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Abstract

Sleletonsare well-knownrepresentationghat accommo-
dateshapeabstactionand qualitative shapematcting. How-
ever, skeletonsare sometimesunstableto computeand sen-
sitive to shapedetail, thus making shape abstaction and
matding dif cult. To addresstheseproblems,we proposea
principled framevork that genelatesa simpli ed, abstracted
skeleton hierarchy by analyzingthe quasi-stablepoints of a
Bayesian-inspedenegy function. Theresultingmodelis pa-
rameterizecby both boundaryand internal structure varia-
tions correspondingto object scale and abstiaction dimen-
sions,andtrades-of reconstructioraccuacy andrepresenta-
tion parsimony Our experimentatesultsshowthatthemethod
can produceusefulmulti-scaleskeletonrepresentationsat a
variety of abstactionlevels.

Keywords: Sleletonabstraction, qualitative shapematcing,
shok graphs,enegy minimization,constainedoptimization,
minimumdescriptionlength.

1. Intr oduction

Recentwork ontheindexing andmatchingof shockgraphs
[12, 10, 5] hasshawn that similar shapescan lead to struc-
turally dissimilarshockgraphs.In atraditionalgraphmatching
frameawork that assumesa one-to-onenode correspondence,
the inducedlarge distancebetweenthe two graphsdoesnot
re ect thesimilarity of theirunderlyingshapesA possibleso-
lution to this problemis to try andcomputea morestableset
of shockpointsfrom which the graphis constructed4, 11],
or to identify unstableshockstructureandexcludeit from the
graph[1]. Still, theseapproachesommitto a singleskeleton
representatiorderivedfrom a singleboundaryrepresentation,
which canbe sensitve to minor boundaryperturbationsSuch
perturbationsnay be causedy a numberof factors,suchas
smallviewpointchangesin the caseof view-base-D recog-
nition. A small, salientbranchin oneview of an objectmay
beabsenin avery similar view (or object). Dependingon the
type andlocationof the correspondingnodeof thatbranchin
theshockgraph theshockgraph=of thetwo views maystill be
quite different. This further causesion-trivial problemswhen
matchingthetwo shockgraphs.

Another solutionto graphmatchingis to edit one graph
sothatit is isomorphicto the other If large structuraldif-
ferenceshetweentwo graphsrepresentingimilar shapesan
be assigneda small edit cost, the similarity betweenthe two
shapesanbe maintained. This approachhasbeenproposed
by Sebastiaret al. [9], andprovideseffective matchingin the
presencef suchinstabilities. However, this approachs very
costly, andassumeshata queryandtarget have beenidenti-

ed. Althougha hierarchicadatabasgartitioningframework
hasbeenproposed8], it still requiresa linear searchof the
prototypes.

A nal classof solutionsis to constructa multi-scaleskele-
ton representationsuchthat amongthe setof shockgraphs,
oneperscale,onesuchgraphis sufciently closein structure
to its databaseargetto facilitate effective indexing [10]. The
conceptof multi-scaleskeletonsis not a new one. Ogniewicz
[6] proposedmulti-scaleskeletonsfor 2D polygonalshapes.
The salieny of a skeletonbranchis given by the “collapsed
chordlength’, or boundarylength betweenthe two Voronoi
sites generatingthat branch. The multiple scalesare given
by upperthresholdingthe abore salieny measure. Similar
multi-scaleapproachesave beenproposedor rasterobjects
by Costaetal [3] andTelea& VanWijk [13].

Siddigi etal [11] computedhe skeletonby simulatingthe
grass re o w asa Hamilton-Jacobequation.Skeletonpoints
arefoundby upperthresholdinghe divergenceof the object's
distancetransformgradient. The skeletonpointsarelabeled
with the time of shockformation,i.e. the local objectwidth,
yielding a multi-scalenotion. However, this multi-scaleis re-
portedto be computationallyexpensve, anddoesnt presere
theobjecttopology[7].

Finally, Borgeforset al [2] have computeda hierarchical
skeletonby extractingskeletonsof successiely lower resolu-
tions of a givenimage. The implied scale-spacés basedon
theobjectwidth, similarto [11]. Explicit correspondencedse-
tweenskeletonson successie scalesarecomputedo presere
objecttopology (skeletonconnectedness)crossscales.For a
detailedcomparisorof theabove, see[7].

In this paper we proposea skeletonsimpli cation method
thatproduces hierarchyparameterizetly bothboundaryand
internalstructureparametersorrespondingo objectscaleand
abstractiondimensions. In contrastto otherapproacheswe
computethe stablepoints of our augmentedhierarchyusing
analgorithmthatperformsoptimalparametemference. For a



givenskeleton,the optimaarecomputedundera costfunction
thattradesoff reconstructiomccurag andskeletonsimplicity,
assuggestedyy a parsimory principle suchasthe minimum
descriptionength(MDL).

2. Inferencefor Optimal Skeleton Abstraction

We formulatethe hierarchicakkeletonabstractiorasinfer-
enceover a two parameterfamily representindbound-
ary andinternalstructure . Givenaninitial skeleton
thesimpli ed skeletonunderthegeneratie transformatiorset

is an optimal simpli cation if it is both closeto the
original but also hasa simplestructurein a MDL sense,
e.g. having asfew branchingpointsaspossible.This trade-of
is implementechsa sumof dataandMDL enegy terms

The low enegy points of  can be locatedby exhaustve
searchover theresulting parametespace.We detail next
the modelstructureincluding the transformatiorset, the data
likelihood,andthe MDL prior.

2.1 SkeletonTransformation Set( )

The simplied skeleton generatie transformation set
consistsof both boundary andinternalstructure
simpli cations of theoriginal skeleton . While the former
performsmoreclassicaboundarydetailremoval, the latteris
intendedtowardsshapeabstraction.

Boundary Simpli cation: We compute the skeleton
andits boundarysimpli cation usingthe AFMM method[13].
In brief, the AFMM propagatesan arc-lengthboundarypa-
rameterization , in normalboundarydirection,with constant
speedpy solving the Eikonal equation , With

on the boundary The simplied skeleton containing the
branchegorrespondingo boundarydetailslongerthan pix-
elsis thengivenby upperthresholding

with . We usethe AFMM, asit is robustfor ary value
pixels, delivers connectedskeletons,and works in nearreal
time.

Structural Simpli cation:  The structural simpli cation
, parameterizedby , appliesonly to internal skeleton
branches.In the following, denotethe neighborsof a point
of the skeleton by Denote by
the correspondingpoint, in the

original skeleton , of apoint  in thesimpli ed skeleton

. Finally, denoteby thesetof all endpointof  and
by thetwo endpointsof the  branch of
removesall internalbrancheshorterthan from . When

removing eachbranch thetwo sub-skeletonsarereconnected
by translatingone of themto join the other one. At this
point, the structuralsimpli cation is, strictly speakingdone.
However, this stratgly causesarge changesn the comparison

measureve usefor the silhouetteqsee 2.2), sinceall points
in thedisplacedsub-sleletonchangeheir position.In orderto
presere the consisteng of the skeletonandto minimize the
impactof thestructuralchangewe relax(optimize)thepoints
in accordingo thefollowing costfunction

with two hardconstraints

if and iseliminated

The rst constraintenforcesa boundarycondition on the
skeleton,i.e. keepsits endpointsx ed. The secondconstraint
ensureghatthe eliminationof the internalbranchess persis-
tent, i.e., thesebranchesdon't reappeaiafter the relaxation.
Withoutthis constrainttherelaxationtendsto stretchbackthe
simpli ed (removed)branches.To minimize the enegy with
theabove constraintsye useaspringembeddeapproachEv-
ery neighboringelation correspond$o anelasticspring.
We displaceall points towardstheir local enegy minimum
with respectto their neighbors , by sweepingall skele-
ton pointsin breadth- rstorder, startingfrom the simpli ca-
tion places. This distributesthe displacementsn gradually
decreasingnagnituddrom thesimpli ed brancheso theend-
points. The processornvergesafterafew hundredsweeps.

2.2 LikelihoodTerm( )

We rst de ne thedistancebetweertwo silhouettes and
as

1)

where is the solution of the
Eikonal equationcomputedby the AFMM, i.e., the distance
transformof (Sec.2.1). Thedenominatoin (1) normalizes

betweerzeroandone. Next, we de ne thelikelihoodterm
asa symmetricdistancesum betweenthe silhouetteinduced
by the simpli ed skeleton andthe original
silhouette

2
2.3 MDL Prior ( )

The MDL prior we choseencourageshapegshat have a
simpleskeleton.Thesimplestshapds thecircle, whoseskele-
tonis a point. We thususea prior termthatmeasureshe ec-
centricityof aproposedimpli cation (otherdiscretameasures
basedfor example,on thenumberof branchesmaybe possi-
ble)

= @)



where is theareaof asilhouette and isits
perimeter Theterm —= in (3) istheeccentricityof acircle,so

is zerofor circularshapeslin practice we alsonormalize
betweerzeroandoneby dividing it by the eccentricity
of theinitial shape

3. Experiments

We have testedthe proposedalgorithmon a variety of sil-
houetteimages.In g. 2, we shaw resultsfrom a larger setof
experimentsinvolving biological shapesherea bird, a horse
and a humanhand. The rst threerows shaw, from left to
right, theoriginalandsimpli ed silhouettesaswell asthecor-
respondingkeletonsandthe distanceransformof the simpli-
ed skeletonfor anarbitrarychoiceof parametevalues.
Notice how the structuralskeletonchangesn columnlV lead
to representationthatbetterre ect our perceptuahbstraction,
e.g. for the horseby removing the branchthat connectsthe
backtwo legsto the spine,similarly thethreeleftmostbottom
branchef the bird andthe upperbranchesorrespondingo
the ngers of the palm. Notice thatthe structuralchangesio
not affect the overall aspectratio of the gure (skeletonend-
pointsremainunchangedsee 2.1for details). Seealso g. 1
for amorequantitatve evolution of theenepgy functionandits
individual componentsandnotethetrade-of betweerrecon-
structionand structuralparsimory terms. Interestingregions
of the plot arethe onesbeforesamplel50, wherethe enegy
approachesa at plateauandthenstartsincreasinggently.
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Figure 1. Different components of the energy
function for the horse in g. 2, sampled at
300 points in parameter space over the range
b=(15,800) with 30 samples and s=(0,90) with 10
samples, unfolded on the x axis.

The lasttwo rows of g. 2 shaw anin-depthevolution of
the skeletonunderthe changeof the parametepair. We
foundthatthe con gurationsgiven by = , ,

and (not shavn) are quasi-stableenegy
points. Notice alsothat thesestablepoints correspondo in-

tuitive abstractions,e.g., when all the four nger skeleton
brancheshave a commonroot. Thesewill, in turn, leadto
shockgraph-basedepresentationwith fewer spuriousnodes,
thereforesigni cantly simplerto match.

4. Conclusions

In this paper we have presentedh framework for multi-
scaleskeletonsimpli cation andabstraction.In orderto ad-
dressesheinstability of 2d skeletonsto 3d viewpointandmi-
nor shapedeformationwe proposeaframework thatproduces
a simpli ed, abstractedskeleton hierarchyby searchingthe
quasi-stabl@ointsof a Bayesian-inspirednegy function,pa-
rameterizedy boundaryandinternalstructurevariationsand
trading-of reconstructioraccuray and representatiomparsi-
mory usingan MDL principle. We give experimentalresults
that shav the methodcan extract useful multi-scaleskeleton
representationat variousabstractiorievels. Futureandongo-
ing work is exploring extensiongo abstractiorbasecbn multi-
ple input skeletonsalternatve MDL priorsandskeletonclus-
teringmethodsaswell asmulti-scaleskeletonmatching.

References

[1] J.August,K. Siddigi, andS. Zucker. Ligatureinstabilitiesin
the perceptualorganizationof shape. CVIU, 76(3):231-243,
1999.

[2] G.Borgefors,G. Ramella,andG. S. di Baja. Hierarchicalde-
compositiorof multiscaleskeletons PAMI, 23(11):1296-1312,
2001.

[3] L. CostaandR. Cesar ShapeAnalysisandClassi cation: The-
ory andPractice CRCPress2001.

[4] P. Dimitrov, C. Phillips, andK. Siddigi. Rohustand ef cient
skeletalgraphs.In CVPR 2000.

[5] D. Macrini, A. Sholoufandeh,S. Dickinson, K. Siddiqi, and
S. Zucker. View-based3-d object recognitionusing shock
graphs.In ICPR, 2002.

[6] R.Ogniavicz. Skeleton-spacea multiscaleshapedescription
combiningregion andboundaryinformation. In CVPR pages
746-751,1994.

[7] S.Pizer K. Siddiqi,G. Szelely, S.Damon,andS. Zucker. Mul-
tiscalemedialloci andtheir propertieslJCV, 55(2-3):155-179,
2003.

[8] T.Sebastiark. Klein, andB. Kimia. Shock-basethdexing into
largeshapedatabasedn ECCV, pages/31-7462002.

[9] T. Sebastiank. Klien, andB. Kimia. Recognitionof shapedy
editingtheir shockgraphs.PAMI, 2004.

[10] A. Sholoufandeh S. Dickinson,K. Siddigi,andS. Zucker. In-
dexing using a spectralencodingof topologicalstructure. In
CVPR page$491-497,1999.

[11] K. Siddiqi,S.Bouix,A. TannenbaumandS.Zucker. Hamilton-
jacobiskeletons.lJCV, 48(3):215-2312002.

[12] K. Siddiqi, A. Sholoufandeh,S. Dickinson, and S. Zucker.
Shockgraphsandshapematching.lJCV, 30:1-24,1999.

[13] A. TeleaandJ.vanWijk. An augmentedastmarchingmethod
for computingskeletonsandcenterlinesin IEEE VisSympages
251-2602002.



b=2 b=20 b=50 b=100 b=150
s=0 s=0 s=0 s=0 s=0
b=2 b=20 b=50 b=100 b=150
s=20 s=20 s=50 s=50 s=50

Figure 2. Skeleton simpli cations for diff erent objects. First three rows, left to right: initial silhouette ,
simplied silhouette , skeleton after boundar y simpli cation, skeleton after internal structure simpli-
cation, and distance transform of the simplied silhouette . Last two rows: initial silhouette (gray) and
skeleton and simplied silhouette and skeleton (black) for different and values.



