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Abstract Early algorithmsusedto computethe discrete, pixel-

Sleletal representationof 2-D shape including shod
graphs,havebecomeéncreasinglypopularfor shapematc-
ing and objectrecaynition. However, it is well knownthat
skeletal structue can be unstableunder minor boundary
deformation,part articulation, and minor shapedeforma-
tion (dueto, for example smallchangesin viewpoint). Asa
result,two very similar shapesmayyield two signi cantly
differentsleletalrepresentationsvhich, in turn, will induce
a large matding distance Sud instability occurs both at
externalbranchesaswell asinternal branchesof the skele-
ton. We presenta framework for the structural simpli ca-
tion of a shapes skeletonwhich balancesjn an optimiza-
tion framawork, the desiie to reducea skeleton's comple-
ity by minimizingthenumberof branches with thedesieto
maximizehesleletonsability to accuratelyreconstructhe
original shape Thisoptimizationyieldsa canonicalskele-
ton whoseincreasedstability yields signi cantly improved
recaynition performance

1. Intr oduction

Theskeletonof ashapeaimsto captureits partstructure.
Oneof the rst formal skeletonde nitions is thatof Blum
[3], who de ned the medial axis of a shapeasthe loci of
centersof the maximalcirclesinscribedin the shape.Me-
dial axesare createdfrom a shapeusingthe Medial Axis
Transform(MAT), while a relatedskeletonde nition uses
thelocalmaxima,alsocalledcrease®r ridges,of ashapes
distancetransform(DT) [3]. The original shapecanbere-
constructedrom theskeletonpointss 2 S usingtheMAT's
radiusfunction, R(s), or distancetransformvalueD T (s),
which labelsevery skeletonpoint s with the radiusof the
maximalinscribedcircle centeredats, i.e.,theminimal dis-
tancefrom s to theboundary
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sampledMAT tendedto createskeletonsthat were ex-

tremely sensitve to boundarynoise,spatialsamplingrate,
andsmall perturbation®f the shapeboundary Severalre-
searchersincluding Blum himself, proposedsolutionsto
robustly computingthe MAT. The generalizedMAT [3]

considersonly skeleton points s with radiusR(s) > rg

greaterthan somethresholdrg; however, this may result
in a disconnectedkeleton. Otherapproachesisebranch
pruningandmultiscalerepresentation8, 10, 12, 11, 5, 20].

Branchesreatedy spatiallysmallboundarydetailscanbe
prunedusing a collapsedboundarylengthmetric [12, 11,

5, 20]. However, thisworksonly for the so-calledexternal
branchesA branchis externalif it hasexactly oneterminal
endpointin the skeletontree,andinternalotherwise.Over-

all, mostmethodsencountemproblemsin eliminating spu-
rious internal brancheswhile retainingimportantdescrip-
tive branchesasillustratedin Fig. 1(a,b), whererandom
“bumps”and“notches”areaddedo a handshape.

A secondsourceof skeletalinstability hasbeenstudied
by Augustet al. [1], who have shavn that shapebound-
ary concaities produceso-calledigature branchsegments
whose points are related only to the concare boundary
points; whena ligature segmentspansthe entire branchiit
is calleda ligaturebranch[3, 1]. Smallpositionalchanges
of such concaities can causesigni cant ligature branch
structuralchangegseeFig. 1(c,d)), which ultimately give
rise to signi cant differencesn their correspondinghock
graphg16]. Augustetal. [2] show thattheinternalskele-
toninstabilitiescannotbe removedby boundarysmoothing
alone.Augustetal. [1] attemptto dealwith this problemby
eliminatingthoseshockgraphnodesthatrepresentigature
branchesin orderto producemorestablegraphs However,
thisrequirestherobustdetectionof concare cornerswhich
is achallengingproblemfor discretemages.

Giblin and Kimia [7] have cataloguedall the generic
transitionsof themedialaxisandshovedthattheabovetwo
typesof MAT instabilitiesare the only casesvheresmall
boundarychangesproducelarge representatioriskeleton)
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Figure 1. The Instability of a Shape's Skele-
ton. Considering only skeleton points with
radius greater than some threshold r does
not eliminate all spurious branches in the
presence of bumps (a) or notches (b). Mi-
nor deformations in shape due to viewpoint
chang e or articulation (c) and (d) may result
in major changes in the topology of ligature
segments (darkened) which, if spanning an
entire branch, are called ligature branc hes.
Changes in branch color re ect qualitative
changes in the branc h's radius function.

changes. Suchinstability posesa major obstacleto ef-

fective object recognition,in general,and genericobject
recognitionjn particular whererepresentationahvariance
to part articulation, minor shapedeformation,and minor
changesn viewpointis essentiallf suchchangesn anob-
ject's shapenducemajorchangesn its underlyingskeletal
(or shock)graphstructurethe distancebetweertwo graphs
(ascomputedby a skeletalgraphmatchersuchas[17, 13])

will notre ect the distancebetweenthe two shapes.Our
challengeis to eliminatethesetwo typesof instability by
structurally simplifying a shapes skeleton, so that non-
salientbranchesboth internal and external, are removed,
leaving a canonicalskeletonthat capturesonly the salient
partstructureof theshape.

In this paper we introducean optimizationframework

1In fact, thesetwo forms of instability arecharacterizedy transitions
of the symmetryset[7]. Anotherform of instability addressethe move-
mentof a branchpoint as a function of boundarydeformation(see,for
example,Bouix etal. [4]). Wedo notaddresshis form of instability since
its affect on skeletalstructureis minimal.

for structuralsimpli cation thatbalancespn onehand,our
desireto abstractor simplify a shapes skeletalrepresenta-
tion (for fewer nodesin its underlyinggraphwill leadto
lesscomplex graphmatching)with, on the otherhand,our
desireto yield a representationthat is true to the original
shape,i.e., a skeletonwhosereconstructiorerror is mini-
mized. Thistrade-of betweerabstractioncompleity) and
faithfulness(reconstructiorerror) is task dependentand
differentrecognitiondomainsmay weight thesetwo goals
differently. Still, they provide a pair of opposingforces
which will help us cornverge on a canonicalskeleton for
shapematching. We describeour framevork and demon-
strateits ef cacy on the domainof shockgraph-baseab-
ject recognition,shaving how our structuralsimpli cation
appliedto both databas@andqueryshapesanyield a sig-
ni cant improvementin recognitionperformance.

2. Structural Simpli cation

Our structuralsimpli cation procedureis divided into
two stageshothof which balanceeconstructiorerrorwith
branchcomplexity. The rst stageremovesunstableexter-
nalbranchesywhile thesecondstagaemoresunstablenter-
nalbranchesRemaring externalbranchesrst is motivated
by the factthatan externalbranchmay separatawo inter-
nal brancheghat will memge naturally after removing the
externalbranch therebysimplifying internalstructure.Re-
moving internalbranchesnvolves rst identifying theliga-
ture brancheswhich representandidatedor removal. Re-
moving a candidatdigature branchrequiresthe modi ca-
tion of neighboringoranchesubjectto all of themobeying
the propertiesof a MAT aswell asminimizing reconstruc-
tion error. This latter problemwas consideredby Teleaet
al. [19], who proposeda principled framework that gener
atesasimpli ed, abstractedkeletonhierarchyby analyzing
the quasi-stablgointsof a Bayesian-inspireénegy func-
tion. However, their methoddoesnot generatea true axis
of symmetry in the senseof the MAT de nition, andthus
cannotbe directly usedwith existing skeleton-baseghape
matchingtechniquessuchas[17, 13].

2.1. Candidate Branc hes for Pruning

Before applying our two-stageoptimization procedure
for branchpruning, we must identify candidateexternal
andinternalbranchedor pruning,andrank-orderthemby
increasingsalieny. The saliengy of a branch,both inter-
nal andexternal,is relatedto the reconstructiorerror (de-
tailed later in this section)inducedby the skeletonminus
the branch;brancheghat contritute lessto the shape and
whoseremoval yields small reconstructiorerror, will be
ranked beforebrancheghat contribute moreto the shape,
andwhoseremoval yieldslargereconstructiorerror. In the



caseof externalbranchesall externalbranchesreconsid-
eredascandidategor pruning. However, in the caseof in-
ternal branchespnly ligature branchesare candidatedor
pruningandmustthereforerst beidenti ed.

To identify the ligature brancheswe will analyzethe
radius function of eachinternal branch. Speci cally, let
a skeletonS be a discrete,connectedsetof pointsin N2,
andlet the local neighborhoodf a discretepoint be its 8-
neighborhoodWe will approximateheradii of a branchs
skeletonpoints as a function of the cumulative piecevise
lineardistanced;, alongthe branchf s; g with endpointssy
ands,, wheres; [xI ;vil,forO i n. Thisdistances
givenby d; = k O jiscs1 Skii2, andtheradiusR(d;)
of the skeletonpoint s; at distanced; from s; is equalto
R(Si).

We consideraleast-squaresting errorfor eachine sey-
ment. Sincewe do not expectoutliers,anunweightedeast-
squaresmethodprovidesa good approximation. To com-
putethen + 1 indicesof endpointfor n line sgmentsthat
minimizethe tting error, we de ne thefollowing function:

Blnei k) = LSK(i; k) ifn= 1
(n;i; k) = kjmi(r}( E(bn=2c;i; j) + E(dn=2e;j; k)  otherwise
1)

where LSHGi; k) is the line and its associatecerror that
best ts, in theleast-squaresensethe databetweenend-
pomtsmdep;dbw andk, i.e.,LSHGi; k) = e(mi ; bk ), for
emib) = [ (R(d) (md; + )2 and(my ;b ) =
argminf e(m; b)g. In turn, E(n; i; k) is the minimum error
m;b2R

thatcanbe achiezedwhen tting pointsi to k with n seg-
ments.Notethatthe segmentsareconstrainedo becontin-
uousons but noton R(s).

We implementthe function E (n; i; k) using dynamic
programmingand useit to nd the smallestvalue of n
whoseminimum error is smallerthan half the numberof
skeletonpointsin a branch. This piecavise linear repre-
sentationof the radius function of a skeleton branchal-
lows us to identify the ligature sgmentswithin a branch.
Sinceligaturesggmentsareassociateevith concare bound-
ary cornerswe know thatthey muststartat a branchjunc-
tion point, have decreasingadii, andendatthe rst abrupt
changen theslopeof R(s) (seeFig. 2).

The identi cation of ligature sgmentswill allow usto
reconnecaskeletonwhenremaoving internalbranchesvith-
out signi cantly affectingthe original shapeboundary We
locatethe endpointsof a ligature segmentwithin a branch
by detectingsigni cant “accelerations’in the branchs ra-
diusfunction,i.e.,differencedetweertheslopesf two ad-
jacentline segmentshatexceedathreshold Letmg andm;
betheslopesof adjacentine sggmentswith equalsign. We

Figure 2. Approximating a Branch's Radius
Function for Ligature Segment Identi cation.
(@) The radii of maximall y inscribed circles
rapidl y decrease as we move toward the con-
cave corner between the ng ers. (b) We com-
pute a piecewise linear approximation to the
radius function.

grouptogetherthe pointsassociatedavith thesesggmentsf

jmo  myj .
max(imoj;jmaj)
where | is the ligature sggment threshold. Note that
max(jmoj;jm1j) > 0 becausén this stepwe have only de-
creasingboranches.Hence,our ligature detectiondoesnot
dependon the precisedetectionof local concare bound-
ary corners,but ratheron a more robust, global measure
of relative slopechange. We do not simply remove liga-
ture branchesasin [1], but rathermark themas potential
removals during our optimizationprocedurethat balances
reconstructiorerrorwith branchcompleity.

Whenremoving aligaturebranchwe re-attachtheskele-
ton brancheghatwereconnectedo it in orderto presere
skeletonconnectednesssillustratedin Fig. 3. Consider
theremoval of the smallligaturebranchin Fig. 3(left) be-
low thejunctionof theindex andmiddle ngers. If wewere
to deeperthe concaity betweertheindex andmiddle n-
ger, as shavn in Fig. 3(middle), the small target ligature
branchwould effectively disappearOur stratey, therefore,
will be to approximatethis deepeningf the concaity by
modifying the branchesadjacento the ligaturebranch.To
do this, we will alter only thosebranchesattachedto the
smaller(in termsof radius)end of the ligature branch;in
Fig. 3, thiscorresponds$o theendpointthatleadsto thering
nger. Thetametligaturebranchwill beremoved,andthe
adjoiningbranchesvill bemodi ed to connecto thelarger
endof theremovedligaturebranch.

The branchego be modi ed may consistof both non-
ligature and ligature segments, as shavn in Fig. 3(left),
wherethe index nger consistsof a non-ligaturesegment
(red) at its extremity and a ligature sggment (brown) at-
tachedo theligaturebranchto beremoved. The rst stepin



Figure 3. Removing ligature branches: (left)
original skeleton in preparation for removal
of target ligature branch below index and
middle ng ers; (middle) if we deepen the
concavity between the two ng ers slightl y,
we effectivel y end up with a skeleton without
the target ligature branch; (right) overlay of
the left and middle gures, motiv ating our ap-
proximation method that replaces the adjoin-
ing ligature segments and the target ligature
branc h with straight-line approximations.

the adjoiningbranchmodi cation is to replacethe adjoin-
ing ligaturesegmentswith linearapproximationgrom their
smallerendpointdo thelargerendpointof theremovedlig-
aturebranch? This effectively bridgesthe gapleft by the
removedligaturebranch.However, we muststill assigrcor-
rectradiusvaluesto our skeletonapproximation.

Our new approximationgto the two adjoining ligature
segments of our target ligature branch may effectively
deeperthe concaiity betweernthetwo ngers, andasare-
sult, part of the ligature approximationmay becomenon-
ligature. For this portion of theligatureapproximationthe
radiusvalueswill be assignedasedon a linear extrapola-
tion of theadjoiningnon-ligaturesegmentsradiusfunction.
For the portionthatremainsa ligatureseggment,alinearin-
terpolationbetweerthe two endpointss usedto assignthe
remainingradiusvalues.

2.2. Pruning as Optimization

As mentionedearlier, our simpli ed skeletonbalances
reconstructiorerrorwith shapgbranch)compleity, andin
our branchselectionprocess both candidateinternal and
externalbranchedor pruningarerank-orderedy increas-

2Ligature segmentscorrespondo maximal circlesthat sharetwo (in
the caseof full ligature) boundaryconcaity points)or one(in the case
of semi-ligature)boundarypoint [1]. Theseconstraintdeadto ligature
segmentswith low cunature,facilitating our straight-lineapproximation.
This approximatiorcanbeimproved by consideringhe constrainton the
gradientof radiusvaluesof skeletonpoints,asde ned by Damon([6].

ing reconstructiorerror. The reconstructiorerror is area-
basedandthereforere ectstheareadifferencebetweerthe
reconstructeghapefrom the skeletonwith the branchand
thereconstructedghapeminusthe branch.However, a sim-
ple areadifferencewill fail to capturesalientshapediffer-
encesdue,for example,to the removal of a long, thin part
(e.g.,the leg of a giraffe) whosearearelative to the entire
objectis small,but whosecontributionto salientpartstruc-
tureis large.

To accounfor partstructuresimilarto Styneretal. [18],
we weight eachpixel's contrikution to the areaby its nor-
malizeddistancetransform,in which the skeletonreceves
value 1 and the boundaryrecevesvalue 0. In this man-
ner, the skeletonof a long, thin partis weightedthe same
asthat of along, thick part, asaretheir respectie bound-
aries. However, the largerareaof the thick partwill result
in alargerintegrationof normalizeddistanceransformval-
ues,andhencealargerreconstructiorerror. In thisway, we
canbalancesalientpart structurewith part mass,yielding
aneffective reconstructiorerror.

Speci cally, for eachshapepoint p, we associatehe
closestskeletonpointsP 2 S:

oo i )
s"= minjis  pi (2

The reconstructiorerror of a point p, E(p), is how given

by:

iis” pi R(s”)
RS 3

whereR(sP) is the radiusof sP. The reconstructiorerror

R(S) for ashapes with respecto theoriginal shapeSo is:

E(p=1

P
R(S) = M (4)

P2 So

The costfunction C(S) for a skeletonS with branchcom-
plexity B (S) andreconstructiorerrorR(S) hastheform:

C(S) = B(S) + ! R(S); (®)

whereB (S) is simply the numberof branchegnodes)of

skeleton(graph)S. The! we usedrangesfrom 10,000to

350. A high! stronglypenalizeshe reconstructiorerror

which, in practice yieldsno simpli cation atall. Decreas-
ing ! putslessemphasison exact reconstructiorand fa-

vors skeletonswith lower branchcomplexity, obtainedby

removing lesssalientexternalbranchesndinternalligature
branches.

Ouroptimizationis two-passFirst,we optimizeour cost
function by consideringonly candidatesxternalbranchre-
moval. Next, we x theremainingexternalbranchesand
optimizein asecondrassby consideringpnly candidaten-
ternalbranchesFig. 4 shows theresultsof simplifying the
four skeletonsshavnin Fig. 1, with ! = 600. Notethatthe
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Figure 4. Structural simpli cation applied to
the objects in Figure 1. Whereas articulation
and noise led to four diff erent skeletal topolo-
gies in Figure 1, their structural simplica-

tions are almost identical.

four divergentskeletonsin Fig. 1 have corverged toward
a canonicalskeletonstructurethatis invariantto noiseand
articulation.

3. Experiments

We evaluateour framework for thetasksof objectrecog-
nition and poseestimation. Sincewe areinterestedn ob-
tainingstableskeletonsfor improvedobjectrecognitionwe
will adoptthe shockgraphas an abstractedskeletal rep-
resentationallowing us to utilize a powerful shockgraph
matcher9]. A shockgraph[16] is basedon a coloring of
the skeletonpoints(shocks)accordingto their radiusfunc-
tion. The taxonomyconsistsof four distincttypes:thera-
diusfunctionalongthe medialaxis variesmonotonicallyat
al, achivesastrictlocal minimumata 2, is constantat a
3 andachievesa strictlocal maximumata 4. Oncea skele-
ton's pointsarelabeledaccordingto this taxonomy a parti-
tioning of the pointsis performed.Eachresultingsegment
becomesa nodein the shapes shockgraph,with directed
edgegoining adjacenskeletonseggmentsanddirectedfrom
largerto smaller(in termsof radii) nodes.Detailsand ex-
amplescanbefoundin [15].

Our view-based3-D object databaseconsistsof 120
views (8 objectsat 15 views each).A recognitiontrial con-
sistsof remaving aview from thedatabaséwithoutreplace-
ment),indexing into the databas¢o retrieve a smallsubset
of candidategusingthe indexing framework describedn
[14]), matchingthe queryto eachcandidateto yield a dis-
tance,rank-orderingthe candidatesyy increasingdistance
(decreasingimilarity), andchoosingthe closesttandidate.
If the parentobjectof the closestcandidates the sameas
the parentof the query recognitionis successfullf recog-
nition is successfuhndoneof the neighboringviews of the
guery(ontheviewsphereof theobject)hashighrank(in the
rank-orderedist of candidatesthenposeestimations also
successful.The small changesn viewpoint betweensam-

plesontheviewspherecanintroducesigni cant changesn
shockgraphstructure. Hence we expectour structuralsim-
pli cation to reducethe structuralchangedetweemeigh-
boringviews, leadingto improvedrecognitionandposees-
timation performance We expectsimilar improvementfor
the caseof articulatedobjects,but leave suchexperiments
asfuturework.

Theresultsfor both objectrecognitionandposeestima-
tion areshavn in Figure5. Each gure shows recognition
performancé% trialscorrect)asafunctionof theweighting
parametet , which variesfrom 10,000(no smoothing)to
350 (maximumsmoothing).The optimumrecognitionper
formancewasachiezedwith | = 600. As canbe seenfrom
the two plots, structuralsimpli cation resultsin a 4% im-
provementin recognitionperformanceanda 12%improve-
mentin poseestimatiorperformanceNotethatoverly large
valuesof ! (verymild smoothing)anleadto structuralin-
consistenciescrossthe views of an object, resultingin a
dip in recognitionperformance.

A moredramaticimprovementis found with perturbed
(noisy)queriesjn which betweer8 and40smallcircularor
triangularbumpsand/ornotchesarerandomlyaddedto the
boundaryof the query shape resultingin the introduction
of structuralinstabilities. Figure 6 illustratesboth recog-
nition and poseestimationresultswith (blue) andwithout
(red)structuralsimpli cation; in eachcasewe have chosen
I = 600, the optimumvaluefor unperturbedjueries.The
performancevariesas a function of the natureof the per
turbation, i.e., whetherthe perturbationcontainsnotches,
bumps,or both, aswell asthe magnitudeof the perturba-
tion givenby theradiusof thebumpor notch(which varies
from 3to 6 pixels). As canbeseerfrom thetwo plots,struc-
tural simpli cation resultsin up to 16% improvementfor
recognitionand up to 20% improvementfor poseestima-
tion. Theseresultsclearlyindicatethe ability of our frame-
work to simplify a noisy, unstableskeletonrepresentation
to yield aninvariant,canonicakkeletalrepresentation.

4. Conclusions

Skeletal descriptionsof a shapeoffer a powerful shape
representatiofor objectrecognitionyettheir structuralin-
stability haslong beenan obstacleto their widespreadise.
Our structuralsimpli cation framework isolatesthis insta-
bility at both externalandinternal branchesandremoves
non-salienbranchesTheremoval of internalbranchege-
quiresa propersmoothingof neighboringbranchesothat
theresultingskeletonis a MAT andreconstructiorerroris
minimized. Thepruningof branchess formulatedasanop-
timization processwhich balancesranchcomplexity with
reconstructiorerror. Resultson a shockgraphrecognition
experimentindicatea signi cant improvementin recogni-
tion andposeestimationperformancevhenbothqueryand



Figure 5. Results on unperturbed queries
showing impr oved performance due to struc-
tural simplication  for object recognition
(top) and for pose estimation (bottom). The
far left of each plot represents no structural
smoothing (cost function re ects only recon-
struction error), while the far right represents
large structural smoothing (cost function is
dominated by branc h reduction). See text for
discussion.

databasarestructurallysimpli ed prior to recognition.
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