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Course overview

Simple induction
Multiple base cases
Bases other than zero
Strengthening the induction hypothesis



What is this course?

f = codecs.open(filename, , encoding=
P(n): Every bipartite graph on n vertices has no more than n?/4 edges if n is even, or (n3 — 1)/4 }st;( gom Lines(f.readlines())
edges if n is odd r( ose
< 03/ o 1
base case: An empty bipartite graph has O vertices and Oedges, and 0 < 0%/4, which verifies P(0) BRI DR iil=ran ey = W= errs)
inductive step: Let n be an arbitrary, fixed, natural number. Assume P(n), that every bipartite sys.exit(-")
graph on n vertices has no more than n? /4 edges if n is even, or (n? = 1)/4 edges if n is even

1 will show that P'(n + 1) follows, that every bipartite graph on n + 1 edges has no more return lines
tham [n + 17/4 edges ifn + 1is even, or [(n + 1) — 1]/4 edges if n + 1 s 0dd

Let G be an arbitrary bipartite graph on n + 1 vertices. Remove a wertex, together with
its edges, from G's larger partition to produce a new bipartite graph G'. There are two - (1ines):
possibilities, depending on whether n + 1 is even or odd

casen + 1is odd: G's smaller partition has, at most, n/2 vertices, so we remaved at most /2

edges to produce G'. n + 1 odd means n is even, so by assumption P(n), G' has at most re.compile( , re.VERBOSE)
n? /4 edges, so accounting for the edges removed G had, at most: o e b e

n? mo p.matcl:(llne

1 Lf mo is not
S0 P'(n +1) follows in this case return

casen + 1iseven: G's smaller partition has, at most, (n + 1)/2 vertices, so we removed at
most (n+1)/2 cdges to produce G'. n + 1 even means n is 0dd, so by assumption P(n)
G’ has at most (n? = 1)/4 edges, so accounting for the edges removed G had, at most. re.compile( , re.VERBOSE)
if p.match(line)
7

S0 Plln +1) follows in this case
Pi(n + 1) follows in both possible cases W

More like this... ...than this
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Who are you?



Course information sheet

» Info is a subset of what's on the course website
> Let's take a tour now
» (Sorry, this part is boring.)


http://www.cs.toronto.edu/~colin/236/W20/

About these slides

S TN

» Adapted from Danny Heap
» Plain slides posted online in advance

» Annotated slides uploaded after lecture
» You may want to annotate your own copy during lecture



We behave as though you already know...

» CSC165 material, especially proofs and big-Oh material
» But you can relax the structure a little

» Chapter 0 material from Introduction to Theory of Computation

» recursion, efficiency material from C5C148


http://www.teach.cs.toronto.edu/~heap/Old/165/F17/Notes/notes.pdf
http://www.cs.toronto.edu/~vassos/b36-notes/

By end of course you'll know...

L_Several flavours of proof by induction
—

2. Reasoning about recurrences

3. Proving the correctness of programs

4. Formal languages



Simple induction



Domino fates foretold
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[P(0) A (VneN,P(n)= P(n+1))] = VneN,P(n)
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If the initial case works, N, ~

o 15
and each case that works implies its successor works,
then all cases work

DOMINO-10



Simple induction outline

1. Define predicate, P(n) AL R ESAINN \vaaPCD\L\B

2. Inductive step

21 LetneN ~ )
2.2 Assume P(n) (inductive hypothesis), & \_L. )_ .
2.3 use it to show that P(n+ 1) holds B

3. Verify base case(s) (AKA basi

N é\\ Sten O

h,’maﬁ DAIS oo

b goejﬁa\(/\) (encivsion



Example: triangular numbers £ 23
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Show that for any n, Y7 ok = 5
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Example: triangular number \/\}\a X Yo de,
b o o 9 Lv

Show that for any n, Y7 ok = 5
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Sometimes we need more than one base case ?qs; 5. N >3
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oReti wé\need Morf\than-gne-ba ase

Show thatWn € N, 3V > p3
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Bases other than zero

Prove that n! > n? for n >?7?




Bases other than zero B@é_\

L+

Prove that n! > n? for n >227 LA = 2 s L{:L >0 %DCL{‘)
PIaY, 0l = | )

“L/S‘; let 0e N, gesume Pir) Lermma 0T = 0\, {on A
aftN A C\cﬁﬂ/WQ (\él"{“ - ’\_/s—\__’_\_
(ne)l = Pl (40 f=0ona
“ ‘ > QA H N>
St (o8

S Ny

Ansy)l w0 T
> (n~\\>% 3 by bemen |

Yhvs Pl




The units digit of any power of 7 is one of 1, 3, 7, or 9

Scratch work

A | Ve




The units digit of any power of 7 isone of 1, 3, 7, or 9
Use the simple induction outline L=t U= L 3,7, 75

Pl Tk e N, =" A T med o e () X not d~e of dl [N

15, Let (\eﬂ\t Gadume (§;>C<\)

Pt



The units digit of any power of 7 is one of 1, 3, 7, or 9

Use the simple induction outline
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Use the simple induction outline

The units digit of any power of 7 is one of 1 3,7, 0r9
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The units digit of any power of 7 isone of 1, 2, 3, 7, or 9

Is the claim still true? What happens if you add this other case to the inductive step?
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Trominoes —
See https://en.wikipedia.org/wiki/Tromino

e

Can a 2" x 2" square grid, with one subsquare removed, be tiled (covered without
overlapping) by “chair” trominoes?



https://en.wikipedia.org/wiki/Tromino

Trominoes arbitoery | 4

P(n): a 2" x 2" square grid wﬁfﬁﬂgwmoved can be tiled with chair
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Trominoes

P(n): a 2" x 2" square grid with a subsquare removed can be tiled with chair
trominoes.

Note: we didn't finish this problem in lecture, though we found a good general approach
for the inductive step (divide the 2*{n+1}x2*{n+1} grid into 4 subgrids, so we can apply
the induction hypothesis.

We noted that the predicate as originally written was ambiguous, with a potential "weak"
interpretation (the grid can be tiled with some square missing) vs. a "strong" one (the grid
can be tiled with any *arbitrary* square missing). | claimed that it's possible to prove
either version directly via induction. It's important that we don't exploit this ambiguity

by assuming the strong version in our IH and then only proving the weak version for n+1!

Open question: once we fill in the inductive step, will it allow us to go from P(0) to P(1)?
If not, that probably means we've made some implicit assumption about the n in our IH
(which we should make explicit)
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