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Abstract

In standard implementations of the Grobner basis algorithm, the origina polynomials are homoge-
nized so that each term in agiven polynomia has the same degree. In this paper, we study the effect of
homogeni zation on the proof complexity of refutations of polynomials derived from Boolean formulas
in both the Polynomia Calculus (PC) and Nullstellensatz systems. We show that the PC refutations of
homogenized formulas givecrucia information about the complexity of the origina formulas. The min-
imum PC refutation degree of homogenized formulasis equal to the Nullstellensatz refutation degree of
the original formulas, whereas the size of the homogenized PC refutation is equal to the size of the PC
refutation for the originas. Using this relationship, we prove nearly linear (Q(n/logn) vs. O(1)) sepa-
rations between Nullstellensatz and PC degree, for a family explicitly constructed contradictory 3CNF
formulas. Previoudly, aQ(nl/ 2) separation had been proved for equationsthat did not correspond to any
CNF formulas, and alogn separation for equations derived from kCNF formul as.
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1 Introduction

Buchberger’sagorithmisavery popular techniquefrom al gebraic geometry, whichisused to find a Grobner
basisfor afamily of polynomial equationsover variablesxy, ..., Xn.

Buchberger’salgorithm can be applied to solve SAT. Starting with an initial boolean formulain conjunc-
tivenormal form, C=C; AC, A ... ACyy,, convert each clause C; into an equivalent polynomial equation (over
somefield F), and add the additional equationsx? — x; = Otoforce 0/1 solutions. The corresponding family of
polynomial equationswill have asolutionover F if and only if Cissatisfiable. Conversely, Cisunsatisfiable
if and only if 1 isintheidea generated by these polynomials, and hence isin the Grobner basis.

Buchberger’s algorithm has many unspecified aspects, such as a term order, and the order in which S
remainders are computed. Any specification of these parameters yieldsavalid Grobner basis a gorithm, but
the running time can vary highly depending on these issues. Many heuristics and modifications have been
suggested and implemented to make the algorithm simpler or faster. However, typicaly the algorithm is
applied in the context of infinitefields, and thus the heuristics commonly considered may be meaningless or
counter-productive in our setting. We are interested in understanding which heuristics work well and why
in our setting. One basic heuristic is homogenization. The origina system of polynomialsisreplaced by an
equivalent system that is homogeneous, i.e., al terms of a polynomial in the system have the same degree.
For systems of polynomialsderived from Boolean formulas, we show that homogenization basically creates
a hybrid between two well-studied proof systems, Nullstellensatz (HN) and Polynomia Calculus (PC).

TheNullstellensatz (HN) and Polynomial Calculus (PC) proof systems, first definedin [BIK +96, CEI96],
are algebraic proof systemsfor refuting systems of unsolvablepolynomial equations. They have been exten-
sively studied in the past several years, due to their connections to standard proof systems, [Pit97, BIK+97]
and NP-search classes, aswell as Buchberger’sa gorithm. Thetwo common compl exity measures for proofs
in these systems are degree and size. We show that the size of PC proofsis preserved under homogeniza-
tion. However, the degree can increase dramatically. In fact, the degree of PC proofs for the homogenized
polynomialsis exactly that of HN proofs for the original polynomials. Using this characterization, we are
ableto derive an amost optimal separation for PC and HN degrees. We give explicit 3-CNF contradictions
whose translations have O(1) degree PC proofs, but require Q(n/logn) degree HN proofs. Previously, a
Q(n%/?) separation had been proved for a system of Boolean polynomials that did not correspond to any
CNF ([CEI96, Bus97]), and alogn separation for equations derived from KCNF formulas [BP96].

It follows, from thefirst result, that if our term order usesonly the degree of the homogenizing variable as
atie-breaker, homogenization is guaranteed not to substantially change the time of Buchberger’s algorithm
for Satisfiability. However, the second result indicates this might not be the case for degree-respecting term
orders, as are used in standard implementations.

2 Background

2.1 Grobner bases

The theory of Grobner bases requires an ordering on the terms of the polynomial ring in which we operate.
In this case, we choose an arbitrary ordering on the variables and use any induced order on the terms (such
as lex, griex, etc). We use the following definition and theorem, which are both standard to the theory of
Grobner bases (deg(f) isthe degree of f, LT isthe largest term under the ordering, and LCM is the least
common multiple):



DEFINITION 2.1: A finite subset G of an ideal | (over apolynomial ring R) is called a Grobner basisif it
generates |, and if the set {LT(Q) | g € G} generates the monomial ideal LT (1) = {LT(f)| f € 1}.

Theorem 1: [CO92] For G abasisfor | and gq,9, € G, let

_ LCM(LT(9),LT(g)) ,LCM(LT(g),LT(d))

!
49.9) 79 T(g)
G isaGrobner basisfor | if and only if for al g,g' € G, there exist {as} tcc C R, such that
S9.9)= 3 arf
2

and deg(as f) < deg(S(g,d)) for all f € G.

S(g,d') iscalled the S-polynomial of gand g'. The S-remainder, written S(g,g’) mod G, isthe remainder
of §(g, d’) divided by (theelementsof) G (listedin somefixed order). Informally theabovetheorem statesthat
if Gisabasisfor |, then GisGrobner if and only if, for al g,g' € G, the S-remainder of gand g’ iszero. This
theorem givesrise to the following a gorithm, commonly called Buchberger’s algorithm, for constructing a
Grobner basis. Theinput to the algorithmis a set of polynomialsF = (f4,..., fs). Initialy, the basis (called
G) contains F. At each step, we select a pair of polynomiasin G, compute their S-remainder and, if it is
non-zero, we add it to G. The agorithm terminateswhen all pairs of polynomialsin G have S-remainders of
zero.

Thisalgorithmisacornerstoneof computational algebrai c geometry. Many heuristicshave beeninvented
and analyzed for improving the runtime. However, in most applications, the algorithm is applied to infinite
fields, and thusit is not clear whether these heuristics make sense in our setting, where the underlying field
isfiniteand solutionsare 0/1 valued.

We also mention a well-known lemma for computing S-remainders:

Lemma2: [CO92] Let g and g’ betwo polynomials such that

ged(LT(g),LT(d)) = 1.

The S-remainder of gand ¢’ isO.

2.2 Homogeneous Grobner Bases

Let F beafiniteset of polynomials. Let I betheideal generated by F, and let I (d) bethe subset of theideal
consisting of all those polynomialsin I of degree at most d. For solvinginstances of SAT, we are interested
in knowing whether or not I (0) is empty.

Itisnatural to consider atruncated version of the Grobner basisalgorithmwhereweignoreall S-polynomias
of degree greater thand. Wewill let [d] — Grobner (F) denotethe output of thistruncated version of the algo-
rithm applied to F. It would be niceif [d] — Grobner (F) had all of the nice properties of a Grobner basis for
those polynomialsin I (d). In particular, wewould likethe largest terms of [d] — Grobner (F) to generatethe
largest terms of 1 (d). However, in general thisisnot the case since S-remainders of high degree can lead to
new basis elements of very low degree.



On the other hand, the truncated Grobner basis algorithm does have this nice property when applied to
homogeneous polynomials. For our purposes, a polynomia P is homogeneousif every term in P has the
same degree. If every polynomial in F ishomogeneous, it can easily be seen that all non-zero S-polynomials
will aso be homogeneous, and al polynomialsoutput by the Grobner basis a gorithm will be homogeneous.
Moreover, to test a particular polynomial f for membership in Ig, it suffices to compute [d] — Grobner (F),
where deg(f) = d.

Because of thisand other nice properties, common implementati onsof the Grobner basisalgorithmbegin
by homogenizing F, if itisnot already homogeneous. To dothis, anew variable Z isintroduced, that islastin
the variable ordering. Before running the algorithm, each initial equation f; € F is modified (by multiplying
each term by a power of Z) so that each termin f; has degree equal to deg( f;).

The trade-off ensues from the fact that, in the homogenized setting, the polynomialsin the idea may
have higher degree than their corresponding polynomiasin the non-homogenized setting (i.e. there could
be extra factors of Z increasing their degree. We will see that, while a non-homogenized PC-proof consists
of testing for elementsin I (0), we must check for membership of Z¢, for some a priori unknown constant
¢, to prove the homogenized case.) In this paper we analyze the complexity of the homogenized versus non-
homogenized approach, applied to equations derived from 3CNF formulas.

2.3 Algebraic Proof Systems

In this paper, we consider two particular algebraic proof systems (i.e. systems under which clauses of an un-
satisfiablelogical formulaare translated into algebrai ¢ equationswhich are then proven to be contradictory).
Thefirst is the Hilbert Nullstellensatz (HN) system and the second, the Polynomia Calculus (PC) system.
Both rely on thefact that given acontradictory set of polynomials, Qy, ..., Qm € K[X] for somefield K, those
polynomials generate the unit ideal in the ring K[X]. In other words, the equations do not have a solution
in the algebraic closure of K if and only if 1 isin the ideal generated by Q;(X). There are several ways of
characterizing the elements of thisideal in terms of linear combinations of the generators. Such a demon-
stration that 1 isin theideal isthus aproof of the unsolvability of the equations Q;. The Nullstellensatz and
Polynomial Calculus systemsare based on two such characterizations. The standard versionsof both assume
the variables are Boolean, that is, they take X2 — X as axiomatic. However, the homogenizing variable will
not be Boolean, so we need to consider the extensions of these systemsto non-Boolean systems.

Under HN, a proof or refutation is given by exhibitingasum, 32, RQ; = 1, for any {R}", C K[X].
The degree of thisderivation, then, ismax{deg(PRQ;) | 1 <i < m}. Itssizeis 3|, size(R) wheresize(R) is
the number of monomialsin the polynomia P,. The HN degree of a set of contradictory polynomiasisthe
degree of the minimum-degree HN proof.

A PC derivation of Q € K[X] fromQq, ..., Qy € K[X] isasequence of polynomiasPy, ..., Pn= Q, where
each R, iseither

1. Qj for somej.
2. mP; for j < iandmaterminK[X].
3. aP;+ bR for j,I <ianda,beK.
The size of thisderivationis|. Itsdegreeis max{deg(P) | 1 <i < |}. The PC degree of Q from a set of

polynomialsis the degree of the minimum-degree PC derivation of Q from those polynomials. If no such
derivation exists (i.e. Q ¢ (Qu,...,Qm)), then the PC degree of Q is. A PC proof or refutation of a set



of contradictory polynomialsis a PC derivation of 1 from those polynomials. A PC refutation of a set of
contradictory polynomials homogenized by Z is a PC derivation of Z¢ for any integer ¢ > 0. The PC degree
of aset of contradictory, non-homogenized polynomialsis the degree of the minimum-degree proof of those
polynomials. The PC degree of a set of contradictory, homogenized polynomialsis the minimum over all ¢
of the PC degree of Z¢ from those polynomials. Noticethat, since aPC proof alows cancellation of terms at
each step, itsdegreeis always at most the HN-degree for the same set of polynomials.

3 Relationships between complexity measures
The following theorem shows that the homogenized PC degree and the HN-degree are basically the same.

Theorem 3: Let {qy,...,0m} C K[X1,...,%n]. Let {Qq,...,Qm} C K[Xy,...,Xn, Z] be the homogeniza-
tionsof the above polynomials. Then, ZX € (Qy,...,Qm) iff {qy,...,qm} has adegree k Hilbert Nullstellen-
satz (HN) refutation.

Proof: Firstassume{qy,...,qm} hasadegreek HN refutation: f = Zp;q; = 1, for some{py,..., pm} C
K[X1,...,%n] such that maxdeg(piqi) = k. Let fy be theterms of f with multidegree a = (dy,...,ds) and
¥d; = d. Clearly fq = Ofor al non-trivial a. Now let F = >ZX-9e(Pa)pQ;, where P, is the homogenization
of pi. Now, theterms of fy have become the terms of multidegree a’ = (dj, ..., dn, k—d). Thus, for non-
trivia a, Fy = 0. Fora =0, fy = 1, so Fy = ZX. Hence, F = ZX.

Now assume Z¥ € (Qy,...,Qm). Then we have ZpQ; = Z¥ for some {py, ..., Pm} C K[Xy,...,%n, Z].
But we can remove all the terms from p; such that deg(piQ;) > k since they must all cancel. Let’s say this
yields p/. Then we set Z = 1 on both sides of the equation, so we have Z(p{|z=1)0gi = 1 where each term in
the sum has degree k. Hence {qq, ...,qm} hasadegree k HN refutation. O

Corollary 4: The degree of the Polynomial Calculus (PC) refutation for {Qg,...,Qm} isequa to the
degree of the HN refutation for {qy,...,qm}-

Proof: A PC refutation for {Q,...,Qm} consists of deriving ZK for some k. Clearly the degree of
this derivation must be at least k. But by the theorem, there is a degree k HN refutation of {qs,...,qm}, SO
degpc(Q1, - - -, Qm) > degyn(Qy, - - -, Gm) - Ontheother hand, if thereisadegreek HN refutation of {qy, ..., Om},
then {Qy, ..., Qm} derive ZK and we saw intheabove proof that thiscan be donein degreek, sodegec (Q1, . - ., Qm) <
degHN(le---va)- o

The following theorem, proven in [BIK*97] shows that the degree of tree-like PC refutations is very
closeto the degree of HN refutations.

Theorem 5: If thereisadegreed HN refutation of Q, then thereisatree-like, degree d PC refutation of
Q. Conversdly, if thereisatree-like, degreed, size SPC refutation of Q, then thereisaHN refutation of Q
of degree O(dlog$).

Lastly, we show that the size of a homogenized PC refutation isno larger than the size of a PC refutation.

Theorem 6: Let q={Qy,...,qm} beafamily of polynomial equationsand let Q = {Qg,...,Qm} bethe
homogeni zations of the above polynomials. If g has asize s PC refutation, then Q has a size O(s) homoge-
nized PC refutation.



Proof: Let P beaPC refutation of g. We will show by induction on the number of linesin P, |P|, that
for al polynomialsr, if there exists asize s proof of r from g, then there exists an i and a size O(s) proof
of RZ' from Q, where R is the homogenization of r. For the base case, suppose that r has a one line proof
from g. Thenr isan equation of g, so Risan initial equation of Q and we are done. Assume the inductive
hypothesisholdsfor | lines, and now let r have an | 4+ 1-line proof from g. There are two cases to consider.
Thefirst caseiswherer = xt, wheret hasan I-line proof from g. In thiscase, by induction there existsi such
that TZ' has a small proof from Q. But then R= TZ'x is a proof from Q and we are done. The other case
iswhenr =ry+r,, wherer, and r, each have short proofs from g. Without loss of generality, suppose that
deg(r;) = deg(rz) + c. Then R= Ry + Ry,Z°. By induction, there exist i, j such that there are small proofs
of RiZ', and RyZ! from Q. If j = c+1i, we have (R; — RyZ%)Z' and we are done. Otherwise, if j > ¢+,
multiply R;Z' by Z® whered = j — c—i. Thenwe have (R — RyZ%)Z"+9. Finally, if j < c+i,letd=c+i— j
and multiply R,Z! by Z° and get (R; — Rp2%)Z'. O

4 Lower bound for HN-degree

4.1 Formulason graphs

Theidea behind these unsatisfiable formulas first appeared in [RM97], and has al so appeared in subsequent
papers [BEGJO8, BSW99]. We begin with adirected, acyclic graph, D, where each node has constant inde-
gree. Thisgraph isviewed as ageneral implication graph as follows: (1) there is one variable, X(v), corre-
spondingto each vertex vinthegraph; (2) for each vertex vin S the set of sources, the corresponding variable
X(v) istrue; (3) for each non-source vertex v with parent vertices P(v), we have that if all of the variables
corresponding to verticesin P(v) are true, then X(v) isaso true; (4) finaly, to make the formula false, for
somesink vertex t, X(t) isfalse.

Throughout this section, we will assume thereisonly onesink (if not, identify all the sinksto one node).
Also, wewill abuse notationand use v for X(v). The meaning should be clear from the context. Formally, we
define thefollowing clauses: for any v ¢ S we havetheimplication Aycpy) U— V. Also, we havethe axioms
sfor each se€ S Findly, weinsist ont. If theindegree of D isk, then the above formulaisak+ 1-CNF
formula

For algebraic proof systems, wefix afield K and convert the aboveimplicationsinto equationsinthering
K[X(V)] (we use the notation prod(U ) to mean [ycy X(u) for U aset of nodes):

v prod(P(v)) — prod(P(v)) = 0.

We al'so include equati ons restricting the variabl es to boolean vaues: v2 — v = 0. Again, if theindegree of D
isk, then these equations have degree k+ 1.

The natural way to refute the above formul a/eguationsis to begin at the source vertices, and derive suc-
cessively that each layer of vertices must be true, until finally we can conclude that each sink vertex must
be true. Thisgives us the desired contradiction since there is some sink vertex that isfalse. For any graph
D with indegree k, this natural refutation can be formalized as a PC refutation of degree k+ 1, and aso as
a polynomial-size tree-like Resolution refutation. However, we show here that if the graph is sufficiently
complicated (it has high pebbling number), then any HN refutation must have high degree.

Our lower bound strategy will be to take advantage of Corollary 4. That is, we will implicitly describea
Grobner basis for the above equations, and then prove that the degree of thisbasisis at least as large as the
pebbling number associated with the underlying graph.



4.2 Grobner basisfor graph formulas
Consider the homogenized implicationsand restrictions (for each v):
v prod(P(v)) — Z prod(P(v)) = 0, V2 —vZ =0.

Here Z isthe variable added for homogenization. Let this set of axiomsbe called A. We also have the asser-
tions (for each source s):
s—Z2=0,

which will be considered implications saying that the empty set implies s, and (for onesink t):
t=0.

This set of axioms will be called B. Our true goal isto show a degree lower bound for a refutation of AUB
(i.e. aderivation of 29 for some natural number d). In practise, however, we give alower bound for d, where
d isthe smallest natural number such that we can derive

f = (t prod(S) — Z prod(S)) z¢

from A. To seethat thesetwo quantitiesare roughly equivalent, assumethat we havederived f from A. Then,
given B, we can write

E ENC
—f+(Z-1) 3 (s=2Z7F [ s)+tz4& =218+,
i=1 j=i+1

On the other hand, if we have derived z9 fromAand B = {t,s; - Z,.. -ySg — Z}, then we can derive f =
(t—Z) prod(S)Z9 by multiplying every linein the proof by (t — Z) prod(S). In particular, we can derive it
fromAandB' = (t - 2)t,s1(s1 - Z),...,Sg(Sg — Z). But B'isalready in A.

Accordingly, we are interested in the concept of Z-degree:

DEFINITION 4.1: Let P € K[X, Z] be a homogenized polynomia. We define the Z-degree of P, zdeg(P) to
be themaxima m € N such that P/Z™ € K[X, Z].

The Z-degree of f, then, is d and we shall consider this the de facto degree of the proof. Now we are
ready to explore the Grobner basisfor our ideal | generated from A. We first exhibit certain polynomialsin
theideal:

Proposition 7: LetV1,Vo C V, Uz, Uz € V, d1,d> > 0 and assume that the implications
f1 = (uy prod(Vy) — Z prod(Vy)) 2%, f, = (up prod(Va) — Z prod(Vz)) 2%

areinl. Ifuy € Vi, thenletU =V, UV2 — {u; } andlet d = max{ds,d>}. Wecan then concludethat (u, prod(U) —
Z prod(U))z9+1isinl.

Proof:
(2% prod(Vi — Vi) fa — (U — Z) (% prod(Vo — Vi — {ur})) fa

= (uy prod(U) — Z prod(U))Z4+1,

6



Figure 1: Two implicationswhere the conclusion of one isincluded in the hypothesis of the other.



Degree max{d1,d2} +1

Figure 2: The implication derived from the previous two.
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LetV — udenotetheformulastatingthatif al of thevariablesinV aretrue, thenuisasotrue. Informally
theabovepropositionsaysthat if we haveadegreed; PC derivationof V; — u;, and adegree d, PC derivation
of Vo — Uy, where uy € Vs, then we can deriveV; UV — {u1 } — U2 in degree max(dy, dp) + 1. Seefigures 1
and 2 for agraphical representation. Let G be the set of equationsformed recursively as follows:

1. Gceontainsall of the generators of I.
2. If theimplications
f1 = (uy prod(Vy) — Z prod(Vy)) 2%, f, = (Up prod(V,) — Z prod(Vs))Z%

arein Gand u; € V,, then
(up prod(U) — Z prod(U))Z4+1

isinG.
G, then, isjust the closure under applications of Proposition 7. It is not hard to see that, invariably, the
conclusion node of each implication isnot included among the hypothesis nodes, since the hypothesis nodes

are al predecessors of the conclusion node and the graph is acyclic. We shall use thisfact in proving that G
isavery fundamental set:

Theorem 8: GisaGrobner basisfor I.

Proof: Clearly Gisabasissinceit containsall of the generatorsof I. We show that it is Grobner using
Theorem 1 (recall that we defined Z to be last in the ordering of the variables). Consider two implications,

f1 = (ug prod(Vy) — Z prod(V4)) Z%,
f, = (up prod(V,) — Z prod(Vy)) Z%.
The S-remainder is

S( f1, fz) = ( pl’Od(VlLJVzU {Uz} — {ul})Z— pl’Od(VzUV]_U {Ul} — {Uz})Z)Zd.

Hereand throughout, we omit any casesof two polynomia swithrelatively primelargest termsby Lemma
2. Hence there are three remaining possibilitiesfor implications:

1. u; = uy: If up = uy, then the S-remainder becomes
(prod(V1UV,)Z— prod(V1UV,)Z)Z°.
But the two terms are clearly equal, so the S-remainder is 0.

2. up € Vy: Recall from above that u, ¢ V4 since V; consists of predecessors of u1, uj isa predecessor of
u, and the graph isacyclic. Consider thefirst term of the S-remainder:

ty = prod(Vy UVoU{up} — {u; })Z9+1,
But we know that

9= (Up prod(V1UVz — {us}) — Z prod(V; UV, — {ug })) 2%+t

9



isin G by definition. Sot; can be reduced to alower-degree term:
t1—g= pl’Od(VlUVZ - {Ul})zd+2.

Thesecondtermist, = prod(VoUViU{up} — {uz})Zd“. Sinceu, ¢ Vi, thisisthesame as prod(V,U
ViU {u;}) 29+ Also, we have f; € G, so we can reduce the second term:

t,— prod(Vo — (Vi U{u3}))Z9-%+1f; = prod(Va UV, — {up })Z9+2,
These two expressions are the same, so we have reduced S( f1, f2) to 0.
3. up # Uy, ug € Vo and up ¢ Vy, but VNV, # 0: Now, the S-remainder is
(prod(V1UVaU {up})Z— prod(ViUVo U {u3})Z)Z°.
Let t; bethefirst term and t, be the second. Then,
ty — prod(Vi — Vo) Z9+1-%f, = prod(V; UV,)Z9+2,

Similarly,
to— pl’Od(Vz - V]_)Zd+l_d1 f1 = prod(Vl U Vz) z08+2,

Again, we have reduced the S-remainder to 0.

Thisconcludesthe S-remainders for every pair of implicationsin G. We now consider the S-remainders
involving the boolean restrictions. Let h = u? — uZ. Then,

S(hy, f2) = prod(VoU {uz} — {u})uz%*t — u prod({u} — {up} — V2) prod(V,)z%+1,
Again we have cases:
1. u= uy: We can then assume that u ¢ V,, so the S-remainder becomes

u prod(V) Z%+1 — u prod(V,) 2%+ = 0.

2. U€ V, and u # uy: Inthiscase, the S-remainder is
prod(VoU {up}) 2%+ — u prod(V,) 2%2+2,
If we cal thefirst term t; and the second t, considert; — Zf, = prod(Vz)Zd2+2. We can rewritet, as

u? prod(V, — {u})Z%+1, But thent, — prod(Vz — {u})Z%+*h; = uprod(V, — {u})Z%+2, But thisis
just prod(V,)Z%+2 so we are done.

We have now shown that al the S-remainders are 0 modulo G and can conclude (by Theorem 1) that G
isGrobner. O

10
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Figure 3: Theinduction principle

4.3 Lower bound for induction principle

We will now use the above characterization of the basis to prove degree bounds for various graphs. First,
wewill prove alower bound on the HN-degree of an important formulathat defines the induction principle.
Consider the graph ({ui 1, { (Ui, Uiz1) }1=3) (seefigure 3).

It representsthe”induction” principle, which [BP96] have shown by other methodsto have HN-degree©(logn).
Here we show the result using the Grobner basis.

Proposition 9: If the equation g = (uyun — U Z)Z¢ isin the Grobner basis for the formula on the above
graph, thenc > [logn].

Proof:  We prove the claim by induction. Assumefor 1 <i < j<nand j—i < n,thatif (uu; —
UZ)Z° € G, thenc > [log(j —i)]. We know from the Grobner basis that g must have been generated by
two equations: namely, (uu; — uyZ)Z% and (uju, — U Z)Z%, where 1 < | < nand ¢ = max{dy,d,} + 1. But,
max{l —1,n—1} > [n/2], so max{ds,d,} > [log(n/2)]. It followsthat c > [logn]. O

Theorem 10: [BP96] The formulahas HN-degree Q(logn).

Proof: Letg= (uiun—u1Z)Z® wherecistheminimal exponent such that gisinthe Grobner basis. From
the proposition, weknow that ¢ > [logn]. But the equationsin G with largest term u;u,Z° for some power d
areall simply multiplesof g by Z9-C. Since the largest terms of the Grobner basis generate the largest terms
of theideal, any equation f = (uyu, — u;Z)Z° that can be derived, must havee> c. O

4.4 Near-optimal lower boundsand Pebbling

Strong lower bounds for specific graphswill easily follow by showing that any HN derivation can easily be
converted into an efficient pebbling strategy for the corresponding graph. Interesting connections between
pebbling and propositional proofs were made previously in [ET99, BSW99].

DEFINITION 4.2: Let D = (V,E) be a directed, acyclic graph. A configuration is a subset of V. A legal
pebbling of avertex vin D is a sequence of configurations, the first being the empty set and the last being
{v} and in which each configuration C' follows from the previous configuration C by one of the following
rules:

1. vcan beadded to Cto get C' if all immediate predecessors of v areinC.

2. Any vertex can beremoved from C to obtainC'.

The complexity of alegal pebbling of v isthe maximal size of any configuration in the sequence. The
pebbling number of a graph D with a single sink vertex s isthe minimal number n such that there exists a
legal pebbling of swith complexity n.
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Lemma11: Let D beadirected, acyclic graph, and let Qp be the corresponding unsati sfiabl e system of
homogeneous equations corresponding to the implication formula associated with D. If Qp has adegreed
PC refutation, then D has pebbling complexity O(d).

Proof: In Theorem 8, we gave a recursive characterization of the polynomialsin the Grobner basis.
We' Il show by induction on the depth of a polynomial in this recursion, that if (u prod(U) — Z prod(U))Z¢
isin the Groebner basis, then u can be pebbled from U with d + k pebbles. The base case is the axioms
vprod(P(v)) — Z prod(P(v)), which can always be pebbled with k pebbles (if k isthe maximum in-degree of
D). Otherwise, (uprod(U) —Zprod(U ))z9, wasderived from (v prod(V1) — Z prod(V1)) Z§, and (u prod(Vz) —
Z prod(Vz))Zg, whered = maxdy, dr+ 1, ve Vo, vé Vi and U = VUV, — {v}; theseformulas having been
already derived. Thus, by theinduction assumption, we can pebblev fromV; with d; + k pebblesand u from
V, with d + k pebbles. Then we can pebble u from U as follows. First, pebblev fromVy, C U. Then, leav-
ing a pebble on v, pebble u from V, C U U {v}. The number of pebblesis at most the larger of d; + k and
do+k+1, whichisaamostd+k. O

We note that the above lemma is not tight, as can be seen with the linear graph corresponding to the
induction principle. In this case, the pebbling number is 2, whereas the degree islogn. We do, however, get
the following result:

Theorem 12: Thereisadirected acyclic graphwith constantin-degreethat requiresHN degree Q(n/logn).

Proof: [CPT77] exhibitsagraph based on a construction by Valiant that has n nodes and in-degree 2,
but has pebbling measure Q(n/logn). By thelemma, wearedone. O

5 Comparison with Resolution

The PC system givesriseto Buchberger’salgorithmto solve SAT as mentioned above. The HN system gives
riseto asimpler agorithm for SAT whereby one solvesasystem of linear equations. That is, if we start with
asystem of equations Q (including x? — x = 0 for all variables x), and we assume they have a degree d HN
proof, thenit can befound asfollows. Consider an alleged degreed proof, §; RQ; = 1, wherethepolynomials
R are indeterminants, represented by vectors of variables, x}, where x} represents the coefficient in front of
term t in the polynomial PB. Solving for the P’s amounts to solving a sparse system of linear equations (in
the variables xt), where we have one equation for each term of degree at most d. Thisalgorithm has runtime
n®), and hence is efficient if d is small. [CEI96] gives comparable upper bounds for this agorithm and
Buchberger’s algorithm.

Completea gorithmsfor SAT with thebest empirical performance are Resol ution based, and typically are
variationson the Davis-L oveland-Logeman (DLL) procedure. Here we show that with respect to worst-case
complexity, the algorithms are incomparable.

Lemma 13: The graph formulas mentioned above (with maximum pebbling number) have polynomial-
size Tree-like Resolution (DLL) proofs but require nearly linear degree HN proofs.

Proof: To seethat the graph formulas always have small Tree-like Resolution proofs, simply order the
verticesof thegraphin suchaway that if visavertex with parentsP(v), thenall verticesin P(v) appear before
v in the ordering. Then atree-like Resolution proof can be constructed as a decision tree, where we query
the vertices according to the ordering described above. The height of the tree will be equal to the number of
vertices, but thewidth will be constant. O
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Lemma 14: The Tseitin graph principles (mod p) have constant degree HN proofsin the field GF, but
require exponential -size Resol ution proofs.

Proof: [Urg87] has shown that the Tseitin graph principles require exponential -size Resol ution proofs.
To seethat they have polynomial-sizeHN proofs, consider the clausesthat correspond to a particul ar vertex,
expressing that the number of edges incident to that vertex is odd. Each such clause convertsinto an initial
equation, and the set of equations assocated with a vertex v can be used to derive the equation stating that
the sum of the vertices incident to that vertex is 1 mod 2. Since the total number of variables mentioned in
these equationsis constant, the HN degree of this derivation is constant. Do thisfor every vertex, and then
simply add up the resulting equationsto derive1=0. O
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