
IEEE Transactionson Pattern Analysisand Machine Intelligence, c
�

2005IEEE

Incr ementalModel-BasedEstimation

usingGeometricConstraints

Cristian Sminchisescu Dimitris Metaxas SvenDickinson

Universityof Toronto RutgersUniversity Universityof Toronto

6 King's CollegeRoad BuschCampus 6 King's CollegeRoad

Toronto,Ontario Piscataway, NJ,USA Toronto,Ontario

CanadaM5S 3G4 USA 08854 CanadaM5S3G4

crismin@cs.toronto.edu dnm@cs.rutgers.edu sven@cs.toronto.edu

Abstract
We presenta model-basedframework for incremental,adaptiveobjectshapeestimationand

tracking in monocularimage sequences.Parametricstructure andmotionestimationmethodsusu-

ally assumea �xed classof shaperepresentation(splines,deformablesuperquadrics,etc.) that is

initialized prior to tracking. Sincethemodelshapecoverage is �xed a-priori, the incrementalre-

coveryof structure is decoupledfromtracking, therebylimiting bothprocessesin their scopeand

robustness.In this work, we describea model-basedframework that supportsthe automaticde-

tectionandintegration of low-level geometricprimitives(lines) incrementally. Such primitivesare

not explicitly captured in theinitial model,but are moving consistentlywith its image motion.The

consistencytestsusedto identify new structure are basedon trinocular constraints betweengeo-

metricprimitives. Themethodallowsnot only an increasein themodelscope, but also improves

tracking accuracy by including thenewly recovered features in its stateestimation.Theformula-

tion is a steptowards automaticmodelbuilding, sinceit allows both weaker assumptionson the

availability of a prior shaperepresentationandon thenumberof featuresthat wouldotherwisebe

necessaryfor entirely bottom-upreconstruction.We demonstrate the proposedapproach on two

separateimage-basedtracking domains,each involvingcomplex 3D objectstructure andmotion.

Keywords: shaperecovery, objecttracking, parametricmodels,geometricconstraints,bundlead-

justment,optimization.
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1 Intr oduction

Many applications,suchasrobustand�e xibleobjecttrackingorgenericobjectrecognition,

dependon therecovery of reducedpartmodelsthatcapturethecoarseshapeof anobject.

For tracking, it is desirableto build modelson the �y , but often enoughimagefeatures

cannotbe simultaneouslydetectedandtracked, over suf�cient frames,in orderto obtain

theminimumnumberof equationsfor direct,bottom-upreconstruction.To addressthese

problems,variousreducedprior shapemodelshave beenused[24, 1, 13, 40, 28, 29, 16,

44, 25, 26]. For instance,deformablesuperquadricsrepresenta powerful classof models

whoserecoveryfrom rangedatahasmetwith considerablesuccess,e.g., [36, 8]. However,

the recovery and tracking of suchmodelsfrom 2-D datahave beenelusive, due to the

weak3-D shapeconstraintsprovidedby a sparsesetof 2-D features,suchascontoursor

regions. In simplescenes,whereextractedimageregions(or contourgroups)mapone-

to-oneto thesurfacesof qualitatively-de�nedparts,high-level, parametricpartrecovery is

possible[12, 11]. However, for imagesof realobjects,in which salientimagefeaturesdo

not necessarilymapto salientmodelstructure[23], therecovery of thecoarseshapeof an

objectis anopenproblem.

Consider, for example,the situationin which only a small portion of the objectcan

be �t, albeit crudely, with a setof qualitatively de�ned, parametricvolumetricparts. For

moving objectsor cameras,theestimatesof boththeshapeandposeof thepartscouldbe

improvedby trackingthem.In previouswork, asimilarapproachwasusedto successfully

tracksimple,part-basedobjectsin imagesequences[5, 11]. However, if thepartcoverage

is poor, i.e., muchof the object's shapeis not modeledby the recoveredparts,or if the

level of abstractionhigh, i.e., thereis little pixel-basedcorrespondencebetweendetected

imagefeaturesandprojectedmodelfeatures,neithertheaccuracy of therecoveredshape

andpose,northescopeof themodelwill improvewith tracking.How, then,canweexploit

themotionof theobjectto improveboththeaccuracy andscopeof therecoveredshape?

In thispaper, wepresentadynamic,incrementalapproachto shaperecoveryandtrack-

ing, assumingthat at leastpart of the modelcanbe recoveredduring initialization. We

adopta parametricframework, where3-D volumetricpart modelscanadaptto the data.

While in theinitial frame,theposeandshapeof thepartsmaynotbeaccuratelyrecovered,

astheobjectmovesthemotionis trackedandthepartshapere�ned. Weshow thatthemo-

tion estimatesprovidedby the initial partscanbeoftensuf�cient to identify otherobject

structurethat is moving consistentlywith them.Here,we usegeometricconsistency con-

straintsto verify relationsbetweentherigid parametersof the3D modelandindependently

moving imagelines. Consistentlines arereconstructedandincludedin the 3D model in
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orderto improve its shapeandmotionestimationover time.1

Organization: Following a discussionof relatedwork, in � 2 we presentour parametric

model estimationframework in termsof geometryand dynamics,while in � 4, we give

a framework to incrementallyintegrateconsistentlymoving line featuresinto the model.

In � 5, we discusstwo experimentsinvolving objectswith complex shapeandmotionand

show that the methodis ableto recover new modelstructureef�ciently from monocular

videosequences.Our quantitative resultsshow that the incrementallyrecoveredstructure

signi�cantly improvestheaccuracy andspeedof thetrackingprocess,providing important

constraints,especiallyduring dif�cult-to-estimatedegenerateobject con�gurationswith

respectto thecamera.

2 RelatedWork

Approachesto structureand motion estimationcan be broadly classi�ed as top-down

(model-based)andbottom-up(feature-based).Model-basedtechniquesrely on minimiz-

ing a residualerror betweenmodel featurepredictionsand imageobservationsassigned

to them: (i) CAD-basedmethods[24, 1, 13] assumeprecise,off-line constructedrigid

objectmodelsandestimatetheir motionusingnon-linearleast-squares.Despitetheir ef-

fectiveness,suchmethodsarelimited to trackingknown objectshaving �x ed,non-adaptive

shapes.(ii ) Physics-basedframeworks[40, 28, 29, 16] employ eitherreducedd.o.f.object

parameterizations,like splinesor superquadrics,or point-basedrepresentationswith regu-

larizedphysicalproperties2 . Fromanoptimizationviewpoint, thedeformableapproaches

involvequadraticenergy functionsandaresolvedusingestimationschemesbasedon gra-

dient descentto �nd local minima. (iii ) Parametricmodels[44, 25, 26] arespeci�cally

built to representcertainclassesof objects,but without physicalanalogy. Although their

formulationis differentfrom thephysics-basedmethods,they aresimilar in termsof �e x-

ibility andmathematicaltreatment,i.e., their structuralandrigid parametersareestimated

iteratively usingnon-lineartechniques.

Bottom-up,feature-basedstructureandmotionestimationtechniquesdiffer in thetypes

of correspondences(2-D to 2-D, 2-D to 3-D, or 3-D to 3-D) andfeatures(lines,points,or

corners)assumedavailable– see[21, 18] for a review. Somereconstructionalgorithms

arebasedon trilinear (or moregenerallymultilinear)constraintsbetweenpointsandlines

[37, 32, 17] in multiple views. Others[7, 45, 14] incrementallyreconstructfeaturesas
1Themodelstatecombineshigher-level 3D shapeparametersandlow-level line features.Theshapehas

apoint discretizationandimagemeasurementsarecollectedfor pointsandlines(�g. 1).
2Regularizationis basedon `physical'measureslike stiffnessor damping.
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they becomeavailable,by exploiting pairwisedistanceor (for lines) angularinvariance

constraints. All thesemethodsrequirea minimum numberof simultaneouslyavailable

features,in order to obtainenoughequationsto directly solve for structureandmotion.

Rigidnon-linearbatchapproaches[38,2, 39] canwork with missingfeaturesandarebased

on the inversionof theforwardmodel,a methodcloselyrelatedto therelative orientation

algorithm[20]. Deformablebatchmethods[3] extendclassicalfactorizationschemes[42]

to recover a lineardeformablemodelrepresentationandthecameramotion,undercertain

rigidity assumptions.

In this work, we rely on �e xible parametricmodels[44, 40, 28, 29, 16, 25] asbasic

representationalprimitives. Nevertheless,aspowerful asthesetechniquesare,they have

two importantlimitations:

(i) Fixed Representation: A commonassumptionis that the model representationis

�x ed andknown a-priori, sometimesimposinga heavy burdenon initialization [12, 11].

Furthermore,arepresentationalgapexistsbetweenthecoarse,high-levelparametricshapes

usedto modeltheobjects,andlow-level featureslike points,lines,cornersor curvedcon-

toursthat canbe detectedin the image[23]. It is not obvious how to bridgethis gapto

representobjectmarkings,discontinuities,or other �ne surfacedetail throughthe inclu-

sionof otherbasicgeometricprimitives,e.g., linesor planes,etc. In fact, thediversityof

parameterizationscorrespondingto differentfeaturesatdifferentabstractionlevelsusually

leadsto dif�culties whenintegratingthemwithin a singlerepresentationor optimization

procedure[31]. Our methodaims for a representationthat is �e xible, canbe estimated

jointly (in a singleoptimizationproblem),provideshigher-level abstractionandlow-level

imagecoverage,andcanbere�ned andaugmentedduringtracking.

(ii ) EstimationandDimensionality: The�e xibility of anobjectrepresentationthatcan

adaptcomesat theexpenseof moreparametersto estimate.To avoid singularitiesor ill-

conditioning,it is importantto usecomplementaryimagecuesthatcaninducelocal min-

ima with large,stablebasinsof attractionin parameterspace.(For goodmodeling,these

correspondto trueobjectlocalizationin theimage.)Methodsfor constraint(cue)integra-

tion in amodel-basedframework havesuccessfullyusedcontoursandstereo[41], shading

andstereo[16], contoursandoptical �o w [9], andshading[30]. Beyond the particular

choiceof sourcesof information they use,theseapproachesdiffer in the way they fuse

them. Somecombineinformationin a symmetricmanner, weightingit statistically(e.g.,

softconstraints).Othersfavor aparticularhierarchicalconstraintsatisfactionorderwith an

exact policy, suchthat inconsistentcontributionsto the solutionfrom constraintsfurther

down in thehierarchyareprunedawayby constraintshigherup (hard constraints).

Wework in arobustmodel-basedtrackingframework,whereweassumeanincomplete
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initial modelandrecover additionalstructureusinggeometricconsistency tests.Thetests

arebasedon thoseusedin separate,bottom-upstructureandmotion estimationfor 2-D

to 2-D line correspondencesin the Euclideancalibratedcase[21, 27, 46]. Unlike these

approaches,we assumean incompleteadaptive model,andwe do not solve for the rigid

parametersin a bottom-upfashion.Instead,giventhemodel's estimatedrigid parameters

andindependentlytrackedlinesin theimage,we testonly if thesemotionsareconsistent,

and reconstructthe lines that passthe test. Their imagecontribution is fusedtogether

with point-basedcontourandintensityobservationsinto an augmentedmodel-basedcost

functionfor tracking( � 4.5).

3 Model Representationand Estimation

Thenext two sectionsreview thegeometricmodelingandoptimizationusedin our frame-

work (see[33] for details).Wedescribehow new imagefeatures,initially notmodeled,are

detectedandreconstructed,andhow we designmodi�ed costfunctionsthatincludethem.

Model parametersarecomputedusinga robustMAP estimator. For increasedreliability,

this canbeembeddedin a multiple hypothesisframework [19, 4, 34]. Giventhesecond-

ordercontinuityof our costsurface,directmultiple minimasearchmethods[35] arealso

applicable.

3.1 Model Geometry

Thereferenceshapeof themodelis de�ned over a domain � as ���������
	���

� , whereG

de�nes a global deformationbasedon parameters��	 , and 
���� is an elementof the

modeldiscretization(a point on its surfacemesh). The model is representedwith (pos-

sibly) multiple deformablesuperquadricellipsoid partshaving global taperingandbend-

ing deformations[36, 40]. The predictionof an element
 in the imageis computedas
�

����������������������� �!� , whereT is a rigid displacementrepresentedby ��� , and � is a per-

spective imagetransform. The rigid andnon-rigid parametersareassembledin a model

statevector, ���"���!�"#$� . The stateis alsoaugmentedwith incrementallyrecovered3D line

parameters(see�g. 1).

3.2 CostFunction and Optimization

During tracking,robustprediction-to-imagematchingcostmetrics,andtheir gradientand

Hessians,%'&���()& , areevaluatedfor eachpredictedmodelfeature�

& (for modelfeature
�& ),
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andtheresultsaresummedoverall featurestoproducetheimagecontributionto theoverall

parameterspacecostfunction.Weuseimage-basedcostmetrics,suchasrobustnormalized

edgeenergy, intensity-basedcostmetrics,andfeature-basedcostmetrics(for new linesthat

areincrementallyrecovered).Thus,we(implicitly orexplicitly) associatethepredictions�

&

with oneor morenearbyimagefeatures�

�

& . Thecostis arobustfunction � of theprediction

error �

�

& ����� ���

�

&��

�

& � ��� , where �

��� � canbeany increasingfunctionwith �

�	� � �
� and
#

#��

�

�	� � � 


���

. Thismodelserrordistributionscorrespondingto a centralpeakwith scale� ,

andawidely spreadbackgroundof outliers � .

Theoverallparameterspacecostfunctionconsistsof termsfrom contour ��� , intensity

��� , andincrementallyreconstructedlines ��� : � ����������������� . Model stateestimation

is basedon local costoptimization. We usea secondordertrust region method,wherea

descentdirectionis chosenby solvingtheregularizedsubproblem[15]: � ( �"!$# �$% � �

� % , where# is a symmetricpositivede�nite dampingmatrix, ! is a dynamicallychosen

weightingfactor, % �

#'&

	)(

, and ( �

#

�

&

	)(

�

. In our case,( � (*�*� (+�,� (+� and % �

%-�.� %/�0� %/� . Speci�c formsfor individual featurecostsaregivennext.

3.2.1 Contour Cost

Simpleimagepreprocessingoperationsareusedduring featureextractionfor thecontour

likelihood,asfollows: 1) theimagesaresmoothedwith aGaussiankernel;2) they arecon-

trastnormalized;3) a Canny edgedetectionis applied;and4) anedgedistanceChamfer

imageis computed.Given the distanceimage,we build a 2-dimensionalcontinuouspo-

tentialsurface, ��� �21

3�465

�87

5

3:9


 , by �tting local quadricsurfacesto 3x3 imagepatches

(this is awindowedparabolic�tting method,alsoknown asSavitsky-Golay�ltering). The

gradientandHessianmatricesof the correspondingcontourcost term (appliedto model

featuresthat lie on occludingcontoursor on high surfacecurvature)canbederived from

themodel-imageJacobianandthecorresponding�;7 quadricterms:

%�� �=<

9

�>7 �

�

� ���!�
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�

9
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3.2.2 Intensity Cost

To modelnotonly geometricimagefeatures,likeedges,butalsoimageintensityvariations,

weusecostmodelsbasedonintensityresiduals,�LK . Theobservablesareimagegrayvalues
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or colors, K , ratherthanfeaturecoordinates� . To transferfrom a point projectionmodel,
�

�

�

����� , to anintensity-basedone,we composewith theassumedlocal intensitymodel,

K � K �

�

� , andpremultiplypoint Jacobiansby point-to-intensityJacobians,
���

��� . Giventhe

intensitycost: � � � 1

3 465

�LK

5

3 9


 , thegradientis:

%/� �?<

���

@

�

� K

�

�	�

���
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Similarly, thecostHessianin aGauss-Newtonapproximationis:

(+� F <

��� �

@

�

�
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�

�
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 (4)

Usedin optimization,the intensitycostprovides`soft' model-basedoptical �o w con-

straints.Implicitly, theimagepatchesunderthe3D modelpredictionduringinitialization

(or thepreviousimageduringtracking)areregisteredagainstthecurrentimage.Theinter-

frame�o w is explainedby the2D variationsallowedby theshapeandmotionparameters

of the 3D model. We collect measurementsat visible modelnodesinsidethe predicted

convex-hull and avoid the occludingcontoursbecauseof likely optical �o w constraint

boundaryviolations.

4 Line FeatureFormulation

In � 3, trackingis basedon robustestimation,wheremodelparametersareconstrainedby

contourandintensityobservations.Thesearelocalizedin theneighborhoodof predictions

for the already-known modelparts. In this section,we show how new lines canbe inte-

gratedinto themodel– thesearenot partof theinitial model,but evidencefor themexists

in the image.Trackingstartswith a minimal model,andincrementallyover time, we: 1)

identify line featuresmoving consistentlywith themodel,and2) augmentthemodelwith

thosefeaturesto improve its tracking.

Our incrementaltrackingmethodis basedon image-level andmodel-level processing.

We usecontourandintensityobservationsto estimatethe rigid andnon-rigidparameters

of the model. Independently, we useimage-basedtechniquesto detectand track lines

(This involves interestpoint trackingand line �tting, see � 5). Theseare image-tracked

lines (ITLs) . We decideif an ITL (not presentin themodel)belongsto theobjectusing

two geometricconsistency tests,derived from ITL's in at leastthreeframes. The lines

thatpassthe testareconsistentimage-trackedlines(CITLs) . We recover CITL structure

in amodel-centeredcoordinatesystem,andpredicttheirappearancein subsequentimages
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basedonthecurrentestimateof themodel'srigid motion.Thesepredictionsarethemodel-

predictedlines(MPLs). TheerrorbetweenaCITL andaMPL is usedto de�ne additional

imagealignmentcost terms. The reconstructedlines are then re-estimatedjointly with

othermodelparameters,to improve robustnessandremove bias. Thetrackingpipelineis

shown in �g. 1.

   Rigid
Transform

Non-Rigid
Parametric
Transform

  Point   
 Project
Transform

   Line
 Project
Transform

  Contour/
 Intensity
Observati ons

 
  Normal
 Alignment
Observation s

   Parametric Model w ith 
Di scretized Mesh and Lines

2D topological mesh

3D lines 
              Model E stimation
Rigid and Non-Rigid  Cue Integration Pi peline

Figure1: Estimationpipelinefor incrementaltracking.Ontheleft, weshow theparametric
modeland incrementallyrecoveredlines. On the right, we give the predictive pipeline
thatrelatesmodelparametersto imagemeasurementsduringtracking.Therecoveredline
featuresareincludedin themodel,andall parametersarejointly estimatedin a non-linear
re�nementloop asfollows: thecoarseshapeparameters,thenew reconstructedlines,and
thecommonrigid parameters.Thisgivesrobustandunbiasedresults.

4.1 Line parameterization

We denote3-D lines by � & ���)� �������	� ), and their projectedimagelines (or segments)

by 
 & ��� � ��������� ). A 3-D line is parameterizedby a unit vector v, representingone

of its two possibledirections,and a vector d perpendicularto � (see�g. 2). This is a

6-dimensionalover-parameterizationwith only 4 intrinsic d.o.f. The constraintsamong

variablesdeterminea 4-dimensionalmanifold in the 6-dimensionalrepresentationspace,

andany line canbeidenti�ed with two pointson thismanifold[22, 39].

Theline � andtheopticalcenterof thecameradeterminea plane(theline's interpreta-

tion plane)with normal,� ����
�� ��
�� ��
�� �

B

. Theinterpretationplaneintersectstheimage

plane,de�ned by � � � (with � thecamerafocal length),at 
 . Theequationof 
 is:


���� ��
�������
�� �)�=� (5)

The relationallows the planenormalcontaininga 3-D line to be recoveredfrom the
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L

Figure2: Line parameterizationusingdistanceandunit directionvectors.The represen-
tationis 6-dimensional,but thereareonly 4 d.o.f.,dueto unit directionandorthogonality
constraints.
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Figure3: Line motionin threeframes.
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equationof its projection. Given a plane, � � � 
 � ��
�� � 
�� �:� �

B

� ���

B

�:� �

B

, andany

point
�

� ��� ��� ��� ��� �

B

belongingto theinterpretationplaneof a line, theplaneequation

is: �

B

�

��� .

4.2 Model-BasedConsistencyTests

Standardformulationsfor structureand motion estimationusing imageline correspon-

dences(e.g., [21, 46, 27]) rely on threeframesandat leastsix line correspondences(al-

thoughno formal proof is yet available[21]) to uniquelyrecover thestructureandmotion

of a rigid object3. For thetwo view case,theresultingsystemof equationsdoesnot con-

strainthemotionat all. Thereis a consistentstructurefor any setof imagelinesandany

motion.

Considerthemotionof aline, � , in threesuccessiveframes( � & � �
� � ��� ��� , with direction
	�


� ��� � ��� ��� ) andimageprojections
 ( 
 &�� �
� � ��� ��� ). Themotionbetweenframes� and

� hastranslation�

1

3 , androtation 


1

3 , whereasfor frames� and � , theseare �

1��

and 


1��

.

The normalsof the interpretationplanes,�

1

���

3

���

�

, determinedby 
 & andthe centerof

projection,are ��� ���

D

� ��� , respectively (see�g. 3).

Theconstraintsbetweenline normalsandtherigid motionin 3 framescanbederived

eithergeometricallyor algebraicallyas[21, 27,46]:

����� ��
��

1

1

3

�

D��


��

1

1��

��� � � � (6)

���

1

3

� ��


1

3

���$� �

5

�

D��




1

3

���

5

5

�

D��


��

1

3

�

���

5

��
��

1

3

�

�

3

�

��
��

1

3

�

��� (7)

In thismodel-basedapproach,wedonotdirectlysolvefor rotationandtranslation.Instead,

givena modelwith knownmotionandindependentITLs, we verify if thelinesmovecon-

sistentlywith themodel(CITLs). GivenanITL in threeframes(i.e., knowing ��� , �

D and

��� ) andtherigid motionof themodel(i.e., 


1

3 , �

1

3 , 


1��

, �

1��

), therelations(6) and(7) are

usedto testif the2-D line motionis consistentwith the3-D rigid motion. It canbeshown

that(6), (7) arenecessaryandsuf�cient conditionsfor consistency4. If thetestis veri�ed,

we hypothesizethat the line is part of the objectandwe includeit in its model. Notice

thatthismodel-basedtestis �e xible. It canapplyto individual ITLs anddoesnot requirea

minimal setof three-frameITLs, asin bottom-upstructurefrom motionalgorithms.
3Within a scalefactorfor translationandstructureparameters.
4A 3D line has4 intrinsicdegreesof freedomwhile aprojectedimageline hasonly 2. Measurementsare

collectedin 3 frames,sothis will determine3x2-4=2independentrelations.

10



4.3 Model-BasedStructure Recovery

Onceamoving imageline hasbeenassignedto themodel,wereconstructits 3-D structure,

i.e., �

	

�

9

� , in a model-centeredcoordinatesystem.To increaserobustness,onecanuseas

many line correspondencesin asmany frames(at leasttwo) asareavailable.This is done

asfollows: all interpretationplanesfor thelinesin thecameracoordinatesystemaretrans-

formedto a common,model-centeredcoordinatesystem.Eachline, ��& , with interpretation

plane,�


 , is displacedby �

�

�

7

� �

�


 , where:

�>7 �

�


�� ���

� ���

(8)

is thedisplacementof thecamera,and �


 is thedisplacementof themodel(in theworld

coordinatesystem)in imageframe � . The equationof the planein the object-centered

coordinatesystemis: �




B

� �

�

�

7

�
�

�




�

�

� � . By stackingtogetherthe equationsfor all

lines,weobtain:

�

�

�

�

�	
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�

� �

�

�
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� �
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�
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�

D

� � �
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�
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�

� �

�

�

7

� �

�

�

��























�

�

�

��� (9)

All theplaneshave to intersectat a commonline, sothe[k x 4] matrix A shouldhave

rank2. Any point � on the intersectingline canbewritten asa linearcombinationof the

singularvectorscorrespondingto the2 smallestsingularvaluesof
�

:

� �����

���

� �����

���

D (10)

Theline canbereconstructedas:

	

�

���

� �

���

D

9

� �	K��

	

�

	

B

5

	

5

D

� �

���

� (11)

Thestability of thereconstructioncanbeveri�ed in termsof theratio of the2ndand

3rdsingularvaluesof A (in thenoise-freecase,thelasttwo singularvaluesshouldbezero),

beingsatisfactorywhenthis ratio is high. This linearmethod,althoughrobust,is proneto

bias in the initial line parameterestimates,dueto �x ed rigid displacements.To remove
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bias,wework in anon-linearestimationframework, thatjointly re-estimatesall themodel

parameters(including new reconstructedlines), basedon robust, statisticallymeaningful

errornorms.

4.4 Forward Model Line Prediction

Once consistentlines (CITL) have beenidenti�ed, reconstructed,and included in the

model,they areusedto improve trackingby providing additionalconstraintson thealign-

mentwith theobject.

x

z
image plane

y

v1

d1

O

R12d1

R12v1

R12v1

t 12

d2

R12d1 + t 12

N1
N2

Figure4: Forwardline transferundertheactionof theEuclideangroup.

Considerthe two framecase,asshown in �g. 4. Given ��� � �

	

� �

9

��� , andthe model

rigid motion �

1

3

� 


1

3 , wecanobtain ���

D

�

	

D

�

9

D

� as:

	

D

��


1

3

	

� (12)

9

D

� � 


1

3

9

� � � �

D

�0�

	

D

�!� 


1

3

9
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D

� �

	

D

� (13)

�

D

�

	

D��

9

D

5

	

D��

9

D

5

(14)

TheJacobianof the3D line transformw.r.t. structureandmotionparametersis complex

but straightforward to derive analytically (we usedMaple for automaticdifferentiation).

Given a line representedas: ��� � �

	

B

�

9

B

�

B

, and the rigid model parameters,� � , we

12



x

z image plane

image 
tracked line

Ni

y

image line 
interpre tation 
plane

O

model predicted 
lin e l i

model line 
interpre tation 
plane

Nm

f l (l i )

Figure5: Line alignmenterroris basedon thealignmentof thetheir interpretationplanes.

concatenatestructureandmotion parameters5 as: ��� � � �

B

�

� �

B

�

�

B

. The Jacobianof the

line parameterswith respectto themodelparametersis a [6x13] matrix: @

�

�

�

	

�

�

	)(

�

.

4.5 Line Cost

Givena MPL, asin (5), anda CITL, we de�ne 2-D residualerrorsfor their misalignment

(see�g. 5). Thetransformin (14) mapsa 3D line to the interpretationplanenormalused

for alignment.This involvesthecomputationof a [3x6] Jacobian:@�� �

	��

	

�

�

. TheJacobian

@ � �

	��

	)(

�

for the transformthat takesthe line representationin themodelframe,through

themodelrigid motion,into aninterpretationplanenormal,is computedvia thechainrule

usingJacobians@

�

� and @�� .

Given � & , thenormalof theCITL interpretationplane,and ��� , thenormalof theMPL

interpretationplane,thecost � �
	!� ��� correspondingto errors � � & � ��� � � &-����� , overan

ensembleof lines,is:

��� �

�

&

� �
	!� ��� �

�

�

�

&

�

& �	� �)& � ��� # & � �)& ��� �

B

� (15)

TheoverallcostgradientandHessianusescontour, intensity, andline observationsc.f.
5Theseareparametersestimatedwith contributionsfrom imageline observations,but do not includethe

shapeparameters
�� (see�g. 1). The vectorthushas7 parametersfor the rigid motion (representedwith
quaternionsfor rotations)and6 parametersfor the3D line.
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(1), (2), (3), (4) and(15),respectively:
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The useof a robust error norm toleratesincorrectline hypotheses.For example,al-

thoughinitially detectedasconsistent(andincludedin themodel),a line canberemoved

from themodelif it persistsbeinganoutlier for a longperiodof time. Detectingsuchsitu-

ationsinvolvesverifying whethertheoutlier'scostin�uence wassuppressedby therobust

normduringlargetimeperiods.

(a) (b)

Figure 6: (a) Initial model. (b) Reconstructedmodel includesthe initial chain of su-
perquadricparts,modelingthe central frame of the bike, and the incrementallyrecon-
structedlines(in yellow), overlaidon theobjectin theimage.

5 Experiments

Theexperimentsweshow consistof two monocularsequences,eachcontaining4 seconds

of video(200framesrecordedat 50 fps) of a moving bike (�g. 9) andof a spacerobotics

end-effectorgrapple�xture (�g. 11). Both sequencesinvolve signi�cant translationaland

rotationalmotion in the cameraframe. Part of the bike structureis modeledandtracked

usinga modelmadeof 3 pieces(�g. 6a), whereasthe grapple�xture is modeledusinga

singlesuperquadric(�g. 7a). The initial modelshapeandposewasprovidedmanuallyin

14



(a) (b)

Figure7: (a) Initial model. (b) Reconstructedmodel,with additionalstructures(in gray)
shown in goodalignmentwith theincrementallyrecoveredlines.

all experiments.An initializationmethodbasedonaspectgraphs[12, 11] couldbeusedto

automatetheprocess,but wehaven't pursuedthishere.Themodelsaredisplayedoverlaid

andrendered�at-shadedgray(thebikesequence)andbrownwireframe(thegrapple�xture

sequence),respectively6. Therecoveredmodelsareshown in �g. 6b and�g. 7b,wherethe

incrementallyreconstructedlinesappearto be in goodalignmentwith theridgesof other

non-modeledsurfacesof theobject.

In a �rst experiment,we try to track the grapple�xture usinga non-adaptive model

madeof a superquadricwith �x edparameters(�g. 8). Trackingfails dueto the incorrect

shapeandposeinitialization. The modelappearswell �tted in frame60, but asthe ob-

ject moves,it becomesclear that the initialization wasinaccurate.The modelgradually

drifts andultimately fails to track in frame208. Suchsituationscaneasilyoccurin many

applicationsdueto uncertainmonocularinitialization (e.g. dueto viewpoint degeneracy),

incompleteshapecoverage,or partialocclusion.

We have alsorun trackingexperimentsusingadaptive, incrementallygrowing models,

on the bike andthe grapple�xture sequences.In both of them,prior to new line recon-

struction,wetrackusingtheinitial partmodelandusecontourandintensitymeasurements.

Therestof thesequence(onceCITLs have beenidenti�ed) is trackedusingtheenhanced

model,with new incrementallyreconstructedlines. They augmentthe parameterspace

andprovide additionalalignmentresidualsbetweenCITLs andMPLs. Lines not part of
6We usea �ne, uniform superquadricre-tessellationfor tracking[8], but displaythecurvaturebasedone

for betterimagevisualization.Themeshappearssparsebecauseits pointsaredenselyconcentratedat sharp
cornerson thesurface.
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(a) frame60 (b) frame100

(c) frame130 (d) frame160

(e) frame180 (f) frame208

Figure8: Usinganuncertain,manuallyinitialized non-adaptivemodel(brown wireframe)
leadsto tracking failure. Although initially the model appearedwell �tted, the motion
revealedthat theshapewasincorrect.Theimperfectinitialization andtheuseof a model
thatcannotdynamicallyadapteventuallyleadto trackingfailure.

the initial modelsaretracked usingan independentline tracker, basedon interestpoints

with line �tting in eachframe.Thelinesaredetectedusingamethoddescribedin [6]. This
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(a) frame0 (b) frame40

(c) frame80 (d) frame130

(e) frame170 (f) frame200

Figure9: Trackingandaugmentinga bike model(bike triangularframe,gray�at shaded)
with additionallines. TheMPLs areshown in yellow, theCITLs (green)arealsovisible
oncolorplates.Weshow all thereconstructedlines(theirMPL) in all frames,but linesare
reconstructedincrementally(seetext).
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identi�es edgelsandtheir orientations,hypothesizeslinesthroughthem,andselectsthose

having stronglysupportededgelsusingRANSAC (see[6] for details).

It is importantthat therigid motionestimationis accurate,becauseit affectsboth the

validity of the consistency testsand the quality of line reconstruction. In practice,the

modelsareinitialized manuallyandtheir parametersareusuallyuncertain.Therefore,we

neithertestconsistency nor reconstructlines immediatelyafter initialization, but allow a

delay(about20 frames)so that the modelslock onto the data. Resultsfor the runsare

shown in �g. 9 and�g. 11. LinesdeterminedasCITLs areplottedgreenwhile themodel

reconstructedandpredictedlinesareplottedyellow.

In thebikesequence,thelinearreconstructionis basedon12frameswithin theinterval,

20-60. Althoughno lines arereconstructeduntil frame20 in thebike sequence,their re-

projectionis displayedover the entiresequence.Becausereconstructionusesa model-

centeredcoordinateframe,thelinescanbepredictedbackwardin theinitial imageframes

oncethemodelmotionhasbeenestimated.In thegrapple�xture sequence,linesareshown

asthey areincrementallytrackedandrecovered(thus,somearenot visible initially). The

consistency testsareperformedseveral timesfor differentgroupsof lines, in frames(20,

40, 60), (120, 140, 160) and(160, 175, 190). The testsareevaluatedusinga threshold
�

� � � �

�

thatworkedwell acrossthesequenceswetried. Thestabilityof thereconstruction

is checked by the ratio of the 2nd and3rd singularvaluesassociatedwith the matrix A.

Thisgivesaprincipledcriteriafor decidingif asetof linesandtheirdisplacementssupport

accuratereconstruction.Potentialbias in the linear reconstructionis eliminatedby re-

estimatingthelinesjointly with all therigid andnon-rigidmodelparametersin anon-linear

loop. Indeed,in bothsequences(�g. 9 and�g. 11), thepredictionsfrom linesaddedto the

modelcorrectlyalignwith thelinesof theobjectin theimage.
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Figure10: Thenumberof iterationsper frame(Bezierinterpolation)decreasesdueto the
additionof line constraints.
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Trackingis morestableandaccurateasmoreline featuresarereconstructedandused.

In �g. 10 we give quantitative plots that show thedecreasein thenumberof iterationsof

our non-linearoptimizerasmoreline residualsareaddedto themodelcostfunction. The

averageper-nodemodelerrordecreasesfrom 0.9(initially) to 0.4pixels(frame60) in the

bike trackingsequence,andfrom 1.2 pixels (initially) to 0.8 (frame60), 0.6 (frame160)

and0.2 (frame190)in thegrapple�xture sequence,respectively. Clearimprovementsare

noticeablee.g., for thedif�cult-to-track towards-cameramotionat theendof thegrapple

�xture sequence.

For thegrapple�xture sequence,wealsoanalyzethetrackerfailuremodeswith respect

to inaccuraciesin line detectionanddifferentcosterrordistributions.Weperformedtrack-

ing runsusingcostsbasedon GaussianandLorentzianerror distributions[33]. We also

simulatedtwo noiselevels in the line featureextraction,wherewe perturbedthe tracked

pointsby 2 and4 pixels beforeline �tting 7. Thesesetsof experimentsare identi�ed as

G2, G4, R2, R4 (G is for Gaussian,R for robust, and the digit givesthe noiselevel in

thefeatureextraction).We decidetrackingfailureby visual inspectionat theframewhere

themodelstartsdrifting from theobject: e.g., in �g. 8, this occursaroundframe135. We

found G2=163,G4=147,R2=198,R4=175,with a clearperformanceadvantagefor the

robust optimizer. The accuracy of line detectionbecomescritical towardsthe endof the

sequence(frame180),wheresmallerrorsin the3D rigid motionestimationcanmake the

modelwidth parametershighly uncertain(closeto unobservable). This is causedby the

incidentalalignmentof themodel'sdepthaxiswith thecamerarayof sight. In suchdegen-

eratecases,the estimatedrigid motion is signi�cantly improved by including new lines,

providedthesecanbedetectedaccurately.

6 Limitations and Futur eWork

Theapproachwe have presentedaimsat �e xibly modelingandtrackingobjects,but still

haslimitationsthatmotivatefutureresearch:

1. Weassumethatat leastaportionof theobjectcanbemodeledusingsimplevolumet-

ric parts,andthatat leastoneof themcanbecoarsely�t usinga parametricmodel.

Previouswork addressedthedirectrecovery of volumetricdeformablemodelsfrom

2-D images[10, 11]. Thatwork assumedthat imageregionsmappedto volumetric

partsurfaces,which turnedout to bea strongassumption.More recentresearchhas

investigatedtechniquesfor model-basedregionmerging [23].
7Thevarianceof thecosterrordistribution is 1.5in all experiments.
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(a) frame0, noreconstructedlines (b) frame40,3 reconstructedlines

(c) frame80,3 reconstructedlines (d) frame120,4 reconstructedlines

(e) frame160,7 reconstructedlines (f) frame190,10 reconstructedlines

Figure 11: Grapple�xture model tracking (the grapple�xture model in wireframe, in
brown) with MPLs (yellow). CITLs (green)arealsovisible on color plates. The model
increasesits scopeduring trackingand10 additionallines, initially not modeled,arein-
crementallyreconstructedandintegratedinto estimationby frame190.Theshapeandthe
motionof all features(superquadricparameters,additionallines,rigid motion)arejointly
estimatedin anon-linearloop to avoid bias.
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2. Theconsistency testsandthe incrementalstructureaddedto themodelis currently

restrictedto lines,whereasestimationappliesto amodeldiscretizedwith pointsand

lines.Theframework canbeextendedto planarsurfacepatchesandcurves.

3. As discussedin � 1, a long-termcomputervisiongoalis �e xible objectmodelingand

qualitativeshaperecovery for recognition.Theframework presentedhereimproves

theshapeandmotionestimationof someinitially recoveredvolumetricmodelparts,

andaddsadditionalstructureto them.Still, arepresentationalgapexistsbetweenthis

structure,in the form of lines,andthevolumetricparts,usefulfor qualitative mod-

eling andrecognition.It would be interestingto groupthe incrementallyrecovered

featuresandrecovervolumetricpartabstractionsfrom them.

7 Conclusions

Wehavepresentedaframework for incrementalmodelacquisitionandtrackingusingpara-

metricadaptive models.We relax the constraintthat themodelhasto be entirelyknown

a-priori,andenhanceits basicdiscretizationstructurein termsof pointsandlines,but pre-

serve a higher-level representation,in termsof parametricshapes.This allows a �e xible

useof model-basedgeometricconsistency testsfor incremental3D line featurerecovery

andeliminatesthe needfor minimal setsof featurecorrespondencesthat may often not

be availablefor direct, bottom-upreconstruction.Trackingrobustly combineslinearand

non-linearestimationtechniquesandaugmentsthe initial model-basedcostfunctionwith

new line measurements.We have experimentallydemonstratedgoodreconstructionand

trackingaccuracy in two separateimagedomains,both involving objectswith complex

structureandmotion.
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