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Abstract
Sequentialrandomsampling(`Markov ChainMonte-Carlo') is a popularstrategy for manyvisionprob-

lemsinvolvingmultimodaldistributionsover high-dimensionalparameterspaces.It appliesbothto impor-
tancesampling(where onewantsto samplepointsaccording to their `importance' for somecalculation,

but otherwisefairly) and to global optimization(where onewantsto �nd goodminima,or at leastgood
startingpointsfor local minimization,regardlessof fairness).Unfortunately, mostsequentialsamplers are

very proneto becomingtrappedfor long periodsin unrepresentativelocal minima,which leadsto biased
or highly variable estimates.We presenta general strategy for reducingMCMC trappingthat generalizes

Voter's `hyperdynamicsampling' from computationalchemistry. The local gradientand curvature of the
input distribution are usedto constructan adaptiveimportancesamplerthat focusessampleson negative

curvature regions that are likely to contain low cost `transitionstates' (codimension-1saddlepoints rep-

resenting“mountain passes”connectingadjacentcostbasins). This substantiallyacceleratesinter-basin
transitionrateswhilestill preservingcorrectrelativetransitionprobabilities.Experimentaltestson thedif�-

cult problemof 3D articulatedhumanposeestimationfrommonocularimagesshowsigni�cantly enhanced
minimumexploration.

Keywords: Hyperdynamics,Markov-chainMonteCarlo, importancesampling, globaloptimization,human

tracking.

1 Intr oduction

Many visionproblemscanbeformulatedeitherasglobalminimizationsof highly non-convex cost

functionswith many minima, or as statisticalinferencesbasedon fair samplingor expectation-

valueintegralsoverhighly multi-modaldistributions.Importancesamplingis apromisingapproach

for suchapplications,particularlywhencombinedwith sequential(`Markov ChainMonte-Carlo'),

layeredor annealedsamplers[9, 5, 6], optionally punctuatedwith burstsof local optimization

[11, 4, 33]. Samplingmethodsare �e xible, but they tendto be computationallyexpensive for a
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given level of accuracy. In particular, whenusedon multi-modalcostsurfaces,currentsequential

samplersareveryproneto becomingcaughtfor longperiodsin costbasinscontainingunrepresen-

tative local minima. This `trapping' or `poormixing' leadsto biasedor highly variableestimates

whosecharacteris at bestquasi-localratherthanglobal. Trappingtimesaretypically exponential

in a (large)scaleparameter, sobuying a fastercomputerhelpslittle. Currentsamplersaremyopic

mainly because,whenjudging`importance',they consideronly immediatelocal variationsof the

sizeof theintegrandbeingevaluatedor thecostbeingoptimized.For globallyef�cient estimates,it

is alsocritically importantto includean effectivestrategy for reducingtrapping, e.g. by explicitly

devotingsomefractionof thesamplesto movingbetweencostbasins.

Thispaperdescribesamethodthatreducestrappingby `boosting'1 thedynamicsof thesequen-

tial sampler. It is basedon A.F. Voter's `hyperdynamics'[41, 42], which wasoriginally developed

in computationalchemistryto acceleratetheestimationof transitionratesbetweendifferentatomic

arrangementsin atom-level simulationsof moleculesandsolids.There,thedynamicsis basicallya

thermally-driven randomwalk of a point in thecon�guration spaceof thecombinedatomiccoor-

dinates,subjectto aneffective energy potentialthatmodelsthecombinedinter-atomicinteractions.

Thecon�guration-spacepotentialis oftenhighly multimodal,correspondingto differentlarge-scale

con�gurationsof themoleculebeingsimulated.Trappingis asigni�cant problem,especiallyasthe

�ne-scaledynamicsmustusequiteshorttime-stepsto ensureaccuratephysicalmodeling.Mixing

timesof ����� – ����� or morestepsarecommon.In our targetapplicationsin vision thesamplerneed

notsatisfysuchstrict physicalconstraints,but trappingremainsakey problem.

Hyperdynamicsreducestrappingby enhancingthesamplingratenear`transitionstates'— low

lying saddlepointsthat the systemwould typically passthroughif it weremoving thermallybe-

tweenadjacentenergy basins.It doesthis by modifying thecostfunction,addinga termbasedon

the gradientandcurvatureof the original potentialthat raisesthe costnearthe coresof the local

potentialbasinsto reducetrappingthere,while leaving thecostintactin regionswheretheoriginal

potentialhasthe low gradientandnegative curvatureeigenvaluecharacteristicof transitionneigh-

borhoods.Hyperdynamicscanbe viewed asa generalizedform of MCMC importancesampling

whoseimportancemeasureconsidersthegradientandcurvatureaswell asthevaluesof theoriginal

cost function. The key point is not the speci�c form adoptedfor the potential,but ratherthe re-

�ned notionof `importance':deliberatelyaddingsamplesto speedmixing andhencereduceglobal

bias(`�nite sampleeffects'), even thoughthe addedsamplesarenot directly `important' for the

calculationbeingperformed.

Another generalapproachto multi-modal optimization is annealing[14, 24] (with detailed

balancevariationslike tampering[17, 22]) — initially samplingwith a reducedsensitivity to the

underlyingcost(`highertemperature'),thenprogressively increasingthesensitivity to focussam-

pleson lower cost regions. Annealinghasbeenusedmany times in vision andelsewhere2, e.g.

1No relationshipto boostingin machinelearningis implied.
2In chemistryandphysicsapplicationsof hyperdynamics,raisingthe temperatureis oftenunacceptableasit would

signi�cantly changetheproblem,e.g. thesolidbeingsimulatedmightmelt.. .
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[23, 24, 6], but althoughit workswell in many applications,it hasimportantlimitationsasa gen-

eral methodfor reducingtrapping. The main problemis that it samplesindiscriminatelywithin

a certainenergy band,regardlessof whetherthepointssampledarelikely to leadout of thebasin

towardsanotherminimum,or whetherthey simplyleadfurtherupanever-increasingpotentialwall.

In many applications,andespeciallyin high-dimensionalor ill-conditionedones,thecostsurface

hasrelatively narrow `windows' connectingadjacentbasins,andit is importantto steerthesamples

towardstheseusinglocal informationabouthow thecostappearsto bechanging.Hyperdynamicsis

a �rst attemptat doingthis. Annealingandhyperdynamicsareactuallycomplementary: it maybe

possibleto speeduphyperdynamicsby annealingits modi�ed potential,but wewill not investigate

thishere.

Paper organization: We review desirablefeaturesof fastmixing high-dimensionalsamplersin
�

1.1 and prior work in
�

1.2. Samplingand transitionstatetheory are introducedin
�

2. Ways

to designgenericfast-mixingtransformationsof the energy surfacearepresentedin
�

3 andone

particularapproximationis proposedandanalyzedin
�

4. Complementarysamplingstrategiesare

discussedin
�

5. Humanmodelingandhigh-dimensionalposeestimationexperimentsaregiven in
�

6 and
�

7. Conclusionsandideasfor futureresearcharediscussedin
�

8.

1.1 What is a Good Multiple-Mode Sampling Function ?

`The curseof dimensionality'causesmany dif�culties in high-dimensionalsearch. In stochastic

methods,long samplingrunsareoften neededto hit the distribution's `typical set' — the areas

wheremostof theprobabilitymassis concentrated.In sequentialsamplersthis is dueto theinher-

ently local natureof thesamplingprocess,which tendsto becomè trapped'in individual modes,

moving betweenthemonly very infrequently. More generally, choosingan importancesampling

distribution is acompromisebetweentractablesampleabilityandef�cient focusingof thesampling

resourcestowards`goodplacesto look'.

Thereareat leastthreeissuesin thedesignof a goodmulti-modalsampler: (i) Approximation

accuracy: in high dimensions,whenthe original distribution is complex andhighly multi-modal

(asis thecasein vision), �nding a sampleablefunction thatgivesgoodapproximationaccuracy /

low rejectratecanbe very dif�cult, thus limiting the applicability of the method. It is therefore

appealingto look for waysof usingamodi�ed versionof theoriginaldistribution,asfor instancein

annealingmethods[23, 24, 6]. (ii ) Trapping: evenwhentheapproximationis locally accurate(e.g.

by samplingtheoriginaldistribution, thusavoidingany sample-weightingartifacts),mostsampling

procedurestendto get caughtin the mode(s)closestto the startingpoint of sampling. Very long

runs are neededto sampleinfrequentinter-modetransitioneventsthat lie far out in the tails of

the modal distributions, but that can make a hugedifferenceto the overall results. (iii ) Biased

transitionrates: annealingchangesnotonly theabsoluteinter-modetransitionrates(thusreducing

trapping),but also their relative sizes[36]. So thereis no guaranteethat the modesarevisited

with the correctrelative probabilitiesimplied by the dynamicson the original costsurface. This
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mayseemirrelevant if theaim is simply to discover `all goodmodes'or `thebestmode', but the

levelsof annealingneededto make dif�cult transitionsfrequentcanvery signi�cantly increasethe

numberof modesandthestatespacevolumethatareavailableto bevisited,andthuscausethevast

bulk of thesamplesto bewastedin fruitlessregions3. This is especiallyimportantin applications

like tracking,wheretemporalcontinuityimpliesthatonly nearbymodesthatareseparatedfrom the

currentoneby low energy barriersneedto berecovered.

To summarize,for complex high dimensionalproblems,�nding good,sampleableapproximat-

ing distributionsis hard,soit is usefulto look atsequentialsamplersbasedondistributionsderived

from the original one. Thereis a trade-off betweensamplingfor local computationalaccuracy,

which requiressamplesin `important' regions,usuallymodecores,andsamplingfor goodmixing,

which requiresnot only morefrequentsamplesin the tails of the distribution, but alsothat these

shouldbe focusedon regions likely to lead to inter-modal transitions. De�ning suchregions is

delicatein practice,but it is clearthatsteeringsamplestowardsregionswith low gradientandneg-

ative curvaturesshouldincreasethe likelihoodof �nding transitionstates(saddlepointswith one

negative curvaturedirection)relative to purelycost-basedmethodssuchasannealing.

1.2 RelatedWork

In this sectionwe summarizesomerelevant work on high-dimensionalsearch,especiallyin the

domainof humanmodelingandestimation.Deutscheret al track3D bodymotionusinga multi-

camerasilhouette-and-edge basedlikelihood function and annealedsamplingwithin a temporal

particle �ltering framework [6]. Their samplingprocedureresemblesone usedby Neal, except

thatNealalsoincludesanadditionalimportancesamplingcorrectiondesignedto improve mixing

[23, 24]. Sidenbladhet al usean intensitybasedcost function andparticle�ltering with impor-

tancesamplingbasedon a learneddynamicalmodelto track a 3D modelof a walking personin

an imagesequence[27]. Choo& Fleetcombineparticle �ltering andhybrid Monte Carlo sam-

pling to estimate3D humanmotion,usinga costfunctionbasedon joint reprojectionerrorgiven

input from motion capturedata[5]. Sminchisescu& Triggs recover articulated3D motion from

monocularimagesequencesusinganedgeandintensitybasedcostfunction,with acombinationof

robustconstraint-consistent localoptimizationand`oversized'covariancescaledsamplingto focus

sampleson probablelow-costregions[33]. Their morerecentwork furtherenhancestrackingre-

liability by explicitly enumeratingthepossiblekinematicminima [34]. SeealsoSminchisescu&

Jepson[30] for a mixturesmootherthatcomputesa Bayesianapproximationto anentiretrajectory

distribution. This canbeef�ciently usedin tandemwith mixture�lters like [4, 33, 34, 38].

Hyperdynamicsusesstochasticdynamicswith costgradientbasedsamplingas in [9, 21, 5],

3Thereis ananalogywith thechemist'smeltingsolid, liquidsbeingregionsof statespacewith hugenumbersof small

interconnectedminimaandsaddles,while solidshave fewer, or at leastmoreclearlyde�ned, minima. Also remember

that statespacevolumeincreasesvery rapidly with samplingradiusin high dimensions,so dense,distantsamplingis

simply infeasible.
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but `boosts'the dynamicswith a novel importancesamplerconstructedfrom the original proba-

bility surfaceusinglocal gradientandcurvatureinformation. All of theannealingmethodstry to

increasetransitionratesby samplinga modi�ed distribution, but only the onegiven herespecif-

ically focusessampleson regionslikely to containtransitionstates.Therearealsodeterministic

local-optimization-basedmethodsdesignedto �nd transitionstates.Seeourcompanionpaper[31]

for references.A complementaryclassof methods[40, 1, 25, 19, 12, 35] assumesthat thebasins

of attractionof thedominantlocal minimaarealreadyknown, andusesthis to speed-upsampling

in away thatsatis�esdetailedbalance.If exactsampling(asopposedto mode�nding) is required,

suchmethodscanbeusedin tandemwith fastmixerslikehyperdynamicsor annealing,but wewill

not investigatethishere.4

2 Samplingand Transition StateTheory

2.1 Importance Sampling

Importancesamplingworks as follows. Supposethat we are interestedin quantitiesdepending

on the distribution of somequantity � , whoseprobability densityis proportionalto
���

��� . Sup-

posethat it is feasibleto evaluate
���

��� pointwise,but that we are not able to sampledirectly

from the distribution it de�nes, but only from an approximatingdistribution with density
�����

��� .

We will baseour estimateson a sampleof 	 independentpoints, ��

������������� drawn from
�����

��� .

Theexpectationvalueof somequantity �

�

��� with respectto
���

��� canthenbeestimatedas ����

�

�

���


��

�

�

�

�

�

���

�

�

���


��

� , wherethe importance weighting of �

� is
�

�

�

���

�

�

���

�����

�

�

� (this as-

sumesthat
�����

���! � � whenever
���

���" � � ). It canbeprovedthattheimportancesampledestimator

convergesto themeanvalueof � asN increases,but it is dif�cult to assesshow reliabletheestimate

�� is in practice.Two issuesaffect this accuracy: thevariability of the importanceweightsdueto

deviationsbetween
���

��� and
�#���

��� , andstatistical�uctuationscausedby theimprobabilityof sam-

pling infrequenteventsin thetails of thedistribution, especiallyif thesearecritical for estimating

�
� .

2.2 StochasticDynamics

Variousmethodsareavailablefor speedingupsampling.Hereweuseastochasticdynamicsmethod

on thepotentialsurfacede�ned by our costfunction(thenegative log-likelihoodof thestateprob-

ability given the observations,
���

���$�&%('�)�*,+

�

�.-/�����0� ). Canonicalsamplesfrom
���

��� can be

4Oneshouldbe particularlycareful to preserve detailedbalancewhenselectinga transitionkernel (jump proposal

mechanism)for MCMC sampling.Naively proposingjumpsthatdo not take the relative volumefactorsof the source

andtargetregionsinto accountis simply incorrect,whereascomputingevenapproximate(but necessarilyhigher-order)

correctionfactorsmay leadto inef�ciencies, if requiredat eachsimulationstep. Methodslike [1, 35] aredesignedto

addresssuchtrade-offs. They areprovably correctasymptotically, allow correctionfactorsto beprecomputedandtake

advantageof fast-mixing,localoptimumsearchmethodslike [33, 31,34].
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obtainedby simulatingthephasespacedynamicsde�ned by theHamiltonianfunction:

�

�

������� �

���

�������

�

��� (1)

where�

�

��� ���	�
� �
� is thekineticenergy, and � is themomentumvariable.Averagesof variables

� over the canonicalensemblecanbe computedby usingclassical2N-dimensionalphase-space

integrals:

�

��
 �

���

�

�

����� �����������������
������� ����!��"!#�

���

�

�����������

�

�������$���

!��%!&�

(2)

where ' � � �)( is the temperatureconstant.Dynamics(andhencesampling)is doneby locally

integratingtheHamiltonequations:

!��

*,+

�-� and
!#�

*,+

� %

* ���

���

!��

(3)

usingaLangevin MonteCarlotypeintegration/rejectionschemethatis guaranteedto performsam-

pling from thecanonicaldistribution over phase-space:

�

�/.


 � �

�

%

0

+21 354

�

*
���

���

!��

�

0

+

35476

� (4)

Here,
6

� is a vectorof independentlychosenGaussianvariableswith zeromeanandunit variance,

and
0

+

354

is thestochasticdynamicsintegrationstep.Comparedto socalled`hybrid' methods,the

Langevin methodcanbe usedwith a larger stepsizeand this is advantageousfor our problem,

wherethestepcalculationsarerelatively expensive (see[21] andits referencesfor amorecomplete

discussionof therelative advantagesof hybridandLangevin MonteCarlomethods)5. For physical

dynamics,
+

representsthephysicaltime, while for statisticalcalculationsit simply representsthe

numberof stepsperformedsincethestartof thesimulation.Thesimulationtimeis usedin
�

3 below

to estimatetheaccelerationof infrequenteventsproducedby theproposedbiasedpotential.

2.3 Transition StateTheory

Continuingthestatisticalmechanicsanalogybegunin theprevioussection,thebehavior of thephys-

ical systemcanbe characterizedby long periodsof `vibration' within one`state' (energy basin),

followed by infrequenttransitionsto other statesvia saddlepoints. In the `transitionstatethe-

ory' (TST) approximation,the transitionratesbetweenstatesarecomputedusingthesample�ux

throughthe dividing surfaceseparatingthem. For a given state 8 , this is the 	 % � dimensional

surfaceseparatingthestate8 from its neighbors.Therateof escapefrom state8 is:

9;:

3

:

<>=

�

�

- ?

<

-2@

<

�

���A


< (5)

5Notethatthemomentaareonly representedimplicitly in theLangevin formulation.Thereis noneedto updatetheir

valuesaftereachleapfrogstepasthey areimmediatelyreplacedby new onesdrawn from thecanonicaldistribution at

thestartof eachiteration.
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Figure 1: The original cost function and the bias addedfor hyperdynamics.The bias prevents

extendedtrappingin the minimum by raising the cost there,while leaving it unchangedin the

transitionneighborhoods.

where@

<

�

��� is aDiracdeltafunctionpositionedon thedividing surfaceof 8 and ?

< is thevelocity

normalto thissurface.Crossingsof thedividing surfacecorrespondto truestatechangeevents,and

weassumethatthesystemlosesall memoryof this transitionbeforethenext event.

3 AcceleratingTransition StateSampling

This sectionexplainshow transformingthe samplingpotentialcanacceleratetransitionsbetween

minima,andhenceallow fairersamplingof theminimathatarepresent.It describesgeneralprop-

ertiesthat suchtransformationsshouldobey and derives quantitative estimatesfor the expected

accelerationfactor. A speci�c functionalform thatapproximatestherequiredtransformationprop-

ertiesis detailedin
�

4.

Accordingto the transitionstatetheoryformalismpresentedin theprevious section,the TST

ratecanbeevaluatedasfollows,using(5) and(2):

9
:

3

:

<,=
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<
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<
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�����
�������$�
�;�
������� ���,!��%!#�

���

�

�����������

�

�������$���

!��%!&�

(6)

Now consideraddinga positive biasor boostcost
� ���

��� (with a corresponding̀biased'state 8

�

)

to the original cost
���

��� , with the further propertythat
� ���

��� � � whenever @

<

�

���$ � � , i.e. the

potentialis unchangedin thetransitionstateregions.TheTSTratebecomes:
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(8)

Theboosttermincreasesevery escaperatefrom state 8 asthecostwell is madeshallower, but it
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leavestheratiosof escaperatesfrom 8 � 8

�

to otherstates8 
 � 8

1 invariant:
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3
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�

=%<��

(9)

This holds becauseall escaperatesfrom 8 have the partition function of 8 as denominator, so

replacingthis with thepartitionfunctionof 8

�

leavestheir ratiosunchanged.Concretely, suppose

that during 	

: stepsof classicaldynamicssimulationon the biasedcost surface,we encounter

	�� escapeattemptsover the dividing surface. For the computation,let us also assumethat the

simulationis arti�cially con�ned to the basinof state 8 by re�ecting boundaries.(This doesnot

happenin realsimulations:it is usedhereonly to estimatethe`biasedboosttime'). TheTSTescape

ratefrom state8 canbeestimatedsimply astheratio of thenumberof escapeattemptsto thetotal

trajectorylength:
9

:

3

:

<

� 	�� �

�
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+

354

� . Consequently, the meanescapetime (inversetransition

rate)from state8 canbeestimatedfrom (7) as:
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� (10)

Theeffective simulationtimeboostachievedin step
 thusbecomessimply:

0

+
�

�

�

0

+

3 4

�

���
�

���

�

� (11)

Thedynamicalevolution of thesystemfrom stateto stateis still correct,but it worksin a distorted

time scalethatdependsexponentiallyon thebiaspotential.As thesystempassesthroughregions

with high
���

, its equivalenttime
0

+
�

increasesrapidly— owing to thelargeenergy differential,the

original dynamicswould have tendedto linger in (or returnto) theseregionsmuchmoreoftenon

averagethantheboosteddynamicssuggests.Conversely, in zoneswith small
���

theequivalenttime

progressat thestandardstochasticdynamicsrate.Of course,in reality thesimulation's integration

timestepandhenceits samplingcoarsenessarethesameasthey werein theunboostedsimulation.

Theboostingtime (11) just givesanintuition for how muchtime anunacceleratedsamplerwould

probablyhave wastedmaking`uninteresting'samplesnearthecostminimum. But that is largely

thepoint: thewastagefactorsareastronomicalin practice— unboostedsamplerscannot escape

from localminima.

4 The BiasedCost

Themainrequirementson thebiaspotentialarethatit shouldbezeroon all dividing surfaces,that

it shouldnot introducenew sub-wellswith escapetimescomparableto themainescapetime from

theoriginalcostwell, andthatits de�nition shouldnot requireprior knowledgeof thecostwellsor

saddlepoints(if weknew thesewecouldavoid trappingmuchmoreef�ciently by includingexplicit

well-jumpingsamples(c.f. [35, 34]). For sampling,themost`important'regionsof thecostsurface
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areminima, wherethe Hessianmatrix � hasstrictly positive eigenvalues,and transitionstates,

whereit hasexactly onenegative eigenvalue � 
�� � . Thegradientvectorvanishesin bothcases.

The rigorousde�nition of the TST boundaryis necessarilyglobal6, but locally neara transition

statethe boundarycontainsthe stateitself andadjacentpointswherethe Hessianhasa negative

eigenvalueandvanishinggradientcomponentalongthecorrespondingeigenvector:

���


 ���

�


	�

� � and � 

� � (12)

where
�

is the gradientvectorand � 
 is the �rst Hessianeigenvector. Voter [41, 42] therefore

advocatesthefollowing biascostfor hyperdynamics:

���

�

� �

�

�


� �

� 


�

�

1




�

�

1

�




�

*

1

��

(13)

where
� �

is a constantcontrolling thestrengthof thebiasand
*

is a lengthscale(e.g. anestimate

of thetypical nearest-neighbordistancebetweenminima,if this is available). In theneighborhood

of any �rst-order saddlepoint, (12) givesa goodapproximationto the trueTST dividing surface.

Far away from the saddle,the approximationmay not hold. For instance,the equation(12) may

be satis�ed in regions internal to a minimum that do not representstateboundariesor for some

partsof theTST surface,theHessianmayhave no negative eigenvaluesandthegradientmaynot

be zeroalongthe lowestHessianeigenvector (but somehigherone). However, the zonesof the

dividing surfacenear low cost saddlepoints are the most likely regions for the inter-minimum

transition,andgiven that the above biaspotentialis small in theseneighborhoods,it providesa

usefulapproximationto thetruetransitiondynamics.

Increasing
�

�

increasesthebiasandhencethenominalboosting.In principleit is evenpossible

to raisetheminimumabovethelevel of its surroundingtransitionstates,but thereis arisk thatdoing

sowouldentirelyblock thesamplingpathwaysthroughandaroundtheminimum,thuscausingthe

systemto becometrappedin a newly createdwell at oneendof the old minimum. Hence,it is

usuallysaferto selecta moremoderateboosting.Regardlessof thechoiceof
�

�

, thebiaspotential

(13) hasthedesirablepropertythat it automaticallydecreases,andultimatelyvanishes,in regions

with theeigenvaluestructureof transitionneighborhoods(12).

4.1 Estimating the Gradient of the BiasPotential

Ef�cient samplingor optimizationmethodsoftenrequirethegradientof thecostfunction. Direct

differentiationof Voter's potential(13) for gradient-baseddynamicsrequiresthird order deriva-

tivesof
���

��� , but aninexpensive numericalestimationmethodbasedon �rst orderderivativeswas

proposedin [42]. For completenesswe summarizethis here. The calculationsaremorecomplex

6Thebasinof state � canbede�ned asthesetof con�gurationsfrom which gradientdescentminimizationleadsto

theminimum � . This basinis surroundedby an ��������� -D hypersurface,outsideof which local descentleadsto states

otherthan � .
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thanthoseneededfor standardgradientbasedstochasticsimulation,but in practicetheexponential

speed-upprovidedby thebiaseasilydominatestheadditionalconstantfactorsassociatedwith this.

An eigenvaluecanbecomputedby numericalapproximationalongits correspondingeigenvec-

tor direction � :

�

�

� �(�

�

���

� ����� �	�

���

�(%���� � % �

���

����� �	�

1

(14)

Theeigenvectordirectioncanbeestimatednumericallyusingany gradientdescentmethod,based

on a randominitialization � or on theonefrom thepreviousdynamicsstep,using:
*

�

*

�

�

�

�

�

� ����� � %

�

�

� %���� ��� �	� (15)

Thelowesteigenvectorobtainedfromtheminimization(15)is thenusedtocomputethecorrespond-

ing eigenvaluevia (14). Theprocedurecanberepeatedfor highereigenvalue-eigenvector pairsby

maintainingorthogonalitywith previousdirections.Thederivativeof theprojectedgradient�




� can

thenbeobtainedby applyingtheminimizationto thematrices� ��


� �

� and � %�


� �

� . One

thusminimizes:
*

�

�

!��

��


�

�

�

� ����� �	�

�

�

� %���� ��% �

�

�

����� �	�

1����

�

�

�

(16)

where:

����� � �

�

� ����
��

���

� ����� � %

���

�(%���� �

��� �

1

(17)

A goodapproximationto � �



canbeobtainedfrom [42]:

���



�

�

��


�

�

.

� % �

�

� �/� and
*

�	�




!��

�

�

��
 �

*

�

.

�

!��

%

*

�

�

�

!��"!

(18)

5 ComplementaryHyperdynamic SamplingStrategies

Hyperdynamicsamplingprovidesrapidmixing, but not fair samplesfrom theequilibriumdistribu-

tion. Inter-modetransitionprobabilitiesarepreserved(c.f.
�

3) but thecoresof minimaarestrongly

de-emphasized.To recover fair samples,someform of correctionor post-processingis needed.

Thereareseveral approaches,dependingon the application. Onepossibility is importancesam-

pling basedreweighting(
�

2.1). Asymptotically, this will give correctresults,but variability tends

to behigh ashyperdynamicsdeliberatelymakesasfew samplesasit canin themodecores.Prac-

tically, improvementsarepossible:(i) For fair sampling,the `bias' canprovide initial seedsfor a

subsequentclassicalstochasticdynamicssimulationoperatingon theoriginal cost. By usingsuch

well-mixed seedsspreadover a substantiallylarge numberof minima thestructureof thedensity

will bebetterrepresented.(ii ) If preciselocalizationof themodesis importante.g. in globalopti-

mization,hyperdynamicsprovidesseedsfor local descenton theoriginal energy surface. A third

10



option,reviewednext, combinesthetwo ideasaboveandusestheknown localminimawithin afair

samplingrun.

Darting methodsassumethat the positionsof local minimaareknown a priori, andusetheseto

speed-upsamplingfrom theequilibriumdistribution [25, 1, 35]. They involve `smart' movesthat

ensureboth fair samplingandrapid jumpingbetweenminima. Without someprior knowledgeof

thestructureof thedistribution, long-rangerandomjumpswould standa very low chanceof being

accepted,asthey will mostlikely hit high-energy regions,especiallyin high-dimensions.To avoid

this, the initially proposedmethods[1] work by placingsphereswith equalradiusat eachlocal

minimum. Thesamplerresemblesa standardMCMC simulationwith local steps,exceptthatwith

�x ed probability � a test is madeto seewhetherthe currentcon�guration is inside one of the

known spheres(i.e. neighborhoodsof minima). If thesampleis outsideany sphere,it is simply re-

counted.If it is insideasphere,its relativepositionwith respectto thecenteriscomputed,adifferent

minimum/sphereis selectedwith uniform probability, and a jump to the correspondingrelative

locationwith respectto that minimum is proposed.The move is acceptedor rejectedaccording

to the usualBoltzmanncriteria. Onecanprove that long-rangejumpsof this type obey detailed

balanceprovidedthespheresdo not overlap[1]. This is truebecausetheprobabilityof enteringa

spherefrom its outsideis thesameasthe reversemove, namely �!%�� timestheprobabilityof a

local move. For inter-minimum movestheprobability is equalin both directions.See[1, 35] for

details,and[35] for a generalizationto differentmoves,shapesof local minima andoverlapping

regions.

6 Human Domain Modeling

Thissectionbrie�y describesthehumanoidvisualtrackingmodelsusedin ourhyperdynamicboost-

ing experiments.For moredetailssee[33].

RepresentationOur bodymodelscontainkinematic`skeletons'of articulatedjoints controlledby

angularjoint parameters,coveredby `�esh' built from superquadricellipsoidswith additionalglobal

deformations[2]. A typical model has: about30-35 joint parameters��� ; 8 internal proportion

parameters� � encodingthepositionsof thehip,clavicle andskull tip joints;and9 deformableshape

parametersfor eachbodypart,gatheredinto a vector �

4

. Thecompletemodelis thusencodedasa

singlelargeparametervector � �

�

�
�

���

4

���

�

� . Duringtrackingor staticposeestimationweusually

estimateonly joint parameters.

The model is usedasfollows. Superquadricsurfacesarediscretizedinto meshesparameter-

izedby angularcoordinatesin a 2D topologicaldomain. Meshnodes�

� aretransformedinto 3D

points �

�

�

��� , then into predictedimagepoints �

�

�

��� using compositenonlineartransformations

�

�

�

��� ���

�

�

�

�

����� ���

�	� �

�
�#���

�

���

�

�

4

�
�

�

����� , where � representsa sequenceof parametricde-

formationsthatconstructthecorrespondingpartin its own referenceframe,
�

representsachainof

rigid transformationsthatmapit throughthekinematicchainto its 3D position,and � represents

11



perspective imageprojection.Duringmodelestimation,prediction-to-imagematchingcostmetrics

areevaluatedbetweeneachpredictedmodelfeature�

� andnearbyassociatedimagefeatures
�

�

� , and

theresultsaresummedover all featuresto producetheimagecontribution to theoverall parameter

spacecostfunction.Thecostis thusarobustfunctionof thepredictionerrors� �

�

�

��� �

�

�

�

% �

�

�

��� .

Thecostgradient
�

�

�

��� andHessian�

�

�

��� arealsocomputedandassembledoverall observations.

Estimation: We aim for a probabilisticinterpretationandoptimalestimatesof themodelparame-

tersby maximizingthetotalprobabilityaccordingto Bayesrule:

+

�

�.-

�

�#��� +

�

�

� - ��� +

�

��� �������

	

%

�

�

�

�

�

�

�

- ����
 +

�

��� (19)

where�

�

�

�

�

- ��� is thecostdensityassociatedwith observation 
 , theintegral is overall observations,

and +

�

��� is the prior on the modelparameters.Discretizingthe continuousproblem,our MAP

approachminimizesthenegative log-likelihoodfor thetotalposteriorprobability:
���

��� � %('�)�*,+

�

�

� - ��� % '�)�* +

�

��� �

�
� �

���	�

�

�

�

��� (20)

Observation Lik elihood: In thebelow experimentsweactuallyonly useda very simpleGaussian

likelihoodbasedon given model-to-imagejoint correspondences.Thenegative log-likelihoodfor

theobservationsis just thesumof squaredmodeljoint reprojectionerrors.Our full trackingsystem

usesthis cost function only for initialization, but it still provides an interesting(and dif�cult to

handle)degreeof multimodalityowing to the kinematiccomplexity of the humanmodelandthe

large numberof parametersthat areunobservable in a singularmonocularimage. In practicewe

�nd thatglobalizingthesearchis at leastasimportantfor initializationasfor tracking,andthiscost

functionis signi�cantly cheaperto evaluatethanour full imagebasedone,allowing moreextensive

samplingexperiments.

Priors and Constraints: Both hardandsoft priors areaccommodatedin our framework. They

includeanthropometricpriorson modelproportions,parameterstabilizersfor hardto estimatebut

useful modelling parameters,termsfor collision avoidancebetweenbody parts,and joint angle

limits. During estimation,thevalues,gradientsandHessiansof thepriorsareevaluatedandadded

to thecontributionsfrom theobservations.

7 Experiments

In thissectionweillustratethehyperdynamicsmethodonatoy probleminvolving atwo-dimensional

multi-modalcostsurface,andon the problemof initial poseestimationfor an articulated3D hu-

manmodelbasedon givenjoint-to-imagecorrespondences.In bothcaseswe comparethemethod

with standardstochasticdynamicson theoriginalcostsurface.Theparametersof thetwo methods

(temperature,integrationstep,numberof simulationsteps,etc.) areidentical,exceptthathyperdy-

namicsrequiresvaluesfor thetwo additionalparameters
�

�

and
*

thatcontrolthepropertiesof the

biaspotential(13).
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Figure2: TheMüller Potential(left) andastandardstochasticdynamicsgradientsamplingsimula-

tion (right) thatgetstrappedin thebasinof thestartingminimum.

Figure3: Hyperdynamicsamplingwith
�

�

� ��� � �

*

� � � � and
�

�

� � ��� �

*

� � ��� .

7.1 The Müller Cost Surface

Müller'sPotential(�g. 2, left) isasimple2Danalyticcostfunctionwith threelocalminima �

 , �

1 ,

��� , andtwo saddlepoints 8



� 8

1 , which is oftenusedin thechemistryliteratureto illustratetran-

sition statesearchmethods.It hastheform �

���

�	���.�

��


���




�

�

�

�

�

���
���

�

�

�

.

�

�

� �
���

�

� �
�7���

�

�

.

�

�

���7���

�

�

�

where� �

�

% � ��� � % ����� � % ��� � � ���#� , � �

�

% ��� % ��� %�� ��� � � ����� , � �

�

� � � � ����� � ���#� , � �

�

% ��� � % ��� �

%�� ��� � � ����� , � �

�

��� � � % � ��� � % � � , � �

�

� � � ��� � ����� � � � . The inter-minimum distanceis of order1

lengthunit, andthetransitionstatesarearound100–150energy unitsabove thelowestminimum.

Fig.2 (right) shows the result of standardstochasticdynamicsamplingon the original cost

surface.Despite6000simulationstepsat a reasonablestepsize
0

+

3 4

� � � � � , only thebasinof the

startingminimumis sampledextensively, andnosuccessfulescapehasyettakenplace.Fig.3 shows

two hyperdynamicsrunswith parameterssetfor moderateboosting.Notethereducedemphasison

samplingin thecoreof theminimum— in facttheminimumis replacedby a setof higherenergy
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Figure4: Hyperdynamicsamplingwith
� �

��� ��� �

*

� ��� and
� �

��� ��� �

*

� ����� .

ones— andthe fact that the runsescapethe initial basin. In the right handplot thereis a clear

focusingof samplesin theregioncorrespondingto thesaddlepoint linking thetwo adjacentminima

�

 and �

1 . Finally, �g. 4 shows resultsfor moreaggressive biaspotentialsthatcausethebasins

of all threeminimato bevisited,with strongfocusingof sampleson theinter-minimumtransition

regions.Thebiashereturnsthelowestpositive curvatureregionof theinitial minimuminto a local

maximum.

Theplotsalsoshow thattheVoterpotentialis somewhat`untidy', with complicatedlocal steps

andridges.Nearthehypersurfaceswherethe�rst Hessianeigenvalue �



passesdown throughzero,

thebiasjumpsfrom
�

�

to � with anabruptnessthatincreasesasthelengthscale
*

increases(sic)or

thegradientprojection� �



decreases,owing to the �



�

�

�

1




�

�

1

�




�

*

1

termin (13). A small
*

makes

these�



� � transitionssmoother, but increasesthesuddennessof ridgesin thepotentialthatoccur

on hypersurfaceswhere�




� passesthroughzero.

Fig.5 plots the simulationboostingtime for two bias potentials. The left plot hasa milder

potentialthat simply encouragesexplorationof saddlepoints,while the right plot hasa moreag-

gressive onethat is ableto explore andjump betweenindividual modesmorerapidly. (Note the

very largeandverydifferentsizesof theboostingtimescalesin theseplots).

7.2 Monocular 3D PoseEstimation

Now we explore the potentialof the hyperdynamicsmethodfor monocular3D humanposeesti-

mationundermodelto imagejoint correspondences.This problemis well adaptedto illustrating

the algorithm,as its costsurfaceis highly multimodal. Of the 32 kinematicmodeld.o.f., about

10 aresubjectto `re�ective' kinematicambiguities(forwardsvs. backwardsslantin depth),which

potentiallycreatesaround�


��

� ������� localminimain thecostsurface[15, 37, 34], althoughsome

of thesearenotphysicallyfeasibleandareautomaticallyprunedduringthesimulation(seebelow).

Indeed,we �nd thatit is very dif�cult to ensureinitialization to the`correct'posewith this kind of
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Figure5: Effective boosttimesfor mild (left) andmoreaggressive (right) biaspotentials.

data.

Thesimulationenforcesjoint limit constraintsusingre�ective boundaryconditions,i.e. by re-

versingthesign of theparticle's normalmomentumwhenit hits a joint limit. We found that this

givesan improved samplingacceptanceratecomparedto simply projectingthe proposedcon�g-

urationbackinto theconstraintsurface,asthe latter leadsto cascadesof rejectedmovesuntil the

momentumdirectiongraduallyswingsaround.

Weranthesimulationfor 8000stepswith
0

+

354

� � � � � , bothontheoriginalcostsurface(�g. 8)

andon theboostedone(�g. 6). It is easyto seethattheoriginalsamplergetstrappedin thestarting

mode,andwastesall of its samplesexploring it repeatedly. Conversely, theboostedhyperdynamics

methodescapesfrom thestartingmoderelatively quickly, andsubsequentlyexploresmany of the

minimaresultingfrom thedepthre�ection ambiguities.

Fig.7 plots the estimatedboostingtimesfor two differentbiaspotentials,
�

�

� � ��� �

*

� � ,

and
�

�

��� ��� �

*

� � � . Thevariancecomputedfor theoriginal estimatorwas ��� ��� �
� , comparedto

� � ���;�
� for theboostedone.

8 Conclusionsand OpenResearch Dir ections

This paperhasunderlinedthefactthatfor high dimensionalmultimodalcostfunctions,ratherthan

focusingonly on performingtheir target computation,importancesamplersneedto devote some

of their samplesto reducingtrappingin local minima. With this in mind,we presentedanMCMC

samplerdesignedto acceleratetheexplorationof differentminima,basedon the`hyperdynamics'

methodfrom computationalchemistry. It useslocal costgradientsandcurvaturesto constructa

modi�ed cost function that focusessamplestowardsregions with low gradientand at leastone

negative curvature,whicharelikely to containthetransitionstates(low costsaddlepointswith one

negative curvaturedirection)of the original cost. Our experimentalresultsdemonstratethat the

methodsigni�cantly improves inter-minimum explorationbehavior in the problemof monocular

articulated3D humanposeestimation.
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Figure6: Humanposessampledusinghyperdynamicson a costsurfacebasedon given model-

to-imagejoint correspondences,seenfrom thecameraviewpoint andfrom above. Hyperdynamics

�nds avarietyof differentposesincludingwell separatedre�ectiveambiguities(which,asexpected,

all look similar from the cameraviewpoint). In contrast,standardstochasticdynamics(on the

sameunderlyingcostsurfacewith identicalparameters)essentiallyremainstrappedin theoriginal

startingmodeevenafter8000simulationsteps(�g. 8).

An interestingresearchdirectionwould bethederivationandinvestigationof alternative, com-

putationallymoreef�cient biasedsamplingdistributions.
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