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Interval colouring

Interval Colouring Problem

Given a set of intervals, colour all intervals so that intervals having
the same colour do not intersect

Goal: minimize the number of colours used.
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We use 4 colors in this example. Question: Is this optimal?
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Interval colouring

Interval Colouring Problem

Given a set of intervals, colour all intervals so that intervals having
the same colour do not intersect

Goal: minimize the number of colours used.

We could simply apply the m-machine ISP for increasing m until we
found the smallest m that is sufficient.

Note: This is a simple example of a polynomial time reduction which
is an essential concept when we study NP-completeness.

Note: There are examples of graph classes where the colouring
problem can be efficiently computed whereas on this class of graohs,
the m-ISP problem is NP-hard when m is a parameter of the problem.
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Greedy interval colouring

Consider the EST (earliest starting time) for interval colouring.
I Sort the intervals by non decreasing starting times
I Assign each interval the smallest numbered colour that is feasible given

the intervals already coloured.

Recall that EST is a terrible algorithm for ISP.

Note: this algorithm is equivalent to LFT (latest finishing time first).

Theorem

EST is optimal for interval colouring
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Greedy Interval Colouring

1: Sort intervals so that s1 ≤ s2 ≤ . . . ≤ sn
2: for i = 1 to n do
3: k := min{` : ` 6= χ(j) for all j < i such that the j th interval intersects

the i th interval}
4: σ(i) := k

/* the i th interval is greedily coloured by the smallest non conflicting
colour */

5: end for
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An example of interval colouring
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We use the colors in the following order: red, yellow, blue, green

Idea of optimality proof

Look at the interval that (first) caused the largest colour, say k , to be
used by EST. Then there must be k intervals containing a given “time” x
and hence k colours are required.
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