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This paperdescribesa frameawvork, basedon AbstractInterpretation for creating
abstractiongor model-checkingSpeci cally, we studyhow to abstractmodelsof -
calculusandsystematicallylerive abstractionshatareconstructve,sound andprecise,
andapply themto abstracting<ripke structuresThe overall approachs basedon the
useof bilatticesto represenpartialandinconsistentnformation.

1 Intr oduction

Abstractionplays a fundamentalrole in combatingstate-space&xplosionin model-
checking.Thegoalof abstractions to construcanabstracmodelof a systemwhichis
smallenoughto beeffectively analyzedandyetrich enoughto yield conclusveresults.
Succes®f currentabstractiorprojects,suchasSLAM [2] andBanderd6], indicates
thatabstractioris an effective techniquefor enablingmodel-checkingf realisticsoft-
waresystems.

In model-checkingtransitionsystemsare typically abstractedas follows: (1) An
abstracsstatespaces de ned suchthateachabstracistatecorrespondso a setof con-
cretestates.This correspondenceanbe arbitrary asin predicateabstractio{16], or
in uenced by the concretestatespaceasin symmetryreduction[11]. (2) An abstract
transitionsystemis constructedby de ning atransitionrelationoverthis abstracttates-
pace (3) Finally, theresultingsystemis arguedto becorrect,.e.,it is shovn to presere
afragmentof the desiredtemporallogic.

The problemwith the above approachs thatit is not algorithmic: the techniques
usedto constructheabstracsystemsequirea certainamountof intuition of usersand
extraeffort is neededo shav thattheresultingabstractioris correct.This makesit dif-

cult tounderstanéspeci c abstractioormethodandimprove onit. For example given

an abstractiorthat preseresuniversalCTL, how shouldit be changedo presere the

entireCTL? It is alsodif cult to understandherelationshipbetweerdifferentabstract
methodsFor example,asshovn in [24], predicateabstractiorandsymmetryreduction
differ only in their choiceof abstracstatesHowever, this insightwasnot apparenjust

from the descriptionof thesemethods.

Given the role abstractionplaysin the model-checkingprocesswe believe it is
essentiato createa generalmethodologyfor systematicallyconstructingandanalyzing
abstractionsin the context of static analysisof programs,sucha framework, called
Abstractinterpretation(Al), hasalreadybeenproposedy [7]. It providesa collection
of notationsandtoolsto formalizethe approximatiorof programsemanticsaswell as
to designandanalyzeprogramabstractionsThe goal of this paperis to specializethe
Al framavork to model-checking.



Therearea numberof waysto do this specializationgiven the breadthof model-
checkingapproachesOur goal hereis to createabstractionghat presere properties
expressedn the modal -calculus[19] (). Following therecipesof Al, we system-
atically derive conditionsunderwhich anabstract modelis the bestabstractiorof
a concreteone. We guaranteghat theseabstractmodelsare (a) sound,i.e., if an
formulais satis ed in the abstractmodelit is satis ed in the concrete(b) mostpre-
cise,i.e., satisfythe mostpropertiesand(c) have the desiredstructuralcharacteristics,
e.g.,arequirementhat an abstractiorof a transitionsystemis a transitionsystemas
well. Theseconditionsareconstructve and,aswe show in this papercanbederivedal-
mostmechanicallyThealgorithmfor building a desiredabstractiorfollows from these
conditionsdirectly.

Thelogic  includesnggation,sothatan  formula  issatis ediff isrefuted.
If we assumehateveryformulais eithersatis ed or refutedin anabstractioraswell, it
mayseenthatpreservinggoundnesfor all ~ formulasmeanghatsuchanabstraction
mustsatisfyandrefuteexactlythesamepropertiesasthecorrespondingoncretenodel
(resultingin a bisimilar model). If the goalis to save spacefor model-checkingthis
abstractionwould be very limited. Thus, most existing abstractionsare restrictedto
fragmentsof , i.e., only to the universalor only to the existential properties(see,
e.g.,[21]).

Theinsightwe usein this papelis thatanabstractions inherentlyincompletesome
formulasmaybe neithersatis ed nor refutedby it. We proposeo treatsatishctionand
refutationindependentlylf we classifyall formulasusinga pair Sat Ref, where
Satcontainsall the formulassatis ed in an abstractmodel,while Refcontainsall the
refutedones,then Satand Refare not necessarilycomplement®f eachother In fact,
SatandRefmay not even be disjoint, allowing someformulasto be both satis ed and
refuted.

Associating<nowledgeabouttruth andfalsity of every pieceof evidencecanbenat-
urally encodedusing4-valuedBelnaplogic [3] which enjoys nice mathematicaprop-
ertiesassociatedvith bilattices[14,13]. Thatis, bilatticesenablea uniform approach
for handlingpartial andinconsisteninformation, allowing reasoningabouttruth and
knowledgein a singletheoreticalframework. In this paper by combiningthe theories
of Al with that of bilattices,we obtaina simple and elegantframework for deriving
abstractiondor . Dueto thegeneralityof bilattices,our resultsapply not only to the
traditionaltwo-valuedinterpretatiorof  , but alsoto its multi-valued[4] andquanti-
tative [9] interpretations.

The contrikution of this paperis a generaltechnique basedon Al, for deriing
abstraction$or model-checkinglt allows understandingndcomparingdifferenttech-
nigues andprovidesamethodologyfor proving soundnesandprecisionof thedesired
abstractionWe then study this techniqueon two additionallevels. First, we apply it
to models,and then specializeit to abstractingransitionsystemsrepresenteds
Kripke structures.

Therestof this paperis organizedasfollows: after providing the necessarypack-
groundin Section2, we shov how to lift abstractiorbetweenelementgo abstraction
betweensetsof elementsn Section3. This givesus a generalframework for approx-
imatinginterpretation®f . In Section4, we derive abstractiongor model-theoretic



interpretationof , andthenapply our techniqueto abstractingransitionsystems
in Section5. In Section6, we specializethe resultsof Section5 to booleantransition
systemsand comparethemto thoseobtainedby Damset al. [8]. We relateour tech-
niquewith otherabstractiorapproache Section7 andsummarizeour contributions
in Section8.

2 Background
In this sectionwe introducethe basicconceptof latticetheory modal -calculus,and
abstracinterpretation.

2.1 Lattices and Monotone Functions

A lattice is a partially orderedset in whicheverysubset of hasaleast

upperbound,calledjoin anddenoted , andagreatestower bound,calledmeetand

denoted . A latticeis distributive if meetandjoin distribute over eachother; i.e.,
,and .

A De Morganalgebra is a structure , where is a distributive
latticeand is anegationthatsatis esinvolution ( ) andDe Morgan
laws: ,and .

We denotethe spaceof functionsfrom to by ,or . Forexample,
both and denotethe spaceof functionsfrom  to functions
from to

Let beasetand bealattice.Theorderingandoperation®f extend
pointwiseto  ,i.e., .Thisturns  into alatticewith
thesamepropertiesas . In particularif is distributive or De Morgan,sois

A function betweertwo partiallyorderedsets and is monoton€or,
order-preserving iff , andanti-monotoneff

. We useanupward( ) anddownward( ) arrowsto indicatemonotoneandanti-
monotonefunctions, respectiely. For example, denotesthe spaceof all
monotonefunctionsfrom to , and denoteghe spaceof all anti-monotone
functions.Monotoneandanti-monotondunctionsareclosedunderpointwisemeetand
join; thus,if  is alattice,thensoare and

2.2 Truth Domainsand Sets

A truth-domain is a collectionof elements , referredto astruth values together

with atruth ordering anda negationoperator , suchthat
is a De Morganalgebra.The truth orderingordersthe elementshasedon their truth
content;thus, standdor “ islesstruethan ”. Themeet( ) andjoin ( ) of the

truth orderingarecalledconjunctionanddisjunction respectiely.

The bestknown truth domainis the classicalbooleanlogic  with valuestrue and
false. Its truth orderingis shavn in the Hassediagramin Figure 1(a), with negation
indicatedin parenthese®©therexamplesgncludeBelnaplogic , shovnin Figurel(b),
which extendsbooleanlogic with two additionalvalues: andd, to representun-
known” and“inconsistent” respectrely; andFuzzylogic , shavnin Figurel(c). The
truthvaluesof  areformedby the setof all realnumbersn the closedinterval ,
where standdor false, for true, andtheremainingvaluesstandfor degreesof truth;
furthermorenegationis de ned as , sSothat and
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Given a collection of elements , a setover is a functionfrom to a truth
domain.Thus, a boolean(or classical)setis a functionfrom to , a Belnapsetis
afunctionfrom to ,andafuzzy setis afunctionfrom to . Setorderingand
operationsarede ned by pointwiseextensionsL et betwo sets.Then

2.3 Modal -Calculus

In this sectionwe describehemodal -calculus[19], or
De nition 1. Let  beasetofvariablesand bea setof atomicpropositionsThe
logic is thesetof all formulassatisfyingthe grammar

whee , and . Furthermoe, in mustoccurunderthe scope
of an evennumberof negationsin
Additionally, we de ne thefollowing syntacticabbreviations:

The modal operator s typically interpretedas “an existenceof an immediate
future”. For example, meansthat holdsnow, * " meansthat thereexists an
immediatefuturewhere holds,and“ " meanghat holdsin all immediatefutures.
Thequantiers and standfor leastandgreatestxpoint, respectiely.

An occurrenceof avariable in aformula is boundif it appearsn the scopeof

a quanti er andis freeotherwise For example, is freein , andis boundin
. A formula is closedif it doesnot containary freevariables.
A set-basednterpretation of over a setdomain is a mapping from

closed formulasto -setsover . Theelementof areoftencalledstatesand
is readas“the degreeto which is satis edby (or, truein) astate is ”

An modelis a structure , Where is a setdo-
main;for each , isin ;and isa -monotongunction.
The setdomainis calledthe univeiseof , and and are interpretationsof

atomicpropositionsandthe operatorrespectiely. A model  givesriseto an
interpretation

The interpretation is de ned inductively on the structureof theformula
where is anobjectassignmentor freevariables:

Ifp



wherelfp  isthe -leastxpoint of .Foraclosed formula ,
forary and . Thus,we write for thatvalue,andde ne it to be the model-
basednterpretationof

Formulasof  areofteninterpretedover Kripke structuresA Kripke structue is
atuple , where isacollectionof atomicpropositions, isa
collectionof elementgcalledstate3, is atruthdomain, is amapping
from atomic propositionsto setsover , and is a transitionfunction
mappingeachstateto a setof its successorg-or a transitionfunction , we de ne a
pre-imageoperatorpre andits dualpre  as:

pre pre pre

Intuitively, pre is a degreeto which the set of successoref hasa

non-emptyintersectiorwith . A Kripke structure givesriseto

an model , where , and
pre . Finally, the interpretation of in isdenedas

2.4 Abstract Inter pretation

Theframawork of Abstractinterpretation(Al) providesacollectionof toolsfor system-
aticdesignandanalysisof semanti@pproximationg7]. Theframeworkis very e xible
andcanbeappliedin variousways.Below, we give abrief overview of Al, summarizing
theresultsusedin ourwork.

Basicsof Abstract Inter pretation. Inputsto anAl framework arecollectionsof con-
creteelements andabstractelements , calleda concieteandan abstiact domain,
respectiely. A notion of approximationor abstractionjs formalizedby a soundness
relation , Where isreadas” -approximates”.

A conceetizationfunction mapseachabstractelementto a set of
concreteelementscorrespondingo it: . An abstractelement is
calledconsistenif ; otherwisewe say is inconsistentThe elementsof
canbethoughtof aspropertiessuchas“positive” or “odd”, and asacollectionof
concreteelementsatisfying . Theconcretization inducesanapproximationordering

on suchthat .

Intuitively, meanghat approximatesnoreconcreteelementghan ; there-
fore, islessinformative,or equivalently, lessprecisethan . Whenviewedasa prop-
erty, is wealer than . For example,knowing that an elementis “positive” is less
informative thanknowing thatit is both“positive” and“odd”.

In this paper an abstractdomain is equippedwith aninformationordering
suchthat is a lattice and . Thus,we canstudyproperties
of anabstracdomainindependentipf any particularsoundnesegelation.Furthermore,
we assumehat satis es“the existenceof a bestapproximation’{7], thatis:

anduse to denotean abstraction function that mapseachconcreteel-
ementto its bestapproximation.Note that for a given ,  may have several best
approximationsthus, is not uniquely de ned. In such cases,it is cornvenientto



usethe -largest , sothat and canbe expresseds and
, respectiely.

A lower boundwith respectto is calledwideningandis denotedby . Intu-
itively, for aset , is anabstracelementrepresentinghe informationcom-
monto all elementof | i.e., . In particular the greatestower
bound of is awidening.A widening isinfo-preservingf for ary  contain-
ing noinconsistenelements,  is thebestrepresentationf informationcommonto
all elementof | i.e, .

Abstractdomains and areinformationallyequivalentif they rep-
resenthe samedegreesof information,thatis,
and .

For examplesn thispaperwe usethesetof integers asaconcretedomain.andthe
domain , shavn in Figure1(d), asthe abstracdomain.The soundnesselation

is self-explanatorye.g.,2is -approximatedy , . ,and
where is its bestabstractapproximationSimilarly, is thesetEVEN
of all evennumbers, is the setNEG of all negative numbers, is

NEG EVEN etc.

Functional Abstraction. In practice,it is commonto synthesizeabstraction®f com-
plex structuresusingabstraction®f their parts.A particularapplicationis abstraction
of functions,or functionalabstraction[7].

Let and becollectionsof abstractandconcretedunc-
tions,where and areabstractdomainsapproximating and , respectiely.
A soundnesselation is functionalif -approximates iff preseres

soundnessf .Formally, satises
(functionalsoundness)

Let beawideningoperatorof ,and bede nedas
(functionalabstraction)
Then isa -approximatiorof ,andits precisionis determinedy theprecision

of thewideningoperatowused.

Theorem1. [7] Let , , ,and beasabovelf isinfo-preservingthen
isthebest -approximationof

Oneof themainresultsof Al isthat  preseres xpoints:

Theorem 2. [7] Let bea lattice, be a monotondunction,and
be a lattice approximating via . If thejoin operator of preserves
soundness.e., , thentheleast xpoint of

-approximategheleast xpoint of

Functional Abstraction and Monotone Functions. Let beasabove,
andassuméghat and areequippedwith informationorderings and | re-
spectvely. Thentheset of -monotondunctionsis informationally

equialentto .Furthermoreif isaninfo-preservingvideningof , thenits point-
wise extensionto functionsis alsoaninfo-preservingnvideningof ~ [24]. Therefore,
we alwaysrestrictthe abstractdomainof functionalabstractiorto -monotonefunc-
tions.



3 Abstract Sets

Setsplay therole of basicblocksin thede nition of ~ semanticslin this section,we
develop an abstractiorof setsthat preseresall setoperationsjncluding setcomple-
ment. This abstractiongivesus the necessaryools for abstracting models,which
wedoin Sectiord. Butit isindependentf  andcanbeusedanywhereabstracsets
arerequired.

We assumeghat and area concreteandan abstractdomain,respectiely, re-
latedby a soundnesselation andanabstractiorfunction . We aimto lift  to
asoundnesselation  betweerconcretesets,i.e., functionsfrom intoa x edtruth
domain , andabstractsets,i.e., functionsfrom into sometruth domain (poten-
tially differentfrom ). Thegoalof s to presere setmembershipthatis, if

-approximates , thenif -approximates, mustapproximate
As always,we alsowantto know when  is abestapproximatiorof agivenset .

We view setsasfunctions,soit is naturalto express asafunctionalabstraction.
For this,we must rst identify thenotionof anabstractruthdomain andsettleonthe
meaningof “approximatingtruth values”.

3.1 Bilattices asAbstract Truth Domains

Intuitively, an abstractruth-domain is a truth-domainand,therefore hasa truth or-
deringanda negation.It is alsoanabstracdomainandneedsaninformationordering.
Furthermoretruth operationsshouldnot interferewith the information ordering.For
example,if and arein and is lessinformativethan , thennegationof ()
mustbelessinformative than

A structurethat capturesour intuition is that of a bilattice, which hasbeenintro-
ducedby Ginsbeg [14] to enablereasoningvith partiality andinconsisteng. Here,we
brie y describalistributive bilattices.

De nition 2. [14] A distributive bilattice is a structue sud that:

Q) is alattice and is a De Morganalgebra; (2) meet( )

andjoin ( ) of ,andmeet( ) andjoin ( ) of are monotonewith respecto both
and ; (3) all meetsand joins distribute over each other; and (4) negation( ) is
-monotone

Theordering rankselementof with respectoinformation,and ranksthemwith
respecto truth.Operations and of arecalledconjunctionanddisjunction.In the
spirit of Al, wereferto and aswideningandnarrowing, respectiely.

De Morganalgebrasave a naturalconnectiorto bilattices.

Theorem 3. [14,13]. Let be a De Morgan algebra, and bea
structuie sudc that
Then, is a distributive bilattice. Furthermoe, every distributive bilattice is iso-
morphicto for someDe Morganalgebra

For a truth-domain , anelement of is interpretedas a truth value
whosedegreeof truthis anddegreeof falsity is . For example, consistsof
four elements: representingrue— maximaldegreeof truthandminimal degreeof



falsity, representindalse, representindack of knowledge— minimal degree
of both truth andfalsity, and representingan inconsisteng (or disagreement}
maximaldegreeof bothtruth andfalsity. It is easyto verify that is exactly Belnap
logic shavnin Figurel(b).For corvenienceweintroduceprojections and de ned
as and

Guidedby the above intuition, we saythat is anabstract truth-domaincorre-
spondingo atruthdomain . Intuitively, approximates if isno
moretruethan , and is nomorefalsethan . In particular is thebestapprox-
imationof . Formally, thisis capturecby anabstractiorfunction ,and
asoundnesegelation .

It is easyto verify thattruthoperation®of ,includingnegation,preseresound-
ness.Thatis, if and , then ,

, and . Furthermore, is aninfo-preservingvidening.

3.2 SetAbstraction

We now formally de ne the soundnesselation  betweenconcrete( ) and
abstrac{ ) setsas:

(setsoundness)

Thesoundnesselation is functional,andthe correspondingbstractiorfunction
followsimmediatelyfrom Theoremi.:

(setabstraction)

Notethat meanghatthe elementsn belongto with atruth
degreeof atleast , andto  with a truth degreeof atleast . In particulagif isa
booleanset,then is a Belnapset; is iff is containedn , iff
is containedn ,  iff is notcontainedn either or , andd iff is
containedn both and .
For example,anabstraction EVEN of abooleansetEVEN is
if EVEN
EVEN if OoDD
otherwise

Note a differencebetweeranabstracelement andanabstraceet EVEN. The

formerrepresents propertyof beinganevennumberand EVEN:is the set
of all numbershaving this property Ontheotherhand, = EVEN representa setthat
containsall evenandno oddnumbershence, EVEN EVEN isasingleton
containingthe only setsatisfyingtheseconditions.

Recallthatthe setoperation®f arepointwiseextensionf thecorrespond-
ing operationsof ; therefore they presere soundnessk-or example, if -
approximates ,then -approximates , etc.

Finally, since is functional,following the discussiorin Section2.4, we restrict
thedomainof abstractetsto -monotondunctions,i.e.,to . Notethatabstract

setoperationgresere -monotonicityanddo not interferewith this restriction.This
givesuswith a abstracdomainfor setsthat(a) preseresall setoperationsand(b) has
aninfo-preservingwidening. We useelementf this abstracidomainasbasicblocks
for designing -preservingabstractionsn the next section.
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Fig. 2. (a) Abstracting : thetop row summarizesoundnesselationsfor abstracting inter
pretationsthemiddle one— models,.e., interpretionof atomicpropositionsand relation;
thebottomone—  -preservingabstraction®f Kripke structures(b) A fragmentof the abstrac-
tion , where

4 Abstract Inter pretation for Modal -Calculus

In this section,we developanabstractiorof ~ modelsthatis soundw.r.t. satishction
and refutationof all formulas,i.e.,if an  formulais satis ed (refuted)by the
abstracmodel,it is satis ed (refuted)by the concreteone.We startby formalizingthe
notionof  -preservingapproximationn the languageof Al, andthensystematically
extendit to the desiredabstractionThe top half of the diagramin Figure 2(a) illus-
tratesthe structuresandrelationsdiscussedn this section,wheresolid lines represent
relationsbetweerstructuresanddashedhosebetweertheir components.
Weassumehat isacollectionof concreteelementscalledstatesand isatruth
domain.Recallfrom Section2.3thataninterpretatiorof overasetdomain
mapseachclosed formulatoa -setover ,where is the degreeto which
aformula istruein astate .
Let beanabstractiomainapproximating viaasoundneseelation ,and
be anabstractruth domainapproximating via asoundnesselation asde nedin
Section3.1. Furthermorelet be aninterpretationof ~ formulasas -sets
over
A naturalway to extendthe soundnesselation  from stateto  interpretations
is to saythat approximates  if forevery  formula andeveryabstracstate
, approximateshe degreeto which is truefor every concretestate
correspondingo . We denotethis soundneseelationby  andformalizeit usingthe
setsoundnessgelation , de nedin Section3.2,as

( soundness)

In this paper we are only interestedn the model-basednterpretationof . A
naturalwayto extend to modelsisto saythataconcretamodel is approximatedy
anabstractmodel if thecorresponding interpretation is approximatedy

. Formally, we de ne amodelsoundnesegelation  as

(modelsoundness)

In the restof this section,we employ the Al framewvork to constructan abstract
model thatisabest -approximatiorof agivenconcretemodel . As discussedn
Section3, werestricttheuniverseof to -monotondunctionsfrom to



We rst outlinethestepsnvolved:(1) de ne asoundneseelation  betweerinter-
pretationsof the operatorandderive the correspondingbstractiorfunction  ; (2)

shav that an abstractmodel -approximates con-
cretemodel if for each , -approximates
and -approximates ; (3) concludethatthebestapproximatiorof is givenby

Step 1. For agiven -model,an interpretationof modalformulas,i.e. formulas
with  butno xpoint quanti ers,is determinedy the model'sinterpretatiorof the
operatorThus,wede ne  asfollows:

( -soundness)
Following Theoreml, its correspondin@bstractiorfunction  is de ned as
( -abstraction)

Step 2. To shav that an abstractmodel -approximatesa concretemodel
if eachcomponenbf approximateshe correspondingounterparbf , we needto
shaw thatfor any formula -approximates
Theorem4. Let beaconcretemodel,

be an abstract modelsudh that approximates via a soundnesselation
Then,

The theoremis provedby structuralinductionon , usingTheorem?2 for casesvhere
containsa xpoint quanti er.
Step3. Finally, wede ne anabstractiodunction  thatmapseachconcretenodel
to its bestabstractpproximation:

(modelabstraction)

For example,considera concretebooleanmodel , Where

EVENand . Then, isinterpretedin as
EVEN ODD, andin theabstractiorof as EVEN
ODD .

The resultingabstractiorfunction allows usto abstract models,obtaining
abstractionsvhich arebothsoundandprecise However, depend®naninterpreta-
tionof modality, which we left unspeci ed.We studythis subjectbelow.

5 Abstraction of Kripk e Structures

In practicethe modalityis ofteninterpretedusingaKripke structureIn this section,
we areinterestedn conditionsunderwhich a Kripke structureover an abstracistates-
pace(i.e.,anabstracKripke structure)s a bestapproximatiorof a givenconcreteone.
We shaw thatthe frameawork of Al providesanelegantandalmostmechanicaivay to
answetrthis question.

Approximating Kripk e Structur es. Below, we aim to extendthe soundnesselation
betweermodelsto asoundnesgelation  betweerKripke structuresandderive a
correspondingbstractiorfunction
Throughoutthis section,we assumehat is a concreteKripke
structureover concretestates anda truth domain , and
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@) — (b)

Fig. 3. (a) Soundnesselationsbetween modality and transitionfunction; (b) Detail of (a):
relations and

is anabstracKripke structurewhere is anabstracdomainrelatedto via , and
is anabstractruth domainrelatedto  via
The soundnesselation  on Kripke structuress de ned as a restrictionof the
modelsoundnessgelation  (seeFigure2(a)):

(Kripke soundness)
By Theoremd, isdecomposedverthe component®f the Kripke structure:

wheretherelation  betweertransitionfunctionsis de ned as:

pre pre (transitionsoundness)
Theabstractiofunction  correspondingp  hasalreadybeende nedin Section3.2.
Thus,the only missingingredientfor de ning is thetransitionabstraction . Un-
fortunately the soundnesselation is not functional; making Theoreml not appli-
cable.However, we shav belov that  canbe easilymadefunctional. We begin by
introducinganintersectioroperator  : whichallowsus
to expresshepre-imageof atransitionfunction aspre
We thende ne afunctionalsoundnessgelation (seeFigure3(a)):

Noticing that is determinecby a set , we extend to a soundness
relation  betweersets(seeFigure3(b)):
(successosoundness)
Finally, is madefunctional:

pre pre

However, is still not functional! Thus,beforeapplying Theoreml to construct
, we needto constructheabstractiorfunction  directly, i.e.,withoutusingTheo-
rem1. We dosobelow.

Abstraction of Intersection. Intuitively, theideal abstraction is suchthatthe di-

agramin Figure 3(b) commutesThatis, implies that

. Notethat is functional,thusthede nition of followsfrom
Theoreml. Following a standardechniqueof Al, we proceedo reomganizethis def-
inition until the emegenceof conditionsunderwhich is the best -

abstractiorof . Thisderivationis simplebut long, andis omittedfrom the paper For
details,pleaseseefull versionof this paper{18]. Here,we only shav the nal result.
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Theorem5. Let and be a concieteand an abstract domainrelatedby
and betruth-domaingelatedby , andfor ,let  bede nedas

whee is a dual-conetizationfunction. Then,

Toconstruct usingThec;reml, weneedaninfo-preservingvidening.Thewiden-

ing on — the pointwiseextensionof  of —is not info-preservingn
generallnsteadwe restrictthe abstracdomainto the -antimonotondunctions,i.e.,
to , since(a) is informationallyequivalentto , and(b) it makes
pointwisewidening info-preservingNotethat isalready -antimonotone.

Abstraction of Transition Functions. Oncetheabstraction isde ned,theabstrac-
tion of transitionfunctions  follows from Theoreml.:

(transitionabstraction)

By expanding , canbealternatiely expresseds:
pre
pre
Thatis, if , thena transition betweerabstracistates and
is astrue astheleastdegreewith which all concretestatesn have a successoin
, andasfalseasthe leastdegreewith which all successorsf statesin are
notin
In particular if theconcreteransitionfunction  is booleanthen
is -valuedandsatis es:

pre pre
For example,let . A fragmentof its abstraction is shovn in
Figure 2(b), where and are removed for clarity. For ary even
is de nitely odd, but it maybepositive or negative. Thus, the transitionfrom

to is d, and transitionsto andto are . Note that the pre-
imageof approximateshepre-imageof , e.g.,pre EVEN

ODD .

Finally, the bestabstractKripke structure of a concreteKripke structure

is obtainedcompositionally:
(Kripke abstraction)

Thus,we wereableto systematicallyderive rulesfor abstracting<ripke structures
by abstracKripke structures.

Notethatthediagramin Figure3(a)doesnotcommutej.e.,  pre pre
Thus,for agivenKripke structurejts bestabstractiorby anabstract -modelis more
precisethanits bestabstractiorby anabstracKripke structure For examplelet  be

if OoDD
if OoDD
otherwise
and POS EVEN NEG ODD.Then, pre
POS ODD , but pre . This

shaws that transition systemsare not necessariljthe bestabstractdomainfor -
preservingabstractions.
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6 Application: Abstraction of ClassicalKripk e Structures

In this section,we look at booleanKripke structuresand compareour abstractiorno
thatof Damset al. [8], which providesan alternatve way of computingthe best -
preservingabstractiorof Kripke structures.

We begin by addressingninor differencesdbetweenthe two approachedr-irst, the
goalof [8] isto preseresatishctionof positve  ,i.e.,afragmentof  with negation
restrictedto atomic propositions.Second Kripke structuresare abstractecy Mixed
TransitionSystemgMixTSs). Essentiallya MixTS is a Kripke structurewith two sep-
aratetransitionrelations, and , calledconstained andfree respectiely. The
interpretationof over MixTSs is the sameasits interpretationover Kripke struc-
tures,with the exceptionthat is interpretedaspre and -—aspre

Notethatpositve  isasexpressveasfull :forevery formula thereexists
anequialentpositive formulaNNF | its negationnormalform. Thus,anabstraction
that preseres positive easily extendsto full . Furthermorethe next theorem
shavs that MixTSs areequivalentto -valuedKripke structures.

Theorem6. Let bea MixTSwith statespace andtransitionfunctions and

and bea -valuedKripke structue with the samestatespaceand a transmon

function  sudthat .Thenforany formula
, NNF NNF

Thus, in the caseof booleanKripke structures,the abstractiondevelopedin this
paperis equivalentto that of [8]: samestructuresareusedasan abstractdomain,and
exactlythesame formulasarepresered.However, unlike theapproachakenin [8],
our work systematicallyderivesboth the abstractiorandthe notion of abstracripke
structuresfrom  -preseration andthe soundnesselation  betweenconcreteand
abstractkets.

It is interestingto notethatalthoughthe two abstractiongreequivalentw.r.t satis-
factionof , they arenotidentical.For completenesf)amset al. shav thatthe most
preciseMixTS abstractinga Kripke structuresatis esthefollowing conditions:

where and
. It is differentfrom ourabstraction , which,whenputin this notation,is:

We believe thatour characterizatioiis simpler;however, it remainsto be seenwhether
it is alsomoreusefulin practice e.g.,if it leadsto asmallersymbolicrepresentatiorgr
easierto constructtompositionallyetc. We leave this topic for futurework.

7 RelatedWork

Overtheyearsmary abstractiormethodshave beendevelopedfor ~ model-checking
[5,8,11,16,20,21,23]. They concentrat®n a speci ¢ model- transitionsystemsand
mostof thempresere soundnesgsatishction)for fragmentsof  : if anabstrackys-
temis anover-approximationof the concreteone,the abstractioris soundfor all uni-
versalproperties Similarly, a soundabstractiorfor existential propertiescomesfrom
underapproximation.
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The rst approachfor soundabstractionof full was proposedby Larsenand
Thompser20]. They have shavn that Modal TransitionSystemgMTS) canbe used
to combinebothover- andunderapproximationsHowever, the goalof thiswork is not
abstractionandit did not considerthe problemof how to abstracta Kripke structure
usinganMTS. Theconstructiorproblemis addressetly Damsetal. [8], whoindepen-
dentlyproposedisingMixTSs, aslightgeneralizatiorof MTSs,asabstraciodelsand
provided conditionsfor constructingan MixTS with the bestprecision.Although this
work usesAl to describeherelationshipbetweerconcreteandabstracstatespacesb-
stracttransitionsystemsarenot derived systematicallyjnstead the optimal conditions
arede ned basedon intuition, andboth soundnesandoptimality of precisionrequire
separatgroofs.

Amongtheattemptsof usingAl to systematicallyderive bestabstractionshework
of Loiseauxet al. [21] and Schmidt[22] arethe closestto ours.[21] shaoved how to
derive a simulation-basedoundabstracttransition systemfrom Galois connections
within the Al frameawork, but their resultsapply only to the universalfragmentof

. Motivatedby the studyof MixTSs, [22] shaved how to captureover andunder
approximationdetweertransitionsystemsaisingAl andsystematicallyerivedDamss
mostpreciseresults.However, the startinggoal of this work wasformalizingthe over-
andthe underapproximationstestrictingtheresultto thespecic ~ models,namely
transitionsystemsOnthe otherhand,in ourwork we startfrom formalizingthe notion
of soundnessf interpretations- the mostgeneralandexactgoal of abstractiorfor

(via the soundnesselation  in Section4), andthensystematicallyderive condi-
tionswhich guaranteghe bestprecisionof the abstractionThus,our resultscanbe ap-
pliedtodifferent modelswhereabstractingransitionsystemss justa specialcase.

Anotherimportantfeatureof ourwork is theuseof bilattices.Theapproachesf [8,
22] developbestover andunderapproximationseparatelywhereasour combination
of Al with bilatticesprovidesa uniform way for abstractionof both satisictionand
refutationof . Multi-valuedlogic hasbeenpreviously combinedwith abstractiorin
the form of 3-valuedtransitionsystemge.g.[15]). However, theseresultsdo not use
theframework of Al, and,in particular only dealwith soundnesandnotthe precision
of theabstractionFurthermore3-valuedKripke structuregunlike thosebasecbn Bel-
naplogic) lack monotonicity[23]: amorere ned abstracdomaindoesnot necessarily
resultin amorepreciseabstractionandthusthe mostpreciseabstractiormaynot even
exist.

8 Conclusion

In this paper we have shavn that abstractinterpretationprovides a systematiowvay
for designingabstractiongor model-checkingOn one hand,our work canbe seenas
recreatingthe pioneeringwork of Damset al. [8] in a systematicsettingwhereeach
stepin designinganabstractiorandeachlossof precisioncanbetracedbackto either
the choice of an abstractdomain,or the requirementson the abstractstructure.On
the other hand,our work also extendstheir resultsto non-traditionalinterpretations
of , suchasits multi-valued[4] and quantitatve [9] interpretationsTo the bestof
our knowledge,thisis the rst abstractiortechniquethatcanbe appliedto thesenon-
classicainterpretations.
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In this paperwe lay thebasicgroundwork for designing -preservingabstractions
usingthe framework of Al. However, our work canbe easilyextendedin a numberof
directions We discussa few of thembelow.

We have showvn thatrequiringthat an abstractiorof a transitionsystembe a tran-
sition systemaswell, comeswith a loss of precision.Thus,it may be interestingto
explore how a transitionsystemcan be abstractedlirectly by an abstract  model.
Suchmodelswill requirenewv model-checkinglgorithms,but will provide additional
precision,and possiblybe easierto construct.For example,recentwork on symme-
try reduction[12] arguesthat insteadof constructinga reducedabstractmodel, the
symmetry-reduced modality canbe implementeddirectly by putting symmetryre-
ductioninside the model-checkingalgorithm. We believe that our framewvork can be
usedto extendthis approacho other non-symmetryinduced,abstractdomains.Our
work ona softwaremodel-checkrYasm [17] is a rst stepin thisdirection.

In designingabstraction®of Kripke structureswe have assumedhat the domain
andrangeof the transitionfunction are abstractedy the sameabstractdomain.This
neednot bethe case By usingdifferentbut relatedabstracdomainswe obtaina gen-
eralizationof “hyper-transitionabstractions]23,10] to arbitraryabstracdomains.

Althoughnot shavn explicitly in the paperthe pointwiseextensionof the bilattice
narroving operator to abstracttructuregprovidesa simpleway to combineseveral,
not necessaril\pest,abstractionsThis allows us to studyincrementalconstructionof
abstractionssuchastheonein [1].

We believe that our frameawork providesthe necessargtartingpoint for exploring
the connectiorbetweenAl and model-checkingandhopeto continuethis line of re-
searchin thefuture.
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