; M ) = 1
2( nQ

nM
+ 1).

Sinceall query nodeshave beenmatched, we know that nM ¸ nQ , and so¾©(Q; M ) will

be one when all the model nodesare mapped, and lessthan one otherwise. Therefore,

the graph similarit y is proportional to the quality of each pair of node correspondences,
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pro cedure isomorphism( Q,M )
©(Q; M ) Ã ; ;solution set
compute the nQ £ nM weight matrix W 0 from Eq. 4.1
T Q = compute transitiv e closure matrix from A Q
T M = compute transitiv e closure matrix from A M
SQ = compute SSD matrix from A Q and T Q
SM = compute SSD matrix from A M and T M
;the TSV at each node were already computed at indexing time
unmark all nodes in Q and in M
call match(ro ot( Q),ro ot( M ))
return (¾© (Q; M )) (see Section 4.5)

end

pro cedure match(u,v)
do

f
let Qu Ã u rooted unmark ed subgraph of Q
let M v Ã v rooted unmark ed subgraph of M
L Ã max cardinalit y, max weight bipartite matching between

unmark ed nodes in G(VQ u ; VM v ) with weights from W n +1 (see [18])
(u0; v0) Ã choose max weight pair in L from Eq. 4.5
©(Q; M ) Ã ©(Q; M ) [ f (u0; v0)g
update the similarit y matrix W n +1 according to Eq. 4.3
mark u0

mark v0

call match(u0,v0)
call match(u,v)
g

while (Qu 6= ; and M v 6= ; )

Figure 4.6: Algorithm for Matching Two Hierarchical Structures

and inverselyproportional to the number of unmatched nodes,both in the query and in

the model. Hence,a model that contains the query asa relatively small subgraphis not

as good a match as a model for which most of nodesmatch those of the query graph,

and vice versa.

4.6 Complexit y Analysis

The ¯nal algorithm is shown in Figure 4.6. The ¯rst step of the algorithm is to compute

a node similarit y matrix, the transitiv e closure matrices, and the sibling matrices for

both graphs. Assuminga linear algorithm for the pairwise node similarities, the former

matrix can be computed in O(n3). The other matrices can, in turn, be obtained in

linear time and in quadratic time, respectively. At each iteration of the algorithm, we

have to computea MCMW bipartite matching, sort its output, and update the similarit y
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matrix. The complexity at each stepis then determinedby that of the bipartite matching

algorithm, O(jV jjE j), sinceit is the most complex operation of the three. The number

of iterations is boundedby min (nQ ; nM ), and so the overall complexity of the algorithm

is O(n3). Hence, we have provided the algorithm with important properties for the

matching processwhile maintaining its original complexity.

4.7 Summary

We have extendedthe DAG matching algorithm introduced in [52] by eliminating the

possibility of hierarchical inversions in the node correspondencesand by propagating

information to preserve the relationship amongsibling nodes. In addition, we extended

the algorithm by encouraginga top-down selectionof correspondences,which increases

the number of hierarchical constraints available at each iteration of the algorithm. The

combination of all theseextensions,coupled with our measureof graph similarit y, will

allow us to accurately rank the candidate graphsdelivered by the indexing mechanism.

It shouldbe noted that the presented algorithm can handlegraphsof di®erent sizesthat

are only partly similar to that of the query.



Chapter 5

Exp erimen ts and Results

5.1 Exp erimen ts Set-up

We have systematically tested our integrated framework using both occluded and un-

occluded queries. With a large number of trials on a databaseof 2688 graphs, this

represents one of the most comprehensive set of shock graph experiments to date. Our

databaseconsistsof viewscomputedfrom 3-D graphicsmodelsobtained from the public

domain. Each model is centered in a uniformly tessellatedview sphere1, and a silhouette

is generatedfor each cell in the tessellation. A shape skeleton is computed for each sil-

houettewith the algorithm proposedin [15], and its shock graph is generatedasdiscussed

in Section 2.5. Then, each graph is added to the model database,while the signature

vectors of its nodesare added to the index database,as described in Section 3.3. The

3-D models that give rise to the views in the databaseare shown in Figure 5.1.

In the ¯rst set of experiments, we evaluate the performanceof the systemon a set

of unoccluded queriesto an object view database. The databasecontains 2688 views

describing21 objects (128 uniformly sampledviews per object). We then remove each

view from the databaseand useit as a query to the remaining views. For each node of

1We compute a perspective projection of the 3-D object onto the image plane corresponding to each
viewpoint on the sphere.
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Figure 5.1: The twenty-one 3-D models useto generatea databaseof 2688views. The

objects arechosensoasto present a largevariation in terms of shape complexity. Simple

objects will be represented by small graphsthat will also be subgraphsof larger graphs

in the database.

the query DAG, the indexing module (seeSection3.3) will return all the TSV's within a

radius of 40%of each dimensionof the query node'sTSV. This parameterdeterminesthe

range,~r , discussedin Section3.3.3,and is set so as to allow small structural di®erences

betweenthe query and the models.

Evidencefor models is then accumulated by an e±cient one-to-onemapping, as de-

scribed in Section 3.4.2, and weighted according to Equation 3.2, with ! = 0:5. The

indexerwill return at most the highestscoringK candidates,which will be next matched

to the query and sorted accordingto similarit y using the matching algorithm described

in Section4.3. The parametersfor the matcher are set as follows. The node similarit y

weight mixing term: ® = 0:7, the penalty term for breaking SSD relations: ¯ = 0:8,

and the in°uence term of the nodes' cumulative massesthat promotesa top-down node

matching: ° = 0:7. We veri¯ed that the overall results were not sensitive to the precise

choiceof theseparameters.
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5.1.1 Evaluation Scheme

Our goal is to evaluate the framework for the tasks of object recognition and poseesti-

mation. In addition, we want to ¯nd empirically, K , the number of candidatesreturned

by the indexer to be considered,soasto achieve a good compromisebetweenrecognition

performanceand matching e±ciency. The successof the object recognition task is mea-

suredas follows. If the query object (from which the query view wasdrawn) is the same

as the model object (from which the most similar candidateview is drawn), recognition

is said to be successful,i.e., the object label is correct for the ¯rst ranked view after

matching K candidateviews2.

Evaluating the successof the poseestimation task is morecomplicated. Although we

samplethe entire viewing sphere,views on onesideof the viewing sphereare similar to

viewson the other side. This similarit y is morepronouncedasthe viewing distancegrows

with respect to the object's depth, i.e., the camerageometry approaches orthographic

projection. Moreover, additional object planesof re°ectivesymmetryor axesof rotational

symmetry introduce additional ambiguous views with respect to pose. Therefore, the

obvious method of evaluating poseestimation successby checking that the top-ranked

candidateis oneof the query'snine neighbours (seeFigure 5.2) is somewhatharsh. Even

without symmetry planes or axes, the nine neighbours of the query's counterpart on

the other side of the sphere(which is not removed), will be similar, with the query's

counterpart possibly being more similar to the query than the query's own immediate

neighbours.

Properly evaluating the poseestimation requires knowing exactly which views are

ambiguousdueto symmetry, a costly ground-truth exercise.Wethereforede¯ne a slightly

weaker measureof successand requireonly that at leastoneof the 9 closestneighboursof

the queryon the viewing sphereis rankedbeforeany other object's view. The assumption

2Note that if multiple views (perhaps from di®erent objects) are tied for ¯rst place (i.e., \most
similar"), then each can be consideredto be \most similar."
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Figure 5.2: Con¯guration of the 9 closestneighbours of Q on the view sphere.

here is that any of the query view's non-neighbouring views (of the sameobject) that

rank higher than the closestof the query view's nine neighbours are similar and are due

to object or viewing symmetry. We will seelater on that when we plot the rank of the

closestneighbour amongthe ranked candidates,the closestneighbour scoresconsistently

high, re°ecting high poseestimation accuracy.

An alternative to the above schemeto deal with the e®ectof symmetrieswould be

to remove from the databasethe redundant views of each object related to symmetry.

However, this would require a manual intervention to decidewhat views to discard for

each particular object. In contrast, by making no assumptionsabout the object views,we

cantest that the framework behavesasexpected,and then decideon the most convenient

view clustering technique that will not only provide a good solution to the issue of

symmetry, but will also largely reducethe degreeof ambiguity in the databasewhich, in

turn, will improve the indexing results.

5.1.2 No de corresp ondences

An automatic way of evaluating node correspondenceshas yet to be devised, and so

we have not evaluated this task exhaustively. As a brief analysisand demonstration,we

present in Figure 5.4a setof casesin which the systemhassucceededand othersin which
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(a) (b) (c)

(d)

(e)

Figure 5.3: (a) viewing sphereof the eagle. (b) close-upof the sphere. (c) view #7 of

the eagle,usedas query. (d) the 9 closestneighbours of view #7 in the viewing sphere,

views6, 5, 8, 80, 64, 10, 61, 9, 78. (e) The top 9 best matchesreturned by the matcher,

views 63, 62, 111,87, 112,89, 105,86, 24.
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it has failed. Theseexamplesshow the abilit y of the framework to deal with rotated,

deformed,and self-occluded shapes. Note, for instance, that all the ¯gures among the

exampleshave parts that have disappeared, shrunk, or enlarged. The last two cases

at the bottom of the page are failures. The ¯rst one shows the top-front view of the

dinosaur with self-occludedneck and head being matched to a side-viewof the dog. In

the secondcase, the lack of constraints in terms of skeleton curvature similarit y and

relative orientation of parts allows the top view of the dinosaur to match a top-left view

of the seahorse.

Some of the correct object identi¯cations in Figure 5.4 also have a few incorrect

mappingsof parts. For example,the front leg of the dog is matched to its back leg due

to the largedeformation su®eredby all its legs. In the caseof the guitar, we can seethat

a missingbranch in the skeleton led to a twist in the correspondences.It is particularly

interesting to note the caseof the bull, in which one of the front legsis matched to the

bull's tail. It is clear that the largely deformedtail is very similar to the leg. Probably

the only solution to thesetypesof incorrect mappingsis to factor in both ordering and

relative orientation of the parts in the matching processand in the shape representation.

In general,we have found that most of the node correspondencesare assignedcorrectly,

which allows, for example, a post-matching veri¯cation stage to exploit part order to

eliminate views that are rotated or mirrored with respect to the query.

5.1.3 Limitations

Shock graphs,in principle, arescaleinvariant. However, the sensitivity to variation in the

scaleof a shape hasnot beenthoroughly studied in the literature to date. Furthermore,

signi¯cant scaledi®erencesmay causeskeletonbranchesto emergeor disappear. To avoid

introducing thesekinds of problems in the experiments, we have ¯xed the scaleof the

imagessothat all the objects' viewsare generatedsuch that they ¯t an imagesizeof 300

by 300pixels.
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Figure 5.4: Someexamplesof node correspondencesfound by the matcher. The line

colours encode the node similarit y computed according to Equation 4.1, where: green

= 1, blue ¸ :9, red ¸ :8, violet ¸ :7, black ¸ :6, dark grey ¸ :5, medium grey ¸ :4, light

grey ¸ :3, pink ¸ :2, yellow ¸ :1
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Figure 5.5: RecognitionPerformance:(a) Object recognition performanceas a function

of K ; (b) Pose estimation performanceas a function of K . When K = 2688, i.e.,

no indexing mechanism, the object recognition performance is 97.1726and the pose

estimation performanceis 87.7604.

5.2 Ob ject Recognition and Pose Estimation

Figure 5.5 (a) plots recognition performanceas a function of increasingnumber of can-

didates returned by the indexer, while (b) plots this samecomparisonfor the task of

poseestimation. Recognition performanceis very high, with better than 95% success

even when we only analyze50 candidates,thus saving 2638matching operations. The

performanceon the more di±cult task of poseestimation3 is also very good. For this

case,we can seethat consideringonly 200 candidatesresults in a good compromisebe-

tween accuracyand e±ciency. The accuracyof the poseestimation is high, especially

if we considerthat, in general,every object has somenumber of degenerateviews4, and

many objects have re°ectional or rotational symmetry. The remaining experiments in

3Poseestimation often involvesmatching views with a large degreeof deformation and self-occlusion
of parts.

4A degenerateview is one that has no similar neighbours on the viewing sphere.
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Figure 5.6: Distribution of ranking positions for the best-ranked neighbouring view of

each of the 2688 query views. All the views that rank better than the best-ranked

neighbouring view belongto the sameobject as that of the query.

this chapter werecarried out with K = 200.

Figures 5.6 (a) and (b) plot the distribution of ranking positions for the successfully

matched, best-ranked neighbouring view of each query, for K = 200 and K = 2688,

respectively. As we described in Section 5.1.1, a neighbouring view is consideredto

match the query view successfullyif it ranks before any view of an incorrect object.

Sinceshock graphsare meant to be invariant to permutations of their subgraphs,views

at opposing sidesof a plane of symmetry of the object may be more similar than the

immediate neighbours of each view and the neighbours of a symmetric view might be as

similar to the query view as the query's true neighbours5. The results con¯rm that only

a few neighbouring views are not at the top of the ranking, which would correspond to

objects that have rotational symmetry (the baseballbat and the lamp) or other typesof

symmetries.

5For example, the view at the opposing side on the viewing sphereto that of the query, plus its 9
neighbouring views, could potentially lead the ranking.
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Figure 5.7: RecognitionPerformance:(a) Object recognition errors per object; (b) Pose

estimation errors per object. Each column corresponds to an object and is ordered by

the rows in Figure 5.1

Errors per Ob ject

In an e®ort to understand the performance, we plot in Figures 5.7 (a) and (b) the

distribution of recognition and poseestimation errors acrossobjects. It is clear from the

plots that the errors are not uniformly distributed and so, in order to focus our e®orts

to improve performance,we needto study the casesthat accumulate most of the errors.

Upon examining the results, we found, for example, that most of the object recog-

nition errors (for K = 200) for the horse(object 7) and the bull (3), which both lack a

plane of symmetry, weredue to their query views being incorrectly matched to views of

di®erent four leggedanimals,such asthe camel(20), the dog(11), and the dinosaur(15).

In terms of poseestimation errors,objects such asthe kangaroo (4), which su®eredfrom

self-occlusionof parts under small variations of viewpoint, were highly a®ected.Figure

5.8 shows someexamples.
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Figure 5.8: The ¯rst two imagesshow views of the horse that failed the object recog-

nition test. The last ¯gure is a view of the kangaroo that failed in the poseestimation

experiment.

5.3 Comparison Against Previous Approac h

The results we have obtained so far allow us to evaluate the extended indexing and

matching framework with respect to the original framework proposed in [54]. Figure

5.9 shows a comparisontable for each of the most relevant extensionsto the framework

proposedin this thesis. In column a, the indexing votes are weighted accordingto Eq.

3.1 insteadof Eq. 3.2, while requiring a one-to-onecorrespondencefor the nodesin each

model graph. Column b shows the performancewhen a one-to-onevote correspondence

is not enforcedand the votesare weighted accordingto the improved function, Eq. 3.2.

Column c shows the performanceof the indexing algorithm without either component,

i.e., a many-to-many assignment of votes is allowed, and each vote is weighted by Eq.

3.1, aswasoriginally proposedin [54]. Theseresults reveal that a one-to-onevote corre-

spondenceproducesmuch better indexing performance,and that Eq. 3.2 is particularly

important if a one-to-onevote correspondenceis not ensured.

In Section4.4, a number of extensionsto the matching algorithm wereproposedwith

the main goal of eliminating violations of the hierarchical constraints from the node

correspondencesdelivered by the matcher. By adding such extensions,we expect to

eliminate the inversionswhile maintaining or, in the best case,improving the matching
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Obj. Rec. 96.80 92.63 73.47 96.28 96.24 96.76 96.73

PoseEst. 84.11 72.84 53.53 84.19 83.85 85.71 84.90

Figure 5.9: Comparisontable for each new feature in the indexer and in the matcher.

Each column shows the performanceof the extendedframework without oneor more of

the proposedextensions,soasto isolate the individual contribution of each feature. The

performanceof the algorithm when all the new featuresare usedfor K = 200 is 96.76

for object recognition and 85.08for poseestimation.

performance. Columns d-g evaluate the performanceof the matcher when theseexten-

sionsare not used. The numbers in thesecolumnstell us that the freedomto violate the

ancestorrelation (col. d), the lack of encouragement to preserve the SSDrelations (col.

e) coupledwith the freedomto violate ancestorrelations, and the promotion of a top-

down matching behaviour (col. f ), do not signi¯cantly a®ectthe matching performance.

Column g shows that whennoneof the three extensionsto eliminate inversionsare used,

the qualitativ e ranking of candidatesremains the same. A comparisonof the improved

accuracyof node correspondencesdue to theseextensionsis left as future work.

The algorithm for computing shock graphs as well as the node similarit y function

presented in Section2.5 alsodeserve their own comparisonagainst previousapproaches.

Unfortunately, the algorithms usedto computeshock graphsin the related work are not

well documented and so we are unable to make a signi¯cant comparison. We leave as

future work a comprehensivecomparisonof the nodesimilarit y functions in the literature.
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5.4 Performance under varying sampling resolution

We examineperformanceas a function of sampling resolution of the viewing sphereby

subsamplingthe databaseso as to eliminate 25%, 50%, and 75% of the views. This

experiment is meant to estimate a worst-caseperformancefor the tasks of object recog-

nition and poseestimation having fewer views per object in the model database. The

subsamplingis doneusing a simple strategy. For each object, we generatedsubsampled

view setsof size96, 64, and 32 by randomly eliminating views on the object's viewing

sphere. Then, we useevery view in the original databasewith 128 views per object as

a query6 against each subsampleddatabase.We conductedfour trials of the experiment

and computed the averageperformance. It should be noted that a random strategy for

subsamplingis clearly ine±cient sinceit doesnot focus on eliminating redundant views

from the database. A clustering technique, on the other hand, could use the proposed

shock graph similarit y function to perform a more clever subsamplingof an object's

viewing sphere.

Figures5.10(a) and (b) plot recognition performanceasa function of samplingreso-

lution. We can seethat the performanceon recognitionand poseestimation is still good

whensamplingresolutiondropsto 64viewsper object (over the entire view sphere).Fur-

thermore, when the resolution drops to 32 viewsper object, the decreaseof performance

is more pronouncedbut still degradesgradually, showing the stabilit y of the approach.

The experiment demonstratesboth the e±cacy of the recognition framework and the

viewpoint invarianceof the shock graph, respectively.

5.5 Performance under varying num bers of ob jects

Starting with our databaseof 21 objects, we gradually reducedthe number of objects in

the databaseby removing pairs of objects. We started with the alien and the baseball

6The query view is also removed from the subsampledmodel databaseif it is still present.
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Figure 5.10: Recognition Performance: (a) Object recognition performanceas a func-

tion of sampling resolution; (b) Poseestimation performanceas a function of sampling

resolution.
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Figure 5.11: RecognitionPerformance:(a) Object recognitionperformanceasa function

of number of objects and K ; (b) Poseestimation performanceas a function of number

of objects and K . The non-smooth behaviour of the performanceis due to the uneven

distributions of error amongthe objects.
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bat and continuedeliminating object pairs, accordingto the order of ¯gure 5.1, up to the

seahorseand the guitar. Figures 5.11 (a) and (b) plot recognition and poseestimation

performancefor each databaseand for di®erent valuesof K .

Ideally, we would want the performanceto be independent of the number of objects

in the database.The experiment shows that although this is not the case,aswe increase

the databasesizefrom 7 to 21 objects, the performanceof object recognition and pose

estimation, for k = 200, drops by only 2.78%and 9.28%,respectively. This decreasein

performancecan be explained, to a certain extent, by the ambiguity that each object

adds to the database. In general,each object has a number of views with little shape

information due to the self-occlusion of parts from a given view. As we increasethe

number of objects, theseviews becomelessinformative and start competing with each

other. Consider,for example,the top-front view of the dinosaur,shown in Figure 5.4, in

which its neck and headare self-occluded. As we add more four-leggedobjects, this view

becomesmore ambiguous. Hence,the results suggestthat to maintain the performance

under an increasingnumber of objects, we must not only explorestrategiesto reducethe

number of redundant and ambiguousviewsin the database,but to add shape information

to the index.

5.6 Occlusion by Missing Data

In the ¯nal experiment, shown in Figure 5.12, we plot recognition performanceas a

function of degreeof occlusion(for the entire database)for occludedqueries.To generate

an occludedquery, werandomly choosea nodein the queryDAG and deletethe subgraph

rooted at that node, provided that the order of the graph doesnot drop by more than

50%. We repeated the experiments 6 times, to accumulate a total of 16,128 trials.

Performancedecreasesgradually as a function of occluder size(or, more accurately, the

amount of \missing data"), re°ecting the framework's abilit y to recognizepartially visible
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Figure 5.12: Recognitionperformanceas a function of degreeof occlusion,accumulated

at ¯xed intervals of 5 degrees.

objects. Sincean increasingamount of missingdata doesnot have a dramatic impact on

the performance,we can concludethat the framework satis¯es this important property

of stabilit y. Experiments with other types of occlusion, in particular, under- and over-

segmented shapes,are left as future work.
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Conclusions

Our shock labelling algorithm computesshock graphsthat satisfy the necessarycondition

of structural stabilit y required by the indexer and the matcher: shapesthat su®ersmall

deformations due to viewpoint changesare represented by shock graphs with similar

structure. The stable labelling is obtained by ¯rst modelling the shock points in each

skeleton branch by line segments. To this end, we proposedan e±cient combinatorial

algorithm that ¯nds the minimum number of line segments that ¯ts the data within a

given threshold, which is set accordingto the number of points in the branch. We have

alsoproposeda number of variations to the de¯nition of shock graphsthat leadto a more

robust shape representation. In particular, we suggestedthat branch segments acting as

ligature between shape parts should be encoded in single nodes1. This modi¯cation

implies a small changeto the shock graph grammar soasto allow chainsof type 1 nodes.

We believe that this simple modi¯cation has a large positive e®ecton the robustnessof

the graphsunder viewpoint variations, whereshape parts su®erlarge deformationsdue

to perspective projection.

The above algorithm alsosuggesteda node similarit y measurewith similar properties

in terms of robustnessto viewpoint changes. The key idea of this measureis to realise

1As we mentioned in Section 2.3.3, the original analysis of ligature nodes is due to August et al. In
[2], the authors propose,in contrast to our approach, to eliminate the ligature nodesfrom the graph.

89
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that the radius of shock points, and the parametersof their velocity and acceleration

functions, yield a powerful feature that characterizesa node. Furthermore, by solely

considering the nodes' radius function (i.e., e®ectively ignoring their absolute spatial

information) we can gain a desirable°exibilit y in terms of deformation and articulation

of parts, which is important to our task of object recognition.

Robust shock graphsare the right type of input for the indexing mechanism,sincethe

indexing is basedon accumulating votes for modelswith similar graph structure to that

of the query. In turn, an optimal and e±cient algorithm for counting votes is oneof the

contributions of the thesis. In the original formulation of the indexing, a query node was

allowed to vote several times for di®erent nodesin the samemodel. Conversely, a model's

node was able to receive votes from more than onequery node. In spite of the fact that

an unconstrainedassignment of votes from nearest-neighbour search results is likely to

provide misleading information, it is sometimestolerated due to the extra complexity

that a bipartite-matching solution per query-model pair 2 would add to an algorithm that

is designed,in principle, to provide a fast pruning of the database.

We solved the problem of an optimal accumulation of votes by an algorithm that

adaptsto the topologyof the querygraphandcreatesthe minimum, ¯xed-sizebu®ersthat

are necessaryto compute an optimal one-to-oneassignment of votes. Furthermore, the

bu®ersizeis independent of the number of modelsin the database,sinceit is determined

by the number of overlappingsignaturevectorsof the query with respect to a given range

for the nearest-neighbour search. A secondimprovement to the discriminatory power of

the indexerwasobtainedby usingthe signaturevectorsto reformulate the vote weighting

function so as to favour modelswith more matched nodesand fewer unmatched nodes.

Our experiments show that the indexer is e®ective in reducing the number of candi-

datesto be lessthan 10%of the model database.Furthermore, the matching performance

2Note that there is a potentially large number of models and so, when indexing we must avoid an
expensive function that dependson this number.
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is good evenwhenthe number of candidatesis set to be 2%of the database.Sincethe in-

dexing mechanismdependson the stabilit y of the graphsunder viewpoint changes,these

resultsalsosuggestthat shock graphs,computedasdescribed in Section2.5, successfully

meet the viewpoint insensitivity condition.

Finally, we considereda number of extensionsto the matching algorithm. The results

of this algorithm originally su®eredfrom inversionsin the assignment of node correspon-

dencesthat would also a®ectthe overall similarit y computed for a given pair of graphs

|regardless of the particular domain. The inversionsweredue, in most cases,to the al-

gorithm not being e®ective in guaranteeing that all the hierarchical constraints encoded

in the DAGs were satis¯ed. Nevertheless,this algorithm had the advantage of a low

complexity, O(n3), which was obtained, to a certain extent, by taking advantage of the

signature vectors that were already computed for indexing. The goal was then to elim-

inate the problem of inversionswhile maintaining the low complexity of the algorithm.

We proposeda method to update the similarit y matrix at each iteration of the matching

algorithm that not only eliminatesthe violation of hierarchical constraints, but alsoprop-

agatesinformation that promotesmatching sibling nodesin the query to sibling nodesin

the model. As shown in Section4.4, this is important for structures (e.g., shapes) with

repeated parts. In addition, a simple strategy was suggestedfor helping the algorithm

proceedin a top-down fashionwithout compromisingits abilit y to handle noisy graphs.

The results on object recognition and poseestimation show the matcher's abilit y to

deal with non-isomorphicgraphs, while the occlusion results con¯rm its robustnessto

increasingamounts of missingdata. Theseproperties are necessaryconditions to handle

shapesreturned by a segmentation algorithm, which are likely to beeither under-or over-

segmented. Last but not least, the good performanceresultsof theseexperiments validate

the stabilit y of the node similarit y function to accommodate minor shape deformation

due to viewpoint changes.

In conclusion, we have demonstrated an integrated framework for view-based3-D
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object recognition using shape information. The framework is e®ective in dealing with

largedatabasesof shapeswithout requiring a particular organizationof its contents, such

asprototypes,classes,or any other type of hierarchy. Hence,the indexing technique is a

tool that can, in turn, be combined with di®erent typesof hierarchical databases.Both

indexing and matching are generaltechniquesapplicable to domainswherethe patterns

of interest can be embodied in stable, directed acyclic graphs. Finally, we have shown

that our method for computing shock graphssatis¯es this requirement of stabilit y and,

consequently, that shock graphscan be usedfor e±cient shape matching.

6.1 Directions for Future Research

In order to e®ectively apply the framework to larger databasesof objects, wemust reduce

the number of ambiguousviews in the database,for as a databasebecomeslarger, the

negative e®ectsof theseviewswill becomemore noticeable. One form of view ambiguity

is related to objects that look similar from di®erent viewpoints, such as the caseof the

sphere,whoseviewsare identical circles,or the caseof a pawn (usedin the experiments),

whoseside views are identical. That is, given one of theseviews, we cannot determine

the exact viewpoint from whereit wastaken. Another form of ambiguity canbe found in

non-ambiguousviewsof an object that are sharedby other objects in the database.The

top view of the pawn and the lamp in Chapter 5, for instance,are undistinguishable.

By storing ambiguous views in the database,we increasethe amount of redundant

information, degradingthe performanceof the indexer, which will return many unneces-

sary candidates,and that of the matcher, which will have to evaluate and rank them. We

can eliminate the former form of redundant views by grouping them accordingto their

similarit y and selectinga prototype to represent them all. Thus, in our framework, the

similarit y yieldedby the matcher can be combined with a clustering technique to control

the level of redundancy in the database. The later form of ambiguity (acrossobjects)
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requiresthat we exploreother alternatives,such as assigningprobabilities of occurrence

to the viewsand to the objects [17]. In future work, we plan to evaluate the performance

of the framework as a function of increasingnumbersof objects using theseideas.

View clustering will reduceview ambiguity in the database. However, the indexing

processintroducesits own form of ambiguity through the use of the TSV. Recall that

the TSV of a graph (subgraph) is not unique, and that the di®erent graphs may share

the sameTSV. Moreover, the TSV encodesonly the graph structure and not the shape

information stored in the nodes. In Section 3.4.7, we considereda number of possible

extensionsto the indexer to overcomethese issues. In particular, we suggestedthat

large databasesof objects will require signature vectors that also encode geometrical

constraints. The geometrical constraints range from the individual labels and other

attributes of the nodes to global properties, such as the relative position and size of

the parts. This extra information can be encoded in the signature vectorsas additional

dimensions,or as edgeweights in the graphs. Clearly, there are a number of features

that we could considerat indexing time as well as a number of ways of doing so. The

study of the signal-to-noiseratio of thesedi®erent options is left as future work.

As a ¯nal point, we believe that the stabilit y of shock graphsunder articulation and

occlusion of parts can be further extendedby investigating the ligature segments and

their role in the shock graph grammar. We envision a grammar that accounts for the

processof part ligature soasto robustly represent articulating objects and the occlusion

of parts. Ligature information can be usedboth as an indication of the birth processof

parts, and asa measureof saliencyfor the nodes,for the information encoded in ligature

nodes tends to be more unstable and lesssigni¯cant for matching. Shock graphs with

well-identi¯ed parts and node saliencyinformation will improve the performanceof the

matching process.
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