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ABSTRACT
In this supplementary material, we will provide proofs for
the Lemma 5.4 and Theorem 5.5 presented in section 5.2 of
our paper. Our proofs is based on the papers [1], [2].

1. PROOFS
Please refer to our main paper for the regularity conditions

(C4)-(C6) and the statements for the following Lemma 5.4
and Theorem 5.5.

Proof of Lemma 5.4. Let ηn =
√
pnn

−1/2 + an and
{θ∗n + ηnδ : ||δ|| ≤ d} be the ball around θ∗n, where δ =
(u1, ..., up, v11, ....vKp)

T = (uT ,vT )T .
Define

Dn(δ) ≡ Qn(θ∗n + ηnδ)−Qn(θ∗n)

Let −Ln and nPn denote the first and second terms of Qn.
For any δ that satisfies ||δ|| = d, we have

Dn(δ) =− Ln(θ∗n + ηnδ) + Ln(θ∗n)

+ nPn(θ∗n + ηnδ)− nPn(θ∗n)

=− Ln(θ∗n + ηnδ) + Ln(θ∗n)

+ n
∑
j∈An1

λβnj(|β
∗
j + ηnuj | − |βj |)

+ n
∑

(k,l)∈An2

λ
αk
nl (|α∗k,l + ηnvk,l)| − |α∗k,l|
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≥− Ln(θ∗n + ηnδ) + Ln(θ∗n)

− nηn
{ ∑
j∈An1

λβnj |uj |+

+
∑

(k,l)∈An2

λ
αk
nl α

∗
k,l|vk,l)|

}
≥− Ln(θ∗n + ηnδ) + Ln(θ∗n)

− nηn(
∑
j∈An1

an|uj |+
∑

(k,l)∈An2

an|vk,l|)

≥− Ln(θ∗n + ηnδ) + Ln(θ∗n)− nηn(
√
snan)d

=− Ln(θ∗n + ηnδ) + Ln(θ∗n)− nη2nd

=− [∇Ln(θ∗n)]T (ηnδ)− 1

2
(ηnδ)T [∇2Ln(θ∗n)](ηnδ)

− 1

6
∇T {δT [∇2Ln(θ̃n)]δ}δη3n

− nη2nd (By Taylor’s series

expansion)

where θ̃n lies between (θ∗n+ηnδ) and θ∗n. We split the above
into four parts:

K1 = −[∇Ln(θ∗n)]T (ηnδ)

K2 = −1

2
(ηnδ)T [∇2Ln(θ∗n)](ηnδ)

K3 = −1

6
∇T {δT [∇2Ln(θ̃n)]δ}δη3n

K4 = −nη2nd

Then,

|K1| =| − ηn[∇Ln(θ∗n)]T δ|

≤ηn||(∇Ln(θ∗n))T ||||δ||
=Op(ηn

√
npn)δ

=Op(nη
2
n)d

Next, since we have∣∣∣∣∣
∣∣∣∣∣ 1n∇2Ln(θ∗n) + In(θ∗n)

∣∣∣∣∣
∣∣∣∣∣ = op(1/pn) (1)



by Chebyshev’s inequality and (C5) we can show that

K2 =− 1

2
(ηnδ)T [∇2Ln(θ∗n)](ηnδ)

=
1

2
nη2nδ

T [In(θ∗n)]δ − 1

2
nη2nd

2op(1)

Moreover, by Cauchy-Schwarz inequality, (C6) and the con-
ditions

√
nan → 0 and p5n/n→ 0,

|K3| =
∣∣∣− 1

6
∇T {δT [∇2Ln(θ̃n)]δ}δη3n

∣∣∣
=

1

6
η3n

∣∣∣ n∑
i=1

pn∑
j,l,m=1

∂3Ln(θ̃n)

∂θnj∂θnl∂θnm
δjδlδm

∣∣∣
≤η3n

n∑
i=1

(

pn∑
j,l,m=1

M2
njlm(Vni))

1/2||δ||3

=nη3nOp(p
3/2
n )(pnO(1))1/2||δ||2

=nη2nOp(ηnp
2
n)d2

=nη2nop(1)d2

Dn(δ) ≥K1 +K2 +K3 +K4

=−Op(nη2n)δ − 1

2
nη2nδ

T [In(θ∗n)]δ

− 3

2
nη2nop(1)d2 − nη2nd

We see that K2 dominates the rest of the terms and is
positive since I(θn) is positive definite at θn = θ∗n from
(C5). Therefore, for any given ε > 0 there exists a large
enough constant d such that

P{ inf
||δ||=d

Qn(θ∗n + ηnδ) > Qn(θ∗n)} ≥ 1− ε

This implies that with probability at-least 1−ε, there exists a
local minimizer in the ball {θ∗n+ηnδ : ||δ|| ≤ d}. Thus, there

exists a local minimizer of Qn(θn) such that ||θ̂n − θ∗n|| =
Op(ηn

√
pn).

Proof of Theorem 5.5. [Proof of Sparsity]

First, we prove P (β̂Ac
n1

= 0) → 1 as n → ∞. It is suf-
ficient to show that with probability tending to 1, for any
j ∈ Acn1

∂Qn(θ̂n)

∂βnj
< 0 for − εn < β̂nj < 0 (2)

∂Qn(θ̂n)

∂βnj
> 0 for εn > β̂nj > 0 (3)

where εn = Cn−1/2 and C > 0 is any constant. To show

(2), we consider Taylor expansion of ∂Qn(θ̂n)
∂βnj

at θ = θ∗n.

∂Qn(θ̂n)

∂βnj
=− ∂Ln(θ̂n)

∂βnj
+ nλβnjsgn(β̂nj)

=− ∂Ln(θ∗n)

∂βnj
−

pn∑
k=1

∂2Ln(θ∗n)

∂βnj∂θnk
(θ̂nk − θ∗nk)

−
pn∑
k=1

pn∑
k=1

∂3Ln(θ̃n)

∂βnj∂θnk∂θnl
(θ̂nk − θ∗nk)(θ̂nl − θ∗nl)

+ nλβnjsgn(β̂nj)

(4)

where θ̃ lies between θ̂n and θ∗n. By (C4)-(C6), the lemma
5.4, and carefully solving the parts of above equation (4)
using Cauchy Schwarz inequality, we have

∂Qn(θ̂n)

∂βnj
=Op(

√
npn) + nλβnjsgn(β̂nj)

=
√
npn

{
Op(1) +

√
n/pnλ

β
njsgn(β̂nj)

}

Since
√
n/pnbn →∞, sgn(β̂nj) dominates the sign of ∂Qn(θ̂n)

∂βnj

when n is large. Thus,

P

(
∂Qn(θ̂n)

∂βnj
> 0 for 0 < β̂nj < εn

)
→ 1 as n→∞

(3) can be shown in the same way.
Also, P (α̂nAc

n2
= 0) → 1 can be proved similarly since in

our model βn and αn are independent of each other.

Proof of Theorem 5.5. [Proof of Asymptotic normal-
ity]

We want to show that with probability tending to 1,

√
nAnI

1/2
n (θ∗nAn

)(θ̂nAn − θ∗nAn
) =
√
nAnI

−1/2
n (θ∗nAn

){ 1

n
∇Ln(AnI

−1/2
n (θ∗nAn

)) + op(n
−1/2)

}
(5)

Also, we need to show that probability tending to 1,

√
nAnI

1/2
n (θ∗nAn

)(θ̂nAn − θ∗nAn
)

=
1√
n
AnI

−1/2
n (θ∗nAn

)

n∑
i=1

[∇Lni(θ∗nAn
)]

+ op(AnI
−1/2
n (θ∗nAn

)1sn×1)

=
1√
n
AnI

−1/2
n (θ∗nAn

)

n∑
i=1

[∇Lni(θ∗nAn
)] + op(1)

≡
n∑
i=1

Yni + op(1)

→d N(0,G)

(6)

where Yni = 1√
n
AnI

−1/2
n (θ∗nAn

)[∇Lni(θ∗nAn
)]. We will

now prove (5) and (6) in (I) and (II) respectively.

(I) We want to show

In(θ∗nAn
)(θ̂nAn−θ∗nAn

) = 1
n
∇Ln(An(θ∗nAn

)+op(n
−1/2).

We know that with probability tending to 1,

∇AnQn(θ̂nAn
) =−∇AnLn(θ̂nAn

) + n∇AnPλn(θ̂nAn
)

=0

By Taylor’s expansion of ∇AnLn(θ̂nAn
) at θ = θ∗nAn

, and



substituting it in (5), we get

In(θ∗nAn
)(θ̂nAn − θ∗nAn

)

=− 1

n
∇2
An
Ln(θ∗nAn

)(θ̂nAn − θ∗nAn
)

+
{
In(θ∗nAn

) +
1

n
∇2
An
Ln(θ∗nAn

)
}

(θ̂nAn − θ∗nAn
)

=
1

n
∇AnLn(θ∗nAn

)

− 1

2n
(θ̂nAn − θ∗nAn

)T [∇2
An

(∇AnLn(θ∗nAn
))]

(θ̂nAn − θ∗nAn
)−∇AnPλn(θ∗nAn

)

+
{
In(θ∗nAn

) +
1

n
∇2
An
Ln(θ∗nAn

)
}

(θ̂nAn − θ∗nAn
)

Therefore, it is sufficient to show that

− 1

2n
(θ̂nAn − θ∗nAn

)T [∇2
An

(∇AnLn(θ∗nAn
))]

(θ̂nAn − θ∗nAn
)−∇nAnPλn(θ∗nAn

)

+
{
In(θ∗nAn

) +
1

n
∇2
An
Ln(θ∗nAn

)
}

(θ̂nAn − θ∗nAn
)

≡ A1 +A2 +A3

= op(n
−1/2)

Now, using Cauchy-Schwartz inequality and (C6), we can
show that

||A1||2 = op(1/n)

Since an = o(1/
√
npn) from the condition in the theorem,

||A2||2 =

∣∣∣∣∣
∣∣∣∣∣(λβn1sgn(β∗n1), ..., λ

αk
n,Kpsgn(α∗k,Kp))

T

∣∣∣∣∣
∣∣∣∣∣
2

≤sn[max{λβnj , λ
αk
n,l : j ∈ An1, (k, l) ∈ An2}]2

=sna
2
n = sno(1/npn)

=o(1/n)

Now, from equation (1), we can show that

||A3||2 ≤||In(θ∗nAn
) +

1

n
∇2
An
Ln(θ∗nAn

)||2

||(θ̂nAn − θ∗nAn
)||2

=op(1/p
2
n)Op(pn/n) = op(1/npn)

=op(1/n)

Therefore, we get,

A1 +A2 +A3 = op(n
−1/2)

(II) Now, we show
∑n
i=1 Yni + op(1)→d N(0,G) where

Yni =
1√
n
AnI

−1/2
n (θ∗nAn

)[∇AnLni(θ
∗
nAn

)]

Now, we need to show that Yni satifies the conditions for
Lindeberg-Feller central limit theorem. For any ε > 0, by
Cauchy-Schwartz inequality, we get

n∑
i

E[||Yni||2I{||Yni|| > ε}] = nE[||Yn1||2I{||Yn1|| > ε}]

≤n[E[||Yn1||4]1/2[E(1{||Yn1|| > ε})]1/2

=nA
1/2
4 A

1/2
5

Now, solving for A4 we get,

A4 =
1

n2
E||AnI

−1/2
n (θ∗nAn

)[∇AnLn1(θ∗nAn
)]||4

≤ 1

n2
||AT

nAn||2||I−1
n (θ∗nAn

)||2

E[∇TAn
Ln1(θ∗nAn

)∇AnLn1(θ∗nAn
)]2

=
1

n2
λ2
max(AT

nAn)λ2
max(I−1

n (θ∗nAn
))O(s2n)

=O(p2n/n
2)

Now, by Markov inequality,

A5 =P (||Yn1|| > ε)

≤E(||Yn1||2)

ε2

=O(pn/n)

Therefore, we get

n∑
i

E[||Yni||2I{||Yni|| > ε}] =nO(pn/n)O(
√
pn/n)

=o(1)

Moreover, we have

n∑
i=1

Cov(Yni) =nCov(Yn1)

= AnA
T
n → G

Since Yni, i = 1, ..., n satisfies the conditions for Lindeberg-
Feller central limit theorem, we have

n∑
i=1

Yni + op(1)→d N(0,G)
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Figure 1: Support Recovery of β (90 % sparse) and W (99 % sparse) for synthetic data Case 1: n > p and
q > n where n = 1000, p = 50, q = 1275.
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