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Abstract

Skeletonsare well-knownrepresentationsthat accommo-
dateshapeabstractionandqualitativeshapematching. How-
ever, skeletonsare sometimesunstableto computeand sen-
sitive to shapedetail, thus making shapeabstraction and
matching dif�cult. To addresstheseproblems,we proposea
principled framework that generatesa simpli�ed, abstracted
skeletonhierarchy by analyzingthe quasi-stablepoints of a
Bayesian-inspiredenergy function.Theresultingmodelis pa-
rameterizedby both boundaryand internal structure varia-
tions correspondingto object scale and abstraction dimen-
sions,andtrades-off reconstructionaccuracyandrepresenta-
tionparsimony. Ourexperimentalresultsshowthatthemethod
can produceusefulmulti-scaleskeletonrepresentationsat a
varietyof abstractionlevels.

Keywords: Skeletonabstraction,qualitativeshapematching,
shock graphs,energy minimization,constrainedoptimization,
minimumdescriptionlength.

1. Intr oduction

Recentwork on theindexing andmatchingof shockgraphs
[12, 10, 5] hasshown that similar shapescan lead to struc-
turallydissimilarshockgraphs.In atraditionalgraphmatching
framework that assumesa one-to-onenodecorrespondence,
the inducedlarge distancebetweenthe two graphsdoesnot
re�ect thesimilarity of theirunderlyingshapes.A possibleso-
lution to this problemis to try andcomputea morestableset
of shockpoints from which the graphis constructed[4, 11],
or to identify unstableshockstructureandexcludeit from the
graph[1]. Still, theseapproachescommit to a singleskeleton
representation,derivedfrom a singleboundaryrepresentation,
whichcanbesensitive to minor boundaryperturbations.Such
perturbationsmay be causedby a numberof factors,suchas
smallviewpointchanges,in thecaseof view-based3-D recog-
nition. A small, salientbranchin oneview of an objectmay
beabsentin averysimilar view (or object).Dependingon the
typeandlocationof thecorrespondingnodeof thatbranchin
theshockgraph,theshockgraphsof thetwo viewsmaystill be
quitedifferent.This furthercausesnon-trivial problemswhen
matchingthetwo shockgraphs.

Another solution to graphmatchingis to edit one graph
so that it is isomorphicto the other. If large structuraldif-
ferencesbetweentwo graphsrepresentingsimilar shapescan
be assigneda small edit cost, the similarity betweenthe two
shapescanbe maintained.This approachhasbeenproposed
by Sebastianet al. [9], andprovideseffectivematchingin the
presenceof suchinstabilities.However, this approachis very
costly, andassumesthat a queryandtargethave beenidenti-
�ed. Althougha hierarchicaldatabasepartitioningframework
hasbeenproposed[8], it still requiresa linear searchof the
prototypes.

A �nal classof solutionsis to constructamulti-scaleskele-
ton representation,suchthat amongthe setof shockgraphs,
oneperscale,onesuchgraphis suf�ciently closein structure
to its databasetarget to facilitateeffective indexing [10]. The
conceptof multi-scaleskeletonsis not a new one. Ogniewicz
[6] proposedmulti-scaleskeletonsfor 2D polygonalshapes.
The saliency of a skeletonbranchis given by the `collapsed
chord length', or boundarylength betweenthe two Voronoi
sitesgeneratingthat branch. The multiple scalesare given
by upper thresholdingthe above saliency measure. Similar
multi-scaleapproacheshave beenproposedfor rasterobjects
by Costaetal [3] andTelea& VanWijk [13].

Siddiqi et al [11] computedtheskeletonby simulatingthe
grass�re�o w asa Hamilton-Jacobiequation.Skeletonpoints
arefoundby upperthresholdingthedivergenceof theobject's
distancetransformgradient. The skeletonpointsare labeled
with the time of shockformation,i.e. the local objectwidth,
yielding a multi-scalenotion. However, this multi-scaleis re-
portedto be computationallyexpensive, anddoesn't preserve
theobjecttopology[7].

Finally, Borgeforset al [2] have computeda hierarchical
skeletonby extractingskeletonsof successively lower resolu-
tions of a given image. The implied scale-spaceis basedon
theobjectwidth, similar to [11]. Explicit correspondencesbe-
tweenskeletonsonsuccessivescalesarecomputedto preserve
objecttopology(skeletonconnectedness)acrossscales.For a
detailedcomparisonof theabove,see[7].

In this paper, we proposea skeletonsimpli�cation method
thatproducesahierarchyparameterizedby bothboundaryand
internalstructureparameterscorrespondingto objectscaleand
abstractiondimensions. In contrastto other approaches,we
computethe stablepointsof our augmentedhierarchyusing
analgorithmthatperformsoptimalparameterinference.For a
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givenskeleton,theoptimaarecomputedundera costfunction
thattradesoff reconstructionaccuracy andskeletonsimplicity,
assuggestedby a parsimony principle suchasthe minimum
descriptionlength(MDL).

2. Inferencefor Optimal SkeletonAbstraction

We formulatethehierarchicalskeletonabstractionasinfer-
enceover a two parameterfamily ��������� representingbound-
ary � andinternalstructure� . Given an initial skeleton �
	 ,
thesimpli�ed skeletonunderthegenerativetransformationset

�

�����
��� is an optimal simpli�cation if it is both closeto the
original ��	 but also hasa simplestructurein a MDL sense,
e.g. having asfew branchingpointsaspossible.This trade-off
is implementedasa sumof dataandMDL energy terms
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The low energy points of
�

can be locatedby exhaustive
searchover the resulting ��� parameterspace.We detail next
themodelstructureincluding the transformationset,thedata
likelihood,andtheMDL prior.

2.1 SkeletonTransformation Set(
�

)

The simpli�ed skeleton generative transformation set
�

�����
��� consistsof both boundary� andinternalstructure�

simpli�cations of theoriginal skeleton �
	 . While theformer
performsmoreclassicalboundarydetail removal, the latter is
intendedtowardsshapeabstraction.

Boundary Simpli�cation: We compute the skeleton
andits boundarysimpli�cation usingtheAFMM method[13].
In brief, the AFMM propagatesan arc-lengthboundarypa-
rameterization� , in normalboundarydirection,with constant
speed,by solving theEikonalequation "!#�%$ , with !&�
'

on the boundary. The simpli�ed skeleton containing the
branchescorrespondingto boundarydetailslongerthan � pix-
elsis thengivenby upperthresholding(*),+-��./�102.43���./�102.456�

with � . We usetheAFMM, asit is robustfor any value �"78�

pixels, delivers connectedskeletons,and works in nearreal
time.

Structural Simpli�cation: The structural simpli�cation
�

����� , parameterizedby � , appliesonly to internal skeleton
branches.In the following, denotethe neighborsof a point

9 of the skeleton � by :��
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� the correspondingpoint, in the
original skeleton �

	 , of a point 9

= in thesimpli�ed skeleton
�

= . Finally, denoteby ?������ thesetof all endpointsof � and
by �A@������ thetwo endpointsof the BDCFE branch�A@ of � .

�

�����

removesall internalbranchesshorterthan � from � . When
removing eachbranch,thetwo sub-skeletonsarereconnected
by translatingone of them to join the other one. At this
point, the structuralsimpli�cation is, strictly speaking,done.
However, thisstrategy causeslargechangesin thecomparison

measurewe usefor thesilhouettes(see G 2.2), sinceall points
in thedisplacedsub-skeletonchangetheirposition.In orderto
preserve the consistency of the skeletonandto minimize the
impactof thestructuralchange,werelax(optimize)thepoints
in �

= accordingto thefollowing costfunction
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The �rst constraintenforcesa boundaryconditionon the
skeleton,i.e. keepsits endpoints�x ed. Thesecondconstraint
ensuresthat theeliminationof the internalbranchesis persis-
tent, i.e., thesebranchesdon't reappearafter the relaxation.
Without thisconstraint,therelaxationtendsto stretchbackthe
simpli�ed (removed)branches.To minimize theenergy with
theaboveconstraints,weuseaspringembedderapproach.Ev-
eryneighboringrelation :��

9

� correspondsto anelasticspring.
We displaceall points 9 towardstheir local energy minimum
with respectto their neighbors:��

9

� , by sweepingall skele-
ton points in breadth-�rst order, startingfrom the simpli�ca-
tion places. This distributes the displacementsin gradually
decreasingmagnitudefrom thesimpli�ed branchesto theend-
points.Theprocessconvergesaftera few hundredsweeps.

2.2 Lik elihood Term (
�

	 )

We �rst de�ne thedistancebetweentwo silhouetteslnm and
l
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• is the solution of the
Eikonal equationcomputedby the AFMM, i.e., the distance
transformof l (Sec.2.1). Thedenominatorin (1) normalizes

o

betweenzeroandone. Next, we de�ne the likelihoodterm
asa symmetricdistancesumbetweenthe silhouetteinduced
by thesimpli�ed skeleton l

=

�#‚ƒ�

�

���2������� andtheoriginal
silhouettel�	„�…‚„����	��

�

	

���

	

�

�

�����������†�

o

��l

=

��l

	

���

o

��l

	

�
l

=

� (2)

2.3 MDL Prior (
�

�

	�� )

The MDL prior we choseencouragesshapesthat have a
simpleskeleton.Thesimplestshapeis thecircle,whoseskele-
ton is a point. We thususea prior termthatmeasurestheec-
centricityof aproposedsimpli�cation (otherdiscretemeasures
based,for example,on thenumberof branches,maybepossi-
ble)
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where
Š ‹

?�Œ-��l�� is theareaof a silhouettel and
•

?

‹

��l�� is its
perimeter. Theterm m

`

� � in (3) is theeccentricityof acircle,so
�

�

	�� is zerofor circularshapes.In practice,wealsonormalize
�

�

	�� betweenzeroandoneby dividing it by theeccentricity
of theinitial shapelh	 .

3. Experiments

We have testedtheproposedalgorithmon a varietyof sil-
houetteimages.In �g. 2, we show resultsfrom a largersetof
experimentsinvolving biological shapes,herea bird, a horse
and a humanhand. The �rst threerows show, from left to
right, theoriginalandsimpli�ed silhouettes,aswell asthecor-
respondingskeletonsandthedistancetransformof thesimpli-
�ed skeletonfor anarbitrarychoiceof ��������� parametervalues.
Noticehow thestructuralskeletonchangesin columnIV lead
to representationsthatbetterre�ect ourperceptualabstraction,
e.g. for the horseby removing the branchthat connectsthe
backtwo legsto thespine,similarly thethreeleftmostbottom
branchesof thebird andtheupperbranchescorrespondingto
the �ngers of thepalm. Notice that thestructuralchangesdo
not affect the overall aspectratio of the �gure (skeletonend-
pointsremainunchanged,see G 2.1 for details).Seealso�g. 1
for amorequantitativeevolutionof theenergy functionandits
individual components,andnotethetrade-off betweenrecon-
structionandstructuralparsimony terms. Interestingregions
of theplot aretheonesbeforesample150,wheretheenergy
approachesa �at plateauandthenstartsincreasinggently.
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Figure 1. Diff erent components of the energy
function for the hor se in �g. 2, sampled at
300 points in parameter space over the rang e
b=(15,800) with 30 samples and s=(0,90) with 10
samples, unf olded on the x axis.

The last two rows of �g. 2 show an in-depthevolution of
theskeletonunderthechangeof the ���N�
�A� parameterpair. We
found that thecon�gurationsgivenby ���N�
�A� = �F'6�
�,'Q� , ��'6���,'N� ,

���,' ����'N� and ����'6� $��2'Q� (not shown) are quasi-stableenergy
points. Notice alsothat thesestablepointscorrespondto in-

tuitive abstractions,e.g., when all the four �nger skeleton
brancheshave a commonroot. Thesewill, in turn, lead to
shockgraph-basedrepresentationswith fewerspuriousnodes,
thereforesigni�cantly simplerto match.

4. Conclusions

In this paper, we have presenteda framework for multi-
scaleskeletonsimpli�cation andabstraction.In order to ad-
dressestheinstability of 2d skeletonsto 3dviewpoint andmi-
norshapedeformation,weproposeaframework thatproduces
a simpli�ed, abstractedskeleton hierarchyby searchingthe
quasi-stablepointsof aBayesian-inspiredenergy function,pa-
rameterizedby boundaryandinternalstructurevariationsand
trading-off reconstructionaccuracy and representationparsi-
mony usinganMDL principle. We give experimentalresults
that show the methodcanextract usefulmulti-scaleskeleton
representationsat variousabstractionlevels.Futureandongo-
ing work is exploringextensionsto abstractionbasedonmulti-
ple input skeletons,alternativeMDL priorsandskeletonclus-
teringmethods,aswell asmulti-scaleskeletonmatching.

References

[1] J. August,K. Siddiqi, andS. Zucker. Ligatureinstabilitiesin
the perceptualorganizationof shape. CVIU, 76(3):231–243,
1999.

[2] G. Borgefors,G. Ramella,andG. S. di Baja. Hierarchicalde-
compositionof multiscaleskeletons.PAMI, 23(11):1296–1312,
2001.

[3] L. CostaandR. Cesar. ShapeAnalysisandClassi�cation: The-
ory andPractice. CRCPress,2001.

[4] P. Dimitrov, C. Phillips, andK. Siddiqi. Robust andef�cient
skeletalgraphs.In CVPR, 2000.

[5] D. Macrini, A. Shokoufandeh,S. Dickinson, K. Siddiqi, and
S. Zucker. View-based3-d object recognitionusing shock
graphs.In ICPR, 2002.

[6] R. Ogniewicz. Skeleton-space:a multiscaleshapedescription
combiningregion andboundaryinformation. In CVPR, pages
746–751,1994.

[7] S.Pizer, K. Siddiqi,G.Szekely, S.Damon,andS.Zucker. Mul-
tiscalemedialloci andtheirproperties.IJCV, 55(2-3):155–179,
2003.

[8] T. Sebastian,P. Klein, andB. Kimia. Shock-basedindexing into
largeshapedatabases.In ECCV, pages731–746,2002.

[9] T. Sebastian,P. Klien, andB. Kimia. Recognitionof shapesby
editingtheir shockgraphs.PAMI, 2004.

[10] A. Shokoufandeh,S.Dickinson,K. Siddiqi,andS.Zucker. In-
dexing usinga spectralencodingof topologicalstructure. In
CVPR, pages491–497,1999.

[11] K. Siddiqi,S.Bouix,A. Tannenbaum,andS.Zucker. Hamilton-
jacobiskeletons.IJCV, 48(3):215–231,2002.

[12] K. Siddiqi, A. Shokoufandeh,S. Dickinson, and S. Zucker.
Shockgraphsandshapematching.IJCV, 30:1–24,1999.

[13] A. TeleaandJ.vanWijk. An augmentedfastmarchingmethod
for computingskeletonsandcenterlines.In IEEEVisSym, pages
251–260,2002.



b=2
s=0

b=2
s=20

b=20
s=0

b=20
s=20

b=50
s=0

b=50
s=50

b=100
s=0

b=100
s=50

b=150
s=0

b=150
s=50

Figure 2. Skeleton simpli�cations for diff erent objects. First three rows, left to right: initial silhouette ,
simpli�ed silhouette , skeleton after boundar y simpli�cation, skeleton after internal structure simpli�­
cation, and distance transf orm of the simpli�ed silhouette . Last two rows: initial silhouette (gray) and
skeleton and simpli�ed silhouette and skeleton (black) for diff erent � and � values.


