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Consider the following algorithm:

// Return the first index

of x in the array A

// or -1 if x isn’t in A.

LS(A, x)
i:=0
while i < A.length
if A[i] = x
return i
i=1i+1
return -1

The time taken for the above code depends not just on A and z, but on how long assignment,
addition, array access, etc, take for the particular computer, compiler, etc. We start our analysis
by counting the operations, since they each take some amount of time:

// Return the first index

of x in the array A

// or -1 if x isn’t in A.

LS(A, x)
i:=0 // 3
while i < A.length // 6
if A[i] = x // 6
return i // 2
i:=1+1 // 5
return -1 /] 2

Each variable access (e.g. i), constant
comparison (e.g. <,=), array access ([1),
counts as a step.

steps
steps
steps
steps
steps
steps

use (e.g. -1), assignment (:=), while or if branching,
arithmetic operation (e.g. +), object access (.) or return

The number of steps depends only on the input, so let ¢,s (A, z) = the number of steps to execute
LS with input A and z. For example, t7s ([3,1,4],3) =3+ 6 + 6 + 2 = 17, since it executes the
first three lines, and returns on the fourth.

More generally, suppose x is in A and let j be the first index of x in A. The first line is executed
(taking 3 steps). The loop iterates fully j times (taking 17; steps), and then it iterates partially
one time to return j (taking 14 steps). So trs (A,2) =3+ 17+ 14 =17(j + 1).
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Suppose z is not in A. Then the first line is executed (3 steps), the loop iterates fully A.length
times (17A.length steps), checks the while condition and fails (6 steps) and returns -1 (2 steps).
In this case: trs (A,z) = 11 + 17A.length. Thus:

tns (A, z) = 17(j +1), j 1st index of z in A
ESVHE) 71 11 4 17A.length, x not in A.

How does this depend on the length of A? One worthwhile measure is the worst-case: for n € N,
let Trs (n) = max {tys (A, z) : Alength = n}. In our formula for .5, j < n, so the maximum is
when z is not in A: Ty5(n) = 11+ 17n.

What’s the actual time taken in the worst-case? Not every type of operation takes the same
amount of time (and may even vary within the same program). But consider the minimum and
maximum times m and M for all the operations: then the actual time is between (11 4 17n)m
and (11 + 17n) M, so it’s © (n). Counting steps lets us determine the actual time in terms of ©.

WORST-CASE

In general, for a program P and input z we let ¢p (2) = the number of steps to execute P on z. It
can be complicated to calculate tp exactly, and often we’re just interested in the worst-case. The
worst-case requires choosing some measure of size for the input, and then the worst-case is defined
for n € N by Tp (n) = max {tp (2) : z is an input of size n}. Tp can still be too complicated to
calculate exactly, but we may still be able to reason about its O and €2 behaviour.

Reasoning about Tp in terms of O or €2 requires comparing a maximum with an upper or lower
bound. Notice that max{z € D:q(z)} <wiff Ve € D,q(z) >z < wu,and max{x € D: q(x)} >
liff 3z € D,q(x) Az > [. Letting I be the set of input for P, we can rewrite Tp € O (U) as:

Jdee RY,3b € N,Vn € N,n > b — max {tp (2) : z is an input of size n} < U (n)
dee RT,3be N,Yne N,n>b—Vze I, size(z) =n—tp(z) <U(n)
Jec € RT,3b € N,Vz € I,size(z) > b — tp(z) < U (size (2)) .
And we can rewrite Tp € Q (L) as:
Je€ RT,3b € N,Yn € N,n > b— max{tp (z) : z is an input of size n} > L (n)
Jee RY,dbe N,Yn € N,n>b— 3z € I,size (2) =nAtp(z) > L(n)

Let’s apply this for the following program that implements insertion sort:

// A is an array.
IS(A)
i:=1
while i < A.length
t := A[i]
j =1
while j > 0 and A[j-1] > t
A[j] A[j-1]
j =31
Alj] = ¢
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Measuring size by A.length, we claim that T;s (n) € © (n?). We show this by showing T;s (n) €
O (n?) and Tys (n) € 2 (n?), using our formulations above.

For Ty, (n) € O (n?) we only need an upper bound, so we’ll put some easy upper bounds on the
lines of the algorithm:

i=1 // <= 10 steps

while i < A.length // <= 10 steps
t := A[i] // <= 10 steps

j =1 // <= 10 steps
while j > 0 and A[j-11 >t // <= 20 steps
A[j1 := A[j-1] // <= 20 steps

j o= j-1 // <= 10 steps

Al = ¢ // <= 10 steps

Here’s the proof:

Let c=140,b=1. Thence R* and b e N.
Let n € N.
Let A be an array. Suppose A.length > b.

Let n = A.length. Note that n > b > 1.

The outer loop iterates n times.

The inner loop iterates < ¢ times, so < n times.

Each iteration of the inner loop takes < 50 steps, so the loop, counting the
final test to end the loop, takes < 50n + 20 < 70n steps (since n > b =1).
Each iteration of the outer loop takes < 40+ 70n < 110n steps, so the outer
loop, counting the final test, takes < (110n)n + 10 < 120n? steps.

So t75(n) < 20 + 120n? < 140n? = cn?.

|The conclusions are left as an exercise. |

For Ty, (n) € Q (n?) we need, for each sufficiently large length, an array that takes quadratic time
to process. Any array sorted in decreasing will do:

Let c=1/2and b=2. Then c € R" and b € N.
Let n € N. Suppose n > b.

Let

A=[n,n—1,n—2,....2,1]. Then A is an array.

Then A.length = n.

The outer loop iterates n — 1 times.

For the inner loop, the elements A[0], A[l],..., A[j — 1] are a rearrange-
ment of the original values n,n — 1,...,n — (j — 1), and in particular are
larger than ¢ = n — j. So the inner loop iterates ¢ times, down to j = 0.
The “j := j-1" takes > 2 steps, so the inner loop takes at least 2¢ steps.
So the outer loop takes > 2+---+2(n—1)=2(1+---+(n—1)) =n?—n
steps.

Thus t7s (A) > n>—n="+% —n=cn?+n(2-1) >’ +n(2-1) =
en?.

[The conclusions are left as an exercise.|



