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Abstract

The PR-tree data structure is introduced to characterize the sets of path-tree mod-
els of path graphs. We further characterize the sets of directed path-tree models of
directed path graphs with a slightly modified PR-tree. An algorithm is presented
which constructs a PR-tree that captures the path-tree models of a given graph.
This algorithm is extended to construct the modified PR-tree which captures the
directed path-tree models of a given graph. For a given graph with n vertices and
m edges, these algorithms have a runtime complexity ofO(a(n+m)∗n∗m) (where
a(s) is the inverse of Ackermann’s function arising from Union-Find[22]). Addi-
tionally, the size of a PR-tree produced by these algorithms is O(n + m). These
algorithms are further used to recognize path graphs and directed path graphs.
This approach nearly matches the timing of best known recognition algorithms for
both path graphs and directed path graphs (both of which are O(n ∗m)).

Key words: PR-tree, intersection graphs, path graphs, directed path graphs, clique
trees

1 Introduction

All graphs considered here are finite, have no parallel edges, and no loops.
For a graph G, we use n and m to denote the number of vertices and edges
of G respectively. Also, when discussing the intersection of subgraphs of a
graph we mean vertex (rather than edge) set intersection.

The following notation is used in this paper. Given a subset V ′ of V ,G[V ′],
is the subgraph of G induced by V ′. A clique C of G is a subset of V where
every pair is adjacent. Let KG denote the set of maximal cliques of G, and
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for every vertex v ∈ V , we let Sv denote the set of maximal cliques of G
that contain v (i.e., Sv = {C : C ∈ KG and v ∈ C}). For a vertex v of G, the
neighbourhood of v N(v) is the set of vertices adjacent to v. We also use [i, j]
to denote the set {i, i+1, ..., j−1, j} for natural numbers i and j where i ≤ j.

A tree is a connected graph with no cycles. Furthermore, a directed tree is a
tree where each edge is treated as an ordered pair. Notice that, in a directed
tree, we can have multiple vertices with no edges that end at them (i.e.,
multiple “source vertices” are possible). A rooted tree T is a directed tree
with a single source vertex (note: since T is a directed tree, there must be at
least one source). A directed path is a rooted tree with a single leaf (i.e., a
path whose edges are all oriented in the same direction). Finally, an ordered
tree is a rooted tree where the children of every vertex are ordered.

A graph is chordal when it has no induced k-cycle, for k ≥ 4. In [9] Gavril
showed that the chordal graphs are the intersection graphs 1 of subtrees of
a tree. In particular, a graph G with V (G) = {v0, v1, ..., vn−1}, is chordal iff:

There is a tree T , and a collection {t0, t1, ..., tn−1} of subtrees of T , such
that: T =

⋃n−1
i=0 ti and ∀i, j ∈ [0, n− 1], vivj ∈ E(G)⇔ V (ti) ∩ V (tj) 6= ∅.

We call such a tree and collection of subtrees a tree-tree model of G.

An interval graph is the intersection graph of a set of intervals on the real
line; equivalently, it is the intersection graph of subpaths of a path. In par-
ticular, a graph G with V (G) = {v0, v1, ..., vn−1}, is interval iff:

There is a path P and a collection {p0, p1, ..., pn−1} of paths in P , such that:
P =

⋃n−1
i=0 pi and ∀i, j ∈ [0, n− 1], vivj ∈ E(G)⇔ V (pi) ∩ V (pj) 6= ∅.

We call such a path and collection of subpaths a path-path model of G.

In [2] the sets of path-path models of interval graphs are characterized us-
ing a data structure called PQ-trees. In particular, a PQ-tree can be used to
represent the set of path-path models of a given interval graph. Addition-
ally, a PQ-tree can be constructed for a given graph G inO(n+m) time. The
PQ-tree has also seen numerous applications. Some of these include linear
time: isomorphism testing for interval graphs [16], recognition for interval
graphs [2], and consecutive ones property testing the of a matrix [2].

The path graphs – intersection graphs of paths of a tree – are the primary
focus of this work and are an intermediate class between interval graphs
and chordal graphs. In particular, a graph G with V (G) = {v0, v1, ..., vn−1},
is a path graph iff:

There exists a tree T and a collection {p0, p1, ..., pn−1} of paths in T , such
that: T =

⋃n−1
i=0 pi and ∀i, j ∈ [0, n− 1], vivj ∈ E(G)⇔ V (pi) ∩ V (pj) 6= ∅.

We call such a tree and collection of subpaths a path-tree model of G.

The intersection graphs of directed paths in directed trees (i.e., the directed
path graphs) are also of interest in this paper.

1 More information on intersection graphs is available in many texts (i.e., [17]).
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These graph classes are related by the following proper inclusions: interval
⊂ directed path ⊂ path ⊂ chordal [18].

A lot of work has been done to characterize path graphs, directed path
graphs, and other similar chordal graph classes. The clique tree theorems
(presented in detail in section 2.1) by Gavril (path graphs [10], and chordal
graphs [9]), Monma and Wei (on directed path graphs [18]) and Gilmore
and Hoffman (on interval graphs [11]) tell us that we can greatly restrict the
possibilities for the corresponding model of each of these graph classes, i.e.,
the model of a graph G must be a spanning subgraph of G’s clique graph 2 .
The clique tree theorems were leveraged by Monma and Wei to develop the
clique separator theorems (see [18] ), which characterize each of these graph
classes by considering the local structure surrounding clique separators.
There are also forbidden induced subgraph characterizations (FISC) of chordal
graphs (by definition), interval graphs (by combining results from Lekkerk-
erker and Boland [14] and Köhler [12]), directed path graphs (by Panda
[19]), and, path graphs (by Lèvêque et al. [15]).

The recognition problem for these graph classes has also been well stud-
ied and polynomial time recognition algorithms are known for all of these
graph classes. The best known recognition algorithm for path graphs is by
Schaffer [21] and runs in O(n ∗ m) time (this algorithm follows the ap-
proach described by Monma and Wei [18] via their clique separator the-
orem). Also, a proposed linear time recognition algorithm for path graphs
is outlined in an extended abstract (by Dahlhaus and Bailey [7]) but, ac-
cording to Dahlhaus [6], this work will not appear in a journal submis-
sion. For directed path graphs, the complexity of recognition is known to
beO(n2 ∗m) via Monma and Wei’s clique separator theorem [18]. The com-
plexity of recognition for directed path graphs has recently been improved
to O(n ∗ m) by Chaplick et al. [4]. Additionally, interval graphs were first
shown to be recognizable in linear time by Booth and Lueker [2] (using PQ-
trees) and a simple linear time recognition algorithm has been developed by
Corneil et al. [5]. Chordal graphs also have a simple linear time recognition
algorithm due to Rose et al. [20].

In this paper, we introduce the PR-tree and strong PR-tree (see section 3)
data structures to characterize the sets of path-tree models of path graphs
and the directed path-tree models of directed path graphs respectively. We
will see that the strong PR-tree is a slight strengthening of the definition
of the PR-tree. Additionally, we demonstrate a degenerate form of the PR-
tree which characterizes the sets of path-path models of interval graphs (see
theorem 5.3). This degenerate form of the PR-tree is essentially the PQ-tree
of Booth and Lueker [2]. We also present an algorithm to construct a PR-tree

2 The vertex set of the clique graph of a graph G isKG and the edge set is the pairs
of maximal cliques whose intersection is not empty.

3



from a given graph G (see section 4). In particular, the PR-tree characterizes
G by capturing all of its path-tree models. Also, we extend this algorithm
to construct a strong PR-tree from a given graph. The size of any PR-tree or
strong PR-tree produced by these algorithms is linear (i.e., O(n + m)) with
respect to the size of the input graph. Additionally, both the algorithm and
its extended version have a running time ofO(a(n+m)∗n∗m) (where a(s) is
the inverse of Ackermann’s function arising from Union-Find as presented
in the addendum [3]). This nearly matches the fastest known recognition
algorithms for path graphs [21] and directed path graphs [4] (each of which
has a runtime complexity of O(n ∗m)).

We begin with some background results regarding these chordal graph
classes (see section 2). In the next section we define the PR-tree and and
strong PR-tree, and prove some key theorems which lead to their charac-
terizations of path graphs and directed path graphs. This is followed by
the algorithm to construct a PR-tree from a given graph (see section 4 - we
also provide the modified version used for strong PR-trees). Sections 5 3

and 6 present the correctness and runtime complexity of our PR-tree con-
struction algorithms. The paper ends with some concluding remarks and
consequences of this work (see section 7).

2 Background

In the first subsection of this section we discuss the Clique Tree Theorem for
the path, directed path, interval, and chordal graph classes. We then relate
the Clique Tree Theorem to characterizing the respective sets of models of
path graphs, directed path graphs, and interval graphs. The latter subsec-
tion provides the basis for our data structures (i.e., the PR-tree and strong
PR-tree presented in section 3)) and construction algorithms (see section 4).

2.1 The Clique Tree Theorem

In the definition of the path graph class there are no restrictions regard-
ing how we can choose the path-tree model which demonstrates a graph’s
membership in this class. In particular, any tree and collection of subpaths
may be selected as long as they satisfy the intersection conditions. This
is similarly true for the directed path, interval, and chordal graph classes.
In this section we present a very useful restriction on the models of these
graph classes in terms of their maximal cliques. This is known as the clique
tree theorem. In particular, the clique tree theorem tells us that a graph G
belongs to the path / directed path / interval / chordal graph class iff a

3 The degenerate PR-tree for interval graphs is also discussed in this section.
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respective model can be constructed from a host graph H whose vertex set
is the set of maximal cliques of G (i.e., KG) and the subset of V (H) corre-
sponding to a vertex v ∈ V (G) is the set of maximal cliques incident with v
(i.e., Sv). This is formalized in the following theorem:

Theorem 2.1.1 (Clique Tree) A graph G =(V={v0, v1, ..., vn−1},E) is:
(1) [10] A path graph iff there exists a tree T with vertex set KG, such that for

every i ∈ [0, n− 1], T induced on Svi is a path.
(2) [18] A directed path graph iff there exists a directed tree T with vertex set
KG, such that for every i ∈ [0, n− 1], T induced on Svi is a directed path

(3) [11] An interval graph iff there exists a path P with vertex setKG, such that
for every i ∈ [0, n− 1], P induced on Svi is a path.

(4) [9] A chordal graph iff there exists a tree T with vertex set KG, such that for
every i ∈ [0, n− 1], T induced on Svi is a tree.

Note: We use TG,
−→
T G, and PG to denote the set of all such path-tree, directed path-

tree, and path-path models (as in (1), (2), and (3) respectively). For example:
TG = {T : T is a tree with V (T ) = KG, and ∀ i ∈ [0, n− 1], T [Svi ] is a path}.

From here on we consider all path-tree, directed path-tree, path-path, and
tree-tree models to be the clique versions as outlined in the Clique Tree
Theorem (i.e., a path-tree model of a graph G is a tree, T , with vertex set
KG such that, for every vertex v of G, Sv induces a path in T ). The tree-
tree model as we have presented here is more commonly referred to as a
clique tree. We have chosen the name tree-tree model so that it is easier
to differentiate between a clique tree and the more restrictive versions of
clique trees used by restricted subclasses of chordal graphs (i.e., the path,
directed path, and interval graph classes). A detailed discussion of clique
trees can be found in many graph theory texts (for example [17]).

2.2 The Path-Tree, Directed Path-Tree, and Path-Path Problems

Using the clique tree theorem we can now formalize what we mean by hav-
ing a data structure which can characterize the set of path-tree / directed
path-tree / path-path models associated with any given graph.

We use the path-tree models as our canonical case for establishing this con-
cept. In particular, a data structure must be devised such that, for an arbi-
trary graph G, there is an instance of this data structure which captures the
path-tree models of G in a “concise” manner. Furthermore, an algorithm
must be devised which, for a given G, produces such an instance of the
data structure. The PR-tree and its corresponding construction algorithm
accomplish this goal. Additionally, the strong PR-tree and its construction
algorithm accomplish this goal for directed path-tree models. Booth and
Lueker [2] have already accomplished this for path-path models with the
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PQ-tree and its corresponding construction algorithm. In observation 3.4.2
we relate a degenerate form of PR-trees to PQ-trees (note: this degenerate
form is, for all intents and purposes, the same as a PQ-tree).

We begin to formalize the specification of each construction algorithm by
defining the path-tree, directed path-tree, and path-path problems.

Definition 2.2.1 Given a graph G the path-tree problem is to determine the set
TG of path-tree models of G, where TG is captured in a “concise” manner. The
directed path-tree and path-path problems are defined similarly using

−→
T G and

PG in place of TG (respectively).

Notice that, the set TG is the subset of all trees over the vertex set KG in
which Sv is a path for all v ∈ V (G). In this framing, each set of incident
maximal cliques can be thought of as a constraint. In particular, we define
the constraint set of a graph G to be the set SG = {Sv : v ∈ V (G)}.

To explain what we mean by “concise”, we apply a general approach (from
[1]) to the problem of constructing TG (see algorithm 1 below). This is called
a Reduction because it iteratively reduces the set of all trees to those
which satisfy the constraints.

Algorithm 1 Reduction(S), version 1:
Determining the set TG from SG for a graph G by reduction [1].

1 #pre: S = SG is the constraint set of a graph G (i.e, KG =
⋃
S∈S S).

2 #post: T is the set of path−tree models of G (i.e., T = TG).
3 T = {T : T is a tree and V(T ) =KG} # all possible trees over KG.
4 for S ∈ S:
5 T = T \ {T : T ∈ T , and T [S] is not a path}
6 return T

If we were to implement this algorithm by representing T as a list, it would
be quite easy, but also quite inefficient. The key to Algorithm 1’s success
relies entirely on having a data structure that represents the set T in a con-
cise manner and allow the introduction of new constraints (as in lines 4-5 of
Algorithm 1), to be performed efficiently. Furthermore, representing the set
TG as a list is not a good idea since this could be exponentially large with
respect to G. The data structure that we use for this is the PR-tree.

3 PR-trees

The class of PR-trees over U = {u0, u1, ..., uz−1} is defined to be all multi-
sourced directed trees where: each leaf is an element of U , each internal
(non-leaf, non-source) node is a P-node or an R′-node, and each source
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node is a P-node, an R-node, or an R′-node 4 . Since a PR-tree is a multi-
sourced directed tree, each non-source node could have more than one par-
ent node and more than one source node. Thus for a given node N , we let
Parents(N) be the parent nodes of N and Sources(N) be the source
nodes of N (note: when N is a source node, Sources(N) = {N}). Similarly,
we let Children(N) be the children of N and L(N) be the leaves of N
(i.e., when N is a leaf L(N) = {N}). Also, we use Desc(N) to denote the
descendents of N (i.e., when N is a leaf, Desc(N) = ∅).

In this section we formalize the PR-tree and prove that a PR-tree over the
set U represents a set of trees over U . Due to the conceptual complexity of
the PR-tree we present its definition using a staged approach. In particular,
we first present the weak PR-tree – a less restrictive version of the PR-tree.
The weak PR-tree is a directed acyclic graph over a less restrictive set of
nodes (P-nodes, weak R-nodes, and R′-nodes). This weaker structure not
only provides a clearer understanding of the PR-tree, but it is also useful for
our algorithm in section 4 as its properties are easier to maintain than those
of the PR-tree. In subsection 3.2 we establish the PR-tree by restricting the
weak PR-tree. Then, in subsection 3.3, we demonstrate that a PR-tree over
U represents a tree over U . In section 3.4 we define an equivalence class for
PR-trees and present the relationship between PQ-trees and PR-trees. The
final subsection (3.5) discusses least common ancestors (LCAs) in PR-trees
and demonstrates a relationship between the sets of path-tree models of
graphs and PR-trees with respect to least common ancestors. Throughout
this section we also describe the strong PR-tree (the restricted PR-tree used
for the directed path-tree problem).

3.1 The weak PR-tree

The purpose of this subsection is to introduce the weak PR-tree through its
building blocks. We first define these building blocks (i.e., the nodes that
make up a weak PR-tree): the P-node, weak R-node, and R′-node.

We use the term weak R-node to separate the definition of the R-node into
two important pieces. The first of which (def. 3.1.2 below) provides the
overall structure of the R-node. The full definition of the R-node appears in
subsection 3.2 (see def. 3.2.8) and describes additional conditions required
to ensure the path-tree models are properly represented.

Also, even though the weak PR-tree is a directed acyclic graph, we insist
that the rooted subgraph induced by each node is a rooted tree. This is
enforced by following property 4 in def. 3.1.1, 3.1.2, 3.1.3.

Definition 3.1.1 P is a P-node with Children(P) = {N0, N1, ..., Nk−1} when:

4 An element of U can be a source node, but only when |U| = 1.
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(1) k > 2; and
(2) ∀i ∈ [0, k − 1], Ni is an R′-node, a P-node, or an element of U ; and
(3) The children of P are ordered N0 < N1 < ... < Nk−1; and
(4) No two children of P have leaves in common, i.e., ∀i, j ∈ [0, k − 1], i 6= j ⇒

L(Ni) ∩ L(Nj) = ∅.

Note: We draw a P-node as a circle with its children drawn below it (see fig. 1).

Fig. 1. Two P-nodes with the set of children {N0, N1, ..., Nk−1} where P0 has the
order: N0 < N1 < ... < Nk−1 and P1 has the order: Nk−1 < N0 < N1 <... < Nk−2.

Notice that every P-node has at least three children. The reason for doing
this is to avoid a potential ambiguity. In particular, as we will see later (see
subsection 3.4), a P-node with two children is effectively the same as an
R′-node with two children. This choice of disambiguation stems from the
relationship between R′-nodes and R-nodes, which we discuss next.

Before formally defining weak R-nodes and R′-nodes, we first discuss the
relationship between these nodes. For every weak R-nodeR there is a non-
empty set of R′-nodesRR′ where Children(R) =

⋃
Q∈RR′

Children(Q). Simi-
larly, for every R′-nodeQ there is a unique weak R-nodeQR such that every
child of Q is a child of QR and no other weak R-node has children in com-
mon withQ. Also, the children of an R′-nodeQ are ordered (similarly to the
children of a P-node) and this order is constrained by Q’s weak R-node.

Definition 3.1.2 R = {RT , RR′} is a weak R-node with Children(R) = {N0,
N1, ..., Nk−1} when:
(1) k > 1; and
(2) RT is a tree whose nodes are the children ofR; and
(3) RR′ is the set of all R′-nodes which are parents ofR’s children

(i.e.,RR′ = {Q : ∃i ∈ [0, k − 1], Q ∈ Parents(Ni) and Q is an R′-node}); and
(4) No two children ofR have leaves in common; and
(5) ∀i ∈ [0, k − 1], Ni is an R′-node, a P-node, or an element of U , where:

(a) No other weak R-node may have children in common with R (i.e., ∀N ∈
(Parents(Ni)− {R}), N is a P-node or an R′-node); and

(b) IfNiNj (j ∈ [0, k−1]) is an edge inRT , then there is an R′-nodeQ ∈ RR′

such that Ni and Nj are children of Q.

Note: To visualize a weak R-nodeR we useRR′ andRT (see fig. 2 below).

Definition 3.1.3 Q is an R′-node with Children(Q) = {N0, N1, ..., Nk−1} if:
(1) k > 1; and
(2) ∀i ∈ [0, k − 1], Ni is an R′-node, a P-node, or an element of U ; and
(3) The children of Q are ordered N0 < N1 < ... < Nk−1; and
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(4) No two children of Q have leaves in common; and
(5) There exists a weak R-node QR with tree (QR)T , such that ∀i ∈ [0, k −

1], QR ∈ Parents(Ni) and N0, N1, ..., Nk−1 is a path in (QR)T . Note: from
property 5a of weak R-nodes (def. 3.1.2 above), QR is the only weak R-node
with children in common with Q, thus QR is the weak R-node of Q.

Note: We draw an R′-node as a rectangle with its children below it (see fig. 2).

Fig. 2. Weak R-node with tree RT (left) and R′-nodes RR′ = {Q0, Q1, Q2} (right).
Note: each R′-node orders its children as shown, i.e., Q2 has N4 < N1 < N0 < N3.

We now provide a couple of observations to emphasize the relationship
between weak R-nodes and R′-nodes.

Observation 3.1.4 If R is a weak R-node, Q is an R′-node, and Children(Q) ∩
Children(R) 6= ∅, then Children(Q) ⊆ Children(R), QR =R and Q ∈ RR′ .

Observation 3.1.5 IfQ0 andQ1 are R′-nodes andChildren(Q0)∩Children(Q1)
6= ∅, then (Q0)R = (Q1)R.

Notice that property 4 of def. 3.1.1, 3.1.2, and 3.1.3 implies that no pair of
overlapping nodes has a common source (see observation 3.1.6).

Observation 3.1.6 Let N1 and N2 be nodes contained in a weak PR-tree.
If L(N1) ∩ L(N2) 6= ∅, N1 /∈ Desc(N2), and N2 /∈ Desc(N1), then:
Sources(N1) ∩ Sources(N2) = ∅.

We can now define the weak PR-tree. This “weaker” version of the PR-tree
is be extremely useful for our PR-tree construction algorithm in section 4.
It is important to note that the weak R-nodes have disjoint children and
partition the R′-nodes into disjoint sets (by definition).

Definition 3.1.7 D = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}} is a weak PR-tree over
a set U when:
(1) D is a multi-sourced directed acyclic graph with source nodes: A0, A1, ...,

Aα−1, R0, R1, ..., Rγ−1; where:
(2) {A0, A1, ..., Aα−1} are P-nodes and R′-nodes 5 ; and
(3) {R0, R1, ..., Rγ−1} are weak R-nodes; and
(4) The leaf set of D is U .

5 A source node can be an element of U , but this only occurs in the degenerate
case when |U| = 1, i.e., when D is the single leaf u ∈ U .
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Note: From the definitions of P-nodes, weak R-nodes, and R′-nodes the internal
nodes of D are P-nodes and R′-nodes. Also, to visualize the information contained
in a PR-tree, we draw each ordered tree rooted at Ai, for i ∈ [0, α − 1], and each
(Rj)T , for j ∈ [0, γ − 1] (see fig. 3).

Fig. 3. A weak PR-tree D = {{P0,P1,P2,Q2},{R} }, where RR′ = {Q0,Q1,Q2}. Note:
we draw nodes with multiple parents separately as with the node P3.

To provide some insight into the weak PR-tree, we examine the result of
re-ordering the children of P-nodes and R′-nodes in a given weak PR-tree.
By considering the two P-nodes in fig. 1 (on page 8), it is clear that we can
arbitrarily permute the children of a P-node in a weak PR-tree and the result
is a new P-node (we also get a new weak PR-tree). However, if we attempt
to apply the same permutation to the R′-node, Q0 (as in fig. 2), the result
would not be a valid R′-node because the new order would not represent
a path in (Q0)R. Thus, there is only one re-ordering of the children of Q
that results in a new R′-node. In particular, the only valid re-ordering is to
reverse the order imposed by Q (i.e., if the original order on Children(Q)
= {N0, N1, ..., Nk−1} was N0 < N1 < ... < Nk−1, then the new order would
be Nk−1 < Nk−2 < ... < N0 and is still a path in QR). We formalize these
operations as equivalence transformations in subsection 3.4.

In the next section, we examine the goal of the PR-tree (i.e., representing
path-tree models) to show why the weak PR-tree is not strict enough.

3.2 Formalizing PR-trees

The purpose of this section is to formalize the PR-tree. In particular, we will
first demonstrate the two “weaknesses” of a weak PR-tree to motivate the
PR-tree’s more restrictive definition. Then we present this definition.

More specifically, a given PR-tree D will directly map to a tree (whose ver-
tices are the leaves of D) and we will call this tree the frontier of D. The other
trees that D represents correspond to PR-trees equivalent to D (see section
3.4). The frontiers of weak PR-trees and weak R-nodes are stated in terms of
the frontiers of P-nodes and R′-nodes where the frontiers of P-nodes and R′-
nodes correspond to the leaf order they specify (see observation 3.2.1 and
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def. 3.2.2). The frontier of a weak PR-tree will drive the derivation of the
definition of the PR-tree.

Observation 3.2.1 Since P-nodes and R′-nodes are ordered and their children are
P-nodes, R′-nodes, or leaves (which are also ordered), thus a P-node or R′-node
N specifies an ordered subtree of its weak PR-tree, and, consequently, an ordering
σ(N) = u0 < u1 < ... < uz−1 on its leaf set L(N) = {u0, u1, ..., uz−1}. Note: if
N is an element of U then L(N) = {N} and is trivially ordered.

Definition 3.2.2 We use Frontier(X) to denote the frontier of X , where the
frontier of a:
• P-node, R′-node or leaf node N is the graph consisting of the path σ(N).
• weak R-nodeR is the graph:

⋃
Q∈RR′

Frontier(Q).
• weak PR-treeD = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}} is the graph

⋃α−1
i=0 Frontier(Ai).

Fig. 4 and 5 show the frontiers of a weak R-node and weak PR-tree resp.

Notice that, we can form a directed analogue of the frontier (i.e., the di-
rected frontier) by using σ(N) as a directed path. In particular, we have the
following definition which is useful for the directed path tree problem.

Definition 3.2.3 We use
−−−−−−→
Frontier(X) to denote the directed frontier of X ,

where the directed frontier of a:
• P-node, R′-node or leaf node N is the directed path σ(N).
• weak R-nodeR is the directed graph:

⋃
Q∈RR′

−−−−−−→
Frontier(Q).

• weak PR-tree D ={{A0, ..., Aα−1}, {R0, ..., Rγ−1}} is the directed graph:⋃α−1
i=0

−−−−−−→
Frontier(Ai).

Fig. 4 and 5 show the directed frontiers of a weak R-node and weak PR-tree resp.

Fig. 4. The weak R-node R from fig. 3 (centre), R’s frontier (left), and R’s directed
frontier (right).

Observation 3.2.4 Since the frontier of a weak R-node R in a weak PR-tree D
is the union of the frontiers of R’s R′-nodes (each of which is either a source node
or a descendent of a source node with respect to D), therefore, Frontier(R) is
a subgraph of Frontier(D). Note: This is why we do not need to explicitly
include the frontier of weak R-nodes in the frontier of weak PR-trees.

Notice that, for a given weak R-nodeR = {RT ,RR′} in a weak PR-tree D we
can create a weak PR-tree DR where Frontier(DR) = Frontier(R) (i.e., we
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Fig. 5. The frontier (left) and directed frontier (right) of the weak PR-tree in fig. 3.

use the set RR′ as the source nodes of DR that are not weak R-nodes). For
example, for the weak R-node R in fig. 4, we have DR = {{Q0,Q1,Q2},{R}}
and it is drawn identically to R (i.e., as in fig. 4 on page 11).

Observation 3.2.5 If D is a weak PR-tree and R is a weak R-node in D then
Frontier(DR) = Frontier(R). This follows from def. 3.2.2 (i.e., of frontier).

We now demonstrate the two shortcomings of the weak PR-tree. Notice that
the weak R-node in fig. 4 (on page 11) has a cycle in its frontier. Therefore,
since the frontier of every R-node must be a tree, we need a stricter defi-
nition for R-nodes. In particular, when two R′-nodes have two children in
common (i.e., Q0 and Q1 from fig. 4) and do not enforce the “same” order-
ing on those children (i.e., Q0 has u5 < P3 and Q1 has P3 < u5), then the
frontier of their corresponding weak R-node will contain a cycle. Addition-
ally, the directed frontier of that same weak R-node has a directed cycle
u4, u5. This cycle is due to the R′-nodes Q0 and Q2 inconsistently ordering
their children. However, in the frontier this pair does not cause a problem.
Moreover, this differentiates the conditions needed for the undirected and
directed cases with the directed case being more restrictive (these are for-
malized in def. 3.2.6 and 3.2.7 respectively).

Definition 3.2.6 A weak R-nodeR is pairwise well-formed (PWF) when:
There is no pair {N0, N1} ⊆ RR′ such that:
N0 and N1 have at least two common children X0 and X1 where (w.l.o.g.):
• X0 < X1 with respect to N0 and X1 < X0 with respect to N1; and
• X0 has more than one leaf.

Definition 3.2.7 A weak R-nodeR is pairwise consistent (PC) when:
There is no pair {N0, N1} ⊆ RR′ such that:
N0 and N1 have at least two common children X0 and X1 where (w.l.o.g.):
• X0 < X1 with respect to N0 and X1 < X0 with respect to N1.

Definition 3.2.8 The R-nodes are the PWF weak R-nodes (def. 3.2.6 and 3.1.2).
Similarly, the strong R-nodes are the PC weak R-nodes (def. 3.2.7 and 3.1.2).
Note: Both are drawn identically to weak R-nodes. See fig. 2 on page 9.

Consider the weak PR-tree from fig. 3 on page 10. Notice that, if we reverse
the order specified by Q1 on its children and call this new R′-node Q′1, then
Q′1 will represent the same path as Q1 did in ((Q1)R)T ) and we will have a
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weak PR-tree where every weak R-node is an R-node (see fig. 6 below).

Fig. 6. Revised version of the weak PR-tree from fig. 3 where the weak R-node is
now an R-node (left) and its frontier (right).

Since the frontier of the weak PR-tree in fig. 6 (above) is not acyclic, there
is another restriction that must be applied to the weak PR-tree in order to
guarantee that the frontier is acyclic. Consider the sequence of nodes P0, P2,
P1 from the weak PR-tree in fig. 6. Notice that, Adjacent pairs (i.e., (P0, P2),
(P2, P1)) in the sequence have at least one common leaf (i.e., they overlap).
The first and last nodes in the sequence also overlap.

We formalize this structure as a loop (def. 3.2.9 below), but we first examine
the weak PR-tree in fig. 6 in more detail. Notice that there is no leaf shared
among this entire sequence, and, consequently, there must be a cycle in the
frontier of the weak PR-tree (i.e., the cycle: u1, u4, u5, u9, u10, u11, u2). We
can also have a loop (i.e., P0, P1) with shared leaves (i.e., u0 and u1) that re-
sults in a cycle (i.e., u0, u1, u2) in the frontier. This cycle results from the fact
that there is no “descendent” of both P0 and P1 whose leaf set is exactly the
set of shared leaves. In particular, the absence of such a common “descen-
dent” means that it is possible for the union of their frontiers to contain a
cycle (i.e., Frontier(P0) ∪ Frontier(P1) contains a cycle). Therefore, to help
ensure that the frontier of a loop is a tree, we will not only insist that the
intersection of their leaf sets is not empty, but we also insist that there is a
common “descendent” among all of the nodes in the loop. We refer to this
as the helly property of weak PR-trees (see def. 3.2.10).

Definition 3.2.9 In a given weak PR-tree D an ordered set X = {N0, N1, ...,
Nk−1} (k > 1) of nodes contained in D is a loop when:
∀i, j ∈ [0, k−1],Ni /∈Desc(Nj); and ∀i ∈ [0, k−1], L(Ni)∩L(Ni+1(mod k)) 6= ∅.

Note: We use XL to denote the set of leaves in common among every node in the
loop, i.e., XL =

⋂k−1
i=0 L(Ni).

Definition 3.2.10 A weak PR-tree D is helly when every loop X = {N0, N1, ...,
Nk−1} in D hasXL 6= ∅ and either:
(1) There exists a node B in D where L(B) =XL and for every i ∈ [0, k−1], either

B = Ni or B ∈ Desc(Ni). For example, the helly loop {P0, P2, Q2 } (from fig.
6 on page 13) would have B = u5.
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Note: In this case we useXB to denote B.
OR
(2) There exist nodes C = {C0, C1, ..., Cq−1} (q > 1) in D where

⋃q−1
j=0 L(Ci) =

XL and for every i ∈ [0, k − 1], there is an R′-node Bi where Bi = Ni or Bi ∈
Desc(Ni) and C ⊆ Children(Bi).

Note: Since the Bi’s are overlapping R′-nodes, (by observation 3.1.5) we
must have a weak R-node R = {RT , RR′} where R is the weak R-node for
every Bi (i.e., R = (B0)R = (B1)R = ... = (Bk−1)R). Furthermore, C0, C1, ...,
Cq−1 specifies a path P inRT . Thus, when property (1) is not satisfied we use
XB to denote an R′-node corresponding to P (i.e., Children(XB) = {C0, C1,
..., Cq−1} and XB orders C0, C1, ..., Cq−1 according to some Bi

6 ). Also, it
is possible that XB itself does not exist in D. For example, the helly loop {P0,
P2} (from the weak PR-tree in fig. 6) would have B0 = Q0 and B1 = Q′1, and
XB would be an R′-node with Children(XB) = {u5, P3 } and u5 < P3, but
XB is not an explicit R′-node in the weak PR-tree.

Note: XL = L(XB).

We define the PR-tree and strong PR-tree as follows (see def. 3.2.11 below).

Definition 3.2.11 D = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}} is a:
• PR-tree over a set U when D is a weak PR-tree (def. 3.1.7) over U , D is helly

(def. 3.2.10) and every weak R-node in D is an R-node (def. 3.2.8).
• strong PR-tree over a set U when D is a weak PR-tree (def. 3.1.7) over U , D is

helly (def. 3.2.10) and every weak R-node in D is a strong R-node (def. 3.2.8).
Note: From the definitions of P-nodes, weak R-nodes, and R′-nodes the internal
nodes of D are P-nodes and R′-nodes.

In the next two subsections, we prove that the frontier of a PR-tree is a tree
and demonstrate an equivalence class on PR-trees that shows how a PR-tree
captures the path-tree models of a graph.

3.3 The frontier of a PR-tree is a Tree

The next step is to show that the frontier of a PR-tree is a tree. To do this we
first note that the frontier of a PR-tree is connected (see observation 3.3.1).
The key lemma of this section is then proven (see lemma 3.3.2). In particular,
we prove that every loop in a PR-tree has a common subpath among the
frontiers of all of its nodes. Using this result we then prove that if D is a
helly weak PR-tree (HW-PR-tree) where every weak R-node is an R-node
(i.e., D is a PR-tree) then the frontier of D is a tree. Finally we demonstrate
that the frontier of a weak R-node is acyclic iff it is an R-node.

6 Although either orderings on C (i.e., w.l.o.g. C0 < ... < Cq−1 or Cq−1 < ... < C0)
satisfy the treeRT , we insist that XB uses an order imposed by some Bi.
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Observation 3.3.1 The frontier of every weak PR-tree is connected.

Proof :
Consider a weak PR-tree D = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}}. First, we no-
tice that Frontier(A0) is connected (since it is a path). Now, (w.l.o.g.) con-
sider {A0, A1, ..., Ak−1} where k ∈ [1, α − 1] and Gk =

⋃k−1
i=0 Frontier(Ai) is

connected. Since D is connected, we must have some j ∈ [0, k− 1] such that
(w.l.o.g.) L(Ak) ∩ L(Aj) 6= ∅ (i.e., Gk+1 = Gk ∪ Frontier(Ak) is connected).
Therefore, by induction Frontier(D) is connected.
QED.

Lemma 3.3.2 IfX = {N0, N1, ..., Nk−1} is a loop in a PR-tree D thenFrontier(XB)
specifies a path P whose vertex set is XL, such that for all i ∈ [0, k− 1], P is a sub-
path of Frontier(Ni).

Proof :
Since X is a loop in a PR-tree it must satisfy the helly property (def. 3.2.10).
This provides us with two cases:

Case 1: X satisfies property (1) of the helly property.
Now, for every node Ni in X : either XB = Ni or XB ∈ Desc(Ni) (by prop-
erty (1)). Therefore, Frontier(XB) specifies a path P which is a subpath
of Frontier(Ni) by the definition of frontier (see def. 3.2.2).

Case 2: X satisfies property (2) of the helly property.
Now, ∀ i∈ [0, k−1], letBi be the R′-node descendent ofNi whereChildren(XB)
⊆ Children(Bi) and let Pi specify the path in RT corresponding to Bi.
Furthermore, letR = {RT ,RR′} be the R-node, whereR = (XB)R = (B0)R
= (B1)R = ... = (Bk−1)R. Finally, we let Children(XB) = {C0, C1, ..., Cq−1}
(q > 1) and assume (w.l.o.g.) that XB orders its children as follows: C0 <
C1 < ... < Cq−1.

Then, P = C0, C1, ..., Cq−1 must be a path in RT , and ∀ i ∈ [0, k − 1] P is
a subpath of Pi, such that either:
(*) Bi orders Children(XB): C0 < C1 < ... < Cq−1; or
(**) Bi orders Children(XB): Cq−1 < Cq−2 < ... < C0.
Note: These are the only possible orders since C0, C1, ..., Cq−1 specifies a
path inRT . In particular, we know:
(***) ∃ j ∈ [0, k − 1], where Bj orders Children(XB): C0 < ... < Cq−1.
Now we can further subdivide this case into two more cases:
Case 2(a): ∀ i ∈ [0, q − 1], |L(Ci)| = 1.

In this case, every child of XB is a leaf. Thus, not only is P a subpath
of every Pi, but is it also a subpath of every Frontier(Bi) and therefore
Frontier(Ni) by the definition of frontier (see def. 3.2.2).

Case 2(b): ∃ i ∈ [0, q − 1], where |L(Ci)| > 1.
Suppose (for a contradiction): ∃ j∗ ∈ [0, k−1], whereBj∗ ordersChildren(XB):
Cq−1 < Cq−2 < ... < C0 (as in (**) above). Notice that j∗ 6= j (for j as in
(***) above). But now, since q > 1, ∃ i∗ ∈ [0, q − 1], i∗ 6= i, and (w.l.o.g.)
Ci < Ci∗ with respect to Bj and Ci∗ < Ci with respect to Bj∗ (this con-
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tradicts the fact that R is PWF). Therefore, ∀ i ∈ [0, k − 1] Bi orders
Children(XB) the same as XB (as in (*) above).

Therefore, ∀ i ∈ [0, k − 1] Frontier(XB) is a subpath of Frontier(Bi) and
Frontier(Ni) by the definition of frontier (see def. 3.2.2).

QED.

Theorem 3.3.3 If D is a PR-tree then Frontier(D) is acyclic.

Proof :
Let D = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}}. For i∈ [1, α], letGi =

⋃i−1
j=0 Frontier(Aj).

We prove “Gi is acyclic” by induction on i ∈ [1, α]. Note:Gα = Frontier(D).

In the base case we have G1 = Frontier(A0) which is acyclic (since it is
simply a path). We now assume that Gi is acyclic for a given i ∈ [1, α-1] and
show that Gi+1 is also acyclic. Notice that Gi+1 = Gi ∪ Frontier(Ai).

Suppose (for a contradiction) that Gi+1 contains a cycle. Then, Frontier(Ai)
contains a subpath X = x0, x1, ..., xk−1 (for some k>1), where X is edge
disjoint from a component C of Gi, and shares exactly vertices x0 and xk−1
with C. Also, in C, there is a path Y = y0, y1, ..., yw−1 (for some w>1), where
y0 = x0 and yw−1 = xk−1.

Let F = {A∗0, A∗1, ..., A∗z−1} ⊆ {A0, A1, ..., Ai−1} such that for every edge yj yj+1

(j ∈ [0, k − 2]) in Y, there exists some A∗ in F where Frontier(A∗) contains
yjyj+1. Furthermore, (w.l.o.g.) we assume F is ordered such that x0 ∈ L(A∗0),
xk−1 ∈ L(A∗z−1), and for all h ∈ [0, z-2], L(A∗h) ∩ L(A∗h+1) 6= ∅.

Let F∗ = F ∪ {Ai}. Clearly F∗ is a loop and (since D is helly) it must have
a non-empty common set of leaves L = L(Ai) ∩ (

⋂z−1
j=0 L(A∗j)) = {u0, u1, ...,

uq−1}. Furthermore, (by lemma 3.3.2) there must be a path P = u0, u1, ...,
uq−1 such that for every A in F∗, P is a subpath of Frontier(A) 7 .

Also, (w.l.o.g. regarding the choice of which end of X is labelled x0 and
which end is labelled xk−1) let K be the x0 to u0 subpath of Frontier(Ai+1)
such that K includes xk−1.

Notice thatA∗0 ∈ F and contains x0. Now, {x0, u0} ⊆ L(A∗0) ∩ L(Ai), thus {A∗0,
Ai+1} is a loop. Then, (by lemma 3.3.2) Frontier(Ai+1) and Frontier(A∗0)
must have the same subpath on L(Ai) ∩ L(A∗0) ⊇ {x0, u0}. Thus K is a sub-
path of C. However, K contains X as a subpath contradicting X being edge
disjoint from C.

Therefore, Gi+1 is acyclic and by induction Frontier(D) = Gα is acyclic.
QED.

We now prove the following lemma to justify our definition of the R-node.

Lemma 3.3.4 Let R be a weak R-node in a weak PR-tree D. Then Frontier(R) is

7 Note: the path P must be contained in Gi and thus no ui can be contained in X.
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acyclic iff R is an R-node.

Proof :
(=⇒) Suppose Frontier(R) is acyclic and R is not PWF. Then there exist
{N0, N1} ⊆ RR′ and {X, Y } ⊆ Children(N0) ∩ Children(N1) with L(X) =
{x0, x1, ..., xa−1} and L(Y) = {y0, y1, ..., yb−1} such that (w.l.o.g.): a > 1,
X < Y with respect to N0, and Y < X with respect to N1.

Then Frontier(N0) contains the path x0, x1, ..., xa−1, ..., y0, y1, ..., yb−1, and
Frontier(N1) contains the path y0, y1, ..., yb−1, ..., x0, x1, ..., xa−1. Therefore
Frontier(R) contains the cycle: x0, x1, ..., xa−1, ..., y0, y1, ..., yb−1, x0.

Therefore, we have a contradiction.

(⇐=) SupposeR is an R-node. Consider the weak PR-treeDR. ThenFrontier(R) =
Frontier(DR) (by observation 3.2.5).

We claim that DR is a PR-tree (i.e., its frontier is acyclic by theorem 3.3.3).
Notice that every weak R-node in DR is an R-node (since R is an R-node,
and all other weak R-nodes are trivial). Thus, we just need DR to be helly.

Now, by property 4 of weak R-nodes (see def. 3.1.2), if two nodes N1 and
N2 in DR have leaves in common (i.e., L(N1) ∩ L(N2) 6= ∅) then:
(1) N1 and N2 must be elements of RR′ ; and
(2) N1 and N2 must have at least one child in common (i.e., Children(N1)
∩ Children(N2) 6= ∅).

Consider a loop X = {N0, N1, ..., Nk−1} in DR (i.e., ∀ i ∈ [0, k − 1], L(Ni) ∩
L(N(i+1)mod k) 6= ∅, and XL =

⋂k−1
i=0 L(Ni)). Then, by (1) and (2) above:

X ⊆ RR′ , and ∀ i ∈ [0, k − 1], Children(Ni) ∩ Children(N(i+1)mod k) 6= ∅.

Notice that, since each Ni ∈ X corresponds to a path in RT , we must have
C =

⋂k−1
i=0 Children(Ni) 6= ∅ (otherwise RT would have to contain a cycle to

satisfy the orders corresponding to every Ni). Therefore, XL =
⋃
c∈C L(c) 6= ∅,

and ∀ i ∈ [0, k − 1] C ⊆ Children(Ni) (i.e., X satisfies property 2 of the helly
property (see def. 3.2.10)). Therefore, DR is helly.
QED.

By the same techniques, a corresponding sequence of results follows for
strong PR-trees and strong R-nodes (as in the below theorem).

Theorem 3.3.5 Note: the proofs of (1), (2), and (3) follow similarly to those of
lemma 3.3.2, theorem 3.3.3, and lemma 3.3.4 respectively.
(1) IfX = {N0, N1, ..., Nk−1} is a loop in a strong PR-tree D then Frontier(XB)

specifies a directed path P whose vertex set isXL, such that for all i ∈ [0, k−1],
P is a directed subpath of Frontier(Ni).

(2) The directed frontier of a strong PR-tree is acyclic.
(3) If R is a weak R-node in a weak PR-tree, then

−−−−−−→
Frontier(R) is acyclic iff R is

a strong R-node.
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We have demonstrated that the frontier of every PR-tree is a tree over the
leaves of D. We have also shown that every weak R-node must be an R-node
in a weak PR-tree with an acyclic frontier. In the next section we describe
an equivalence class for PR-trees.

3.4 PR-tree Equivalence

With the PR-tree and frontier of a PR-tree formally defined, we now de-
scribe the set of path-tree models represented by a PR-tree. As we have seen
in section 3.3, a given PR-tree D directly maps to a tree (i.e., the frontier of
D). The other elements in the solution set correspond to certain PR-trees
equivalent to D (i.e., PR-trees that are the result of “re-ordering” the chil-
dren of nodes within D).

As we discussed in subsection 3.1, an equivalence transformation of a P-
node or R′-node N corresponds to a “valid re-ordering” of the children of
N . In particular, since the children of an R′-node Q must form a path in
(QR)T , the only “valid re-ordering” on the children ofQwould be to reverse
their order. We use ηreverse to denote this special transformation (i.e., for an
R′-node Q with Children(Q) = {Q0, Q1, ..., Qk−1} in this order, ηreverse(Q) is
the R′-node with Children(ηreverse(Q)) = Children(Q), and the children of
ηreverse(Q) are ordered Nk−1 < Nk−2 < ... < N0). However, in the case of a
P-node P we do not have any restrictions on the order P imposes on its chil-
dren. Thus, any permutation of children of P is a “valid re-ordering.” Sim-
ilarly, for a weak PR-tree D an equivalence transformation corresponds to
applying a “valid re-ordering” to the children of every P-node and R′-node
contained in D (note: the identity re-ordering is also a “valid re-ordering”).
We say that two weak PR-trees are equivalent when there exists one can be
transformed into the other by applying an equivalence transformation.

Notice that, by applying an equivalence transformation to a weak PR-tree
we can “change” its frontier. Thus, for a given weak PR-tree D (over the set
U) the set of all weak PR-trees equivalent to D has a corresponding set of
graphs over the set U (i.e., the frontiers of the equivalent weak PR-trees).

Now, from the perspective of path-tree models, the relevant subset of equiv-
alent weak PR-trees consists of the weak PR-trees with an acyclic frontier
(i.e., the PR-trees). For a given weak PR-tree D we refer to this relevant
subset as the equivalence class of a weak PR-tree and use EQ(D) to de-
note it (defined below). Furthermore, we refer to the set of trees that cor-
respond to EQ(D) as the consistent set of D (denoted Consistent(D)).
More specifically, our algorithm in section 4 is given a constraint set SG
from a graph G, and produces a PR-tree D where T is a path-model of G
(i.e., T ∈ T G) iff there is a PR-tree, D∗ ∈ EQ(D), such that T= Frontier(D∗)
(i.e., T∈ Consistent(D)).
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We now note some key observations regarding equivalence. In particular,
equivalence transformations only affect the order imposed by P-nodes and
R′-nodes on their children. Also, the helly property (see def. 3.2.10) of weak
PR-trees is preserved through the application of equivalence transforma-
tions, since it has no requirements on the orders imposed by the nodes in
a weak PR-tree. However, in order for a weak R-node R to be an R-node,
we require a very specific relationship amongst the orders of the R′-nodes
in RR′ (in particular, we require R to be PWF). Therefore, we have the fol-
lowing observation.

Observation 3.4.1 If D and D∗ are equivalent weak PR-trees, then:
(1) D is helly iff D∗ is helly; and
(2) PWF of the weak R-nodes in D and D∗ can be inconsistent. For example,

consider the R-node from fig. 6 (on page 13): by applying ηreverse to Q′1 the
result is the weak R-node in fig. 3 (on page 10) and this weak R-node is not
and R-node. Similarly, PC can be inconsistent.

For a given weak PR-tree D, we say that the equivalence class of D isEQ(D)
= {D∗ : D∗ ≡D and Frontier(D) is acyclic}. Furthermore, we are really only
interested in the frontiers of these weak PR-trees. With this in mind, we de-
fine consistent set of a weak PR-tree D, denoted Consistent(D), as the set of
frontiers of weak PR-trees in EQ(D) (i.e., Consistent(D) = { Frontier(D∗)
: D∗ ∈ EQ(D)}). We similarly define the directed equivalence class and
consistent set; i.e.,

−−→
EQ(D) = {D∗ : D∗ is a weak PR-tree, D∗ ≡ D, and

−−−−−−→
Frontier(D∗) is acyclic } and

−−−−−−−→
Consistent(D) = {

−−−−−−→
Frontier(D∗) : D∗ ∈

−−→
EQ(D)}.

Using these equivalence transformations we provide the connection be-
tween the weak PR-tree and Booth and Lueker’s PQ-tree [2] (see observa-
tion 3.4.2). A PQ-tree is an ordered rooted tree whose non-leaf nodes are
identified as P-nodes and Q-nodes and two PQ-trees are equivalent when
one can be transformed into the other by permuting the children of each
P-node and reversing the order imposed by a some of the Q-nodes.

Observation 3.4.2 A weak PR-tree D with precisely one source that is not a weak
R-node, (i.e., D = {A0}, {R0, R1, ..., Rγ−1}) is a PQ-tree.
Note: we call such a weak PR-tree a rooted PR-tree.

Proof :
Notice that, each of D’s weak R-nodes is trivial (i.e., (Ri)R′ = {Q} for some
R′-node Q in D and (Ri)T is precisely the path described by Q). Thus, each
pair (Ri,Q) is the same as one of Booth and Lueker’s Q-nodes. Furthermore,
the only difference between our P-nodes and the P-nodes in PQ-trees is that
our P-nodes are allowed to have more than one parent. Thus, by replacing
each (Ri, Q) in D with the appropriate Q-node, the result is a PQ-tree T
since each P-node in D now has exactly one parent. Similarly, the PQ-trees
equivalent to T are precisely the weak PR-trees equivalent to D.
QED.
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Recall that by lemma 3.3.4 and theorem 3.3.5, the frontier of a weak R-node
is acyclic iff it is an R-node and the directed frontier of a weak R-node is
acyclic iff it is a strong R-node. Using these results along with part (1) of
observation 3.4.1, we have the following corollary.

Corollary 3.4.3 If D is an HW-PR-tree, then:
∀ D∗ ∈ EQ(D), D∗ is a PR-tree; and ∀ D∗ ∈

−−→
EQ(D), D∗ is a strong PR-tree.

We now have the definitions required to state the major theorems of this
paper. In particular, in section 5 we prove that for every graph G, there is a
PR-tree (strong PR-tree) whose consistent set (directed consistent set) is TG
(
−→
T G). Section 4. In the next subsection we present the final properties that

we use to prove this major theorem. In particular, we discuss the unique-
ness of least common ancestors in PR-trees.

3.5 Least Common Ancestors in weak PR-trees

In this section, we discuss least common ancestors in weak PR-trees. For
the purpose of this paper we are only concerned with the least common
ancestors of leaf sets (with respect to a given weak PR-tree). We first note
that, in a weak PR-tree, a leaf set L might have more than one node that
qualifies as a least common ancestor in the traditional sense (i.e., a node N
whose leaf set contains L, where none of N ’s descendants’ leaf sets contain
L; equivalently, L ⊆ L(N) and N has at least two children whose leaf sets
contain elements of L) For example, when an R′-node Q is a traditional
least common ancestor (TLCA) of a leaf set L its weak R-node QR is also a
TLCA of L (as in fig. 7 below). Furthermore, since a weak PR-tree can have
multiple source nodes, there can be leaf sets that do not have a common
ancestor (i.e., as in fig. 7 below), and, thus, have no least common ancestor.

Fig. 7. A weak PR-tree where the leaf set L0 = {u0, u3} that has no common ancestor,
and the leaf set L1 = {u0, u6} that has multiple TLCAs:R, Q0, and Q1.

With these issues in mind, we consider HW-PR-trees and prove two inter-
esting lemmas regarding TLCAs of leaf sets with common ancestors (see
lemmas 3.5.1 and 3.5.2). These lemmas motivate our definition of a least
common ancestor (see def. 3.5.3). In particular, for a leaf set L with respect
to an HW-PR-tree, the LCA of L (when it exists) is unique and is either a
P-node or a minimal subtree of the tree of an R-node. We then introduce
a more general form of an LCA, which is defined for all leaf sets. In par-
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ticular, we define the least common set of ancestors (LCSA) (see def. 3.5.5)
of a leaf set L to be the set of least common ancestors of maximal subsets
of L. Finally, we introduce the concept of a good leaf set with respect to a
given PR-tree (see def. 3.5.7). For such a good leaf set L in a PR-tree D, we
prove that the LCA of L exists and has L as its leaf set. The results from this
section are extremely useful for the major theorem regarding PR-trees (i.e.,
that PR-trees characterize the sets of path-tree models of graphs).

Lemma 3.5.1 For an HW-PR-tree D, a leaf set L ⊆ L(D), and a P-node X in D:
If X is a TLCA of L, then X is the unique TLCA of L in D.

Proof :
Let X∗ be a node in D that is a TLCA of L. Thus, L ⊆ L(X) ∩ L(X∗), and
neither X nor X∗ have a descendent whose leaf set contains L (i.e., X /∈
Desc(X∗) and X∗ /∈ Desc(X)); i.e., {X∗, X} is a loop.

Furthermore, no descendent of X has a leaf set that contains L(X) ∩ L(X∗)
(i.e., ∀ N ∈ Desc(X), L(X) ∩ L(X∗) 6⊆ L(N)). Therefore, this loop satisfies
the helly property iffX =X∗ (since it must satisfy property (1) of def. 3.2.10).
QED.

We now prove a similar lemma regarding weak R-nodes.

Lemma 3.5.2 For an HW-PR-tree D, L ⊆ L(D), and a weak R-nodeR in D, if
• R is a TLCA of L; and
• CL is the subset ofR’s children whose leaf sets have elements in common with L

(i.e., ∀N ∈ Children(R), L(N) ∩ L 6= ∅ ⇒ N ∈ CL); and
• C is the subset of R’s children corresponding to the minimal subtree of RT in-

duced by CL (i.e., C is minimal such that CL ⊆ C andRT [C] is a tree);
then:

If X is a TLCA of L and X is notR, then X ∈ RR′ and C ⊆ Children(X) (i.e.,
RT [Children(X)] containsRT [C] as a subpath).

Note: as a corollary to this lemma we can see that the tree RT [C] is a unique sub-
structure of every TLCA of L, and, consequently, can be considered the uniquely
defined least common ancestor of L.

Proof :
Notice that, for any path: N0, N1, ..., Nr−1; in RT , there must be R′-nodes
Q0, Q1, ..., Qz−1 ∈ RR′ such that {N0, N1, ..., Nr−1} ⊆

⋃z−1
i=0 Children(Qi).

Furthermore, (w.l.o.g.) we can select a minimal set {Q0, Q1, ..., Qz−1} that is
ordered so that: N0 ∈ Children(Q0), Nr−1 ∈ Children(Qz−1), and for every
i ∈ [0, z − 2], Children(Qi) ∩ Children(Qi+1) 6= ∅.

Let CL and C be defined as in the statement of this lemma, and let C = {C0,
C1, ..., Ck−1}. Consider (w.l.o.g.) the path C0, C1, ..., Cr−1 (for 2 ≤ r ≤ k)
in RT where C0, Cr−1 ∈ CL, and ∀j ∈ [1, r − 2], Cj /∈ CL (i.e., L(Cj) ∩ L =
∅). Now, we let {Q0, Q1, ..., Qz−1} be a minimal subset of RR′ such that:
C0 ∈ Children(Q0), Cr−1 ∈ Children(Qz−1), and for every i ∈ [0, z − 2],
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Children(Qi) ∩ Children(Qi+1) 6= ∅.

We now consider the leaf set L∗ = L ∩ (L(C0) ∪ L(Cr−1)). Notice thatR is a
TLCA of L∗. We now show that any TLCA of L∗, which is notR, must be a
node inRR′ , and, consequently, any TLCA of L is eitherR or a node inRR′

(since L∗ ⊆ L andR is a TLCA of both L and L∗).

Let X be a TLCA of L∗ which is not R (note: by the existence of this TLCA
we will see that z = 1). Thus, {Q0, ..., Qz−1, X} is a loop. Furthermore, (by
the helly property) L(Q0) ∩ L(Qz−1) 6= ∅, and, consequently, {Q0,Qz−1} is
a loop. Therefore, (by the helly property) L(Q0) ∩ L(Qz−1) 6= ∅, and, conse-
quently, Children(Q0) ∩ Children(Qz−1) 6= ∅ (since Q0, Qz−1 ∈ RR′). There-
fore, since z was chosen to be minimal, z ≤ 2.

We now consider to the loop {Q0,Qz−1,X}, and let L∗∗ = L(Q0)∩L(Qz−1)∩
L(X) (note: by the helly property L∗∗ 6= ∅). Suppose (for a contradiction)
that z = 2 (i.e., Qz−1 = Q1). By the minimality of z, we know that C0

is not a child of Q1 and Cr−1 is not a child of Q0. Thus, (since L(Q0) ∩
L(Q1) 6= ∅) we must have i ∈ [1, r − 2] such that L(Ci) ∩ L∗∗ 6= ∅ (i.e.,
L(X) ∩ L(Ci) 6= ∅). We now consider the loop {Q0, X}. Notice that, in
order for this loop to satisfy the helly property we must have a node N
∈ RR′ where: {C0, C1, ..., Ci} ⊆ Children(N), and either N = X or N ∈
Desc(X). Similarly, (via the loop {Q1,X}) we must have a node N∗ ∈ RR′

where: {Ci, Ci+1, ..., Cr−1} ⊆ Children(N∗), and either N∗ = X or N∗ ∈
Desc(X). Therefore, we have a node N∗∗ ∈ RR′ where: {C0, C1, ..., Cr−1}
⊆ Children(N∗∗), and either N∗∗ = X or N∗∗ ∈ Desc(X) (i.e., N∗∗ satis-
fies both of the previous statements), and, consequently, we contradict the
minimality of z (since {N∗∗} can be used in place of {Q0,Q1}). Thus, z = 1.

Since z = 1, C0 and Cr−1 must be children of Q0; therefore, L∗ ⊆ L(X) ∩
L(Q0) = L∗∗. Furthermore, neither X nor Q0 have a descendent whose leaf
set contains L∗ (i.e., Q0 /∈ Desc(X) and X /∈ Desc(Q0)). Thus, the only way
the loop {Q0,X} can satisfy the helly property is if X ∈ RR′ and {C0, C1, ...,
Cr−1} ⊆ Children(X) ∩ Children(Q0), i.e., via property (2) of def. 3.2.10.
QED.

The two previous lemmas lead to the following definition of the least com-
mon ancestor of a leaf set in an HW-PR-tree.

Definition 3.5.3 For an HW-PR-tree D and a subset L of the leaves of D, X is
the least common ancestor (LCA) of L inD, when one of the following holds:
(1) |L| = 1, and X ∈ L (i.e., X is the only element in L); or
(2) X is a P-node, L ⊆ L(X), and X has at least two children whose leaf sets

contain elements of L; or
(3) X is a minimal subtree of the tree of a weak R-node, such that L ⊆ L(X), and

all of X’s children have leaf sets that contain elements of L.

Note: when X is a subtree of the tree of a weak R-node R we define Frontier(X)
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to be Frontier(R)[L(X)]. Also, we use LCA(D,L) to denote L’s LCA in D.

This definition (along with lemmas 3.5.1 and 3.5.2) tells us that, when an
LCA of a given leaf set exists, it will be unique (i.e., as in the following
corollary). Notice that, while weak R-nodes and R′-nodes can be TLCAs of
a leaf set, they cannot be LCAs of a leaf set. In particular, when a weak R-
node R or R′-node Q is a TLCA of a leaf set L, the LCA of that leaf set will
be a minimal subtree of the tree of R or QR (respectively). For example, in
fig. 7 above, the leaf set L1 has three TLCAs: Q0, Q1, andR; and the LCA of
L1 is the path: P0, u6; inRT .

Corollary 3.5.4 For an HW-PR-treeD and L ⊆ L(D), if LCA(D,L) exists, then
it is unique.

Since the LCA is undefined for certain leaf sets (i.e., as in fig. 7), we define of
the least common set of ancestors (LCSA) of a given leaf set. In particular,
the LCSA exists for every leaf subset of an HW-PR-tree.

Definition 3.5.5 For an HW-PR-tree D and a subset L of the leaves of D, we say
that {X0, X1, ..., Xk−1} is the least common set of ancestors (LCSA) of L in
D, denoted LCSA(D,L), when:
(1) For every L∗ ⊆ L, if L∗ is maximal such that LCA(D,L∗) exists, then

LCA(D,L∗) ∈ LCSA(D,L); and
(2) For every i ∈ [0, k − 1]:
• L(Xi) ∩ L is maximal such that LCA(D,L(Xi) ∩ L) exists; and
• Xi = LCA(D,L(Xi) ∩ L).

Notice that, when a leaf set L has an LCA X the LCSA of L will be {X}.
Furthermore, by the uniqueness of LCAs in HW-PR-trees, LCSAs are also
unique in HW-PR-trees. For example, in fig. 7 above, the leaf setL0 = {u0, u3},
has LCSA(D,L0) = {P0, P1} (note: L0 has no LCA in D).

Corollary 3.5.6 For an HW-PR-tree D and L ⊆ L(D), LCSA(D,L) is unique.

We will now introduce the concept of a “good” leaf set (see def. 3.5.7) such
that, when a leaf set L from a PR-tree is good, the LCA of L exists and its
leaf set is precisely L (see theorem 3.5.8 below).

Definition 3.5.7 For a PR-treeD we say that L is a good leaf subset of D when:
L ⊆ L(D), and the frontier of every PR-tree D∗ ≡D contains a path whose vertex
set is L (i.e., ∀T ∈ Consistent(D), T [L] is a path).

Theorem 3.5.8 For a PR-treeD, ifL is a good leaf set inD, thenX = LCA(D,L)
exists (i.e., LCSA(D,L) = {X}), and L(X) = L (i.e., as in (∗) below).

(∗)


(1) There is a leaf X in D, such that: X = LCA(D,L) (i.e., |L| = 1); or
(2) There is a P-node X in D such that: X = LCA(D,L) and L(X) = L; or
(3) There is a path X = C0, C1, ..., Ck−1 in the tree of an R-node R such

that: X = LCA(D,L) and L(X) = L.

Proof :
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Let L = {u0, u1, ..., un−1} be a good leaf set in D. Thus, Frontier(D)[L] is a
path and (w.l.o.g.) we let P = u0, u1, ..., un−1 be this path. We prove that L
satisfies (∗) by induction on the size of L.

Notice that, when n = 1, the leaf X in L is the LCA of L (i.e., L(X) = {X} =
L). Thus, satisfying property (1) of (∗). Now consider |L| > 1 and assume:

(IH) For every L∗ ⊆ L(D), if L∗ is a good leaf set with respect to D and
|L∗| < |L|, then L∗ satisfies (∗).

We prove the inductive case in two stages. In the first stage we prove that
L has an LCA (i.e., that |LCSA(D,L)| = 1). We complete the proof by
showing that the leaf set of every child of LCA(D,L) is contained in L (i.e.,
L(LCA(D,L)) ⊆ L).

[Stage 1:] We now assume (for a contradiction) that LCSA(D,L) = {X0,
X1, ..., Xr−1}, where r > 1 (i.e., LCA(D,L) is not defined). Also, for every
i ∈ [0, r − 1], we let Li = L(Xi) ∩ L.

Notice that, for every i ∈ [0, r − 1], Frontier(Xi)[Li] must be a subpath of
Frontier(D)[L]. In particular, sinceFrontier(D)[L] is a path, ifFrontier(Xi)[Li]
was not a subpath of Frontier(D)[L], then we would have a cycle formed
by Frontier(D)[L] ∪ Frontier(Xi), and, consequently, we would contradict
the fact that the frontier of a PR-tree is a tree (i.e., as in theorem 3.3.3).
Therefore, for every i ∈ [0, r − 1], Frontier(Xi)[Li] must be a subpath of
Frontier(D)[L]. Furthermore, (since L is a good leaf set) in every PR-tree
D∗ ≡ D, the LCA X∗i corresponding to Xi, must also satisfy this condition
(i.e., Frontier(X∗i )[Li] must be a subpath of Frontier(D∗)[L]). Therefore, for
every i ∈ [0, r − 1], Li is a good leaf set with respect to D, and, by (IH),
L(Xi) = Li. In particular, we must have Li = {uji , uji+1, ..., uki}, where
0 ≤ ji ≤ ki ≤ n − 1. Also, by the maximality of Li, we know that, for any
i∗ ∈ [0, r − 1], i∗ 6= i, Li is not contained in Li∗ .

Consider an edge e = u`u`+1 (for ` ∈ [0, n − 2]) on the path P. Notice that,
we must have a node N where e is an edge in the frontier of N (i.e., N is a
common ancestor of u` and u`+1). Therefore, for every edge e = u`u`+1 (for
` ∈ [0, n − 2]), we must have some i ∈ [0, r − 1] such that the frontier of Xi

contains the edge e (i.e., ji < ki).

Therefore, (w.l.o.g.) we order {X0, X1, ..., Xr−1} such that, for every i ∈
[0, r − 1], Frontier(Xi) is the path: uji , uji+1, ..., uki , where:
j0 = 0, kr−1 = n, and ji < ji+1 ≤ ki < ki+1.

Furthermore, we let Children(X0) = {N0, N1, ..., Nz−1}, such that (w.l.o.g)
N0 <N1 < ... < Nz−1. We now consider the two possible cases forX0 (i.e., ei-
ther X0 is a P-node or X0 is a minimal subpath 8 of an R-node), and demon-

8 Otherwise: Frontier(X0) (i.e., Frontier(R)[L0]) would not be a path (i.e., con-
tradicting the fact that L0 is a good leaf set).
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strate an equivalence transformation ψ on D such that: ψ(D) is a PR-tree,
and Frontier(ψ(D))[L] is not a path (i.e., contradicting the fact that L is a
good leaf set). Note: by observation 3.4.1, any equivalence transformation
we apply to D will result in an HW-PR-tree (since D is helly); therefore, to
ensure that ψ(D) is a PR-tree we just need to make sure that every weak
R-node in ψ(D) is an R-node.

[Stage 1: Case 1] X0 is a P-node.

Since X0 is a P-node, z > 2 (i.e., X0 has at least three children). Further-
more, by the helly property and the order of LCSA(D,L), L(X0)∩L(X1) ⊆
L(Nz−1). We now consider the equivalence transformation ψ on D where
ψ changes the order X0 imposes on its children to be N0 < Nz−1 < N1 <
... Nz−2 (and nothing else). Notice that, since ψ only affects a single P-node
from the PR-tree D, all of the R-nodes in D are still R-nodes in ψ(D). Thus,
ψ(D) is a PR-tree. However, since X1 and its descendents are unchanged
by ψ, Frontier(ψ(X1)) = Frontier(X1). Moreover, uk0 is adjacent to uk0+1 in
Frontier(ψ(D))[L] (note: uk0+1 is not a leaf of X0). Additionally, uk0 is an in-
ternal vertex with respect to the frontier of ψ(X0) (i.e., in Frontier(ψ(D))[L],
uk0 is adjacent to two leaves: u`, u`∗ ; of X0). Therefore, Frontier(ψ(D))[L]
contains the claw: {uk0 ; uk0+1, u`, u`∗} (where uk0+1 is the centre vertex, and
the others are leaves), and, consequently, Frontier(ψ(D))[L] is not a path
(contradicting the fact that L is a good leaf set).

[Stage 1: Case 2] X0 is a subpath of the tree of an R-nodeR.

Note, from the order of LCSA(D,L), we must have i ∈ [1, z − 1], such that
the leaves: uj1 , ..., uk0 ; are contained in the leaf sets of the last z−i children of
X0 (i.e., L(X0)∩L(X1) ⊆

⋃z−1
j=i L(Nj)). We now consider subcases regarding

the value of i and |L(Nz−1)|.

Case 1.2.(a) i < z − 1.
We first show that we must have an R′-nodeQ∗ ∈Desc(X1) whereChildren(Q)
= {Ni, ..., Nz−1}. We will then demonstrate an equivalence transformation
ψ onD such that ψ(D) is a PR-tree and Frontier(ψ(D))[L] contains a claw.

By the helly property, either:
• X1 is a path in an R-node such that {Ni, Ni+1, ..., Nz−1} ⊆ Children(X1)

(i.e., X1 is a path inR); or
• There is an R′-node Q∗ ∈ Desc(X1), such that {Ni, Ni+1, ..., Nz−1} ⊆
Children(Q∗) (i.e., Q∗R = R).

Notice that, since L1 must be maximal, if there is no such Q∗, X1 must
have a child Nz distinct from the children of X0. Furthermore, by the or-
der of LCSA(D,L), (w.l.o.g.) Nz is adjacent to Nz−1 in RT . However, this
would contradict the maximality of X0 since the path N0, N1, ..., Nz−1, Nz

contains X0 as a subpath and has a greater intersection with L. Also,
when such aQ∗ exists, the children ofQ∗must be contained in {Ni, Ni+1, ..., Nz−1};
otherwise, we would similarly contradict the maximality of L0. Thus, Q∗

25



∈ Desc(X1) where Children(Q∗) = {Ni, Ni+1, ..., Nz−1}.
Consider the equivalence transformation ψ on D, where: for every R′-

node Q inRR′ , ψ reverses the order Q imposes on its children (and noth-
ing else). Notice that, since R is PWF and all of the R′-nodes in RR′ have
the order of their children reversed by ψ, ψ(R) is also PWF (i.e., ψ(R) an
R-node). Furthermore, since R is the only R-node that is affected by ψ
and every weak R-node in D is PWF, every weak R-node in ψ(D) will be
PWF (i.e., an R-node). Thus, ψ(D) is a PR-tree. Also, since ψ only affects
nodes inRR′ , for all j ∈ [0, z − 1], ψ(Nj) = Nj .

We will now demonstrate the existence of a claw, {u`;uk0+1, u`∗ , u`∗∗},
in Frontier(ψ(D))[L] to contradict the fact that L is a good leaf set.

Suppose (w.l.o.g.) that Q orders its children: Ni < Ni+1 < ... < Nz−1;
then, ψ(Q) will have: Nz−1 < Nz−2 < ... < Ni. More specifically, σ(ψ(Q))
= σ(Nz−1), σ(Nz−2), ..., σ(Ni). Let u` be the last element of σ(Ni) (i.e., u` is
also the last element of σ(ψ(Q))). We consider two subcases:
(1) When |L(Ni)| > 1: we let u`∗ = u`−1 (i.e., u`∗ ∈ L(Ni)); then:

• σ(Q) =

σ(Ni)︷ ︸︸ ︷
uj1 , ..., u`∗ , u`, ...,

σ(Nz−1)︷ ︸︸ ︷
..., uk0 ; and

• σ(ψ(Q)) = ..., uk0︸ ︷︷ ︸
σ(Nz−1)

, ..., uj1 , ..., u`∗ , u`︸ ︷︷ ︸
σ(Ni)

.

(2) When |L(Ni)| = 1 (note: u` = uj1): we let u`∗ be the last element of
σ(Ni+1); then:

• σ(Q) =

σ(Ni)︷︸︸︷
u` ,

σ(Ni+1)︷ ︸︸ ︷
..., u`∗ , ...,

σ(Nz−1)︷ ︸︸ ︷
..., uk0 ; and

• σ(ψ(Q)) = ..., uk0︸ ︷︷ ︸
σ(Nz−1)

, ..., ..., u`∗︸ ︷︷ ︸
σ(Ni+1)

, u`︸︷︷︸
σ(Ni)

.

Note, in both cases: u`∗ is adjacent to u`, and u`, u`∗ ∈ L(X0)∩L(X1). Fur-
thermore, σ(X1) = σ(Q), uk0+1, ..., uk1 ; and σ(ψ(X1)) = σ(ψ(Q)), uk0+1, ..., uk1
(i.e., the last vertex u` of σ(ψ(Q)) is adjacent to uk0+1). Also, uk0+1 6= u` and
uk0+1 6= u`∗ (since uk0+1 /∈ L(X0)).

Now, let u`∗∗ be the first element of σ(Ni−1); then (w.l.o.g.):

• σ(X0) = u0, ...,

σ(Ni−1)︷ ︸︸ ︷
u`∗∗ , ..., σ(Ni), ..., σ(Nz−1); and

• σ(ψ(X0)) = σ(Nz−1), ..., σ(Ni), u`∗∗ , ...︸ ︷︷ ︸
σ(Ni−1)

, ..., u0.

Note: in Frontier(ψ(X0)), u`∗∗ is adjacent to u` (since u` is the last ele-
ment of σ(ψ(Ni))). Also, u`∗∗ /∈ {uk0+1, u`, u`∗} (since u`∗∗ /∈ L(X1)).

Therefore uk0+1, u`, u`∗ , and u`∗∗ are distinct leaves such that: u` is adjacent
to uk0+1, u`∗ , and u`∗∗ in Frontier(X0) ∪ Frontier(X1), and, consequently,
Frontier(ψ(D))[L] contains a claw.

Case 1.2.(b) i = z − 1 (i.e., L(X0) ∩ L(X1) ⊆ L(Nz−1)) and |L(Nz−1)| > 1.
Notice that, X1 cannot be a subpath of R (otherwise, we could extend
the path X0 using the path X1

9 , and, thus, contradict the maximality of

9 Since, by the definition of weak R-nodes, X1 would need to have Nz−1 as a child.
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L0). Similarly, X1 cannot have a descendent in RR′ (otherwise, we could
similarly contradict the maximality of L0). Now, consider applying ψ as
in case (a) toD (i.e., ψ reverses the order imposed by each R′-node inRR′ ,
and nothing else). Note: ψ(D) is a PR-tree as in case (a).

We now show that, in Frontier(ψ(D))[L], we will have the claw {uk0 ;
uk0−1, uk0+1, u`}; where, u` is the first element of σ(Nz−2). In particular,
since X1 is not a path in RT and does not have any descendents in RR′ ,
Frontier(ψ(X1)) = Frontier(X1). Therefore, in Frontier(ψ(X1)), uk0 is
still adjacent to uk0+1 (note: uk0+1 is the first non-X0 leaf of X1). Further-
more, since |L(Nz−1)| > 1 and Nz−1 is not affected by ψ, uk0−1 and uk0 are
still adjacent in Frontier(ψ(X0)). Finally, since we have reversed the or-
der of every R′-node inRR′ and |L(Nz−1)| > 1, we now haveNz−1 < Nz−2,
and, consequently, in Frontier(ψ(X0)), we have uk0 adjacent to the first
element, u`, of σ(Nz−2). Therefore, in Frontier(ψ(D))[L], we have the
claw: {uk0 ; uk0−1, uk0+1, u`}.

Case 1.2.(c) i = z − 1 and |L(Nz−1)| = 1 (i.e., Nz−1 = uk0 = uj1).
Notice that, since Nz−1 = uk0 , Nz−1 will be a descendent of X1. Also, X1 6=
Nz−1; otherwise, we would contradict the maximality of L1.

Consider the parent Y of uk0 with respect to X1.
Suppose that Y is an R′-node. Now, Y has a child in common with R,

and, consequently, YR = R. Furthermore, Y must have at least two chil-
dren: uk0 and a node N (where, N is adjacent to uk0 in RT ). In particular,
by adding the node N to the children of X0, we would be able to extend
the path X0 so that L0 includes additional elements of L. Therefore, we
have contradicted the maximality of L0. Similarly, if Y is a subpath of the
tree of an R-node (i.e., Y = X1), the R-node would have to be R, and Y
would have at least two children. Thus, we can similarly extend X0, and,
as such, Y would contradict the maximality of L0.

Therefore, Y must be a P-node. Now, as in Case 1 (above), we apply an
equivalence transformation ψ to re-order the children of Y so that uk0 is
an internal child with respect to the order imposed by ψ(Y ) (i.e., we have
N ,N∗ ∈ Children(Y ) such that N and N∗ are adjacent to uk0 with respect
to the order imposed by ψ(Y )). Now, in Frontier(ψ(D))[L], we have:
• uk0 adjacent to two leaves (i.e., u` and u`∗ of N and N∗ respectively) in
Frontier(ψ(Y )) (since uk0 is an internal child of Y ); and

• uk0 adjacent to uk0−1 (since ψ(X0) = X0); and
• uk0−1 = uj1−1 (i.e., uk0−1 is not a leaf of Y ).
Thus, in Frontier(ψ(D))[L], we have the claw {uk0 ; uk0−1, u`, and u`∗}.

Thus, if X0 is a subtree of the tree of an R-node, we have a contradiction.

Therefore, |LCSA(D,L)| = 1. [End of Stage 1]

In particular, L must have an LCA X in D, i.e.:

• L ⊆ L(X); and
• X is either a P-node or a path in the tree of an R-node; and
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• There is a subset C = {C0, C1, ..., Ck−1} of the children of X such that:
· ∀i ∈ [0, k − 1], L(Ci) ∩ L 6= ∅; and
· L ⊆ ⋃k−1

i=0 L(Ci); and
· k > 1 (if k = 1, then X would not be an LCA).

Note: since |C| > 1, X has at least two children C0, C1 with leaves in L.

Observe that, Frontier(X)[L] must be the path Frontier(D)[L]. In particu-
lar, since Frontier(D)[L] is a path, when Frontier(X)[L] 6= Frontier(D)[L],
there is a cycle in Frontier(D) formed by Frontier(D)[L] ∪ Frontier(X)
and, consequently, we have contradicted the fact that the frontier of a PR-
tree is a tree (see theorem 3.3.3). Therefore Frontier(X)[L] must be a path.
Furthermore:

(∗∗) For every equivalence transformation ψ on D where ψ(D) is a PR-tree:
Frontier(ψ(X))[L] must be a path.

[Stage 2:] We now show that the leaf set of every child of X must be con-
tained in L and, consequently, L(X) = L.

[Stage 2: part 1] Suppose (for a contradiction) that N is a child of X whose
leaf set is disjoint from L (i.e., L(N) ∩ L = ∅). We consider two cases:

Case 2.1.(a) X is a P-node.
Consider an equivalence transformation ψ on D where the children of
X are re-ordered so that: ... < C0 < N < C1 < ... (i.e., we have per-
muted the children of the P-node X so that N falls between C0 and C1);
and nothing else is changed. Thus, since ψ only modifies a single P-node
in the PR-tree D, ψ(D) is a PR-tree (i.e., as in Case 1 above). Further-
more, Frontier(ψ(X))[L] is not connected. However, this contradicts (∗∗)
above. Therefore, X cannot have a child whose leaf set has no elements
in common with L.

Case 2.1.(b) X is a path in the tree of an R-nodeR.
Notice that, if N were to be an end-point of X , then we could have cho-
sen a shorter X as the LCA (providing a contradiction). Thus, N must
be an internal node of X . Furthermore, Frontier(R)[L] is not connected,
and consequently, Frontier(X)[L] is not connected. However, this con-
tradicts (∗∗) above. Therefore, X cannot have a child whose leaf set has
no elements in common with L.

Therefore every child of X must have leaves in L.

[Stage 2: part 2] Suppose (for a contradiction) that N is a child of X and
some of N ’s leaves are not in L (note: N is in C since L(N)∩L 6= ∅). W.l.o.g.
let N be C0 and let C1 be adjacent to C0 such that C0 < C1 with respect to
the order imposed by X . We now consider two cases regarding C0 (note: C0

is not a leaf since it has at least one leaf in L and one leaf not in L):

Case 2.2.(a) C0 is a P-node.
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Consider an equivalence transformation ψ on D where the order of the
children of C0 is reversed and nothing else is changed. Thus, since ψ only
modifies a single P-node in the PR-tree D, ψ(D) is a PR-tree (i.e., as in
Case 1 above). Furthermore, by reversing the children of C0, there is a
leaf u0 ∈ L(C0) − L that is between a leaf u1 ∈ L ∩ L(C0) and a leaf
u2 ∈ L ∩ L(C1) with respect to Frontier(ψ(X)). Thus, Frontier(ψ(X))[L]
is not connected and, consequently, we have contradicted (∗∗). Therefore,
the leaf set of every P-node child of X must be contained in L.

Case 2.2.(b) C0 is an R′-node and LetR = (C0)R.
Consider the equivalence transformation ψ on D where the order im-
posed by each R′-node in RR′ is reversed (note: the order imposed by
C0 is reversed). Now, since R is an R-node and ψ reverses the order of
every R′-node in RR′ , ψ(R) is PWF (i.e., as in Case 2(a) above). There-
fore, ψ(D) is a PR-tree since it is helly (by observation 3.4.1) and we have
ensured that the only R-node affected (i.e., R) will remain PWF. Further-
more, with respect to Frontier(X), ψ will only affect σ(C0) (since, by the
helly property, only one descendent of X can belong to RR′). Thus, as
in Case 2.2.(a), we can see that Frontier(ψ(X))[L] is not a path. There-
fore, we have contradicted (∗∗), and, consequently, the leaf set of every
R′-node child of X must be contained in L.

Therefore the leaf set of every child of X is contained in L (i.e., L(X) ⊆ L).
[End of Stage 2].
QED.

We are now ready to demonstrate that the PR-tree characterizes the sets
of path-tree models of graph. In particular, in section 4 we prove that: for
every graph G, there is a PR-tree D such that Consistent(D) = TG.

4 The PR-tree Construction Algorithm

In this section we present an algorithm to construct a PR-tree. In particular,
given a graph G, first extract its constraint set SG, then use SG to construct
a PR-tree D with Consistent(D) = TG. We present the strong PR-tree con-
struction algorithm alongside this algorithm since they are nearly identical
(we will identify the differences, but focus on PR-tree construction).

We begin by discussing a restricted form of this problem (where G is con-
nected and chordal). In the next subsection we provide an overview of our
algorithm. This is followed by a detailed discussion of our algorithm’s key
steps. The correctness and time complexity are presented in sections 5 and
6 respectively. As mentioned in section 3, the HW-PR-tree plays an integral
role in our algorithm. With this in mind, we use the following terminology
to describe when an HW-PR-tree represents a path-tree problem, and when
a node in an HW-PR-tree satisfies a constraint of a path-tree problem (see
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def. 4 below). Also, we use the following notation throughout this section.

For a graph G, let S = SG = {S0, S1, ..., Sn−1}, for i ∈ [1, n]:
• Let Ui be the elements of S0, ..., Si−1 (i.e., Ui =

⋃i−1
j=0 Sj), and

• Let Si be the first i constraints of S (i.e., Si = {S0, S1, ..., Si−1}), and
• Let S∗i be the subset of Si contained in Ui (i.e., S∗i = Si ∩ Ui).
• Let TSi be the set of trees over Ui satisfying the first i constraints. (i.e.,
TSi = {T : T is a tree, V(T ) = Ui, and T [Sj] is a path for all j ∈ [0, i− 1]}).

Definition 4 For a constraint set S and HW-PR-tree D, we say that:
(1) A P-node or R′-node N in D satisfies a constraint S when S ∩ L(N) is

a good leaf set with respect to N (i.e., for every equivalence transformation ψ
on D, Frontier(ψ(N))[S ∩ L(N)] is a path).

(2) D represents S when Consistent(D) = TS and every P-node or R′-node N
in D satisfies every constraint in S.

4.1 Connected Chordal path-tree problems

We now demonstrate that we can restrict our focus to connected chordal
graphs. Furthermore, we provide a variation (algorithm 2) on the general
Reduction algorithm (algorithm 1 in section 1) for this restricted case.

Consider a graph G with connected components H0, H1, ..., Hk−1. Notice
that, T ∈ TG iff there are T0, T1, ..., Tk−1 where Ti ∈ THi

such that T is
obtained by adding edges to the forest T0, T1, ..., Tk−1. In particular, when
G is not connected, TG is fully specified by its connected components (i.e.,
we only need to consider connected graphs). Furthermore, since the path
graphs (i.e., the graphs G where TG 6= ∅) are strictly contained within the
chordal graphs, if G is not chordal then TG = ∅.

Also, testing for chordality can be performed in linear time (i.e., O(n + m))
[20]. Additionally, via lexicographic breadth first search (LexBFS), the max-
imal clique vs. vertex incidence matrix of a chordal graph (i.e., SG) can be
determined in linear time. Using these two facts, we have a pre-processing
step (denoted PreProc(G)) that takes a connected graph G as input, pro-
duces SG as output, and executes in O(n+m) time. In particular, we check
the chordality of G (returning ∅ when G is not chordal) and then extract
SG via LexBFS. Furthermore, since G is connected, we order the constraint
set SG = {S0, S1, ..., Sn−1} such that for all i ∈ [1, n] G[{v0, v1, ..., vi−1}] is
connected (i.e., ∀i ∈ [1, n − 1],∃j ∈ [0, i − 1] : Si ∩ Sj 6= ∅). Notice that, a
breadth-first or depth-first search on the G provides such an ordering.

Using the output S = {S0, S1, ..., Sn−1} of PreProc(G) as input, we pro-
vide the following variation (see algorithm 2) of the general Reduction
approach given in the introduction (see algorithm 1 in section 1). In partic-
ular, this variation relies on the “connected order” of SG (i.e., for every i ∈
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[1, n] there exists some j ∈ [0, i− 1], where Si ∩ Sj 6= ∅). This is the basis for
our algorithm and uses the following relationship between TSi and TSi+1

.

Observation 4.1.1 For a connected graph G, let SG = {S0, S1, ..., Sn−1}, where:
∀i ∈ [1, n− 1],∃j ∈ [0, i− 1] : Si ∩Sj 6= ∅. Then, if S∗i = Si ∪ {S∗i }, and T ∈ TSi :
(1) if T [S∗i ] is not a path, then there is no T ∗ ∈ TSi+1

such that T ∗[Ui] = T .
(2) Otherwise (i.e., T [S∗i ] is a path), if T ’ is a tree with V(T ’) = Ui+1 such that T

is a subtree of T ’ (i.e., T ’[Ui] = T ) and T ’[Si] is a path, then T ’ ∈ Ti+1.

Note: This justifies the loop invariant of algorithm 2 below.

Proof :
(1): Suppose (for a contradiction) that T ∗ ∈ TSi+1

such that T ∗[Ui] = T . Note,
T [S∗i ] cannot contain a connected component which is not a path since T ∗

would then fail to satisfy Si. Thus, T [S∗i ] is a collection of disconnected
paths. Now, for any pair of connected components of T [S∗], there must be
a path in T connecting them, and T ∗[Si] must be a path. Thus, T ∗ contains
a cycle (contradicting the fact that T ∗ is a tree). Therefore, proving (1).

(2): Notice that, T ’ satisfies the constraints S0, S1, ..., Si−1, since T ’[Ui] = T .
Also, T ’ satisfies Si since T ’[Si] is a path. Therefore, T ’ ∈ TSi+1

.
QED.

Note: From here on we assume that every constraint set S = {S0, S1, ..., Sn−1}
is chordal, connected, and ordered such that ∀i ∈ [1, n − 1],∃j ∈ [0, i − 1] :
Si ∩ Sj 6= ∅ (i.e., S is the output of PreProc(G) for a connected graph G).

Algorithm 2 Reduction(S), version 2:
Solving a connected chordal path-tree problem S via reduction.

1 #Pre: S = SG = {S0, S1, ..., Sn−1} for a connected chordal graph G.
2 #Post: Tn = TG.
3 Initialize U0 = ∅, T0 = ∅.
4 for i = 1..n: # invariant: Ti = TSi
5 Ui = Ui−1 ∪ Si−1.
6 S∗i = Ui ∩ Si.
7 T ∗i = Ti−1 \ {T ∈ Ti−1: T [S∗i ] is not a path}.
8 Ti = {T : T is a tree, V (T ) = Ui, T [Si] is a path, and T [Ui−1] ∈ T ∗i }.
9 return Tn

4.2 Overview of the algorithm

In this section we re-write algorithm 2 using PR-trees in place of the col-
lections of trees (see algorithm 3 below). This will require operations corre-
sponding to lines 7 and 8 that will produce an appropriate PR-tree. Rather
than using PR-trees directly, we instead use HW-PR-trees. We do this so
that we do not need to concern ourselves with maintaining pairwise well-
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formedness as we iteratively introduce constraints. In particular, the algo-
rithm first constructs an HW-PR-tree D representing S, then transforms D
into a PR-tree (i.e., by applying equivalence transformations to the weak
R-nodes in D). We refer to this final step as the operation fix Rnodes(D)
and it will return a PR-tree equivalent to D when one exists, and an empty
PR-tree otherwise (the details of this operation are presented in section 4.4).

Notice that, for line 7, we need an operation that takes: an HW-PR-tree
D that represents a constraint set S and a subset S∗ of D’s leaves (i.e.,
S∗ ⊆ L(D)) as input, and produces an HW-PR-tree D∗ that represents S∗ =
S ∪ {S∗}. We use reduce(D,S∗) to denote this operation. This method is
quite complex and is discussed in detail in section 4.3. Notice that, S∗ will
be a good leaf set in D∗. Therefore, as long as there is a PR-tree D∗∗ which is
equivalent to D∗ (i.e., Consistent(D∗) 6= ∅), by theorem 3.5.8, S∗ must have
a unique LCA in D∗. This LCA will be useful for our operation correspond-
ing to line 8. Furthermore, when the LCA of S∗ is a path in the tree of an
R-node R, reduce will create an R′-node Q ∈ RR′ which is precisely this
path. Thus, in D∗, the unique LCA X of S∗ will either be a P-node or an
R′-node. In particular, reduce(D,S∗) will return (0, 0) when TS∗ = ∅ and
there is no HW-PR-tree that represents S∗, and (D∗, X) otherwise.

Now, for line 8, we need an operation that, for a given constraint S and an
HW-PR-tree D∗ that contains a node X whose leaf set is S∗ = S ∩ L(D∗),
constructs an HW-PR-treeD such that:Consistent(D) = {T : T is a tree, V(T )
= L(D∗)∪S, T [S] is a path, and T [L(D∗)] ∈Consistent(D∗)}. We denote this
operation as join(D∗,X,S∗∗) for S∗∗ = S−S∗, and describe it as follows.

Consider an HW-PR-tree D formed by adding a P-node P to D∗ where
Children(P ) = S∗∗ ∪ {X}. Notice that, T ∈ Consistent(D) iff T is a tree,
V(T ) = L(D∗) ∪ S, T [S] is a path, and T [L(D∗)] ∈ Consistent(D∗)} (i.e., D
is the PR-tree we want). Unfortunately, when |S∗∗| = 1 (i.e., S∗∗ = {u}), this
operation will not create a valid P-node (since P-nodes require at least three
children). So, instead, we create an R′-nodeQ, whereChildren(Q) = {u,X}.
Now, if X has an R-node parent R, then we add Q to RR′ and the edge
(u,X) to RT . Otherwise, we create a new R-node R where RR′ = {Q} and
RT is the edge (u,X). This operation is depicted in fig. 8.

Notice that, join creates at most two new nodes each of which have (|S|+
1) children. Furthermore, other than the creation of these nodes, all opera-
tions involved in join can be performed in constant time. Thus, we have
the following result regarding the time complexity of the join operation.

Theorem 4.2.1 For a weak PR-tree D∗, a P-node or R′-node X , and a set S where
S ∩ L(D∗) = ∅), join(D∗,X ,S) will require O(|S|) time to complete.

With these operations we can now rewrite algorithm 2 as follows:

Algorithm 3 Reduction(S), version 3:
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Fig. 8. Illustrating D = join(D∗,X ,S∗∗) for an HW-PR-tree D∗, a P-node or R′-node
X (where L(X) = {u0, u1, ..., uj−1}), and a set S∗∗ = {uj , uj+1, ..., uk−1}, where
|S∗∗| > 1 (left) and |S∗∗| = 1 (right).

Solving a connected chordal path-tree problem S via PR-tree reduction.

1 #Pre: S = Pre-Proc(G), for a connected chordal graph G.
2 #Post: return a PR−tree D where Consistent(D) = TG.
3 Initialize U0 = ∅, D0 = ‘‘empty PR-tree’’.
4 for i ∈ [1, n]: #invariant: Consistent(Di) = TSi
5 Ui = Ui−1 ∪ Si−1.
6 S∗i = Ui ∩ Si.
7 (D∗i , Xi) = reduce(Di−1,S∗i )
8 if D∗i == 0: return ‘‘empty PR-tree’’ # since TSi = ∅.
9 Di = join(D∗i ,Xi,Si − S∗i )

10 return fix_Rnodes(Dn)

4.3 The Reduce Operation

In this section we provide the details of the reduce operation. Recall that,
for a given HW-PR-tree D representing a constraint set S and S∗ ⊆ L(D),
the primary goal of reduce(D,S∗) is to produce an HW-PR-tree, D∗ rep-
resenting S ∪ {S∗}. Additionally, this operation must produce a P-node or
R′-node X that is the LCA of S∗ in D∗ such that L(X) = S∗. We will refer to
D, S∗, D∗, and X throughout this section. We call D reducible when there is
a tree T ∈ Consistent(D) such that T [S∗] is a path.

Our discussion of reduce(D,S∗) follows similarly to the algorithm for con-
structing a PQ-tree given in [2]. In particular, we implement the reduce op-
eration through a bottom-up template matching approach on the nodes of
D. A template consists of a pattern and a replacement represented in terms
of a given constraint S∗. We have two types of templates: P-node and weak
R-node. The weak R-node templates also make changes to the R′-nodes as-
sociated with the weak R-node being processed.

The application of a template to a nodeN only affectsD locally (i.e., onlyN ,
N ’s children, and the weak R-nodes related toN ’s children are affected). We
consider a node to be matched after a template has been applied to it and
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we consider a P-node eligible for matching after all of its children have been
matched. Furthermore, we consider a node to be finished after all of its P-
node parents have been matched, and we consider a weak R-node eligible
for matching after all of its children are finished. This is how we control
the traversal of D in a bottom-up manner. In particular, after a node has
been matched, its P-node parents will be matched prior to its weak R-node
parent. It is important to note that the templates are formed so that, if there
is no template that applies to a node that is eligible for matching, D will not
be reducible and we will halt the reduce operation and return (0, 0).

Due to the lengthy case based nature of the templates, we have placed the
templates themselves in an addendum [3].

This discussion of the reduce operation is separated into three subsections.
The first subsection presents local properties of nodes which imply the ir-
reducibility of D (the templates rely heavily on this discussion). The fol-
lowing subsection consists of an overview of the P-node and weak R-node
templates. The final subsection provides an implementation of reduce.

4.3.1 Irreducibility and Template Terminology

In this subsection we examine D and its nodes with respect to S∗. During
this examination we introduce most of the terminology that is used to de-
scribe the templates. We will also observe several properties each of which
(when satisfied) imply that D is not reducible.

A leaf u ofD is said to be full when u ∈ S∗; otherwise, u is empty. A node N
is said to be full when all of its leaves are full andN is said to be empty when
all of its leaves are empty. The pertinent subtree of D with respect to S∗,
denoted Pertinent(D,S∗), is the subtree of minimum height whose frontier
contains all of S∗ (i.e., the subtree “sourced” from the LCSA of S∗, see fig. 9).
Notice that, (by corollary 3.5.6) the pertinent subtree is unique. A P-node or
R′-node is said to be pertinent when it belongs to the pertinent subtree and
it has a full leaf (note: since LCSAs do not contain R′-nodes, every pertinent
R′-node will have at least one parent in the pertinent subtree). A weak R-
node R is pertinent when at least one of its R′-nodes is pertinent or when
an element of the LCSA of S∗ is a subpath ofRT .

Fig. 9. Pertinent(D,S∗), for D from fig. 7 and S∗ = {u0, u3, u7}.

Additionally, N is said to be bridged when it has two P-node or weak R-
node parents in Pertinent(D,S∗). In this sense we refer to a parent N∗ of
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N as a pertinent parent when it is pertinent and is either a P-node or weak
R-node (R′-nodes are never considered as pertinent parents). Note: at most
one parent of a node can be a weak R-node (by def. 3.1.2). Thus, when N is
bridged it either has two pertinent P-node parents and we call N p-bridged,
or it has one pertinent P-node parent and one pertinent weak R-node parent
and we callN r-bridged. We focus on the case whenN has two or fewer such
parents in the pertinent subtree since having three or more would indicate
that D is not reducible. In particular, each pertinent parent N∗ implies the
existence of an ancestor of N (i.e., N∗ or an ancestor of N∗) with a full leaf
that is not a leaf of N . Notice that, in order for D to be reducible, some
such full leaf must be adjacent to a leaf of N in some T ∈ Consistent(D).
Furthermore, sinceD is helly, each pertinent parent will have a distinct such
full leaf. More specifically, when N has three (or more) pertinent parents
there will be three such full leaves, and, consequently, for every tree T ∈
Consistent(D) either T [S∗] will not be connected or T [S∗] will not be a path
(i.e., D is not reducible).

A pertinent child N of a weak R-node R is considered open when it has
no pertinent neighbours in RT ; N is considered one-sided when it has one
pertinent neighbour in RT ; N is considered closed when it has two per-
tinent neighbours in RT . We focus on the case when N has two or fewer
pertinent neighbours since having three or more would indicate that D is
not reducible. In particular, if D contains a weak R-nodeRwhose pertinent
children do not induce a path in RT (i.e., the subgraph of RT induced by
R’s pertinent children is disconnected or has a node whose degree is three
or larger), D will not be reducible.

We have similar properties for a full R′-node Q with respect to its “left-
most” child C and its “right-most” child C∗. In particular, Q is said to be
accessible when both C and C∗ are one-sided. We treat this as the default
case for a full R′-node (i.e., unless otherwise stated, a full R′-node is always
accessible). Q is said to be blocked when (w.l.o.g.) C is one-sided and C∗ is
closed. Finally, when both C and C∗ are closed, Q is called surrounded.

Using the above terminology we observe several conditions (similar to those
we have already seen) each of which imply that D is not reducible:
(1) A pertinent node with≥ 3 of any combination of the following: bridged

children, blocked-full R′-node children, and pertinent parents.
(2) An r-bridged node that is closed.
(3) A surrounded R′-node with a pertinent parent.

Recall that, the goal of the reduce method is the HW-PR-tree D∗ where:
T ∈ Consistent(D∗) iff T ∈ Consistent(D) and T [S∗] is a path. If such a D∗

exists, S∗ is a good leaf set of D∗. Thus, (by theorem 3.5.8) S∗ has a unique
LCA in D∗ whose leaf set is precisely S∗. In particular, the pertinent subtree
of D∗ with respect to S∗ has a single “source” and every pertinent node
is full. Furthermore, there are no bridged nodes in D∗ with respect to S∗.
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To achieve these properties we prove the following lemma. This lemma is
proven in two parts. First with respect to the P-node templates, then with
respect to the weak R-node templates (these are proven in the addendum
[3]). Together, these two lemmas imply the Template Lemma.

Lemma 4.3.1 (Template Lemma) The following invariant is maintained through-
out the template matching process:

General Invariant:
(1) If an eligible node has no applicable template, D is not reducible.
(2) Once a node N of D has been matched (i.e., a template has been applied to

N ), it will satisfy S∗.
(3) After all of the pertinent P-node parents of a P-node or R′-node N have

been matched, N will not be bridged.
(4) After all of the pertinent parents of a P-node or R′-node N have been

matched, N only remains pertinent if it is full.

It is useful to keep this invariant in mind while discussing the templates.

4.3.2 The Templates

Prior to beginning the template matching we traverse the tree bottom-up
from the set S∗ to locate its LCSA and to identify the pertinent nodes of
D. Additionally, we identify whether each pertinent node is p-bridged or
r-bridged, and open, one-sided, or closed (note: if we encounter a node
with three or more pertinent parents or pertinent neighbours, we halt un-
successfully indicating that D is not reducible). Template matching is only
performed on pertinent nodes.

There is only one template for the leaves (i.e., when a leaf is a member of
S∗). This template does not changeD. However, the matching will mark the
leaf being processed as full.

The situation for non-leaf nodes is not so simple. For a non-leaf node N ,
we must ensure that N satisfies S∗ (i.e., S∗ ∩ L(N) is a good leaf set of N )
while providing N ’s pertinent parents with the opportunity to satisfy S∗.
Additionally, we must make sure that N ’s children will not be bridged.

We now provide an overview of the P-node templates followed by an overview
of the weak R-node templates (note: the weak R-node templates will affect
R’s tree andR’s set of R′-nodes).

The P-node templates are presented with respect to a pertinent P-node P
(see the addendum [3]). These templates are presented in four groups. In
the first group, P is the sole parent of its children and only has full children.
The second group expands on the first by allowing P to have bridged-full
children and empty children. In the second group, when P has a pertinent
parent, P might be replaced by an R′-node with some full and some empty

36



children. We refer to such an R′-node as partial. The third group further
introduces blocked-full R′-node children to P . In the fourth group, P is al-
lowed partial children in addition to the possibilities of the third group. The
final group completes the options for P ’s children by including bridged-
partial children. Since P can have at most two pertinent parents, we further
subdivide each of the latter four groups into three cases regarding the num-
ber of pertinent parents of P (i.e., when P has zero, exactly one, or exactly
two pertinent parents).

After presenting these groups, we prove the template invariant in the con-
text of P-nodes. In particular, we prove the following invariant:

P-node Invariant:
(1) If an eligible P-node has no applicable template, D is not be reducible.
(2) Once a P-node has been matched, it will satisfy S∗.
(3) After all of a node N ’s pertinent P-node parents have been matched, N

will not be bridged.
(4) After all of a node N ’s pertinent P-node parents have been matched, N

only remains pertinent if it is full or has a pertinent weak R-node parent.

Notice that, by (3) of the P-node Invariant, if we match all of a node’s perti-
nent P-node parents prior to matching its pertinent weak R-node parent we
do have to worry about bridged children when matching a weak R-node
(i.e., slightly simplifying the templates required for weak R-nodes). This
is precisely why our algorithm waits until the children of a weak R-node
are finished before processing it. Furthermore, due to the helly property,
insisting on a P-node before weak R-node priority when matching the per-
tinent parents of a bridged node is a valid approach. More specifically, if a
pertinent P-node parent P of a bridged node N had to wait for N ’s perti-
nent weak R-node parent to be matched before all of P ’s children could be
matched, we would have a violation of the helly property.

We now provide an overview of the weak R-node templates (the templates
themselves are in the addendum [3]. Recall that the pertinent children of a
weak R-node R must induce a path in RT in order for D to be reducible.
We refer to this path asR’s pertinent path and useRPP to denote it.

The weak R-node templates are separated into four groups. The first group
consists of the case when R’s pertinent path only consists of full children.
In the next group we add the possibility that RPP contains blocked-full
R′-nodes. In the third group, RPP has two partial nodes together with full
nodes. The final group considers the case when RPP has one partial node
together with full nodes and blocked-full R′-node(s). Moreover, we separate
each of these groups into subcases based onR’s pertinent R′-nodes.

After presenting these groups, we prove the template invariant in the con-
text of weak R-nodes. In particular, we prove the following invariant:
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Weak R-node Invariant:
(1) If an eligible weak R node has no applicable template, D is not reducible.
(2) Once a weak R-nodeR of D has been matched,R and every R′-node that

was inRR′ prior to replacement will satisfy S∗.
(3) After all of the pertinent P-node parents of a P-node or R′-node N have

been matched, N will not be bridged.
(4) After all of the pertinent parents of a P-node or R′-node N have been

matched, N only remains pertinent if it is full.

Notice that, the Template lemma (see lemma 4.3.1) follows from the combi-
nation of the P-node and weak R-node invariants.

4.3.3 Finalizing the Reduce Operation

In this subsection we present an implementation of the reduce operation.
This consists of three parts. First, we discuss the process in which we iden-
tify the pertinent subtree (i.e., how to locate the LCSA of S∗ in D and mark
the pertinent nodes with their relevant properties). We then present the final
version of the reduce operation. We finish this subsection by discussing
how to locate the LCA of S∗ once the template matching has finished.

To identify the pertinent subtree we use an operation called label(D,S∗).
In particular, this operation identifies the LCSA of S∗ in D, the pertinent
nodes of D, and whether each pertinent node is:

• Open, one-sided, or closed.
• Accessible, blocked, or surrounded.
• An element of the LCSA(D,S∗), p-bridged, r-bridged, or otherwise (i.e.,

has a single pertinent parent).

This method first traverses D from S∗ (i.e., bottom-up) marking each node
it encounters visited (i.e., every node in D with a leaf in S∗ becomes vis-
ited). It also keeps track of the number of visited children of every visited
node. Then, it traverses D from D’s visited sources (i.e., top-down). On the
way down the “highest” P-nodes and weak R-nodes with multiple visited
children form the LCSA of S∗ in D and are the first nodes to be identified as
pertinent (and are marked as such). Continuing down D it records the ap-
propriate properties of each pertinent node. Notice that, this method runs
in time proportional to the number of visited nodes (i.e., the number of
nodes with leaves in S∗).

We now present the reduce operation (see algorithm 4). Recall that a node
N is: matched once a template has been applied to it, and finished after
all of its pertinent P-node parents have been matched (i.e., when N is not
bridged). In this sense we do not enqueue a P-node until all of its pertinent
children are matched and we do not enqueue a weak R-node until all of its
pertinent children are finished.
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Algorithm 4 reduce(D, S∗)
Reducing an HW-PR-tree by a given constraint 10 .

1 #Pre: D is an HW-PR-tree representing a constraint set S, and S∗ ⊆ L(D).
2 #Post: D∗ is an HW-PR-tree representing S ∪ {S∗} and X = LCA(D∗, S∗).
3 label(D,S∗)
4 Initialize Q as a queue containing S∗.
5 while Q is not empty:
6 N = Q.dequeue() # remove and return the first element of Q.
7 Initialize newlyMatched = ∅, newlyfinished = ∅.
8 if a P-node or leaf template applies to N:
9 Substitute the replacement for the pattern in D.

10 Set newlyMatched = {N}.
11 Set newlyF inished as N ’s children which are no longer bridged.
12 elif a weak R-node template applies to N:
13 Substitute the replacement for the pattern in D.
14 Set newlyMatched to be the pertinent R′-nodes in NR′ .
15 else: return (0,0) #D is not reducible by S∗.
16 for each node N∗ in newlyMatched:
17 Mark N∗ as matched.
18 if N∗ is not bridged: Add N∗ to newlyF inished.
19 for each pertinent P-node parent Y of N∗:
20 if Y ’s pertinent children are all matched:
21 Add Y to the end of Q.
22 for each node N∗ in newlyF inished:
23 Mark N∗ as finished.
24 if N∗ has a pertinent weak R-node parentR and every pertinent

child ofR is finished: Add R to the end of Q.
25 D∗ = D.
26 if |LCSA(D∗, S∗)| > 1: return ∅
27 X = LCA(D∗, S∗)
28 if X is a path in a weak R-nodeR:
29 Set X as the R′-node corresponding to RPP .
30 # note: when no such R′−node exists, we create it.
31 return (D∗, X)

Note: the correctness and complexity of the template matching portion are dis-
cussed briefly in sections 5 and 6 respectively, and in detail in [3].

We now discuss how to locate the LCA of S∗ after the template matching
has completed successfully (i.e., how to determine LCA(D∗, S∗)). Notice
that, through the template matching process some of the pertinent nodes
will lose their pertinent status. In particular, it is easy for us to keep track
of which nodes remain pertinent as we apply templates. Thus, we can sim-

10 This method proceeds similarly to S-reductions from [2].
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ply traverse D∗ from S∗ (i.e., bottom-up) along the pertinent nodes in or-
der to locate S∗’s LCSA. Additionally, by the Template Lemma (see lemma
4.3.1), only full nodes will remain pertinent after the template matching
has finished. Furthermore, no node in D∗ will be bridged with respect to
S∗. Thus, for any pair X , X∗ of pertinent nodes with no pertinent parents
(i.e., elements of LCSA(D∗, S∗), X and X∗ will have no leaves in common
(i.e., L(X) ∩ L(X∗) = ∅). In particular, the elements of the LCSA of S∗ will
partition S∗ into disjoint subsets (i.e., each subset will be the leaf set of an
element of the LCSA). More specifically, there is no node N in D∗ whose
leaf set intersects the leaf sets of both X and X∗. Therefore, there is no edge
which connects a leaf of X to a leaf of X∗ in D∗’s frontier. Moreover, there is
no such edge in the frontier of any HW-PR-tree equivalent to D (since such
an edge would have to come from a node which shared a leaf with each of
X and X∗). With this in mind, we will halt unsuccessfully when the LCSA
of S∗ in D∗ has more than one element. Additionally, when the LCSA has
exactly one element we will set X to be that element and return it along
with D∗. This leads to the following two observations which will be useful
for our discussion of total correctness in section 5.

Observation 4.3.3.1 For an HW-PR-tree D and S∗ ⊆ L(D), if the template
matching portion of the (reduce) completes successfully (i.e., converting D to D∗),
then S∗ will induce a disconnected collection of paths in every T ∈ Consistent(D∗).

Observation 4.3.3.2 For an HW-PR-tree D and S∗ ⊆ L(D), if (reduce) com-
pletes successfully and returns (D∗, X), then S∗ will be a good leaf set of D∗ and
X will be the LCA of S∗ in D∗.

Notice that, to locate the LCSA of S∗ we will only traverse the pertinent
nodes in D∗. In particular, we will traverse a collection of disjoint subtrees
of D∗ (i.e., one for each element of the LCSA). Furthermore, since every ele-
ment of the LCSA is full, every node in every subtree will be full. Therefore,
the total number of nodes that we will traverse is proportional to the num-
ber of elements in S∗). This provides the following observation regarding
the runtime required to locate the LCSA of S∗.

Observation 4.3.3.3 To locate the LCSA of S∗ in D∗ during the execution of
reduce(D,S∗) on an HW-PR-tree D and S∗ ⊆ L(D) takes time proportional
to the size of S∗. In particular, the runtime is: O(|S∗|).

4.4 Fixing the Weak R-nodes

In this section we discuss the final component of our algorithm. Recall
that, the Reduction algorithm (see algorithm 3 on pg. 33) iteratively ap-
plies reduce and join operations to produce an HW-PR-tree Dn where
Consistent(Dn) is precisely TS. However, such an HW-PR-tree is not suffi-
cient to determine if TS is not empty (i.e., if the graphG that S was generated
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from is a path graph). In particular, Consistent(Dn) might be empty. Thus,
to ensure that TS 6= ∅, we attempt to find a PR-tree D which is equivalent
to Dn. Recall that the elements of Consistent(Dn) are precisely the frontiers
of the PR-trees which are equivalent to Dn. Thus, such a PR-tree exists iff
Consistent(Dn) 6= ∅. Furthermore, the difference between a PR-tree and an
HW-PR-tree is that the HW-PR-tree can have weak R-nodes, but the PR-tree
must have R-nodes. Thus, if we can apply an equivalence transformation
ψ to Dn so that ψ(Dn)’s weak R-nodes are R-nodes, we will have “fixed
the weak R-nodes” of Dn. With this in mind we present the fix Rnodes
which takes an HW-PR-tree (i.e., Dn) as input and (when possible) returns
an equivalent PR-tree.

Recall that, a weak R-node is an R-node when it is PWF (see def. 3.2.6). We
note the following two observations regarding this definition:
(1) Given an R-node R, if we apply ηreverse to every R′-node in RR′ (i.e.,

reversing the order of every R′-node in RR′), the result is an R-node
(i.e., PWF is preserved when reversing every element inRR′).

(2) Consider a weak R-nodeRwithN0, N1 ∈ RR′ , andX0, X1 ∈ Children(R)
such thatN0 andN1 together withX0 andX1 demonstrate thatR is not
PWF (i.e., as above). Let X∗1 be the child of R which is adjacent to X0

on the path in RT from X0 to X1 (i.e., when X0 and X1 are adjacent,
X∗1 = X1). Thus, X∗1 is also a child of both N0 and N1. In particular, N0

and N1 together with X0 and X∗1 also demonstrate that R is not PWF.
More specifically, when R is not PWF, the violation will occur with
respect to an edge X0X1 ofRT .

With the second observation this in mind, we refer to each edge of RT as
either unpaired or paired, where an edge is unpaired when both of its inci-
dent nodes are leaves, and an edge is paired otherwise.

These two observations lead to the following forcing algorithm that trans-
forms a weak R-node into an R-node (when possible). In particular, we start
with an arbitrary R′-node Q ∈ RR′ , mark Q as ordered, and orient its paired
edges inRT according to the order of Q’s children. Notice that, by observa-
tion (1) above, if we can make R PWF then we can do so with Q’s children
ordered in this way. We now consider an unordered R′-node Q∗ that con-
tains a newly oriented paired edge e. This oriented edge forces the ordering
of Q∗’s children. In particular, we first reverse Q∗’s ordering (as needed) so
that the order on its children matches e. We then markQ∗ as ordered and ori-
ent Q∗’s unoriented paired edges in RT according to the order of Q∗’s chil-
dren. We continue this process for every such Q∗ (i.e., until we exhaust any
newly oriented edges). If we encounter a Q∗ which has two paired edges e
and e∗ that are already oriented, but are incompatible (i.e., neither order on
Q∗’s children satisfies both edges), we know that we cannot make R PWF.
More specifically, the orientation of each edge e and e∗ was forced and this
forcing can be traced back to Q. This process orders every R′-node reach-
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able from Q through a sequence of shared paired edges. However, this will
not necessarily order all the R′-nodes in RR′ . In particular, we may run out
of forcing edges before we have exhausted RR′ . Fortunately, since we have
exhausted all of the forcing edges, we can safely restart the forcing process
by picking a new unordered Q from RR′ and continuing as before. Notice
that, if we never encounter an R′-node with a pair of incompatible edges,
this approach will makeR PWF since it will have ordered every R′-node of
R and ensured its order is consistent with all previously ordered R′-nodes.

We call this operation makePWF and it will take a weak R-node R as input
and (when possible) apply appropriate equivalence transformations to the
elements of RR′ so that R will become PWF. Notice that, if we wanted to
convert a weak R-node into a strong R-node (i.e., to make it pairwise con-
sistent (PC)), we can use the same algorithm except we consider every edge
ofRT to be paired. We call this operation makePC.

Notice that, we can implement makePWF(R) so that it “orders” each R′-
node Q in RR′ exactly once and, when it does, it examines each edge of
RT [Children(Q)] exactly once. Thus, makePWF(R) completes in time pro-
portional to the sum of the sizes of the R′-nodes inRR′ . Similarly, makePC(R)
has the same timing characteristics.

Using this method we can easily implement the fix Rnodes operation. In
particular, we apply makePWF to every weak R-node in D (note: applying
makePWF to a weak R-node in D does not affect any other weak R-node in
D since, by definition, no pair of weak R-nodes have R′-nodes in common).
This method’s correctness and runtime complexity follows directly from
that of makePWF. Similarly, we can create an operation strengthen Rnodes
(using makePC) which takes a weak PR-tree and converts it into an equiva-
lent strong PR-tree (when possible). Thus, we have the following results:

Theorem 4.4.1 For an HW-PR-tree D, fix Rnodes(D) results in a PR-tree
equivalent toD or ∅when no such PR-tree exists, and strengthen Rnodes(D)
results in a strong PR-tree equivalent toD or ∅when no such strong PR-tree exists.

Theorem 4.4.2 For an HW-PR-tree D, both strengthen Rnodes(D) and
fix Rnodes(D) halt in time proportional to the size of the R′-nodes in D; i.e.:
O(

∑{ # of edges in (QR)T [Children(Q)] : for every R′-node Q of D })

5 The Correctness of PR-tree Construction

In this section we demonstrate the correctness of our PR-tree construction
algorithm (i.e., the Reductionmethod). An implementation of Reduction
is presented as algorithm 3 on pg. 33. Recall that this method takes a con-
straint set S = {S0, S1, ..., Sn−1} built from a connected chordal graph
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G = (V,E) (i.e. S = PreProc(G) 11 ) and should produce a PR-tree D where:
Consistent(D) = TG (i.e., the consistent set of D is precisely the path-tree
models of G). This is presented as theorem 5.1 and is followed by a short
discussion of constructing strong PR-trees and rooted PR-trees.

Theorem 5.1 For a graph G, Reduction(PreProc(G)) will produce a non-
empty PR-tree D where Consistent(D) = TG, iff G is a path graph.

Proof :
We first prove that the Reduction method is correct given that reduce is
correct (i.e., as in (1)), then we prove that reduce is correct (see (2) below).

(1): If reduce is correct, then Reduction is correct.

proof: We first prove an invariant of Reduction’s main loop; i.e.,
(Invariant) Di is an HW-PR-tree where: Consistent(Di) = Ti.

Notice that the Reduction process starts with an empty PR-tree D0, and
T0 = ∅ (i.e., Consistent(D0) = T0). Thus, the base case is satisfied.

We now consider the ith iteration of this loop (i.e., we assume that Di−1
satisfies the invariant and demonstrate that Di also satisfies the invariant).

The first operation that is performed is to reduce Di−1 by the subset S∗i of
the constraint Si which is contained in the leaf set of Di−1. Notice that, S∗i
will not be empty due to the ordering of the constraints. Furthermore, by
the correctness of reduce (see (2) below), reduce(Di−1,S∗i ) will return
(D∗i , Xi) where: T ∈ Consistent(D∗i ) iff Consistent(Di−1) and T [S∗i ] is a
path (i.e., Consistent(D∗i ) = TSi−1∪{S∗i }). Recall that, by observation 4.1.1, TSi
= {T : T is a tree, V (T ) = Ui, T [Ui−1] ∈ TSi−1∪{S∗i }, and T [Si] is a path}.
Notice that, TSi−1∪{S∗i } = ∅when D∗i = 0. Thus, when reduce(Di−1, S

∗
i )

returns (0, 0), we correctly return ∅ from the Reduction method since TS
will be empty. Now, when D∗i 6= ∅, we apply join on (D∗i , Xi, Si − S∗i ) to
produce Di. Recall that, join adds a new P-node 12 to D∗i whose children
are {Xi} ∪ (Si − S∗i ). The addition of this new source node does not affect
the helly status of this weak PR-tree (i.e., if D∗i is helly, so is Di). Thus, Di is
an HW-PR-tree where Consistent(Di) is {T : T is a tree, V (T ) = Ui,
T [Ui−1] ∈ Consistent(D∗i ), and T [Si] is a path} (i.e., Consistent(Di) = Ti).

We have now shown that the loop invariant given above is true. Therefore,
when the loop completes we have an HW-PR-tree Dn such that
Consistent(Dn) = Tn (i.e., Consistent(Dn) = TS). Now all that remains is to
convert Dn into a PR-tree (when possible). As we have seen in theorem
4.4.1, fix Rnodes accomplishes this. Notice that, since we have produced
a PR-tree, Consistent(D) is not empty (i.e., Frontier(D) ∈ Consistent(D)).

11 S = SG, where Si = Svi for V = {v0, v1, ..., vn−1} and S is ordered so that
∀i ∈ [1, n− 1],∃j ∈ [0, i− 1] such that Si ∩ Sj 6= ∅.
12 The degenerate cases (i.e., when |Si − S∗i | is one or zero) also work as needed.
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Furthermore, if the Reduction method exits prior to returning a PR-tree,
it returns ∅. Therefore, pending the correctness of reduce, the Reduction
method is correct (i.e., completing the proof of (1)). 2

(2): Given an HW-PR-tree D and S∗ ⊆ L(D), if (D∗, X) = reduce(D,S∗)
thenD∗ is an HW-PR-tree such that T ∈ Consistent(D∗) iff T ∈ Consistent(D)
and T [S∗] is a path.

proof: We split the proof of (2) into three parts. We first demonstrate that
the template matching process maintains the helly property. The next step
is to prove that T ∈ Consistent(D) and T [S∗] is a path when
T ∈ Consistent(D∗). The final part proves that T ∈ Consistent(D∗) when
T ∈ Consistent(D) and T [S∗] is a path.

(2a): The helly property is maintained by the template matching process.

proof: Recall that a weak PR-tree D is helly when every loop {N0, N1, ...,
Nk−1} 13 of nodes, has a non-empty common leafset L =

⋂k−1
i=0 L(Ni), and L

has an LCA Z where L(Z) = L. We now consider the nodes created during
the template matching process. Notice that, the nodes created by P-node
templates are inserted in between the P-node P being matched and its
children. Clearly, these nodes do not cause a violation to the helly property
(since such a violation would imply that P would be involved in a loop
which violated the helly property). Furthermore, no P-node template
changes the leaf set of any P-node or R′-node. The weak R-node templates
do not create any new P-nodes or R′-nodes and they do not change the leaf
set of any P-node or R′-node. Therefore, the helly property is maintained
by the application of any template; i.e., D∗ is helly. 3

(2b): If T ∈ Consistent(D∗), then T ∈ Consistent(D) and T [S∗] is a path

proof: Consider T ∈ Consistent(D∗). If such a tree exists, D must have
been successfully reduced (otherwise, D∗ would be ∅). By definition D∗

has an equivalent PR-tree D∗∗ whose frontier is T . The basic idea of this
proof is to construct a PR-tree D∗∗∗ equivalent to D, where Frontier(D∗∗∗)
is T . To accomplish this we will “undo” the template matching which
reduced D, but without undoing the equivalence transformations which
were used during the template matching. Recall that the process of
applying a template has two stages: the pattern must be matched (possibly
requiring an equivalence transformation), then the replacement is made.
Consider the sequence of template applications used in reduce(D,S∗) in
reverse order. If we undo the replacement but not the equivalence
transformation, the template matching process can be run in reverse.
Notice that, the result of applying this reversed template-matching to the
PR-tree D∗∗ is a PR-tree D∗∗∗ which is equivalent to D, but has the same

13 A loop requires two conditions: (1) Ni /∈ Desc(Nj) ∀i, j ∈ [0, k − 1]; and (2)
Ni ∩Ni+1 6= ∅ for every i ∈ [0, k − 2] and L(Nk − 1) ∩ L(N0) 6= ∅).
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frontier as D∗∗ (i.e., T ∈ Consistent(D). Furthermore, by observation
4.3.3.2, S∗ is a good leaf set of D; i.e., T [S∗] is a path. Thus proving (2b). 3

(2c): If T ∈ Consistent(D) and T [S∗] is a path, then T ∈ Consistent(D∗).

proof: Since T ∈ Consistent(D), there is a PR-tree equivalent to D whose
frontier is T . Let D∗∗ be such a PR-tree. We will now apply reduce to D∗∗

with respect to S∗. The fact that S∗ is a path in T leads to the following
properties of the pertinent subtree of D∗∗. Notice that no pertinent node
will have three or more pertinent parents. With this condition in mind we
examine the frontier of a pertinent node N .

(i) If N is a bridged P-node or R′-node, then either:
• All of N ’s leaves are in S∗ and the frontier of N is a subpath of T [S∗]

whose elements all have degree two (i.e., even the endpoints of N ’s
frontier will have degree two in T [S∗]); or
• Exactly one of N ’s leaves is in S∗, this leaf is an endpoint of the frontier

of N , and it has degree two in T [S∗].
(ii) If N is a P-node or R′-node with exactly one pertinent parent, then:
• A full leaf of N will be an endpoint of N ’s frontier and has at most one

neighbour in T [S∗] which is not a leaf of N ; and
• N ’s full leaves will form a same subpath of N ’s frontier and T [S∗].
(iii) If N is a weak R-node or a P-node 14 with no pertinent parents, then
N ’s frontier contains a full subpath which is a subpath of T [S∗] (i.e., the
endpoints of this subpath may each have up to one full neighbour outside
of N ’s frontier, but the internal nodes cannot have any such neighbours).

Thus, no pertinent node with more than one full leaf will have three or
more of any combination of the following: pertinent parents, partial
children, bridged descendents, and blocked-full descendents. Additionally,
no pertinent node with exactly one full leaf can have either three or more
pertinent parents, or two pertinent parents and a bridged descendent.

We call a pertinent node occluded when it has an empty, bridged, partial,
or blocked-full child. Notice that, after any occluded P-node or R′-node
with a pertinent parent is matched it either becomes a blocked-full R′-node
or a partial R′-node. In the latter case, its sequence of children, examined
(w.l.o.g.) from left to right is a sequence of full nodes followed by a
sequence of empty nodes where:
• The “left-most” full child is either one-sided or open; and
• Each “middle” child is closed and either a P-node or an accessible

R′-node; and
• The “right-most” full child is closed and not bridged, or optionally

bridged and either one-sided or open.
Furthermore, since T is a tree, D∗∗ is a PR-tree (i.e., every weak R-node in

14 Recall that pertinent R′-nodes must have at least one pertinent parent.
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D∗∗ is an R-node). In particular, this means that the moving of relevant
elements of each matched weak R-node of D∗∗ always succeeds.

These observations guarantee that each pertinent node matches one of the
templates and the replacements can be performed successfully. Thus, we
now consider D∗∗∗ to be D∗∗ after successfully completing the template
matching process.

Notice that, since T is a tree and T [S∗] is a path, the replacement of each
template we apply can be made without the need to use equivalence
transformations (i.e., without needing to change the frontier of D∗∗). In
particular, T is the frontier of D∗∗∗. Furthermore, since T [S∗] is a path, by
observation 4.3.3.1, S∗ is a good leaf set of D∗∗∗. Thus, reduce completes
successfully on D∗∗ and S∗. Moreover, reduce(D∗∗, S∗) returns
(D∗∗∗, X∗∗∗) where T ∈ Consistent(D∗∗∗). Therefore, since D∗∗ and D are
equivalent and template matching preserves equivalence, T is also in
Consistent(D∗), where (D∗, X) = reduce(D,S∗). 3

Therefore, by (2a), (2b), and (2c), (2) is now proven. 2

QED.

We now consider modifying Reduction to use strengthen Rnodes in
place of fix Rnodes (we call this new method StrongReduction). The
theorem below follows from the proof above and the correctness of strengthen Rnodes.

Theorem 5.2 For a graph G, StrongReduction(PreProc(G)) produces a
non-empty strong PR-tree D where

−−−−−−−→
Consistent(D) =

−→
T G iff G is a directed

path graph.

Furthermore, we can easily use Reduction to construct a PR-tree to rep-
resent the path-path models of G. Recall that, PG consists only of paths.
We can easily force every element in a PR-tree’s consistent set to be a path
by making L(D) a good leaf set of D (i.e, using L(D) as a constraint). In
particular, by using S = {S, S0, S1, ..., Sn−1} where {S0, S1, ..., Sn−1} =
PreProc(G) and S =

⋃n−1
i=0 Si (i.e., S contains every maximal clique of G

and is the first constraint of S). Thus, if D = Reduction(S), then D rep-
resents S. More specifically, Consistent(D) is the set of paths satisfying SG
(i.e., Consistent(D) = PG). The structure of this PR-tree is very restricted.
In particular, since L(D) is a good leaf set inD, its least common ancestorX
has L(X) = L(D). Thus, D is a rooted PR-tree (i.e., D is a PQ-tree by obser-
vation 3.4.2). This follows from the fact that Reduction only creates source
nodes when applying a join operation (i.e., by observation 6.1.1). Thus,
as in the below theorem, we have re-proven that the PQ-tree (i.e., rooted
PR-tree) solves the path-path problem and shown that our algorithm can
construct a PQ-tree.

Theorem 5.3 For a graphG, Reduction({S} ∪ PreProc(G)) produces a non-
empty rooted PR-tree D where Consistent(D) = PG iff G is an interval graph.

46



6 Runtime Complexity of PR-tree Construction

In this section we discuss the runtime complexity of the Reductionmethod.
We first examine a PR-tree D produced by this process. In particular, we
prove that the “size” of D is linear with respect to the size of the input
graph G (see section 6.1). We then use this result to demonstrate that the to-
tal running time of Reduction(PreProc(G)) isO(a(n+m) ∗ n ∗m) where
a(s) is the inverse Ackermann function from Union-Find (see section 6.2).
Note: the details of our usage of Union-Find are given in the addendum [3].

Notice that, the size of the set S produced by PreProc(G) is Σv∈V (G)|Sv|.
In particular, this is the number of ones in the vertex to maximal clique in-
cidence matrix of G. Furthermore, by the following theorem from [8] (see
theorem 6 below), we can relate the size of a PR-tree produced by our algo-
rithm and the running time of our algorithm to the size of the input graph.

Theorem 6 [8] For a chordal graph, the number of ones in the vertex to maximal
clique incidence matrix is O(n+m).

6.1 The Constructed PR-tree

Throughout our discussion of the templates (see [3]) we are careful to en-
sure that no new P-node or R′-node sources are introduced by the applica-
tion of a template. Thus, the only time we create new source nodes during
the Reduction process is when we perform the join operation (note: in
the case of a degenerate join we may still create a new node, namely Xi the
LCA of S∗i ). We formalize this in the following observation:

Observation 6.1.1 For a chordal graph G with constraint set S = {S0, S1, ...,
Sn−1}= PreProc(G), each HW-PR-treeDi = {{A0, ..., Aα−1}, {R0, ..., Rγ−1}}
produced during the execution of Reduction(S) will satisfy the following:
• Di has at most i source nodes which are not weak R-nodes (i.e., α ≤ i); and
• Each such source is the LCA of a distinct constraint (i.e., w.l.o.g. L(Aj) = Sj

for j ∈ [0, α− 1]).

Furthermore, since each P-node has at least three children and each R′-node
has at least two children, the number of P-nodes and R′-nodes in the subtree
rooted at a any node N is at most the number of leaves of N . Therefore, we
can bound on the number of P-nodes and R′-nodes in an HW-PR-tree built
during the Reduction method (see observation 6.1.2).

Observation 6.1.2 For a chordal graph G with S = PreProc(G):
Each HW-PR-tree Di produced during the execution of Reduction(S) has at
most 2 ∗∑i

j=0 |Sj| edges (i.e., parent to child connections) between P-nodes, R′-
nodes, and leaves.
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We now consider the size of weak R-nodes in a weak PR-tree. Notice that,
in a weak PR-tree, each weak R-node has a distinct set of R′-nodes and a
distinct set of children. In particular, the number of weak R-node to child
edges is bounded by the number of R′-node to child edges, and the number
of R′-node to weak R-node connections is bounded by the number of R′-
nodes. Furthermore, the size of the tree associated with a weak R-node is
proportional to the number of children of that weak R-node. Additionally,
for the convenience of fix Rnodes, we will keep track of the R′-nodes as-
sociated with each edge of RT for each weak R-node R (note: this is again
proportional to the number of R′-node to child edges). With this in mind we
can see that the weak R-nodes of a weak PR-tree have a space requirement
which is proportional to that of the R′-nodes.

The previous set of observations leads to the following theorem regarding
the size of the PR-tree produced by our construction algorithm relative to
the size of the input graph.

Theorem 6.1.3 For a graph G, and a PR-tree D = Reduction(S) (for S =
PreProc(G)), the size of D, denoted |D|, will beO(

∑
v∈V (G) |Sv|) (i.e.O(n+m)

by theorem 6) where D will be ∅ when G is not a path graph.

6.2 Runtime Complexity

In this subsection we discuss the runtime complexity of the Reduction
algorithm. We separate this analysis into two parts: the analysis the reduce
method, and everything else.

The discussion of the reduce method relies on the details of the templates
and as such is presented in the addendum [3]. In particular, to perform the
reduce operation use the Union-Find data structure of Tarjan [22] to rep-
resent the weak R-nodes of in the current HW-PR-tree (this is described in
detail in [3]). In short, we use two instances of Union-Find in order to repre-
sent the two families of disjoint sets associated with the weak R-nodes of an
HW-PR-tree. More specifically, for an HW-PR-treeD we have {Children(R)
: for every weak R-nodeR in D} and {RR′ : for every weak R-nodeR in D}
which are each represented by an instance of Union-Find.

Using these data structures, we have shown that reduce(Di−1,S∗i ) can be
performed in O(a(

∑i
j=0 |Sj|) ∗

∑i
j=0 |Sj|) time (where a(s) is the inverse of

Ackermann’s function arising from Union-Find ) in the context of Reduction(S)
(where S = PreProc(G) for a graph G). Using this result we can see that
the total time required by the calls to reduce is:
O(

∑n−1
i=0 a(

∑i
j=0 |Sj|) ∗

∑i
j=0 |Sj|); i.e., O(a(n+m) ∗ n ∗m)(by theorem 6).

We complete the analysis of the Reduction algorithm by showing that the
other operations complete in O(n+m) time (see theorem 6.2.1 below).
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Theorem 6.2.1 For a graphG, all operations performed during Reduction(PreProc(G))
other than the calls to the reduce method can be completed in O(n+m) time.

Proof :
Recall that PreProc(G) uses O(n+m) time (see section 4.1). Furthermore,
by theorem 4.4.2, the runtime of fix Rnodes on an HW-PR-tree D is:
O(

∑{ # of edges in (QR)T [Children(Q)] : for every R′-node Q of D }).

Thus, by observation 6.1.2, the total size of all R′-nodes in the HW-PR-tree
(i.e., Dn) on which Reduction performs fix Rnodes, is O(n + m). Thus,
the call to fix Rnodes is performed in O(n+m) time.

We now examine the main loop of the Reduction algorithm. Notice that,
each iteration of this loop involves a set intersection (i.e. determining S∗i =
Ui−1∩Si), the execution of reduce(Di−1,S∗i ), and the execution of join(D∗i ,Xi,Si−
S∗i ). For now we set aside the time required for each call to the reduce
method. Notice that, the set intersection can be performed in O(|Si|) time.
Similarly, by theorem 4.2.1, the join is performed in O(|Si|) time. In par-
ticular, if we disregard the calls to reduce the time used by the main loop
is O(

∑n−1
i=0 |Si|) time; i.e., by theorem 6, O(n+m) time.

QED.

Notice that, the timing of the sequence of reduce operations dominates
the Reduction and StrongReduction methods. Therefore, both can be
performed in O(a(n+m) ∗ n ∗m) time (as in the theorems below).

Theorem 6.2.2 For a graph G, computing S =PreProc(G), Reduction(S),
and StrongReduction(S) completes in O(a(n+m) ∗ n ∗m) time.

Note: a(s) is the inverse of Ackermann’s function arising from Union-Find [22].

The above theorem together with the correctness of Reduction 5.1) and
StrongReduction (theorems 5.1 5.2) provides the following theorems.

Theorem 6.2.3 (PR-tree) For a graph G, a PR-tree D where Consistent(D) =
TG, can be produced in O(a(n+m) ∗ n ∗m) time. Additionally, D 6= ∅ iff TG 6= ∅
(i.e., G is a path graph iff D 6= ∅).

Theorem 6.2.4 (Strong PR-tree) For a graphG, a strong PR-treeD where
−−−−−−−→
Consistent(D) =

−→
T G, can be produced inO(a(n+m)∗n∗m) time. Additionally,D 6= ∅ iff

−→
T G 6= ∅

(i.e., G is a directed path graph iff D 6= ∅).

The PR-tree and Strong PR-tree theorems complete our discussion of PR-
tree construction. In particular, they demonstrate that the PR-tree and strong
PR-tree solve the path-tree and directed path-tree problems respectively.
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7 Concluding Remarks

The main contribution of this work is the PR-tree (see def. 3.2.11): a new
data structure which characterizes the path-tree models of graphs (see the-
orem 6.2.3) and (with minor changes) also characterizes directed path-tree
and path-path models of graphs (see theorems 6.2.4 and 5.3 respectively).

In particular, for a graph G, there exists a non-empty PR-tree D whose con-
sistent set is precisely theG’s path-tree models (i.e., TG) iffG is a path graph.
Additionally, we have demonstrated an algorithm (see algorithm 3) which,
in O(a(n + m) ∗ n ∗ m) time, not only constructs such a PR-tree, but also
guarantees that its size is linear with respect to the size of G (see theorem
6.1.3). An additional consequence of this work is the establishment of a new
approach to path graph recognition (i.e., via PR-tree construction).

The first restricted form of the PR-tree (namely, the strong PR-tree - see def.
3.2.11), characterizes the sets of directed path-tree models of graphs. Ac-
companying this characterization is an algorithm (see StrongReduction
in section 5) which, for a given graph G, produces a non-empty strong PR-
treeD whose directed consistent set is precisely the directed path-tree mod-
els of G (i.e.,

−→
T G) iff G is a directed path graph. Additionally, this algorithm

runs in O(a(n+m) ∗ n ∗m) time and the strong PR-trees that it produces is
linear in size with respect to the input graph. Moreover, the only difference
between Reduction and StrongReduction is that the latter requires a
slightly more restrictive post-processing step. This algorithm also provides
a new approach to directed path graph recognition.

The rooted PR-tree is the other restricted form of the PR-tree and it char-
acterizes the sets of path-path models of a given graph respectively (see
theorem 5.3). We again use the PR-tree construction algorithm to produce a
rooted PR-tree whose consistent set is precisely the path-path models of a
given graph. The difference this time is that we add an extra constraint to
the input. But, the rooted PR-tree is the same as the PQ-tree of Booth and
Lueker [2] (see observation 3.4.2) and, consequently, is not a new character-
ization, but is a new proof of an old characterization.

There are many interesting open questions regarding PR-trees and related
problems. In particular, we are investigating improving the efficiency and
the depth of our analysis of the main algorithm presented in this work in
the hopes of providing improved bounds on PR-tree construction. One such
avenue is to apply the approach that Korte and Möhring have taken to sim-
plify the construction of PQ-trees [13]. Another is the use of split decompo-
sition. Notice that, such an improved bound would improve the best known
time required to construct a PR-tree and the recognition problems of both
path graphs and directed path graphs.
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Furthermore, the rooted path graphs are the intersection graphs of directed
paths in rooted trees and they also have a clique tree theorem [18]. This
graph class is contained strictly between the interval and path graphs and
is another candidate for characterization via PR-trees.
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[12] E. KÖHLER, Graphs without Asteroidal Triples, PhD thesis, Dept. of Mathematics
– Technical University of Berlin., Berlin, Germany, 1999.
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