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Abstract

Sequentiatandomsampling("Markov ChainMonte-Carlo")is a popular strategy for manyvision prob-
lemsinvolving multimodaldistributionsover high-dimensionaparameterspaces.lt appliesbothto impor-
tancesampling(where one wantsto samplepoints accoding to their “importance'for somecalculation,
but otherwisefairly) andto global optimization (whete onewantsto nd good minima, or at leastgood
starting pointsfor local minimization,regardlessof fairness). Unfortunately mostsequentiasamples are
very proneto becomingtrappedfor long periodsin unrepresentativdocal minima, which leadsto biased
or highly variable estimates.We presenta geneal strategy for reducingMCMC trappingthat genealizes
\oter's "hypedynamicsampling' from computationalchemistry Thelocal gradientand curvatuee of the
input distribution are usedto constructan adaptiveimportancesamplerthat focusessampleson negative
curvatuie regionsthat are likely to containlow cost "transition states' (codimension-lsaddlepointsrep-
resenting‘mountain passes”connectingadjacentcostbasins). This substantiallyacceleatesinter-basin
transitionrateswhile still preservingcorrectrelativetransitionprobabilities. Experimentatestson the dif -
cult problemof 3D articulatedhumanposeestimationfrom monocularimagesshowsigni cantly enhanced
minimumexploration.

Keywords: HypeidynamicsMarkov-chain MonteCarlo, importancesampling global optimization,human
tracking.

1 Intr oduction

Many vision problemscanbe formulatedeitherasglobalminimizationsof highly non-comwex cost
functionswith mary minima, or as statisticalinferencesbhasedon fair samplingor expectation-
valueintegralsover highly multi-modaldistributions. Importancesamplingis a promisingapproach
for suchapplicationsparticularlywhencombinedwith sequentia{’"Markov ChainMonte-Carlo"),
layeredor annealedsamplerd9, 5, 6], optionally punctuatedwith burstsof local optimization
[11, 4, 33]. Samplingmethodsare e xible, but they tendto be computationallyexpensve for a



givenlevel of accurag. In particular whenusedon multi-modalcostsurfaces,currentsequential
samplersarevery proneto becomingcaughtfor long periodsin costbasinscontainingunrepresen-
tative local minima. This “trapping' or “poor mixing' leadsto biasedor highly variableestimates
whosecharacteis at bestquasi-locaratherthanglobal. Trappingtimesaretypically exponential
in a (large) scaleparameterso buying a fastercomputerhelpslittie. Currentsamplersare myopic
mainly becausewhenjudging ‘importance',they consideronly immediatdocal variationsof the
sizeof theintegrandbeingevaluatedor the costbeingoptimized.For globally ef cient estimatesit
is alsocritically importantto includean effectivestrategy for reducingtrapping e.g by explicitly
devotingsomefraction of the samplego moving betweercostbasins.

This paperdescribesimethodthatreducegrappingby “boosting® thedynamicsof thesequen-
tial sampler It is basedon A.F. Voter's "hyperdynamics[41, 42], which wasoriginally developed
in computationathemistryto accelerat¢he estimationof transitionratesbetweerdifferentatomic
arrangementi atom-level simulationsof moleculesandsolids. There thedynamicss basicallya
thermally-drven randomwalk of a pointin the con guration spaceof the combinedatomiccoor
dinatessubjectto aneffective enegy potentialthatmodelsthe combinednteratomicinteractions.
Thecon guration-spacg@otentialis oftenhighly multimodal,correspondingpo differentlarge-scale
con gurationsof themoleculebeingsimulated.Trappingis a signi cant problem,especiallyasthe

ne-scaledynamicsmustusequite shorttime-stepdo ensureaccuratephysicalmodeling. Mixing
timesof —  or morestepsarecommon.In ourtargetapplicationsn vision the samplemeed
not satisfysuchstrict physicalconstraintsbut trappingremainsa key problem.

Hyperdynamicseducegrappingby enhancinghe samplingratenear transitionstates— low
lying saddlepointsthatthe systemwould typically passthroughif it weremoving thermallybe-
tweenadjacenenegy basins.It doesthis by modifying the costfunction,addinga termbasedon
the gradientand cunatureof the original potentialthat raisesthe costnearthe coresof the local
potentialbasingo reducetrappingthere while leaving the costintactin regionswherethe original
potentialhasthe low gradientandnegative curvatureeigervalue characteristiof transitionneigh-
borhoods.Hyperdynamicxanbe viewed asa generalizedorm of MCMC importancesampling
whoseimportancaneasureonsidershegradientandcurvatureaswell asthevaluesof theoriginal
costfunction. The key point is not the speci ¢ form adoptedfor the potential,but ratherthe re-

ned notionof “importance'.deliberatelyaddingsamplego speedmixing andhencereduceglobal
bias (" nite sampleeffects’), even thoughthe addedsamplesare not directly “important' for the
calculationbeingperformed.

Another generalapproachto multi-modal optimizationis annealing[14, 24] (with detailed
balancevariationslike tampering[17, 22]) — initially samplingwith a reducedsensitvity to the
underlyingcost("highertemperature’)thenprogressiely increasinghe sensitvity to focussam-
pleson lower costregions. Annealinghasbeenusedmary timesin vision and elsavhere?, e.g.

!No relationshipto boostingin machindearningis implied.
2In chemistryandphysicsapplicationsof hyperdynamicstaisingthe temperaturéds often unacceptablasit would
signi cantly changethe problem,e.g. the solid beingsimulatedmight melt.. .



[23, 24, 6], but althoughit workswell in mary applicationsjt hasimportantlimitations asa gen-
eral methodfor reducingtrapping. The main problemis thatit samplesndiscriminatelywithin
a certainenegy band,regardlesof whetherthe pointssampledarelikely to leadout of the basin
towardsanotheminimum,or whetherthey simplyleadfurtherup aneverincreasingpotentialwall.
In mary applicationsandespeciallyin high-dimensionabr ill-conditionedones,the costsurface
hasrelatively narrav “windows' connectingadjacenbasinsandit is importantto steethesamples
towardstheseusinglocalinformationabouthow the costappear$o bechanging.Hyperdynamicss
a rst attemptat doingthis. Annealingandhyperdynamicsreactuallycomplementaryit maybe
possibleto speedup hyperdynamicd®y annealingts modi ed potential but we will notinvestigate
thishere.

Paper organization: We review desirablefeaturesof fastmixing high-dimensionasamplersin

1.1 and prior work in  1.2. Samplingand transitionstatetheory are introducedin 2. Ways
to designgenericfast-mixingtransformationsf the enegy surfaceare presentedn 3 andone
particularapproximationis proposedandanalyzedn 4. Complementangamplingstratgjiesare
discussedn 5. Humanmodelingandhigh-dimensionaposeestimationexperimentsaregivenin
6 and 7. Conclusionsaindideasfor futureresearclarediscussedn 8.

1.1 What is a Good Multiple-Mode Sampling Function ?

“The curseof dimensionality'causeanary dif culties in high-dimensionakearch. In stochastic
methods,long samplingruns are often neededo hit the distribution's “typical set' — the areas
wheremostof the probabilitymasss concentratedln sequentiasamplerghisis dueto theinher
ently local natureof the samplingprocesswhich tendsto become'trapped'in individual modes,
maoving betweenthemonly very infrequently More generally choosinganimportancesampling
distribution is acompromisdetweertractablesampleabilityandef cient focusingof thesampling
resourcesowards goodplaceso look'.

Thereareat leastthreeissuesn the designof a goodmulti-modalsampler (i) Approximation
accuacy. in high dimensionswhenthe original distribution is complex and highly multi-modal
(asis the casein vision), nding a sampleabldunctionthatgivesgoodapproximatioraccurag /
low rejectrate canbe very dif cult, thuslimiting the applicability of the method. It is therefore
appealingo look for waysof usingamodi ed versionof theoriginal distribution, asfor instancen
annealingnethodq23, 24, 6]. (ii) Trapping evenwhenthe approximatioris locally accuratde.g.
by samplingtheoriginaldistribution, thusavoiding ary sample-weightingrtifacts),mostsampling
proceduregendto getcaughtin the mode(s)closestto the startingpoint of sampling. Very long
runs are neededto sampleinfrequentintermodetransitioneventsthat lie far out in the tails of
the modal distributions, but that can make a hugedifferenceto the overall results. (iii) Biased
transitionrates annealingchangesiot only the absolutdantermodetransitionrates(thusreducing
trapping), but also their relative sizes[36]. So thereis no guaranteehat the modesare visited
with the correctrelative probabilitiesimplied by the dynamicson the original costsurface. This



may seemirrelevantif the aimis simply to discover "all gopodmodes'or “the bestmode’, but the

levels of annealingheededo male dif cult transitionsfrequentcanvery signi cantly increasehe

numberof modesandthestatespacevolumethatareavailableto bevisited,andthuscausehevast

bulk of the samplego be wastedin fruitlessregions’. Thisis especiallyimportantin applications
like tracking,wheretemporalcontinuityimpliesthatonly nearbymodegshatareseparatedrom the

currentoneby low enegy barriersneedto berecovered.

To summarizefor comple high dimensionaproblems, nding good,sampleablepproximat-
ing distributionsis hard,soit is usefulto look at sequentiabamplerdasedn distributionsderved
from the original one. Thereis a trade-of betweensamplingfor local computationakccuray,
which requiressamplesn “important'regions,usuallymodecores,andsamplingfor goodmixing,
which requiresnot only morefrequentsamplesn the tails of the distribution, but alsothatthese
shouldbe focusedon regionslikely to leadto inte-modal transitions. De ning suchregionsis
delicatein practice but it is clearthatsteeringsamplesowardsregionswith low gradientandneg-
ative cunaturesshouldincreasehelikelihoodof nding transitionstates(saddlepointswith one
negative cunaturedirection)relative to purely cost-basednethodssuchasannealing.

1.2 RelatedWork

In this sectionwe summarizesomerelevant work on high-dimensionakearch,especiallyin the
domainof humanmodelingandestimation.Deutschelet al track 3D body motion usinga multi-
camerasilhouette-and-ege basedlikelihood function and annealedsamplingwithin a temporal
particle ltering framework [6]. Their samplingprocedureresemblesne usedby Neal, except
that Neal alsoincludesan additionalimportancesamplingcorrectiondesignedo improve mixing
[23, 24]. Sidenbladhet al usean intensity basedcostfunction and particle ltering with impor
tancesamplingbasedon a learneddynamicalmodelto track a 3D model of a walking personin
animagesequencdg27]. Choo& Fleetcombineparticle Itering andhybrid Monte Carlo sam-
pling to estimate3D humanmotion, usinga costfunction basedon joint reprojectionerror given
input from motion capturedata[5]. Sminchisesc& Triggs recover articulated3D motion from
monoculaimagesequencessinganedgeandintensitybasedtostfunction,with a combinationof
robustconstraint-consiert local optimizationand oversized'covariancescaledsamplingto focus
sampleson probablelow-costregions[33]. Their morerecentwork furtherenhancesrackingre-
liability by explicitly enumeratinghe possiblekinematicminima[34]. Seealso Sminchisesci&
Jepsori30] for a mixture smoothethatcomputesa Bayesiamapproximatiorto anentiretrajectory
distribution. This canbeef ciently usedin tandemwith mixture Iters like[4, 33, 34, 3§].
Hyperdynamicausesstochastiacdynamicswith costgradientbasedsamplingasin [9, 21, 5],

3Thereis ananalogywith thechemists meltingsolid, liquids beingregionsof statespacewith hugenumbersf small
interconnectedninima andsaddleswhile solidshave fewer, or at leastmore clearly de ned, minima. Also remember
that statespacevolumeincreasesery rapidly with samplingradiusin high dimensionsso dense distantsamplingis
simply infeasible.



but "boosts'the dynamicswith a novel importancesamplerconstructedrom the original proba-
bility surfaceusinglocal gradientand curvatureinformation. All of the annealingnethodstry to
increasetransitionratesby samplinga modi ed distribution, but only the one given herespecif-
ically focusessampleson regionslikely to containtransitionstates. Thereare also deterministic
local-optimization-bsedmethodsdesignedo nd transitionstates.Seeour companiorpaper31]
for referencesA complementarglassof methodq40, 1, 25, 19, 12, 35] assumeshatthe basins
of attractionof the dominantlocal minimaarealreadyknown, andusesthis to speed-ugampling
in away thatsatis esdetailedbalancelf exactsampling(asopposedo mode nding) is required,
suchmethodscanbe usedin tandemwith fastmixerslike hyperdynamic®r annealingput we will
notinvestigatethis here?

2 Samplingand Transition State Theory

2.1 Importance Sampling

Importancesamplingworks as follows. Supposehat we are interestedn quantitiesdepending
on the distribution of somequantity , whoseprobability densityis proportionalto . Sup-
posethat it is feasibleto evaluate pointwise, but that we are not able to sampledirectly
from the distribution it de nes, but only from an approximatingdistribution with density
We will baseour estimateson a sampleof  independenpoints, dravn from
The expectationvalue of somequantity with respecto canthenbe estimatedas

, Wherethe importance weighting of  is (this as-
sumeghat wheneer ). It canbeprovedthattheimportancesamplecestimator
cornvergestothemearnvalueof asN increaseshutit is dif cult to asseshow reliabletheestimate

is in practice. Two issuesaffect this accurag: the variability of the importanceweightsdueto

deviationsbetween and , andstatistical uctuations causey theimprobabilityof sam-
pling infrequenteventsin thetails of the distribution, especiallyif thesearecritical for estimating

2.2 StochasticDynamics

Variousmethodsareavailablefor speedingip sampling.Herewe useastochastiadynamicamethod
onthe potentialsurfacede ned by our costfunction (the negative log-likelihood of the stateprob-
ability given the obsenrations, ). Canonicalsamplesfrom canbe

40ne shouldbe particularly carefulto presere detailedbalancewhen selectinga transitionkernel jump proposal
mechanismfor MCMC sampling. Naively proposingiumpsthatdo not take the relative volume factorsof the source
andtametregionsinto accountis simply incorrect,whereaomputingeven approximategbut necessarilyhigherorder)
correctionfactorsmay leadto inef ciencies, if requiredat eachsimulationstep. Methodslike [1, 35] are designedo
addressuchtrade-ofs. They areprovably correctasymptoticallyallow correctionfactorsto be precompute@ndtake
adwantageof fast-mixing,local optimumsearchmethoddike [33, 31, 34].



obtainedby simulatingthe phasespacadynamicsde ned by the Hamiltonianfunction:
1)

where isthekineticenegy, and isthemomentumvariable.Average®f variables
over the canonicalensemblecanbe computedby using classical2N-dimensionaphase-space
integrals:

)
where is the temperatureonstant. Dynamics(and hencesampling)is doneby locally
integratingthe Hamiltonequations:

— and — —_ 3

usingaLange/in Monte Carlotypeintegration/rejectiorschemehatis guaranteetb performsam-
pling from the canonicadistribution over phase-space:

— (4)

Here, isavectorof independentichosenGaussiarvariableswith zeromeanandunit variance,
and is the stochastidynamicsintegrationstep. Comparedo so called hybrid' methodsthe
Langerin methodcan be usedwith a larger stepsize andthis is advantageougor our problem,
wherethe stepcalculationsarerelatively expensve (se€[21] andits reference$or amorecomplete
discussiorof therelative advantageof hybrid andLangevin Monte Carlomethods). For physical
dynamics, representshe physicaltime, while for statisticalcalculationsit simply representshe

numberof stepgperformedsincethestartof thesimulation. Thesimulationtimeis usedn 3 belov

to estimatehe acceleratiorof infrequenteventsproducedoy the proposediasedpotential.

2.3 Transition State Theory

Continuingthestatisticamechanicsinalogybegunin theprevioussectionthebehaior of thephys-
ical systemcanbe characterizedyy long periodsof “vibration' within one "state' (enegy basin),
followed by infrequenttransitionsto other statesvia saddlepoints. In the “transitionstatethe-
ory' (TST) approximationthetransitionratesbetweernstatesare computedusingthe sample ux
throughthe dividing surfaceseparatinghem. For a given state , thisis the dimensional
suraceseparatinghestate from its neighborsTherateof escapdrom state is:

(5)

SNotethatthe momentaareonly representeimplicitly in the Langevin formulation. Thereis no needto updatetheir
valuesafter eachleapfrogstepasthey areimmediatelyreplacedoy new onesdravn from the canonicaldistribution at
thestartof eachiteration.
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Figure 1: The original costfunction and the bias addedfor hyperdynamics.The bias prevents
extendedtrappingin the minimum by raising the cost there,while leaving it unchangedn the
transitionneighborhoods.

where is a Dirac deltafunctionpositionedonthedividing surfaceof and isthevelocity
normalto this surface.Crossing®f thedividing surfacecorrespondo true statechangesvents,and
we assuméhatthe systemosesall memoryof this transitionbeforethe next event.

3 Accelerating Transition State Sampling

This sectionexplainshow transformingthe samplingpotentialcanacceleratdransitionsbetween
minima,andhenceallow fairer samplingof the minimathatarepresentlt describegeneralprop-
ertiesthat suchtransformationshouldobey and derives quantitatve estimatedor the expected
acceleratiorfactor A speci c functionalform thatapproximateshe requiredtransformatiorprop-
ertiesis detailedin 4.

Accordingto the transitionstatetheory formalismpresentedn the previous section,the TST
ratecanbeevaluatedasfollows, using(5) and(2):

(6)

Now consideraddinga positive biasor boostcost (with a correspondingbiased'state )

to the original cost , with the further propertythat wheneer , i.e. the
potentialis unchangedh thetransitionstateregions. The TST ratebecomes

(7)

(8)

Theboosttermincreasevery escapaatefrom state asthe costwell is madeshallaver, but it



leavestheratiosof escapeaatesfrom to otherstates invariant:

(9)

This holds becauseall escaperatesfrom  have the partition function of asdenominatqrso
replacingthis with the partitionfunctionof  leavestheirratiosunchanged.Concretelysuppose
thatduring  stepsof classicaldynamicssimulationon the biasedcost surface, we encounter

escapeattemptsover the dividing surface. For the computation let us also assumehat the
simulationis arti cially con ned to the basinof state by re ecting boundaries.(This doesnot
happerin realsimulationsiit is usedhereonly to estimatahe "biasedoosttime’). TheTSTescape
ratefrom state canbeestimatedsimply astheratio of the numberof escapattemptdo thetotal
trajectorylength: . Consequentlythe meanescapdime (inversetransition
rate)from state canbeestimatedrom (7) as:

— (10)

Theeffective simulationtime boostachieredin step thusbecomesimply:
(11)

Thedynamicalevolution of the systemfrom stateto stateis still correct,but it worksin adistorted
time scalethat dependexponentiallyon the biaspotential. As the systempasseshroughregions
with high | its equivalenttime increasesapidly — owing to thelarge enegy differential,the
original dynamicswould have tendedto linger in (or returnto) theseregionsmuchmoreoftenon
averagethantheboosteddynamicssuggestsCornversely in zoneswith small  theequivalenttime
progressat the standardstochastidynamicsrate. Of coursejn reality the simulations integration
time stepandhenceits samplingcoarsenesarethe sameasthey werein theunboostedgimulation.
Theboostingtime (11) just givesanintuition for hov muchtime anunacceleratedamplemwould
probablyhave wastedmaking “uninteresting'samplesearthe costminimum. But thatis largely
the point: the wastageactorsareastronomicain practice— unboostedsamplersannot escape
from local minima.

4 The BiasedCost

Themainrequirement®n the biaspotentialarethatit shouldbezeroon all dividing surfacesthat
it shouldnotintroducenew sub-wellswith escapdimescomparabldo the mainescapdime from
theoriginal costwell, andthatits de nition shouldnotrequireprior knowledgeof thecostwells or
saddlepoints(if we knew thesewe couldavoid trappingmuchmoreef ciently by includingexplicit
well-jumpingsamplegc.f. [35, 34]). For samplingthemost’ important'regionsof thecostsuriace



are minima, wherethe Hessianmatrix ~ hasstrictly positve eigervalues,andtransitionstates,
whereit hasexactly onenegatve eigevalue . The gradientvectorvanishedn both cases.
The rigorousde nition of the TST boundaryis necessarilyglobaP, but locally neara transition
statethe boundarycontainsthe stateitself and adjacentpointswherethe Hessianhasa negative
eigevalueandvanishinggradientcomponentlongthe correspondin@igervector:

and (12)

where s the gradientvectorand is the rst Hessianeigemwvector Voter[41, 42] therefore
adwcateghefollowing biascostfor hyperdynamics

— —— (13)

where is a constantontrollingthe strengthof the biasand is alengthscale(e.g. an estimate
of thetypical nearest-neighbatistancebetweemminima,if thisis available). In the neighborhood
of ary rst-order saddlepoint, (12) givesa goodapproximatiornto thetrue TST dividing surface.

Far away from the saddle the approximationmay not hold. For instancethe equation(12) may

be satis ed in regionsinternalto a minimum that do not represenstateboundariesor for some
partsof the TST surface,the Hessiarmay have no negative eigewvaluesandthe gradientmay not

be zeroalong the lowest Hessianeigervector (but somehigherone). However, the zonesof the

dividing surface nearlow cost saddlepoints are the mostlikely regions for the interminimum

transition,and given that the above bias potentialis smallin theseneighborhoodsit providesa

usefulapproximatiorto thetruetransitiondynamics.

Increasing increaseshebiasandhencehenominalboosting.In principleit is evenpossible
to raisetheminimumabove thelevel of its surroundingransitionstatesbut thereis arisk thatdoing
sowould entirelyblock the samplingpathwaysthroughandaroundthe minimum,thuscausinghe
systemto becometrappedin a newly createdwell at one endof the old minimum. Hence,it is
usuallysaferto selecta moremoderateboosting.Regardlesf the choiceof |, thebiaspotential
(13) hasthe desirablepropertythatit automaticallydecreasesandultimately vanishesijn regions
with the eigewvaluestructureof transitionneighborhood$12).

4.1 Estimating the Gradient of the Bias Potential

Ef cient samplingor optimizationmethodsoften requirethe gradientof the costfunction. Direct
differentiationof Voter's potential (13) for gradient-basedlynamicsrequiresthird order deriva-
tivesof , but aninexpensive numericalestimationmethodbasedn rst orderderivativeswas
proposedn [42]. For completenesse summarizehis here. The calculationsare more comple

5Thebasinof state canbede ned asthe setof con gurationsfrom which gradientdescentminimizationleadsto
theminimum . This basinis surroundedy an -D hypersurace,outsideof which local descenteadsto states
otherthan .



thanthoseneededor standardyradientbasedstochastisimulation,but in practicethe exponential
speed-uprovided by the biaseasilydominateghe additionalconstanfactorsassociatedvith this.

An eigewvaluecanbecomputedoy numericalapproximatioralongits correspondingigervec-
tor direction :

(14)

The eigewectordirectioncanbe estimatechumericallyusingary gradientdescentmethod,based
onarandominitialization or ontheonefrom the previousdynamicsstep,using:

— (15)

Thelowesteigewvectorobtainedrom theminimization(15)is thenusedto computehecorrespond-
ing eigevaluevia (14). The procedurecanbe repeatedor highereigewalue-eigevecta pairsby
maintainingorthogonalitywith previousdirections.Thederiative of theprojectedgradient  can
thenbe obtainedby applyingthe minimizationto the matrices and . One
thusminimizes:

- (16)
where:
(17)
A goodapproximatiorto ~ canbeobtainedfrom [42]:
— and — — — — (18)

5 Complementary Hyperdynamic Sampling Strategies

Hyperdynamicamplingprovidesrapid mixing, but not fair sampledrom the equilibriumdistribu-
tion. Intermodetransitionprobabilitiesarepresered(c.f. 3) but the coresof minimaarestrongly
de-emphasizedTo recover fair samplessomeform of correctionor post-processings needed.
Thereare several approachesgependingon the application. One possibility is importancesam-
pling basedreweighting( 2.1). Asymptotically this will give correctresults,but variability tends
to be high ashyperdynamicsleliberatelymakesasfew samplesasit canin the modecores.Prac-
tically, improvementsare possible:(i) For fair sampling,the "bias' canprovide initial seedgor a
subsequentlassicalstochastidynamicssimulationoperatingon the original cost. By usingsuch
well-mixed seedsspreadover a substantiallylarge numberof minimathe structureof the density
will be betterrepresented(ii) If preciselocalizationof the modesis importante.g. in global opti-
mization, hyperdynamicprovidesseeddor local descenbn the original enegy surface. A third

10



option,reviewed next, combineghetwo ideasabore anduseshe known local minimawithin afair
samplingrun.

Darting methodsassumehatthe positionsof local minimaareknown a priori, andusetheseto

speed-upamplingfrom the equilibriumdistribution [25, 1, 35]. They involve “smart' movesthat
ensureboth fair samplingandrapid jumping betweemminima. Without someprior knowledgeof

the structureof the distribution, long-rangeaandomjumpswould standa very low chanceof being
acceptedasthey will mostlikely hit high-enegy regions,especiallyin high-dimensionsTo avoid

this, the initially proposedmethods[1] work by placing sphereswith equalradiusat eachlocal

minimum. The sampleresembles standardMCMC simulationwith local steps gxceptthatwith

x ed probability a testis madeto seewhetherthe currentcon guration is inside one of the
known spheregi.e. neighborhoodsf minima). If the samples outsideary sphereijt is simplyre-
countedlf it isinsideasphereits relative positionwith respecto thecentelis computedadifferent
minimum/spheras selectedwith uniform probability anda jump to the correspondingelative
locationwith respectto that minimum s proposed. The move is acceptedr rejectedaccording
to the usualBoltzmanncriteria. One can prove thatlong-ranggumpsof this type obey detailed
balanceprovidedthe spheresio notoverlap[1]. Thisis true becauséehe probability of enteringa
spherefrom its outsideis the sameasthe reversemove, namely timesthe probability of a
local move. For interminimum movesthe probability is equalin both directions. See[1, 35 for

details,and[35] for a generalizatiorto differentmoves, shapeof local minima andoverlapping
regions.

6 Human Domain Modeling

Thissectiorbrie y describeshehumanoidvisualtrackingmodelsusedn ourhyperdynamitoost-
ing experiments For moredetailsseg[33].

RepresentationOur body modelscontainkinematic'skeletons'of articulatedjoints controlledby
angulajjoint parameters;overedby ™ esh' built from superquadriellipsoidswith additionalglobal
deformationg2]. A typical modelhas: about30-35joint parameters ; 8 internal proportion
parameters encodinghepositionsof thehip, clavicle andskull tip joints; and9 deformableshape
parameter$or eachbodypart,gatherednto avector . Thecompletemodelis thusencodechsa
singlelarge parametevector . Duringtrackingor staticposeestimationve usually
estimateonly joint parameters.

The modelis usedasfollows. Superquadrisurfacesare discretizedinto meshegarameter
ized by angularcoordinatesn a 2D topologicaldomain. Meshnodes aretransformednto 3D
points , theninto predictedimage points using compositenonlineartransformations

, Where represents sequencef parametriade-
formationsthatconstructhecorrespondingpartin its own referencdrame, representa chainof
rigid transformationshat mapit throughthe kinematicchainto its 3D position,and represents

11



perspectie imageprojection.During modelestimation prediction-to-imagenatchingcostmetrics
areevaluatedbetweereachpredictednodelfeature andnearbyassociateémagefeatures , and
theresultsaresummecdover all featuregso producetheimagecontritution to the overall parameter
spacecostfunction. Thecostis thusarobustfunctionof the predictionerrors .

Thecostgradient andHessian arealsocomputecandassembledver all obserations.

Estimation: We aim for a probabilisticinterpretatiorandoptimal estimate®f the modelparame-
tersby maximizingthetotal probabilityaccordingo Bayesrule:

(19)
where is the costdensityassociateavith obseration , theintegralis over all obserations,
and is the prior on the model parameters.Discretizingthe continuousproblem,our MAP
approachminimizesthe negative log-likelihoodfor the total posteriomprobability:

(20)

Observation Lik elihood: In thebelov experimentsve actuallyonly useda very simpleGaussian
likelihoodbasedon given model-to-imaggoint correspondenced he nggative log-likelihood for
theobsenrationsis justthesumof squarednodeljoint reprojectionerrors.Our full trackingsystem
usesthis costfunction only for initialization, but it still provides an interesting(and dif cult to
handle)degreeof multimodality owing to the kinematiccompleity of the humanmodelandthe
large numberof parametershat are unobserablein a singularmonocularimage. In practicewe
nd thatglobalizingthesearchis atleastasimportantfor initialization asfor tracking,andthis cost
functionis signi cantly cheapeto evaluatethanourfull imagebasedne,allowing moreextensve
samplingexperiments.
Priors and Constraints: Both hard and soft priors are accommodateéh our framewvork. They
includeanthropometrigriors on modelproportions parametestabilizersfor hardto estimatebut
useful modelling parameterstermsfor collision avoidancebetweenbody parts,andjoint angle
limits. During estimationthe values gradientsandHessian®f the priorsareevaluatedandadded
to the contritutionsfrom the obserations.

7 Experiments

In this sectionweillustratethehyperdynamicsnethodonatoy probleminvolving atwo-dimensional
multi-modal costsurface,and on the problemof initial poseestimationfor an articulated3D hu-
manmodelbasedon givenjoint-to-imagecorrespondences$n both casesve comparehe method
with standardstochastiaddynamicsonthe original costsurface. The parametersf thetwo methods
(temperatureintegrationstep,numberof simulationsteps etc) areidentical,exceptthathyperdy-
namicsrequiresvaluesfor thetwo additionalparameters and thatcontrolthe propertiesof the
biaspotential(13).

12



Figure2: TheMuller Potential(left) anda standardstochastiaynamicsggradientsamplingsimula-
tion (right) thatgetstrappedn the basinof the startingminimum.

Figure3: Hyperdynamicsamplingwith and

7.1 The Muller CostSurface

Miller'sPotential g. 2, left) isasimple2D analyticcostfunctionwith threelocalminima ,

, andtwo saddlepoints , which is oftenusedin the chemistryliteratureto illustratetran-
sition statesearchmethods It hastheform
where , , ,

, , . Theinterminimum distanceis of order1
lengthunit, andthetransitionstatesarearound100-150enegy unitsabove thelowestminimum.
Fig.2 (right) shavs the result of standardstochasticdynamicsamplingon the original cost
surface.Despite6000simulationstepsat a reasonablstepsize , only the basinof the
startingminimumis sampledxtensvely, andno successfukéscapdasyettakenplace.Fig. 3 shavs
two hyperdynamicsunswith parametersetfor moderatéboosting.Notethereducecemphasion
samplingin the coreof the minimum— in factthe minimumis replacedoy a setof higherenegy
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Figure4: Hyperdynamicsamplingwith and

ones— andthe factthat the runs escapehe initial basin. In the right handplot thereis a clear
focusingof samplesn theregion correspondingo thesaddlegoointlinking thetwo adjacentminima

and . Finally, g. 4 shavs resultsfor moreaggressie biaspotentialsthat causethe basins
of all threeminimato be visited, with strongfocusingof sampleson theinterminimum transition
regions. Thebiashereturnsthelowestpositive curvatureregion of theinitial minimuminto alocal
maximum.

Theplotsalsoshav thatthe VVoter potentialis someavhat “untidy’, with complicatedocal steps
andridges.Nearthehypersuriiceswherethe rst Hessiareigewalue passesiowvn throughzero,
thebiasjumpsfrom to with anabruptnesghatincreasesisthelengthscale increasegsic)or
thegradientprojection  decreasegwingto the termin (13). A small malkes
these transitionssmootherbut increaseshe suddennessf ridgesin the potentialthatoccur
onhypersuriceswhere  passeshroughzero.

Fig.5 plots the simulationboostingtime for two bias potentials. The left plot hasa milder
potentialthat simply encouragesxplorationof saddlepoints,while the right plot hasa moreag-
gressie onethatis ableto explore andjump betweenindividual modesmorerapidly. (Note the
very large andvery differentsizesof the boostingtime scalesn theseplots).

7.2 Monocular 3D PoseEstimation

Now we explore the potentialof the hyperdynamicsnethodfor monocular3D humanposeesti-
mationundermodelto imagejoint correspondencesThis problemis well adaptedo illustrating
the algorithm, asits costsurfaceis highly multimodal. Of the 32 kinematicmodeld.o.f., about
10 aresubjectto “re ective' kinematicambiguitie(forwardsvs backwardsslantin depth),which
potentiallycreatesaround local minimain the costsurface[15, 37, 34], althoughsome
of thesearenot physicallyfeasibleandareautomaticallyprunedduringthe simulation(seebelow).
Indeedwe nd thatit is very dif cult to ensurdnitializationto the “correct' posewith this kind of

14
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Figureb: Effective boosttimesfor mild (left) andmoreaggressie (right) biaspotentials.

data.

The simulationenforcegoint limit constraintausingre ective boundaryconditions,i.e. by re-
versingthe sign of the particles normalmomentunwhenit hits a joint limit. We found thatthis
givesanimproved samplingacceptanceate comparedo simply projectingthe proposedcon g-
urationbackinto the constraintsurface,asthe latterleadsto cascadesf rejectedmovesuntil the
momenturnrdirectiongraduallyswingsaround.

We ranthesimulationfor 8000stepswith , bothontheoriginal costsurface( g. 8)
andontheboostedne( g. 6). It is easyto seethatthe original samplemetstrappedn the starting
mode,andwastesall of its samplesxploring it repeatedlyCorversely theboostechyperdynamics
methodescapes$rom the startingmoderelatively quickly, andsubsequentlgxploresmary of the
minimaresultingfrom the depthre ection ambiguities.

Fig.7 plots the estimatedboostingtimesfor two differentbias potentials, ,
and . Thevariancecomputedor the original estimatomwas , comparedo

for theboostedne.

8 Conclusionsand Open Reseach Dir ections

This paperhasunderlinedhefactthatfor high dimensionamultimodalcostfunctions,ratherthan
focusingonly on performingtheir target computationimportancesamplerseedto devote some
of their samplego reducingtrappingin local minima. With this in mind, we presenteain MCMC

samplerdesignedo acceleratehe explorationof differentminima, basedon the “hyperdynamics
methodfrom computationachemistry It useslocal costgradientsand cunaturesto constructa
modi ed costfunction that focusessamplestowardsregions with low gradientand at leastone
negative cunature which arelik ely to containthetransitionstateqlow costsaddlepointswith one
negatve cunaturedirection) of the original cost. Our experimentalresultsdemonstratehat the
methodsigni cantly improvesinterminimum explorationbehaior in the problemof monocular
articulated3D humanposeestimation.
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Figure 6: Humanposessampledusing hyperdynamic®n a cost suriacebasedon given model-
to-imagejoint correspondenceseenfrom the cameraviewpoint andfrom abore. Hyperdynamics
nds avarietyof differentposesncludingwell separatede ective ambiguitiegwhich,asexpected,
all look similar from the cameraviewpoint). In contrast,standardstochasticdynamics(on the
sameunderlyingcostsuriacewith identicalparametersgssentiallyemainstrappedn the original

startingmodeevenafter8000simulationsteps( g. 8).

An interestingesearcldirectionwould be the derivationandinvestigationof alternatve, com-
putationallymoreef cient biasedsamplingdistributions.
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