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This paperdescribesa framework, basedon AbstractInterpretation,for creating
abstractionsfor model-checking.Speci�cally, we studyhow to abstractmodelsof � -
calculusandsystematicallyderiveabstractionsthatareconstructive,sound,andprecise,
andapply themto abstractingKripke structures.Theoverall approachis basedon the
useof bilatticesto representpartialandinconsistentinformation.

1 Intr oduction

Abstractionplays a fundamentalrole in combatingstate-spaceexplosion in model-
checking.Thegoalof abstractionis to constructanabstractmodelof asystemwhich is
smallenoughto beeffectively analyzed,andyetrich enoughto yield conclusiveresults.
Successof currentabstractionprojects,suchasSLAM [2] andBandera[6], indicates
thatabstractionis aneffective techniquefor enablingmodel-checkingof realisticsoft-
waresystems.

In model-checking,transitionsystemsare typically abstractedas follows: (1) An
abstractstatespaceis de�ned suchthateachabstractstatecorrespondsto a setof con-
cretestates.This correspondencecanbe arbitrary, asin predicateabstraction[16], or
in�uenced by the concretestatespace,asin symmetryreduction[11]. (2) An abstract
transitionsystemis constructedby de�ning atransitionrelationoverthisabstractstates-
pace.(3) Finally, theresultingsystemis arguedto becorrect,i.e.,it is shown to preserve
a fragmentof thedesiredtemporallogic.

The problemwith the above approachis that it is not algorithmic: the techniques
usedto constructtheabstractsystemsrequireacertainamountof intuition of users,and
extraeffort is neededto show thattheresultingabstractionis correct.Thismakesit dif-
�cult to understandaspeci�c abstractionmethodandimproveonit. For example,given
anabstractionthatpreservesuniversalCTL, how shouldit bechangedto preserve the
entireCTL? It is alsodif�cult to understandtherelationshipbetweendifferentabstract
methods.For example,asshown in [24], predicateabstractionandsymmetryreduction
differ only in their choiceof abstractstates.However, this insightwasnotapparentjust
from thedescriptionof thesemethods.

Given the role abstractionplays in the model-checkingprocess,we believe it is
essentialto createageneralmethodologyfor systematicallyconstructingandanalyzing
abstractions.In the context of static analysisof programs,sucha framework, called
AbstractInterpretation(AI), hasalreadybeenproposedby [7]. It providesa collection
of notationsandtoolsto formalizetheapproximationof programsemantics,aswell as
to designandanalyzeprogramabstractions.Thegoalof this paperis to specializethe
AI framework to model-checking.



Therearea numberof waysto do this specialization,given thebreadthof model-
checkingapproaches.Our goal hereis to createabstractionsthat preserve properties
expressedin themodal � -calculus[19] ( ��� ). Following therecipesof AI, we system-
atically derive conditionsunderwhich anabstract� � modelis thebestabstractionof
a concreteone.We guaranteethat theseabstractmodelsare (a) sound,i.e., if an � �

formula is satis�ed in the abstractmodel it is satis�ed in the concrete,(b) mostpre-
cise,i.e.,satisfythemostproperties,and(c) have thedesiredstructuralcharacteristics,
e.g.,a requirementthat an abstractionof a transitionsystemis a transitionsystemas
well. Theseconditionsareconstructiveand,asweshow in thispaper, canbederivedal-
mostmechanically. Thealgorithmfor building adesiredabstractionfollowsfrom these
conditionsdirectly.

Thelogic ��� includesnegation,sothatan ��� formula ��� is satis�edif f � is refuted.
If weassumethateveryformulais eithersatis�edor refutedin anabstractionaswell, it
mayseemthatpreservingsoundnessfor all �

� formulasmeansthatsuchanabstraction
mustsatisfyandrefuteexactlythesamepropertiesasthecorrespondingconcretemodel
(resultingin a bisimilar model).If the goal is to save spacefor model-checking,this
abstractionwould be very limited. Thus,most existing abstractionsare restrictedto
fragmentsof ��� , i.e., only to the universalor only to the existentialproperties(see,
e.g.,[21]).

Theinsightweusein thispaperis thatanabstractionis inherentlyincomplete:some
formulasmaybeneithersatis�ednor refutedby it. We proposeto treatsatisfactionand
refutationindependently. If we classifyall �

� formulasusinga pair � Sat	 Ref
 , where
Satcontainsall the formulassatis�ed in an abstractmodel,while Refcontainsall the
refutedones,thenSatandRefarenot necessarilycomplementsof eachother. In fact,
SatandRefmaynot evenbedisjoint, allowing someformulasto bebothsatis�ed and
refuted.

Associatingknowledgeabouttruthandfalsityof everypieceof evidencecanbenat-
urally encodedusing4-valuedBelnaplogic [3] which enjoys nicemathematicalprop-
ertiesassociatedwith bilattices[14,13]. That is, bilatticesenablea uniform approach
for handlingpartial andinconsistentinformation,allowing reasoningabouttruth and
knowledgein a singletheoreticalframework. In this paper, by combiningthe theories
of AI with that of bilattices,we obtaina simpleandelegant framework for deriving
abstractionsfor �

� . Dueto thegeneralityof bilattices,our resultsapplynotonly to the
traditionaltwo-valuedinterpretationof �

� , but alsoto its multi-valued[4] andquanti-
tative [9] interpretations.

The contribution of this paperis a generaltechnique,basedon AI, for deriving
abstractionsfor model-checking.It allowsunderstandingandcomparingdifferenttech-
niques,andprovidesamethodologyfor proving soundnessandprecisionof thedesired
abstraction.We thenstudythis techniqueon two additionallevels. First, we apply it
to ��� models,and thenspecializeit to abstractingtransitionsystemsrepresentedas
Kripkestructures.

Therestof this paperis organizedasfollows: after providing thenecessaryback-
groundin Section2, we show how to lift abstractionbetweenelementsto abstraction
betweensetsof elementsin Section3. This givesusa generalframework for approx-
imating interpretationsof ��� . In Section4, we derive abstractionsfor model-theoretic
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interpretationsof ��� , and thenapply our techniqueto abstractingtransitionsystems
in Section5. In Section6, we specializethe resultsof Section5 to booleantransition
systems,andcomparethemto thoseobtainedby Damset al. [8]. We relateour tech-
niquewith otherabstractionapproachesin Section7 andsummarizeour contributions
in Section8.

2 Background
In thissection,we introducethebasicconceptsof latticetheory, modal � -calculus,and
abstractinterpretation.

2.1 Lattices and MonotoneFunctions

A lattice is a partially orderedset ����� � 	���� in whicheverysubset	 of � hasa least
upperbound,calledjoin anddenoted
�	 , anda greatestlower bound,calledmeetand
denoted��	 . A lattice is distributive if meetandjoin distribute over eachother, i.e.,

��
�������
�������
�
�����������
���� , and ��
�
�������������
������ 
!��������� .
A De Morganalgebra is a structure"#�$� � 	�� 	�%�� , where � � 	���� is a distributive

latticeand %'& �)( � is anegationthatsatis�esinvolution( %*%+
+�,
 ) andDeMorgan
laws: %-��
������.�/%�
�
�%�� , and %-��
�
����.�/%�
0�1%�� .

We denotethe spaceof functionsfrom 2 to 	 by 23(4	 , or 	65 . For example,
both 27(98 	:(<;>= and ��;�?@�A5 denotethe spaceof functionsfrom 2 to functions
from 	 to ; .

Let 2 beasetand ���/� � 	���� bea lattice.Theorderingandoperationsof � extend
pointwiseto �B5 , i.e., C��ED6FHGI
KJL2NMOCP��
Q�R�)DS��
Q� . This turns �B5 into a latticewith
thesamepropertiesas � . In particular, if � is distributiveor DeMorgan,sois �

5 .
A function C betweentwo partiallyorderedsets��2 	���� and ��	 	�T�� is monotone(or,

order-preserving) if f 
U���-VWCP��
Q��T�CP����� , andanti-monotoneiff 
!���+VXCP�����0T

CP��
Q� . We useanupward( Y ) anddownward( Z ) arrows to indicatemonotoneandanti-
monotonefunctions,respectively. For example, 8 2[(\	�=^] denotesthe spaceof all
monotonefunctionsfrom 2 to 	 , and ��	65��`_ denotesthe spaceof all anti-monotone
functions.Monotoneandanti-monotonefunctionsareclosedunderpointwisemeetand
join; thus,if 	 is a lattice,thensoare 8 2,(a	-=b] and 8 2'(a	-=c_ .

2.2 Truth Domainsand Sets

A truth-domain" is a collectionof elementsd , referredto astruth values, together
with a truth ordering T anda negationoperator��&Qd3([d , suchthat "$�e��d 	�T 	 ���

is a De Morganalgebra.The truth orderingordersthe elementsbasedon their truth
content;thus, 
�T'� standsfor “ 
 is lesstruethan � ”. Themeet( f ) andjoin ( g ) of the
truth orderingarecalledconjunctionanddisjunction, respectively.

Thebestknown truth domainis theclassicalbooleanlogic h with valuestrue and
false. Its truth orderingis shown in the Hassediagramin Figure1(a), with negation
indicatedin parentheses.OtherexamplesincludeBelnaplogic i , shown in Figure1(b),
which extendsbooleanlogic with two additionalvalues: j and d, to represent“un-
known” and“inconsistent”,respectively; andFuzzylogic k , shown in Figure1(c).The
truth valuesof k areformedby thesetof all realnumbersin theclosedinterval 8 l 	�m�= ,
wherel standsfor false, m for true, andtheremainingvaluesstandfor degreesof truth;
furthermore,negationis de�ned as ��n�o/mp%Un , sothat �Pl-��m and �Rm>�,l .
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Fig.1. (a)-(c)Truth domains:(a) 2-valuedbooleanlogic, (b) Belnaplogic, and(c) Fuzzylogic.
(d) An abstractdomainfor � .

Given a collection of elements� , a set over � is a function from � to a truth
domain.Thus,a boolean(or classical)set is a function from � to h , a Belnapset is
a function from � to i , anda fuzzy set is a function from � to k . Setorderingand
operationsarede�ned by pointwiseextensions.Let ��� 	����0&�� (ad betwo sets.Then

�! #"$�&%('*),+.-/�! /01+3254$�&%601+32 �! 879�:%('<;�+=-/�! /01+323>?�&%601+32

�! '@;�+.-/A��8 /01+,2 �! 8B9�:%('<;�+=-/�! /01+323C?�&%601+32

2.3 Modal D -Calculus

In this section,we describethemodal � -calculus[19], or � � .
De�nition 1. Let EGFIH bea setof variablesand 2KJ bea setof atomicpropositions.The
logic �

�
��2KJ-� is thesetof all formulassatisfyingthegrammar

LNMOM PNQSR6T.R

A

LUR6L

C

LNR6V�LUR/W:T

-

L

0

T

2�X

where Y!JU2ZJ , and [�JUEGFIH . Furthermore, [ in ��[-M �R�\[ � mustoccurunderthescope
of anevennumberof negationsin �@�][ � .
Additionally, wede�ne thefollowing syntacticabbreviations:

L

>_^U'`A�0]A

L

C9A8^�2

Lba

^U'`A

L

>c^ed

L

'fA

V

A

Lhg�i

-

L

0

i

25'`A

Wji

-/A

L

0]A

i

2

The modal operator k is typically interpretedas “an existenceof an immediate
future”. For example,“ Y ” meansthat Y holds now, “ kjY ” meansthat thereexists an
immediatefuturewhereY holds,and“ l(Y ” meansthat Y holdsin all immediatefutures.
Thequanti�ers � and m standfor leastandgreatest�xpoint, respectively.

An occurrenceof a variable [ in a formula � is boundif it appearsin thescopeof
a � quanti�er andis freeotherwise.For example, [ is free in Y*gUk�[ , andis boundin

��[�M�Y gnk�[ . A formula � is closedif it doesnot containany freevariables.
A set-basedinterpretationof �

� over a setdomain "?o is a mapping pqp M!prp from
closed �

� formulasto " -setsover ; . The elementsof ; areoften calledstates, and
pqp �spqp �����B�ut is readas“the degreeto which � is satis�edby (or, truein) a state� is t ”.

An ��� modelis a structurev � �^"?o 	 �OY:w��

��x

58y

	�k�w � , where "9o is a setdo-
main;for eachYLJ 2ZJ , Y

w is in "
o ; and k

w
& "

o
( "

o is a z -monotonefunction.
The setdomainis called the universeof v , and Y8w and k�w are interpretationsof
atomicpropositionsandthe k operator, respectively. A model v givesrise to an � �

interpretationpqp M�pqp w .
The interpretationprp �sprp w{ is de�ned inductively on thestructureof the formula � ,

where |!&�E�F�HS(a"9o is anobjectassignmentfor freevariables:
ROR Q!R}R ~

•

'

Q,~ R}R T€ROR ~

•

'f•‚0

T

2

ROR L

C9^

ROR
~

•

'

ROR L�ROR
~

•

B

ROR

^

ROR
~

•

R}R

A

L�ROR
~

•

'

ROR L�R}R

~

•

ROR W

+c-

L�ROR ~

•

'

lfp ƒ…„

;,�S-

ROR L�ROR ~

•�† ‡/ˆ ‰‹Š•Œ}Ž

R}R V�L�ROR ~

•

'

V8~

0

ROR L�ROR ~

•

2
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wherelfp ��C is the z -least�xpoint of C . For a closed��� formula � , prp �sprp w{ � prp �sprp w

{��

for any | and |�� . Thus,we write prp �sprp w for that value,andde�ne it to be themodel-
basedinterpretationof � .

Formulasof ��� areoften interpretedover Kripke structures.A Kripke structure is
a tuple � � ��2ZJ 	 ; 	 " 	�� 	���� , where 2ZJ is a collectionof atomicpropositions,; is a
collectionof elements(calledstates), " is a truthdomain,�*& 2ZJ/( "…o is amapping
from atomicpropositionsto setsover ; , and �:&@;a(<" o is a transitionfunction
mappingeachstateto a setof its successors.For a transitionfunction � , we de�ne a
pre-imageoperatorpre8 �>= & "

o

( "

o andits dual 	pre8 �>= as:

pre
 �
�

0��Z2�0��/2‚'<>������G0

�

0���23B��K2�0���2 �

pre
 �
�

0��Z25'

pre
 �
�

0 �‹2

Intuitively, pre8 ��=`���+����� � is a degreeto which the set � ��� � of successorsof � hasa
non-emptyintersectionwith � . A Kripke structure� �e��2ZJ 	 ; 	A" 	�� 	���� givesriseto
an ���I��2KJ-� model v ���-�R�e�b"?o 	��}Y:w �"!�#A�

��x

58y

	 k�w$�"!%#A� , whereYjw �"!�#.o&� �}Y � , and
k�w$�"!%#>o pre8 �>= . Finally, the interpretationprp M,prp ! of �

� in � is de�ned as prp �sprp !'o

pqp �spqp w$�'!�# .

2.4 Abstract Inter pretation

Theframeworkof AbstractInterpretation(AI) providesacollectionof toolsfor system-
aticdesignandanalysisof semanticapproximations[7]. Theframework is very�e xible
andcanbeappliedin variousways.Below, wegiveabriefoverview of AI, summarizing
theresultsusedin ourwork.

Basicsof Abstract Inter pretation. Inputsto anAI framework arecollectionsof con-
creteelements; andabstractelements2 , calleda concreteandan abstract domain,
respectively. A notion of approximation,or abstraction,is formalizedby a soundness
relation (bzN2*) ; , where


(

� is readas“ 
+( -approximates� ”.
A concretizationfunction ,3&>2 ( -�o mapseachabstractelementto a set of

concreteelementscorrespondingto it: ,P��
Q�*o/. � p�


(

��0 . An abstractelement
 is
calledconsistentif ,���
Q�21 �43 ; otherwise,we say 
 is inconsistent. Theelementsof 2

canbethoughtof asproperties,suchas“positive” or “odd”, and ,P��
Q� asacollectionof
concreteelementssatisfying
 . Theconcretization, inducesanapproximationordering

576

on 2 suchthat 


586

�RF9,���
Q�;: ,������ .
Intuitively, 


5
6

� meansthat 
 approximatesmoreconcreteelementsthan � ; there-
fore, 
 is lessinformative,or equivalently, lessprecisethan � . Whenviewedasa prop-
erty, 
 is weaker than � . For example,knowing that an elementis “positive” is less
informativethanknowing thatit is both“positive” and“odd”.

In this paper, an abstractdomain 2 is equippedwith an informationordering
5

5

suchthat ��2 	

5

5

� is a lattice and 


5

5

�KV 


5
6

� . Thus,we canstudyproperties
of anabstractdomainindependentlyof any particularsoundnessrelation.Furthermore,
we assumethat 2 satis�es“the existenceof a bestapproximation”[7], thatis:

GS��J1;,M=<Q
�J�2 M ��


(

�.f*GI


�

JL2 M�


�

(

�pV/,P��


�

�>: ,P��
 � �

anduse ?3&�; ( 2 to denotean abstraction function that mapseachconcreteel-
ementto its bestapproximation.Note that for a given � , 2 may have several best
approximations;thus, ? is not uniquely de�ned. In such cases,it is convenient to
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usethe
5

5

-largest ? , so that ( and , canbe expressedas 


(

� F 


5

5

?R����� and
�>J ,���
Q��F:


5

5

?B����� , respectively.
A lower boundwith respectto

5 6

is calledwideningandis denotedby � . Intu-
itively, for a set � z,2 , �

� is anabstractelementrepresentingthe informationcom-
mon to all elementsof � , i.e., ,P�

�

�-� :����

x��

,P�	� � . In particular, the greatestlower
bound �

5

of
5

5

is a widening.A widening � is info-preservingif for any � contain-
ing no inconsistentelements,� � is thebestrepresentationof informationcommonto
all elementsof � , i.e., GI
KJL2 M ,���
Q�>:
� �

x��

,���� �.V9,P��
Q�;:$,��

�

�-� .
Abstractdomains��2=� 	

5

�O� and ��2K� 	

5

��� areinformationallyequivalentif they rep-
resentthesamedegreesof information,thatis, GI
:�>JL2 ��M <Q
€��J�2K��M ,&� ��
3���.� ,€� ��
€� �

and GI
€��J�2K�pM=< 
,�>J 2=�RM ,&� ��
3���.� ,,� ��
€��� .
Forexamplesin thispaper, weusethesetof integers� asaconcretedomain,andthe

domain 
 , shown in Figure1(d),astheabstractdomain.Thesoundnessrelation (




z


 )�� is self-explanatory, e.g.,2 is (


 -approximatedby Y�� �����6t�� , �6t�� , Y�� � , and ����� ,
whereY�� �����
t�� is its bestabstractapproximation.Similarly, ,




���6t�� � is thesetEVEN
of all evennumbers,,




������D � is thesetNEGof all negativenumbers,, 


������D����6t�� � is
NEG  EVEN, etc.

Functional Abstraction. In practice,it is commonto synthesizeabstractionsof com-
plex structuresusingabstractionsof their parts.A particularapplicationis abstraction
of functions,or functionalabstraction[7].

Let !/�,2 ��(a2Z� and " �,;s��(:;(� becollectionsof abstractandconcretefunc-
tions,where 2=� and 2Z� areabstractdomainsapproximating;Z� and ; � , respectively.
A soundnessrelation ($#nz%! )&" is functionalif D (�# -approximatesC if f D preserves
soundnessof C . Formally, ($# satis�es

')(�*,+�-

)�.
 0/21Z 

-�)�3
 0/54, 

06.
 

2!-

'

06.
 

2

(

%

+

063
 

2

(functionalsoundness)

Let � bea wideningoperatorof 2 � , and ?87/&9" (:! bede�ned as
;,<

0

+

2�06.�2�'>=@?

��ACBEDGFIH

;

%
0

+

063	2�2

(functionalabstraction)

Then ?87-��CS� is a (�# -approximationof C , andits precisionis determinedby theprecision
of thewideningoperatorused.

Theorem1. [7] Let ! , " , (�# , and ?87 beasabove. If � is info-preserving, then ?07 ��CS�

is thebest(�# -approximationof C .

Oneof themainresultsof AI is that ?07 preserves�xpoints:

Theorem2. [7] Let ��; 	�T

o

� bea lattice, C &�8 ;e( ;>=b] bea monotonefunction,and
��2 	�T

5

� bea lattice approximating ; via (

o

. If the join operator g

5

of 2 preserves
soundness,i.e., ��?

o

���
�

� g

5

?

o

���
�

� �

5

5

?

o

���
�

g

o

�
�

� , thentheleast�xpoint of ?
7

��CS�

(

o

-approximatestheleast�xpoint of C : JLK�M)N�O�?
7

��CS� (

o

JPK�M�N�Q C .

Functional Abstraction and MonotoneFunctions. Let !��/8 2
�

(a2
�

= beasabove,
andassumethat 2=� and 2K� areequippedwith informationorderings

5

� and
5

� , re-
spectively. Thentheset !-]��/8 2 ��(a2K��=c] of

5

-monotonefunctionsis informationally
equivalentto ! .Furthermore,if � is aninfo-preservingwideningof 2=� , thenits point-
wiseextensionto functionsis alsoaninfo-preservingwideningof !6] [24]. Therefore,
we alwaysrestrictthe abstractdomainof functionalabstractionto

5

-monotonefunc-
tions.
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3 Abstract Sets

Setsplay therole of basicblocksin thede�nition of � � semantics.In this section,we
develop an abstractionof setsthat preservesall setoperations,including setcomple-
ment.This abstractiongivesus the necessarytools for abstracting� � models,which
we do in Section4. But it is independentof � � andcanbeusedanywhereabstractsets
arerequired.

We assumethat ; and 2 area concreteandan abstractdomain,respectively, re-
latedby a soundnessrelation (


 andan abstractionfunction ?


 . We aim to lift (


 to
a soundnessrelation (

� betweenconcretesets,i.e., functionsfrom ; into a �x edtruth
domain " , andabstractsets,i.e., functionsfrom 2 into sometruth domain i (poten-
tially different from " ). The goal of (

� is to preserve setmembership:that is, if ���

(

� -approximates� , thenif 
EJ 2&(


 -approximates� , ������
Q� mustapproximate�p����� .
As always,we alsowantto know when ��� is a bestapproximationof a givenset � .

We view setsasfunctions,soit is naturalto express(

� asa functionalabstraction.
For this,wemust�rst identify thenotionof anabstracttruthdomaini andsettleonthe
meaningof “approximatingtruthvalues”.

3.1 Bilattices asAbstract Truth Domains

Intuitively, anabstracttruth-domaini is a truth-domainand,therefore,hasa truth or-
deringanda negation.It is alsoanabstractdomainandneedsaninformationordering.
Furthermore,truth operationsshouldnot interferewith the informationordering.For
example,if 
 and � arein i and 
 is lessinformative than � , thennegationof 
 ( �P
 )
mustbelessinformativethan ��� .

A structurethat capturesour intuition is that of a bilattice,which hasbeenintro-
ducedby Ginsberg [14] to enablereasoningwith partialityandinconsistency. Here,we
brie�y describedistributivebilattices.

De�nition 2. [14] A distributive bilattice is a structure i$�H��	 	

5

	�T 	 ��� such that:
(1) i

�

����	 	

5

� is a lattice and i

�

����	 	�T 	 ��� is a De Morganalgebra; (2) meet( � )
andjoin ( 
 ) of i

� , andmeet( f ) andjoin ( g ) of i

� are monotonewith respectto both
5

and T ; (3) all meetsand joins distribute over each other; and (4) negation ( � ) is
5

-monotone.

Theordering
5

rankselementsof i with respectto information,and T ranksthemwith
respectto truth.Operationsf and g of i

� arecalledconjunctionanddisjunction.In the
spirit of AI, we referto � and 
 aswideningandnarrowing, respectively.

DeMorganalgebrashaveanaturalconnectionto bilattices.

Theorem3. [14,13]. Let "[�a��d 	�� 	�%�� be a De Morgan algebra, and i0�b" � be a
structure ��d )Ld 	

5

	�T 	 ��� such that
�

.,X����	�

�

3�X�
�� ' .
���‚C 3���


�

.,X���� 4

�

3�X�
�� ' .
���‚C�
�� 3 A

�

.,X���� '

�

�
X .��

Then, i��^"6� is a distributive bilattice. Furthermore, everydistributive bilattice is iso-
morphicto i��^"6� for someDeMorganalgebra " .

For a truth-domain" , an element ��n 	�� 
 of i0�b"6� is interpretedas a truth value
whosedegreeof truth is n anddegreeof falsity is � . For example, i0��h � consistsof
four elements:��� 	�� 
 representingtrue– maximaldegreeof truthandminimaldegreeof

7



falsity, � � 	 � 
 representingfalse, ��� 	�� 
 representinglackof knowledge– minimal degree
of both truth andfalsity, and � � 	 � 
 representingan inconsistency (or disagreement)–
maximaldegreeof bothtruthandfalsity. It is easyto verify that i�� h � is exactlyBelnap
logic shown in Figure1(b).For convenience,weintroduceprojections��� and ��� de�ned
as ���

� �^n 	 � 
 � o n and ���

� �^n 	 � 
 �Bo � .
Guidedby theaboveintuition, we saythat i0�b"6� is anabstract truth-domaincorre-

spondingto a truthdomain" . Intuitively, ��n 	�� 
pJ�i0�b"6� approximates��J�" if n is no
moretruethan � , and � is nomorefalsethan � . In particular, ��� 	�%�� 
 is thebestapprox-
imationof � . Formally, this is capturedby anabstractionfunction ?

�

�����.o ��� 	�%�� 
 , and
a soundnessrelation (

�

o*. ��
 	 ���sp 


5

?

�

����� 0 .
It iseasyto verify thattruthoperationsof i0�b" � , includingnegation,preservesound-

ness.Thatis, if 
&�

5

?

�

���
��� and 
€�

5

?

�

���/� � , then 
3�.fL
��

5

?

�

���
�.fL�/� � , 
3��gL
€�

5

?

�

���6��g��/��� , and �P
3�

5

?

�

� �P�6��� . Furthermore,� is aninfo-preservingwidening.

3.2 SetAbstraction

We now formally de�ne the soundnessrelation (

� betweenconcrete( ;[( " ) and
abstract( 2,(Hi��^"6� ) setsas:

���

(	�

� ' )�.
/21

-�)�3
/@4	


06.�2!-/���!06.�2	�

;

��0]��063	2�2

(setsoundness)

Thesoundnessrelation (

� is functional,andthecorrespondingabstractionfunction ?

�

follows immediatelyfrom Theorem1:
;

�

0]��2�06.�28'
��?

� A�� DGFIH

;

�
0]��063	2�2

(setabstraction)

Notethat ?

�

�\� ����
Q�@� ��n 	�� 
 meansthattheelementsin ,




��
Q� belongto � with a truth
degreeof at least n , andto � with a truth degreeof at least � . In particular, if � is a
booleanset,then ?

�

�\� � is a Belnapset; ?

�

�\�.����
Q� is � if f ,




��
Q� is containedin � , � if f
,




��
Q� is containedin � , j if f ,




��
Q� is not containedin either � or � , andd if f ,




��
Q� is
containedin both � and � .

For example,anabstraction?

�

� EVEN� of abooleansetEVEN J�h

�

is

;

�

0

EVEN
2�06.�2‚'

��

�

��	�

if
4	


06.�2 "

EVEN
�

if
4	


06.�2 "

ODD
� otherwise

Notea differencebetweenanabstractelement�
t�� andanabstractset ?

�

� EVEN� . The
formerrepresentsa propertyof beinganevennumber, and ,




���6t�� �B� EVENis theset
of all numbershaving this property. On theotherhand,?

�

� EVEN� representsa setthat
containsall evenandnooddnumbers;hence,,

�

��?

�

� EVEN� � �*. EVEN0 is asingleton
containingtheonly setsatisfyingtheseconditions.

Recallthatthesetoperationsof i0�b"6�

5 arepointwiseextensionsof thecorrespond-
ing operationsof i��^"6� ; therefore,they preserve soundness.For example,if � � (

� -
approximates� , then ��� (

� -approximates� , etc.
Finally, since (

� is functional,following the discussionin Section2.4, we restrict
thedomainof abstractsetsto

5

-monotonefunctions,i.e., to i0�b"6�

5

]

. Notethatabstract
setoperationspreserve

5

-monotonicityanddo not interferewith this restriction.This
givesuswith a abstractdomainfor setsthat(a) preservesall setoperationsand(b) has
an info-preservingwidening.We useelementsof this abstractdomainasbasicblocks
for designing��� -preservingabstractionsin thenext section.
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(a) (b)

���

Interpre-
tation

� �

Model

Kripke
Structure

Section4

Section5

Concrete Abstract

�������

Q

�����
	

�

�

#

O

�

�

�

Q�


�

���

���

O��

#


 �

���

�

	

�

�

#

O

�




�

���

���

O��

#


 �

���

�

o




�


��

�


 �

���

�

5




	

�

�

#


��

�


 �

���

6! 

6!"

6$#

%&%('�%&%

�

%&%)'�%&%

�

6+*

6+*

6+*

6+,

6+-

���	�

��
�� �


��	�

�
�����


��	�

��
�� �

���	�

�
�����

���	�


��	�

t t

d

m

d

m

m t

m

d

m

d

m
d d

Fig.2. (a) Abstracting.0/ : thetop row summarizessoundnessrelationsfor abstracting.

W inter-
pretations;themiddleone– .0/ models,i.e., interpretionsof atomicpropositionsand V relation;
thebottomone– .0/ -preservingabstractionsof Kripke structures.(b) A fragmentof theabstrac-
tion ;21

0

�

 2

, where�

 01+32

P

+4365

.

4 Abstract Inter pretation for Modal 7 -Calculus

In this section,we developanabstractionof � � modelsthat is soundw.r.t. satisfaction
and refutationof all ��� formulas,i.e., if an ��� formula is satis�ed (refuted)by the
abstractmodel,it is satis�ed(refuted)by theconcreteone.We startby formalizingthe
notionof ��� -preservingapproximationin thelanguageof AI, andthensystematically
extend it to the desiredabstraction.The top half of the diagramin Figure2(a) illus-
tratesthestructuresandrelationsdiscussedin this section,wheresolid linesrepresent
relationsbetweenstructures,anddashedthosebetweentheir components.

Weassumethat ; is acollectionof concreteelements,calledstates,and " is atruth
domain.Recallfrom Section2.3thataninterpretationof �

�
pqp M/pqp overasetdomain"?o

mapseachclosed�
� formulato a " -setover ; , where prp � prp ����� is thedegreeto which

a formula � is truein astate� .
Let 2 beanabstractdomainapproximating; via asoundnessrelation(


 , andi0�b"6�

beanabstracttruth domainapproximating" via a soundnessrelation (

� asde�ned in
Section3.1.Furthermore,let prp M&pqp

� bean interpretationof �
� formulasas i0�b" � -sets

over 2 .
A naturalway to extendthesoundnessrelation (


 from statesto �
� interpretations

is to saythat prp M/prp � approximatespqp M/pqp if for every ��� formula � andeveryabstractstate

*J 2 , pqp �spqp � ��
Q� approximatesthedegreeto which pqp �spqp is truefor everyconcretestate
� correspondingto 
 . Wedenotethissoundnessrelationby (

� andformalizeit usingthe
setsoundnessrelation (

� , de�ned in Section3.2,as
ROR

-

R}R

�

(98

ROR

-

ROR

' )

L

/

.
/

-

R}R L�ROR

�

(
�

ROR L�ROR ( ��� soundness)

In this paper, we areonly interestedin the model-basedinterpretationsof � � . A
naturalway to extend (

� to modelsis to saythataconcretemodel " is approximatedby
anabstractmodel ! if thecorresponding�

� interpretationprp M&pqp : is approximatedby
pqp M�pqp ; . Formally, wede�ne amodelsoundnessrelation (�< as

=

(9>@?

'

ROR

-

ROR A

(
8

ROR

-

ROR B (modelsoundness)

In the restof this section,we employ the AI framework to constructan abstract
model ! thatis a best(

< -approximationof a givenconcretemodel " . As discussedin
Section3, werestricttheuniverseof ! to

5

-monotonefunctionsfrom 2 to i0�b" � .
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We�rst outlinethestepsinvolved:(1) de�ne asoundnessrelation (

�

betweeninter-
pretationsof the k operatorandderive thecorrespondingabstractionfunction ?

�

; (2)
show that an abstractmodel !:� ��i��^"6�

5

]

	 �OY ;R�

�•x

58y

	 k ;R� ( < -approximatesa con-
cretemodel " �:�b"?o 	 �OY�:Q�

��x

58y

	 k :Q� if for eachY J 2KJ , Y ; (

� -approximatesY : ,
and k ; (

�

-approximatesk : ; (3) concludethatthebestapproximationof " is givenby
?0<6�6" �.o��^i0�b"6�

5

]

	 ��?

�

�OY : � �

��x

58y

	�?

�

�\k : � � .
Step 1. For a given � � -model,an interpretationof modal formulas,i.e. formulas

with k but no �xpoint quanti�ers, is determinedby themodel's interpretationof the k

operator. Thus,we de�ne (

�

asfollows:
V A

(

�

V B

'$)�� /�� 0��K2	� 
S-�)�� /54

�

0��S2!-

V A

0��…2

(	�

V B

0�� 2

( k -soundness)

Following Theorem1, its correspondingabstractionfunction ?

�

is de�ned as
;

�

0

V2B

2�0��S25'
�
�

� A

*

D��0H

;

�

0

V2B

0��K2�2

( k -abstraction)

Step 2. To show that an abstractmodel ! (�< -approximatesa concretemodel "

if eachcomponentof ! approximatesthecorrespondingcounterpartof " , we needto
show thatfor any formula � , prp � prp

;
(

� -approximatespqp �spqp
: .

Theorem4. Let "L���^"?o 	��}Y�: �

��x

58y

	�k :Q� beaconcretemodel,!����^i0�b"6�

5

	��}Y ;@�

��x

58y

	

k ;R� be an abstract modelsuch that 2 approximates; via a soundnessrelation (


 .
Then,! ( < "�� G�YLJ 2ZJ'M Y ; (

�

Y�:�fnk ; (

�

k : .

Thetheoremis provedby structuralinductionon � , usingTheorem2 for caseswhere
� containsa �xpoint quanti�er.

Step3. Finally, wede�ne anabstractionfunction ? < thatmapseachconcretemodel
to its bestabstractapproximation:

;

>

0

?

2‚' 0
�

0��K2
�

 X 0

;

�

0

Q B

2�2�� �

���

X

;

�

0

V�B

2�2

(modelabstraction)

For example,considera concretebooleanmodel "��:� h

�

	\Y
:

	�k
:

� , where Y
:

�

EVENand k :����j��M . � p ����m J �;0 . Then, kjY is interpretedin " as pqp kjY prp :��

k : � EVEN� � ODD, andin theabstractionof " as pqp kjY prp

�

"

� :�#�� ?

�

�\k :Q����?

�

� EVEN� � �

?

�

� ODD� .
The resultingabstractionfunction ?

< allows us to abstract��� models,obtaining
abstractionswhicharebothsoundandprecise.However, ?

< dependsonaninterpreta-
tion of k modality, whichwe left unspeci�ed.We studythissubjectbelow.

5 Abstraction of Kripk eStructures

In practice,the k modalityis ofteninterpretedusingaKripkestructure.In this section,
we areinterestedin conditionsunderwhich a Kripke structureover anabstractstates-
pace(i.e.,anabstractKripkestructure)is abestapproximationof agivenconcreteone.
We show that theframework of AI providesanelegantandalmostmechanicalway to
answerthis question.

Approximating Kripk e Structur es. Below, we aim to extendthesoundnessrelation
(

< betweenmodelsto asoundnessrelation (

!

betweenKripkestructures,andderivea
correspondingabstractionfunction ?

!

.
Throughoutthis section,we assumethat "�� ��; 	A" 	�� : 	��4: � is a concreteKripke

structureover concretestates; anda truth domain " , and ! �H��2 	 i0�b"6� 	�� ; 	�� ;R�
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(a) (b)
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�

#
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��� �
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�����
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��� 	

�

�

#
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�

�
	

�

�

#

�

�

�

���

o

���

Q �

���

5

�
	

�

�

#

O

�

6 ,

6 -

�
	 


�

�

�

�

�
	 


�

�

�

�

6�� 
����

6
�

� �

Q

����� � 	

�

�

#

O

�

�
	

�

�

#

�

�

�

Q

	

�

�

#

O

�

6�� 
����

� �����

���>#

6 �

� �����

��� #

Fig.3. (a) SoundnessrelationsbetweenV modality and transitionfunction; (b) Detail of (a):
relations(�� �� �! and (#" .

is anabstractKripke structure,where 2 is anabstractdomainrelatedto ; via (


 , and
i��^"6� is anabstracttruth domainrelatedto " via (

� .
The soundnessrelation (

!

on Kripke structuresis de�ned asa restrictionof the
modelsoundnessrelation ( < (seeFigure2(a)):

=

(�$4?

'&% 0 = 2

(9>

% 0

?

2

(Kripkesoundness)

By Theorem4, (

!

is decomposedover thecomponentsof theKripkestructure:
=

(
$

?('

0r)

Q

/ 1�)
-�*

A

0

Q

2

(
�

*

B

0

Q

2�23C

�

A

(

1

�

B

wheretherelation (,+ betweentransitionfunctionsis de�ned as:

�

A

(

1

�

B

'

pre
 �

A

�

(

� pre
 �

B

� (transitionsoundness)

Theabstractionfunction ?

� correspondingto (

� hasalreadybeende�nedin Section3.2.
Thus,theonly missingingredientfor de�ning ?

!

is thetransitionabstraction?
+ . Un-

fortunately, thesoundnessrelation (
+ is not functional;makingTheorem1 not appli-

cable.However, we show below that (
+ canbe easilymadefunctional.We begin by

introducinganintersectionoperator-�.0/21 : -�.0/21 ��3!��� �.� o,g

�

��3  S�.����� � whichallowsus
to expressthepre-imageof a transitionfunction � aspre8 �>=`���-�.� � � M4-�.0/21 ��� ��� � �����+� .
We thende�ne a functionalsoundnessrelation (

� ����� (seeFigure3(a)):

-�.0/21 ��3!� (

� �����

-�.0/21 ��5 �.o G8�)J�i��^"6�

5

]

MOG���J ,

�

� �.��M6-�.0/21 ��3!��� �.� (

�

-�.0/21 ��5 �����-�

Noticing that -�.0/21 ��3!� is determinedby a set 3 , we extend (

� ����� to a soundness
relation (87 betweensets(seeFigure3(b)):

�

(#"

� '&9;:=<0>/0��…2

(�� �� �!

9;:=<0>/0�� 2

(successorsoundness)

Finally, (,+ is madefunctional:

�

A

(

1

�

B - pre
 �

A

�

(

� pre
 �

B

�

-

)�.
/ 1

- )�3
/@4




0��/28-09;:=<0>�0

�

A

06.�2�2

(
� �� �!

9?:=<4>/0

�

B

063	2�2

-

)�.
/ 1

- )�3
/@4	


0��/28-

�

A

06.�2

(#"

�

B

063 2

However, (
7 is still not functional!Thus,beforeapplyingTheorem1 to construct

?
+ , weneedto constructtheabstractionfunction ?@7 directly, i.e.,withoutusingTheo-

rem1. We dosobelow.

Abstraction of Intersection. Intuitively, the ideal abstraction?
7 is suchthat the di-

agramin Figure3(b) commutes.That is, ?A7���3U�+�B5 implies that ?

� �����

��-�.0/21 ��3!� �+�

-�.0/21 ��5 � . Notethat (

� ����� is functional,thusthede�nition of ?

� �����

��-�.4/
1 ��3U� � followsfrom
Theorem1. Following a standardtechniqueof AI, we proceedto reorganizethis def-
inition until the emergenceof conditionsunderwhich 5 J$i0�b" �

5 is the best (87 -
abstractionof 3 . Thisderivationis simplebut long,andis omittedfrom thepaper. For
details,pleaseseefull versionof this paper[18]. Here,weonly show the�nal result.
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Theorem5. Let ; and ��2 	

5

5

� bea concreteandan abstract domainrelatedby (


 ,
" and i��^"6� betruth-domainsrelatedby (

� , andfor 3HJ�" 5 , let ? 7 bede�nedas
;

"

0��S2�06.�2 '

�

> ?

��A � D FIH

� 063 2�X C ?

�

�

A��CDGFIH

A
� 063	2���X

where 	,




��
Q� o . ��JH; p2?




�����

5

5


 0 is a dual-conretizationfunction. Then,
?

� �����

��-�.0/21 ��3!� �.� -�.4/
1 ��? 7���3U� � .
Toconstruct? + usingTheorem1,weneedaninfo-preservingwidening.Thewiden-

ing � on i���d�� 5 – the pointwiseextensionof � of i0�b"6� – is not info-preservingin
general.Instead,we restricttheabstractdomainto the

5

-antimonotonefunctions,i.e.,
to i��^"6�

5

_

, since(a) i��^"6�

5

_

is informationallyequivalentto i��^"6�

5 , and(b) it makes
pointwisewidening � info-preserving.Notethat ? 7 ��3U� is already

5

-antimonotone.
Abstraction of Transition Functions. Oncetheabstraction?@7 is de�ned, theabstrac-
tion of transitionfunctions? + follows from Theorem1:

; 1

0

�

B

2�06.�28'
� ?

� A � DGFIH

;

"

0

�

B

063 2�2

(transitionabstraction)

By expanding?
7 , ? + canbealternatively expressedas:

���

0

;
1

0

�

B

2�06.�2�0 �	2�2

P

C ?

� A�� DGFIH

pre
 �

B

�

0
4	


0 � 2�2�063	2

���

0

;�1

0

�

B

2�06.�2�0 �	2�2

P

C ?

� A�� DGFIH

�

pre
 �

B

�

0]A
�
4




0 �	2�2�063 2

That is, if �
;

� ? + ���
:

� , thena transition �
;

��
 ������� betweenabstractstates
 and �

is astrueastheleastdegreewith whichall concretestatesin ,




��
Q� havea successorin
,




����� , andasfalseasthe leastdegreewith which all successorsof statesin ,




��
Q� are
not in 	,




����� .
In particular, if theconcretetransitionfunction � : is boolean,then � ;N� ?

+
��� :Q�

is i�� h � -valuedandsatis�es:
�

A

06.�2�0 � 2

P

�

4	

06.�2 "

pre
 �

B

�

0
4	


0 � 2�2�X
4	


06.�2 " �

pre
 �

B

�

0]A
�
4	


0 �	2�2��

For example,let �c� �^nI�*o n ��m . A fragmentof its abstraction?
+

���=��� is shown in
Figure 2(b), where Y�� � , ����D and � ��� are removed for clarity. For any even n , n �

m is de�nitely odd, but it maybepositive or negative. Thus, the transitionfrom �6t��

to �

���

is d, and transitionsto Y�� �����

���

and to ����D ���

���

are j . Note that the pre-
imageof ?

+
���=��� approximatesthepre-imageof �_� , e.g.,pre8 ?

+
���.���`= ��?

�

� EVEN� �.�

?

�

� ODD� .
Finally, the bestabstractKripke structure ?

!

�6" � of a concreteKripke structure
" �/��; 	A" 	��9: 	��4:Q� is obtainedcompositionally:

;

$

0

?

2�' 0
1

X
�

0��K2�X

;

�	�

*

B

X

;
1

0

�

B

2�2

(Kripkeabstraction)

Thus,we wereableto systematicallyderive rulesfor abstractingKripke structures
by abstractKripkestructures.

Notethatthediagramin Figure3(a)doesnotcommute,i.e., ?

�

� pre8 �>=b� 1� pre8 ?
+

����� = .
Thus,for agivenKripkestructure,its bestabstractionby anabstract� � -modelis more
precisethanits bestabstractionby anabstractKripkestructure.For example,let �_� be

�

%
01+325'

�
�

�

�
�




+

if
+���
 C_+

/

ODD
�

+

if �

�N+���
#Cc+
/

ODD
�




otherwise

and 3 o � POS EVEN�,� � NEG  ODD� . Then, ?

�

� pre8 � �O=^����?

�

��3!� ���OY�� � ���

���

�B�

?

�

� POS  ODD���OY�� �����

���

�N� � , but pre8 ?
+

��� ��� =`��?

�

��3!� ���OY�� � ���

���

�)� j . This
shows that transition systemsare not necessarilythe best abstractdomain for � � -
preservingabstractions.
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6 Application: Abstraction of ClassicalKripk eStructures
In this section,we look at booleanKripke structuresandcompareour abstractionto
that of Damset al. [8], which providesan alternative way of computingthe best � � -
preservingabstractionof Kripkestructures.

We begin by addressingminor differencesbetweenthe two approaches.First, the
goalof [8] is to preservesatisfactionof positive � � , i.e.,afragmentof � � with negation
restrictedto atomicpropositions.Second,Kripke structuresareabstractedby Mixed
TransitionSystems(MixTSs).Essentially, aMixTS is a Kripkestructurewith two sep-
aratetransitionrelations, �.o and ��� , calledconstrained andfree, respectively. The
interpretationof ��� over MixTSs is the sameasits interpretationover Kripke struc-
tures,with theexceptionthat k is interpretedaspre8 �coP= and l – as 	pre8 ����= .

Notethatpositive ��� is asexpressiveasfull ��� : for every ��� formula � thereexists
anequivalentpositive formulaNNF� ��� , its negationnormalform. Thus,anabstraction
that preservespositive ��� easily extendsto full ��� . Furthermore,the next theorem
showsthatMixTSsareequivalentto i0��h � -valuedKripkestructures.
Theorem6. Let

�

bea MixTSwith statespace2 andtransitionfunctions�_o and ��� ,
and � be a i0��h � -valuedKripke structure with the samestatespace, and a transition
function � ! such that �+!p��
Q������� � ���=o���
Q������� 	 � ������
Q������� 
 . Then,for any �

� formula
� , pqp �spqp ! � ��pqp NNF� ���
pqp � 	6prp NNF� ���P�
pqp � 
 .

Thus, in the caseof booleanKripke structures,the abstractiondevelopedin this
paperis equivalentto thatof [8]: samestructuresareusedasanabstractdomain,and
exactly thesame�

� formulasarepreserved.However, unliketheapproachtakenin [8],
our work systematicallyderivesboth theabstractionandthenotionof abstractKripke
structuresfrom �

� -preservation andthe soundnessrelation (

� betweenconcreteand
abstractsets.

It is interestingto notethatalthoughthetwo abstractionsareequivalentw.r.t satis-
factionof ��� , they arenot identical.For completeness,Damset al. show thatthemost
preciseMixTS abstractinga Kripkestructuresatis�esthefollowing conditions:
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where ����� �\��	��>��o7G��EJ � M < �LJ��/M � ��� ����� � and �����Q�\� 	��>��o/< �)J � M < � J

�UM��6� � ����� � . It is differentfrom ourabstraction?
+ , which,whenput in thisnotation,is:
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We believe thatour characterizationis simpler;however, it remainsto beseenwhether
it is alsomoreusefulin practice,e.g.,if it leadsto asmallersymbolicrepresentation,or
easierto constructcompositionally, etc.We leave this topic for futurework.

7 RelatedWork
Overtheyears,many abstractionmethodshavebeendevelopedfor �

� model-checking
[5,8,11,16,20,21,23]. They concentrateon a speci�c model– transitionsystemsand
mostof thempreservesoundness(satisfaction)for fragmentsof � � : if anabstractsys-
temis anover-approximationof theconcreteone,theabstractionis soundfor all uni-
versalproperties.Similarly, a soundabstractionfor existentialpropertiescomesfrom
under-approximation.
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The �rst approachfor soundabstractionof full � � wasproposedby Larsenand
Thompsen[20]. They have shown thatModal TransitionSystems(MTS) canbe used
to combinebothover- andunder-approximations.However, thegoalof thiswork is not
abstraction,andit did not considerthe problemof how to abstracta Kripke structure
usinganMTS. Theconstructionproblemis addressedby Damsetal. [8], whoindepen-
dentlyproposedusingMixTSs,aslightgeneralizationof MTSs,asabstractmodels,and
providedconditionsfor constructingan MixTS with thebestprecision.Although this
work usesAI to describetherelationshipbetweenconcreteandabstractstatespaces,ab-
stracttransitionsystemsarenotderivedsystematically;instead,theoptimalconditions
arede�ned basedon intuition, andbothsoundnessandoptimality of precisionrequire
separateproofs.

Amongtheattemptsof usingAI to systematicallyderivebestabstractions,thework
of Loiseauxet al. [21] andSchmidt[22] arethe closestto ours.[21] showed how to
derive a simulation-basedsoundabstracttransitionsystemfrom Galois connections
within the AI framework, but their resultsapply only to the universal fragmentof

�
� . Motivatedby thestudyof MixTSs, [22] showedhow to captureover- andunder-

approximationsbetweentransitionsystemsusingAI andsystematicallyderivedDams's
mostpreciseresults.However, thestartinggoalof this work wasformalizingtheover-
andtheunder-approximations,restrictingtheresultto thespeci�c � � models,namely,
transitionsystems.Ontheotherhand,in ourwork westartfrom formalizingthenotion
of soundnessof ��� interpretations– themostgeneralandexactgoalof abstractionfor

��� (via thesoundnessrelation (

� in Section4), andthensystematicallyderive condi-
tionswhichguaranteethebestprecisionof theabstraction.Thus,our resultscanbeap-
pliedto different ��� models,whereabstractingtransitionsystemsis justa specialcase.

Anotherimportantfeatureof ourwork is theuseof bilattices.Theapproachesof [8,
22] developbestover- andunder-approximationsseparately, whereasour combination
of AI with bilatticesprovidesa uniform way for abstractionof both satisfactionand
refutationof ��� . Multi-valuedlogic hasbeenpreviously combinedwith abstractionin
the form of 3-valuedtransitionsystems(e.g. [15]). However, theseresultsdo not use
theframework of AI, and,in particular, only dealwith soundnessandnot theprecision
of theabstraction.Furthermore,3-valuedKripkestructures(unlikethosebasedonBel-
naplogic) lackmonotonicity[23]: a morere�ned abstractdomaindoesnotnecessarily
resultin amorepreciseabstraction,andthusthemostpreciseabstractionmaynoteven
exist.

8 Conclusion

In this paper, we have shown that abstractinterpretationprovides a systematicway
for designingabstractionsfor model-checking.On onehand,our work canbeseenas
recreatingthe pioneeringwork of Damset al. [8] in a systematicsettingwhereeach
stepin designinganabstractionandeachlossof precisioncanbetracedbackto either
the choiceof an abstractdomain,or the requirementson the abstractstructure.On
the other hand,our work also extendstheir resultsto non-traditionalinterpretations
of ��� , suchasits multi-valued[4] andquantitative [9] interpretations.To the bestof
our knowledge,this is the �rst abstractiontechniquethatcanbeappliedto thesenon-
classicalinterpretations.
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In thispaper, welay thebasicgroundwork for designing� � -preservingabstractions
usingtheframework of AI. However, our work canbeeasilyextendedin a numberof
directions.We discussa few of thembelow.

We have shown that requiringthatan abstractionof a transitionsystembe a tran-
sition systemaswell, comeswith a lossof precision.Thus, it may be interestingto
explore how a transitionsystemcanbe abstracteddirectly by an abstract� � model.
Suchmodelswill requirenew model-checkingalgorithms,but will provide additional
precision,andpossiblybe easierto construct.For example,recentwork on symme-
try reduction[12] arguesthat insteadof constructinga reducedabstractmodel, the
symmetry-reducedk modality canbe implementeddirectly by putting symmetryre-
duction inside the model-checkingalgorithm.We believe that our framework canbe
usedto extendthis approachto other, non-symmetryinduced,abstractdomains.Our
work ona softwaremodel-checkerYASM [17] is a �rst stepin thisdirection.

In designingabstractionsof Kripke structures,we have assumedthat the domain
andrangeof the transitionfunction areabstractedby the sameabstractdomain.This
neednot bethecase.By usingdifferentbut relatedabstractdomains,we obtaina gen-
eralizationof “hyper-transitionabstractions”[23,10] to arbitraryabstractdomains.

Althoughnot shown explicitly in thepaper, thepointwiseextensionof thebilattice
narrowing operator
 to abstractstructuresprovidesa simpleway to combineseveral,
not necessarilybest,abstractions.This allows us to studyincrementalconstructionof
abstractions,suchastheonein [1].

We believe thatour framework providesthenecessarystartingpoint for exploring
the connectionbetweenAI andmodel-checking,andhopeto continuethis line of re-
searchin thefuture.
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