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This thesis focuses on the topic of propositional proof complexity, which is an area of study

with deep connections to both mathematical logic and complexity theory. Three common

propositional proof systems (or subsystems thereof) are considered: Resolution, bounded-

depth Frege and Cutting Planes. Two uses of randomness for achieving lower bounds on

these systems are explored, namely, using randomly generated tautologies as inputs to the

proof systems, and using random restrictions to reason about the complexity of proofs of these

tautologies.

In particular, there are three main results. The first is an almost-complete characterization,

in terms of relative size-complexity, of the six most popular refinements of Resolution. These

refinements are important, both practically and theoretically, for automated theorem proving.

The second main result represents substantial progress towards our understanding of the

most fundamental tautology in proof complexity: the pigeonhole principle. The pigeonhole

principle with parameters m and n states that m pigeons cannot be placed in n holes without

collisions whenever m � n. As m gets bigger relative to n, the statement gets weaker and

therefore easier to prove. We show that this tautology requires superpolynomial-size proofs in

bounded-depth Frege whenever m is at most
�
1 � 1 � polylog n � times n.

The third main result analyzes cutting planes procedures, which are used primarily in com-

binatorial optimization, as propositional proof systems. It is shown that many rounds of the

procedures due to Gomory and Chvátal and to Lovász and Schrijver are required to prove the
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unsatisfiability of many CNF formulas, including random kCNFs and the (negation of the)

Tseitin Tautologies. It follows that many rounds of these procedures are required to well-

approximate the optimization problem MAXSAT.
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It is a well-known anecdote that Paul Erdös, the peripatetic founder of random graph theory,

imagined that, while a theorem might have many proofs, there is exactly one that appears

in “The Book:” a chimerical pairing of theorems with their most elegant and simple proofs.

Mathematicians in general have always appreciated simple proofs, even though they might not

agree on what constitutes simple. For example, Erdös himself offered a proof of the Prime

Number Theorem that avoids sophisticated machinery, but it is not at all clear that it is more

elegant than the original proof that appeals to beautiful theorems in analytic number theory. Is

the ideal proof short, or elementary, or laser-printed? In other words, does every mathematician

imagine a different incarnation of “The Book?” This may seem like an arcane philosophical

question—after all, as long as we know a theorem is true, why should we care about the proof?

On some level, that’s true: it is arcane and philosophical, but also very intellectually appealing.

On another level, however, when properly formalized, this question has a very real bearing on

the more practical notion of computation.

The relatively modern field of proof complexity attempts to provide a framework for a

technical definition of simple. If a theorem can be proven in a weak logical theory or if it has

short proofs in a weak propositional proof system, then it can truly be said to have a simple

proof. This framework has the potential to help us resolve open questions in various ways:

1. It allows us to make incremental progress on some of the central open questions of com-

plexity theory. Cook and Reckhow proved, roughly speaking, that every logical tautol-

ogy has efficient proofs in some propositional proof system if and only if NP � coNP.

Therefore, every lower bound we can prove on the length of propositional proofs gets us

a little closer to showing the widely conjectured, but universally confounding, statement

NP
�

� coNP.

2. Even for questions not so directly related to proofs, proof complexity gives us intuition

about how conceptually difficult it will be to resolve these questions. For example, while

we don’t know that P
�

� NP, we can formalize it as a (presumed) tautology and try to
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show that it is independent of weak logical theories, that it requires long proofs in simple

propositional proof systems, or, more informally, that various classes of “arguments”

shouldn’t be able to prove it without surprising consequences. This will rule out certain

potential techniques for proving P
�

� NP and hopefully guide us towards more fruitful

ones.

3. It informs us on the possibility of automated theorem proving. If we could enable com-

puters to prove theorems, it would not only fundamentally change the practice of mathe-

matics, it would also revolutionize artificial intelligence and even many industrial design

tasks. The proof complexity framework allows us to state, or at least give evidence

about, which proof systems can be automated, and to analyze what these proof systems

can efficiently prove. Naturally, this is a tradeoff: the simpler a proof system, the more

“automatizable” it should be, but the longer the proofs will be.

In an attempt to make some small progress on these lofty fronts, this thesis addresses some

open questions about three well-studied types of proof systems: Resolution, bounded-depth

Frege and Cutting Planes. In particular, we demonstrate some of the weaknesses of these

proof systems and, in every case, we exploit randomness to do so. [17] is an excellent treat-

ment of how expansion, a property virtually guaranteed in random graphs, can help prove

lower bounds for various proof systems. We also use expansion, but rely, in addition, on more

complicated properties of random structures. In this sense, our lower bounds tend towards

non-constructivity, which may well be necessary for making progress against stronger proof

systems.

Organization

The chapters of the thesis are organized as follows: Chapter 2 contains a few common defini-

tions and the most fundamental background. Chapters 3 through 5 contain the technical results

and are each largely self-contained. Finally, Chapter 6 contains some of our speculation on
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future directions in proof complexity. Briefly, the main technical contributions are:

Chapter 3

Resolution is one of the simplest commonly studied propositional proof systems. The first

exponential size lower bounds for it were proven for the pigeonhole principle in a major break-

through by [55]. Since then, many size lower bounds have been proven for Resolution, and

much nice technology has been developed for analyzing it (see [16], for example). Since it is

so simple, Resolution is also the most widely studied approach to propositional theorem prov-

ing. In developing efficient Resolution-based algorithms, dozens of variants and refinements

of Resolution have been studied from both the empirical and analytic sides. The most promi-

nent of these refinements are: DP (ordered), DLL (tree), semantic, negative, linear and regular

Resolution. In this chapter, we characterize and study these six refinements of Resolution.

We give a nearly complete characterization of the relative complexities of all six refinements.

While many of the important separations and simulations were already known, many new ones

are presented; in particular, we give the first separation of semantic resolution from general

Resolution. As a special case, we obtain the first exponential separation of negative Resolution

from general Resolution. We also attempt to present a unifying framework for studying all of

these refinements. This chapter is joint work with T. Pitassi and was first published as [28].

Chapter 4

In this chapter we move beyond Resolution and consider more powerful Frege systems. Most

examples of basic textbook logic reasoning fall under the category of Frege systems. In fact,

general Frege systems are too powerful for our current lower-bound techniques, so we focus

on the restricted case of bounded-depth Frege, where all formulas that appear in the proofs

have constant depth. Even with this restriction, however, these proof systems are exponen-

tially more powerful than Resolution. Again, the first super-polynomial size lower bounds for

bounded-depth Frege constituted a major breakthrough ([2, 15]), but our body of knowledge
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about the complexity of these systems is far inferior to that of Resolution. Here we begin to

analyze the bounded-depth Frege complexity of one of the most important propositional tau-

tologies: the weak pigeonhole principle. In particular, we prove a quasi-polynomial lower

bound on the size of bounded-depth Frege proofs of the pigeonhole principle PHPm
n where

m �
�
1 � 1 � polylog n � n. This lower bound qualitatively matches the known quasi-polynomial-

size bounded-depth Frege proofs for these principles. Our technique, which uses a switching

lemma argument like other lower bounds for bounded-depth Frege proofs, is novel in that the

tautology to which this switching lemma is applied remains random throughout the argument

(although, as noted in the chapter, it turns out that this can be circumvented). This chapter is

joint work with P. Beame, T. Pitassi, R. Raz and A. Sabharwal and was originally published as

[25].

Chapter 5

Cutting planes is a category of proof systems which are more powerful than Resolution, but

are incomparable to bounded-depth Frege. The main varieties are Gomory-Chvátal cutting

planes (GC) and several procedures based on lifting due to Lovász and Schrijver (LS). Size

lower bounds are known for some cutting planes systems ([77], [38]), but only in very special

cases. In this chapter, we present a new method for proving lower bounds on the rank, or

proof depth, of these systems. We apply this method to obtain the following new results:

First, we prove near-optimal rank bounds for Gomory-Chvátal and Lovász -Schrijver proofs

for several prominent unsatisfiable CNF examples, including random kCNF formulas and the

Tseitin graph formulas. Secondly, we give unsatisfiable examples that have constant rank GC

and LS proofs but that require linear rank Resolution proofs. Thirdly, we give examples where

the GC rank is O
�
logn � but the LS rank is linear. Finally, we address the question of size

versus rank: we show that, for both proof systems, rank does not accurately reflect proof size.

Specifically, there are examples with polynomial-size GC/LS proofs, but requiring linear rank.

Actually, cutting planes systems and the rank measure were first used not in the context of
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propositional proof systems, but in the realm of combinatorial optimization. More precisely,

these systems, applied in rounds, provide a way to achieve successively tighter relaxations for

integer linear programs. Nevertheless, it follows from our techniques for rank lower bounds in

the propositional proof setting that many rounds of any of these systems are needed to derive

a tight relaxation for the optimization problem MAXSAT. This chapter is joint work with N.

Galesi, S. Hoory, A. Magen and T. Pitassi and was originally published as [27].
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The formal background for proof complexity arrived with the seminal paper of Cook and

Reckhow ([35]):

Definition 1. A (sound) propositional proof system π is a polynomial time mapping from

strings over a certain alphabet Σ to the set of propositional tautologies. We say π is com-

plete if it is surjective. Given a particular tautology φ and a string s, if π
�
s � � φ, we say that s

is a π-proof of φ of size
�
s
�
.

Informally, π is a verifier that, given a proof, can check whether the proof is valid and, if

so, what it proves. If π is given an invalid proof, we can simply map that string to a trivial

tautology such as x ��� x.

Common examples of (complete and sound) proof systems are Resolution, Frege and Cut-

ting Planes (to be defined in chapters 3, 4 and 5, respectively). As we will see, these examples

don’t necessarily strictly conform to the above definition. Resolution and Cutting Planes deal

with refutations—that is, they map strings to unsatisfiable propositional formulas. Also, we

often relax the notion of size to other measures that make sense in particular proof systems, but

which differ from the strict notion of size by only a polynomial factor.

Given a proof system π and a tautology φ, an immediate question arises: How large is the

minimum-size π-proof of φ? Most of the work done in proof complexity relates to instantiations

of this question. See [94] for an excellent survey of this.

We don’t expect any proof system to have “short” proofs of every tautology because of the

following theorem:

Theorem 2. ([35]) There is a proof system π and a polynomial p such that every tautology φ

has a π-proof of size p
���

φ
� � if and only if NP � coNP.

The other direction of this theorem yields a potential method for approaching the question

of NP versus coNP, known as Cook’s Program: for successively stronger proof systems, try to

find families of tautologies that do not have polynomial-size proofs. Of course, this requires a

notion of the “strength” of a proof system. This is also provided by [35]:
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Definition 3. A proof system π1 p-simulates a proof system π2 if there is a poly-time function

f that, given any π2-proof of any tautology φ, outputs a π1-proof of φ.

At the moment, superpolynomial lower bounds are known for proof systems such as Reso-

lution ([55, 93, 33]), Nullstellensatz ([5, 4, 60, 61]), Cutting Planes ([59, 77, 56]) and Bounded-

Depth Frege ([3, 15, 95, 18]). It is unclear at present whether this program will ever terminate:

we may never find a polynomially-bounded proof system or prove super-polynomial lower

bounds for an optimal proof system. It will, however, teach us something about which com-

binatorial properties lead to lower bounds, which rules of deduction are particularly powerful,

which theorems of mathematics are inherently difficult to prove, etc.

Another obvious question about a given proof system π is whether it is possible to effi-

ciently find π-proofs of tautologies. [22] formalizes this as follows:

Definition 4. A proof system π automatizable if there is an algorithm that takes as input a

tautology φ and outputs a π-proof of φ in time polynomial in the size of the smallest π-proof of

φ.

It is not hard to see that there is a polynomially-bounded proof system π that is automa-

tizable if and only if P � NP. Moreover, any proof system that is automatizable, or at least

allows some moderately efficient method of searching for proofs, represents a hope for auto-

mated theorem proving and satisfiability testing. There is lots of evidence (see [7] and [21], for

example) that most common proof systems are not automatizable.

The next three chapters answer many questions about which families of tautologies have

polynomial-size proofs in which proof systems, about which proof systems are stronger than

which others, and about which proof systems are likely to be automatizable. In some cases,

where we cannot prove that a family of tautologies requires large proofs in a proof system, we

show that they require proofs that are complex by some measure other than size. There are

not many definitions which are common to the three chapters, so we defer the specifics to the

individual chapters.
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3.1 Introduction

The satisfiability problem for boolean formulas in conjunctive normal form is one of the most

important problems in theoretical computer science. Its complementary problem, propositional

theorem proving (find a proof of unsatisfiability for an unsatisfiable formula) plays an important

role in many areas including artificial intelligence and model checking.

There has been a tremendous amount of research aimed at understanding the satisfiability

problem and developing algorithms for satisfiability testing and propositional theorem proving.

Much of this research has centered around the method of Resolution, invented by Robinson [89]

in the 1960’s. Resolution is a sound and complete refutation system that can be applied to both

propositional as well as higher-order theorem proving. Resolution is the most widely studied

approach to propositional theorem proving and to satisfiability testing. There is a large body

of research exploring Resolution algorithms—these are algorithms that take as input an unsat-

isfiable CNF formula F and output a Resolution refutation of F . Most satisfiability algorithms

studied in the literature are Resolution-based. That is, they take as input a formula F and output

a Resolution refutation of F if and only if F is unsatisfiable.

In developing efficient Resolution algorithms, dozens of variants and refinements of Reso-

lution have been studied both empirically and analytically to determine which particular variant

is most efficient for generating propositional and higher- order refutations. The most promi-

nent of these variants are: Davis-Putnam (ordered), DPLL (tree), semantic, negative, linear

and regular Resolution. Resolution was actually pre-dated by the Davis-Putnam and DPLL

procedures which are still the most widely used in propositional theorem proving. The general

idea of these procedures is to convert a problem on n variables to problems on one fewer vari-

able by eliminating a variable. The former [40], which we call DP (Davis-Putnam) or ordered

Resolution, does this by applying all possible uses of the Resolution rule on a given variable to

eliminate it. The latter [39], which we call DPLL and which is the form used today, branches

based on the possible truth assignments to a given variable. Although at first DPLL does not

look like Resolution, an easy argument shows that it is equivalent to the class of tree-like
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Resolution proofs. As a proof system, Resolution is strictly stronger than DP [48, 8], which

is strictly stronger than DPLL [94]. However, DPLL is still the most popular because of its

proof-search properties.

The regularity restriction was first introduced by Tseitin in an important article [92], the

published version of a talk given in 1966. A regular Resolution refutation is a Resolution

refutation such that, along each path from the root to a leaf (in the underlying directed acyclic

graph), each variable is resolved upon at most once. This restriction is very natural in the

sense that many algorithms such as DPLL and DP produce special cases of regular Resolution

proofs. The main result of Tseitin’s paper is an exponential lower bound for regular Resolution

proofs of contradictory formulas based on graphs. Subsequently researchers tried to extend

Tseitin’s result to general Resolution by showing that regular Resolution can simulate general

Resolution efficiently. Much later, [48, 8] would show that such a simulation is impossible by

giving an exponential separation between regular and general Resolution. In the meantime,

however, there was a fifteen year gap after Tseitin’s result before the first superpolynomial

lower bound for unrestricted Resolution was obtained by Haken [55].

Another refinement that has defied analysis is linear Resolution. This restriction, where the

underlying directed acyclic graph must be linear, is the basis for procedural semantics for Horn

logic programs, and underlies effective implementation strategies such as Prolog.

Finally, negative Resolution is a special case of the more general family of semantic Reso-

lution refinements, all of which can efficiently simulate hyper-Resolution. In the same way

that Resolution underlies standard algorithms for propositional satisfiability testing, hyper-

Resolution can be seen to underlie the standard algorithms for a more general class of constraint

satisfaction problems.

In this chapter, we study these popular refinements of Resolution. We give a nearly com-

plete characterization of the relative complexity of all six refinements discussed above. As

mentioned earlier, many of the important separations and simulations were already known, al-

though several are new to this chapter. Figure 3.1 summarizes the characterization: the cell at
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Neg Sem Lin Ord Reg Tree

Neg Yes No � No � No � No � Yes

Sem Yes Yes No � No � No � Yes

Lin Yes* Yes* Yes Yes* Yes* Yes

Ord No No No � Yes No No

Reg No � No � No � Yes Yes Yes

Tree No � No � No No No Yes

*

Ordered

Regular

Tree-like

Negative

Semantic

LinearGeneral

Figure 3.1: The relative power of six Resolution refinements

row i and column j of the table answers the question “does refinement i p-simulate refinement

j?” Every “No” entry means that not only does refinement i not p-simulate refinement j, but

there is an exponential separation between the two. The symbol � indicates a new result, as far

as we know. “Yes*” is a qualified “Yes” entry, which we shall explain later. The bottom part of

the figure contains the same information in graphical form: one refinement p-simulates another

if and only if there is a directed path from the first refinement to the second.

We attempt to present a unifying framework for analyzing these various refinements. We

use only three fundamental combinatorial principles to witness all of the above-mentioned

separations. Aside from nearly completing the picture of the many Resolution refinements, we
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hope that the proofs from our work and earlier work may yield further insight for developing

algorithms for satisfiability testing and propositional theorem proving.

3.2 Definitions

3.2.1 Resolution and its refinements

The Resolution principle says that if C and D are clauses and x is a variable, then any assign-

ment that satisfies both of the clauses C � x and D � x̄ also satisfies C � D. The clause C � D is

said to be a resolvent of the clauses C � x and D � x̄ derived by resolving on the variable x. A

Resolution derivation of a clause C from a CNF formula F consists of a sequence of clauses in

which each clause is either a clause of F , or is a resolvent of two previous clauses, and C is the

last clause in the sequence; it is a refutation of F if C is the empty clause Λ.

The size of a refutation is the number of resolvents in it. The width of a clause is the number

of literals occurring in the clause. The width of a refutation is the maximum width of all clauses

occurring in the refutation.

We can represent a Resolution refutation as a directed acyclic graph (dag) where the nodes

are the clauses in the refutation, each clause of F has out-degree 0, and any other clause has

two arcs pointing to the two clauses that produced it. The clause Λ is the only source in this

graph. The arcs pointing to C � x and D � x̄ are labeled with the literals x and x̄ respectively.

It is well known that Resolution is a sound and complete propositional proof system, i.e., a

formula F is unsatisfiable if and only if there is a Resolution refutation for F .

A negative Resolution refutation of F is a Resolution refutation with the additional restric-

tion that all Resolutions must be negative. A Resolution step C � x and D � x̄ implies C � D is

negative whenever D contains only negative literals. Negative Resolution is also called neg-

ative hyperResolution. Positive Resolution is the dual of negative Resolution, where one of

the two premises in each Resolution step must contain only positive literals. More generally,

given a formula F over n variables and an assignment α � �
0 � 1 � n, an α-refutation of F is a
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Λ

z̄z

y

y � z

ȳ � z̄ȳ � zy � z̄x̄x � y � z

Figure 3.2: A Resolution refutation

Resolution refutation such that, when two clauses are resolved, at least one of them must be

falsified by α. A refutation of F is called semantic if it is an α-refutation for some α � �
0 � 1 � n.

A linear Resolution refutation of F is a Resolution refutation with the additional restriction

that the underlying dag must be linear. That is, the proof consists of a sequence of clauses

C1 � C2 ������� � Cm such that Cm is the empty clause, for every 1 � i � m, either Ci is an initial

clause, or Ci is derived from Ci � 1 and an initial clause, or Ci is derived from Ci � 1 and C j, for

some j � i � 1.

A regular Resolution refutation of F is a Resolution refutation such that on any path from

Λ to a clause in F , no variable appears more than once as an arc-label. We call a regular

Resolution refutation ordered if every sequence of variables labelling a path from Λ to a clause

in F respects the same ordering on the variables. Ordered Resolution is also called Davis-

Putnam.

Finally, a tree-like Resolution refutation is one in which the underlying dag is a tree. Tree-

like Resolution is also called Davis-Logemann-Loveland.

All of these restricted forms of Resolution are known to be sound and complete. They were

each defined in an effort to facilitate the following problem: given an unsatisfiable F , find a

refutation of F . The restrictions on the form of the refutation serve to narrow the search-space

of this problem. We explore the question of how these restrictions compare with each other in

terms of the sizes of the minimal refutations that can be found within them.
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3.2.2 Hard Formulas

We present three major categories of unsatisfiable formulas that yield all the separations listed

above. Each category is based on a simple combinatorial principle whose negation can be

easily encoded in propositional logic. For some of the lower bounds, the direct encodings need

to be modified in a syntactically-inspired way so that they are still unsatisfiable, but harder to

refute.

The first category encodes implication in directed, acyclic graphs (dags). The formulas

were originally introduced by [65]. More recently, they were used by Raz and McKenzie [78],

and subsequently in [23, 16, 26]. Let G be a directed, acyclic graph, with bounded fan-in (often

2), n vertices, and a single sink vertex.

The implication graph formulas encode the following contradictory statement: “All of the

source vertices are colored red, the sink is colored blue, and if all the predecessors of a vertex

are red, so is the vertex itself.”

The formula associated with G, IMP
�
G � has one variable, xi, for every node i in G, and the

following clauses:

(1) for each source node i in G,
�
xi � ;

(2) for the sink node s in G,
�

x̄s � ;

(3) for every set of nodes i1 ������� � ik � j, such that the edges
�
i1 � j � ������� � �

ik � j � are present in G, we

have the clause
�

x̄i1 � ����� � x̄ik � x j � .

The natural way to refute the above formula/clauses is to begin at the source vertices, and

derive successively that each layer of vertices must be true, until finally we can conclude that

each sink vertex must be true. This gives us the desired contradiction since the sink vertex is

false. For any such graph G, this natural refutation can be formalized as a linear-size tree-like,

ordered Resolution refutation.

We also define a more general formula, IMP
� �

G � , which was introduced by [16]. Now

there are two variables xi � 0 and xi � 1 associated with a vertex i in G. The formula is the following

conjunction of clauses:



CHAPTER 3. REFINEMENTS OF RESOLUTION 17

(1) for each source vertex i in G,
�
xi � 0 � xi � 1 � ;

(2) for the sink vertex s in G,
�

x̄s � 0 � and
�

x̄s � 1 � ;

(3) for every i1 ������� � ik � j such that
�
i1 � j � ������� � �

ik � j � are edges in G, we have the following clauses

stating that if one of the variables associated with each of the i’s is true, then one of the variables

associated with j is true. I.e. for each
�
a1 ������� � ak � � �

0 � 1 � k:
�

x̄i1 � a1 � ����� x̄ik � ak � x j � 0 � x j � 1 � .

Another source of hard formulas comes from the principle that any total ordering on n el-

ements must have a maximum. The first version was introduced by [69] and we’ll call it GTn:

let X �
�
xi j

�
i � j � �

n � � i
�

� j � . The intended meaning of xi j is that i � j in the ordering. The

following axioms are contradictory:

(1) for each i � j distinct, xi j � x̄ji;

(2) for i1 � i2 � i3 distinct, xi1i2 � xi2i3 � xi1i3;

(3) for each j, � k ��� n 	 � k 
� j xk j.

[8] introduced a variation on GTn, which we’ll call GT
�

n: let X be as above. Fix an arbitrary

enumeration (with repetitions) on X using the pair of i
�
r � � j

�
r � such that X �

�
xi � r 
 j � r 


�
r �

�
0 ������� � n2 � 1 � � . We have the axioms:

(1) for i � j distinct, xi j � x̄ji;

(2) for each j, � k ��� n 	 � k 
� j xk j;

(3) for i1 � i2 � i3 distinct and r � n
�
i1 � i2 � � i1 � i3 mod n2, xi1i2 � xi2i3 � xi1i3 � xi � r 
 j � r 
 and

xi1i2 � xi2i3 � xi1i3 � x̄i � r 
 j � r 
 .

The final principle was introduced by [23]. It states that, given a supply of m pearls, each

of which are colored either red or blue, if n pearls are chosen and placed in a line with the first

one red and the last one blue, there must be a blue pearl that directly follows a red pearl on the

line. More formally, let pi j denote that pearl j is at position i on the line and let r j denote that

pearl j is colored red. SPnm is the clauses:

(1) for each i, � m
j � 1 pi j;
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(2) for each k and each i � j distinct, p̄ik � p̄jk;

(3) for each i and k � j distinct, p̄i j � p̄ik;

(4) for each j, p1 j � r j;

(5) for each j, pn j � r̄j;

(6) for each i and j � k distinct, pi j � r j � pi � 1 k � rk.

Again, the direct statement of the combinatorial principle is not enough to get the lower

bounds we need. SPnm can be modified to a CNF SP
�

nm, similarly to the way GTn is modified,

so that it can be made harder to refute.

3.3 Operations on formulas and proofs

Definition 5. For a given Resolution refinement and a CNF formula F, the width of F, width
�
F � ,

is the width of the minimum-width refutation of F in that Resolution refinement. The size of F,

size
�
F � , is the size of the minimum-size refutaton of F in that Resolution refinement.

Definition 6. An assignment for a formula F (sometimes called a restriction) is a Boolean

assignment to some of the variables in the formula; the assignment is total if all the variables

in the formula are assigned values. If C is a clause, and ρ an assignment, then we write C
�
ρ for

the result of applying the assignment to C, that is, C
�
ρ � 1 if ρ

�
l � � 1 for some literal l in C,

otherwise, C
�
ρ is the result of removing all literals set to 0 by ρ from C (with the convention that

the empty clause is identified with the Boolean value 0). If F is a CNF formula, then F
�
ρ is the

conjunction of all the clauses C
�
ρ, C a clause in F. If π � C1 ������� � Cm is a Resolution derivation,

then π
�
ρ is the subsequence of C1

�
ρ ������� � Cm

�
ρ where Ci

�
ρ is removed if it is identically 1.

Lemma 7. Let F be a k-CNF and let π be a semantic (respectively negative, regular, ordered,

tree-like) Resolution refutation of F. Let ρ be a restriction to the variables of F. Then π
�
ρ

contains a semantic (respectively negative, regular, ordered, tree-like) Resolution refutation of

F
�
ρ.
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Definition 8. Let β be an assignment to all the variables of a CNF F. The CNF β
�
F � is the

same as F except that if β
�
x � � 1, then all literals x are replaced by x̄ and (simultaneously) all

literals x̄ are replaced by x.

The following equivalence is straight-forward in linear, regular, ordered and tree-like Reso-

lution. While semantic Resolution is somewhat sensitive to the renaming of variables, formulas

that are hard for all α remain hard under renaming. It does not hold in negative Resolution.

Lemma 9. Let F be a CNF over n variables and let β � �
0 � 1 � n. In semantic Resolution,

width
�
β

�
F � � � width

�
F � and size

�
β

�
F � � � size

�
F � .

Proof. Let π be an α-refutation of F . Then β
�
π � is a

�
β � α � -refutation of β

�
F � with the

same size and width as π. Hence width
�
β

�
F � � � width

�
F � and size

�
β

�
F � � � size

�
F � . A dual

argument shows the opposite inequalities.

The following operation on CNFs is due to Alekhnovich and Razborov and was used by

[19]. We shall see that it is ideal for transforming a formula of large width into a formula of

large size. Note that in what follows we use x1 to denote the literal x and x0 to denote the literal

x̄.

Definition 10. Let F be a CNF formula over a set of variables
�
x1 � x2 ������� � xn � . Let

�
x

�

1 � x
�

2 ������� � x �

n �
be a disjoint set of variables. The xorification of a literal xa

i , for a � �
0 � 1 � is the formula

XOR
�
xa

i � � xi � x
�

i � a. The xorification of a clause C � � i � I
�

i, is the CNF equivalent to

� i � I XOR
� �

i � . The xorification of F, XOR
�
F � , is the conjunction of the xorifications of each

clause in F.

If F is an unsatisfiable k-CNF with m clauses, then XOR
�
F � is an unsatisfiable 2k-CNF

with at most 2km clauses. Furthermore, let ρ be a partial assignment that, for each i, assigns a

value to exactly one of the two variables xi � x
�

i. Then XOR
�
F � � ρ is equivalent (up to renaming

of variables) to β
�
F � , where β is some assignment to the variables not set by ρ. Alekhnovich

and Razborov use this fact to prove the following result for general Resolution. Perhaps even
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more remarkable is that this property holds in many restricted forms of Resolution, some of

which do not admit general size-width tradeoffs as general Resolution does.

Lemma 11. If F is an unsatisfiable k-CNF, π1 is a minimum-width semantic (respectively,

regular, ordered, tree-like) Resolution refutation of F, and π2 is a minimum-size semantic

(respectively, regular, ordered, tree-like) Resolution refutation of XOR
�
F � , then size

�
π2 ���

exp
�
Ω

�
width

�
π1 � � � .

Proof. Let w � width
�
π1 � and let S � size

�
π2 � . Let x1 ������� � xn be the variables of F . Perform the

following probabilistic experiment: let ρ be an assignment that, for each i, chooses a variable

uniformly from
�
xi � x �

i � and a value uniformly from
�
0 � 1 � , and assigns the chosen value to

the chosen variable. If C is a clause of width at least w in π2, then C appears in π2
�
ρ with

probability at most
�
3 � 4 � w. The expected number of such wide clauses that remain in π2

�
ρ is at

most S
�
3 � 4 � w, since there are S clauses in total in π2. If S �

�
4 � 3 � w, then this quantity is less

than 1, so there must exist a ρ that eliminates all the wide clauses. So (by lemma 7) π2
�
ρ is a

semantic (respectively, regular, ordered, tree-like) refutation of XOR
�
F � � ρ with width less than

w. By lemma 9, this gives a semantic (respectively, regular, ordered, tree-like) refutation of F

with width less than w, which contradicts the assumption that π1 has minimum width.

The following is a method for joining together several CNFs into a single CNF that is as

hard for Resolution (in terms of size and width) as the hardest of its components.

Definition 12. Let F0 ������� � F� � 1 be k-CNFs over the set of variables
�
x1 ������� � xn � and let

�
� 2c.

Let

Y �
�
y0 ������� � yc � 1 � be a disjoint set of variables. For 0 � i � �

, let b
�
i � be the interpretation

of i as a bit-string of length c and let b
�
i � �

j � be the j-th bit in this string. Let F
�

i be the set of

clauses
�
C � yb � i 
 � 0 


0 � ����� � yb � i 
 � c � 1 

c � 1

�
C � Fi � �

Finally, define join
�
F0 ������� � F� � 1 � Y � as the set of clauses � � � 1

i � 0 F
�

i .
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Lemma 13. Let F0 ������� � F� � 1 be k-CNFs over the set of variables
�
x1 ������� � xn � and let

�
� 2c.

Let Y �
�
y0 ������� � yc � 1 � be a disjoint set of variables. Let F be join

�
F0 ������� � F� � 1 � Y � . In gen-

eral (respectively, semantic, negative, regular, tree-like) Resolution, the following relationships

hold: width
�
F � � max

� � 1
i � 0

�
width

�
Fi � � and size

�
F � � max

� � 1
i � 0

�
size

�
Fi � � .

Proof. Consider a refutation π of join
�
F0 ������� � F� � 1 � Y � in any of the mentioned Resolution

refinements. Let ρi be an assignment to Y that sets y j to 1 � b
�
i � �

j � for each 0 � j � c.

Then, by lemma 7, π
�
ρi is a refutation of Fi in the given Resolution refinement. Certainly,

width
�
π � � width

�
π
�
ρi � and size

�
π � � size

�
π
�
ρi � .

In most refutation systems, it doesn’t help to use tautological formulas. This is true for

most of the Resolution refinements we consider, but not necessarily for linear, which is why

we have definition 15.

Lemma 14. Let π be a general (respectively semantic, negative, regular, ordered, tree-like)

Resolution refutation of a contradictory CNF F of size S. Let F
�

be the same as F with any

clauses containing both a variable and its negation removed. There is a general (respectively

semantic, negative, regular, ordered, tree-like) refutation of F
�

of size at most S. Moreover, this

refutation is poly-time computable given the refutation of F.

Definition 15. Let F be a CNF over the variables x1 ������� � xn. Let G be the following set of 2n2

clauses:
�
xi � x̄i � xa

j
�
1 � i � j � n � a � �

0 � 1 � � �

Define ADDTAUT
�
F � to be the CNF F

�
G.

3.3.1 Graphs with high pebbling measure

Definition 16. Let G �
�
V � E � be a directed, acyclic graph. A configuration is a subset of V .

A legal pebbling of a set of vertices X in G is a sequence of configurations, the first being the

empty set and the last being X and in which each configuration C
�

follows from the previous
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configuration C by one of the following rules: (1) v can be added to C to get C
�

if all immediate

predecessors of v are in C; (2) Any vertex can be removed from C to obtain C
�

. The complexity

of a legal pebbling of X is the size of the largest configuration in the sequence. The pebbling

number of a graph G with a single sink vertex s is the minimal number n such that there exists

a legal pebbling of s with complexity n.

Cook [34] showed that a family of pyramid graphs,
�
Pyramidn � , with n � m � �

m � 1 � �
����� � 1 underlying vertices have pebbling measure Ω

���
n � . These are layered graphs, consisting

of m layers, with m source vertices at layer 0, labelled x0
1 � x0

2 � ����� � x0
m, m � 1 vertices at layer 1,

labelled x1
1 � ����� x1

m � 1, and so on with one sink vertex, xm � 1
1 at layer m � 1. All nonsource vertices

have indegree 2, and in general xi � 1
j has parents xi

j and xi
j � 1. We call a layered dag on n nodes

pyramid-like if it is on the same set of layers and nodes as Pyramidn.

[75] show a stronger lower bound on pebbling:

Lemma 17. ([75]) There exists a family of dags on n nodes with in-degree 2 that have pebbling

measure Ω
�
n � logn � .

Definition 18. A bipartite graph from m1 inputs to m2 outputs is called r-expanding, for 1 �

r � m1, if, for every subset X of the inputs of size at most � m1 � r � , the size of the neighbor set

Γ
�
X � is greater than

�
X
�
�

Let G be a layered, directed graph with layers 0 ������� � k � 1. All edges from layer i point to

layer i � 1. Call G an r-expanding, layered graph if, for each i � 0, the bipartite graph from

layer i to layer i � 1 is r-expanding.

Lemma 19. Let G be an r-expanding, layered graph on k layers such that layer i contains at

least r
�
k � i � nodes. Then, any node in layer k � 1 has pebbling measure at least k.

Proof. Let t be any node in layer k � 1. In any pebbling of t, there must be a configuration

where all paths from a source to t have a pebble on them. Consider the first such configuration

Ci. In Ci � 1 there must be a path p from a source s to t that does not contain a pebble. The next
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move must be to place a pebble on s since every other node in p has an unpebbled predecessor.

Let p �
�
s � p0 � p1 ������� � pk � 1 � t � . Consider a maximal set of vertex-disjoint paths from the

sources to a node in p. All of these paths must have a pebble on them in configuration Ci since

they each represent a path from a source to t. Hence the size of any such set is a lower bound

on the pebbling measure of t. We argue that there are at least k paths in one of these sets. Let

Xk � 1 �
�

pk � 1 � . Since G is expanding, pk � 1 must have a predecessor other than pk � 2. Call it

pred
�
pk � 1 � . Let Xk � 2 �

�
pred

�
pk � 1 � � pk � 2 � . In general, for i � 1, let Xk � i, be a subset of size

i of layer k � i. Since
�
Xk � i

�
is at most 1 � r times the size of layer k � i and since G is expanding,

Hall’s theorem guarantees that Xk � i can be matched into its set of predecessors minus pk � i � 1.

Let Xk � i � 1 be this set of matched nodes unioned with pk � i � 1. The collection of all these k � 1

matchings form vertex-disjoint paths from the sources to
�

p1 ������� � pk � 1 � . The node p0 forms

the last vertex-disjoint path.

Definition 20. Let Pyr
�
n � d � be a distribution of pyramid-like graphs where each node in layer

i, 1 � i � m, has parents chosen as follows: choose d nodes randomly and independently with

replacement from layer i � 1 (identifying multiple copies of each chosen node so that there are

no multiedges).

3.4 Simulations

We start with some p-simulations that have been known for quite some time.

Lemma 21. Negative Resolution p-simulates tree-like Resolution. Hence, semantic Resolution

p-simulates tree-like Resolution.

Lemma 22. ([64, 97]) Linear Resolution p-simulates tree-like Resolution.

Lemma 23. Regular Resolution p-simulates tree-like Resolution.

The following lemma says that, modulo some minor syntactic issues, linear Resolution is

as powerful as general Resolution. A similar phenomenon was noted by [41].
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Lemma 24. Let F be an unsatisfiable CNF such that there is a Resolution refutation of size S

and width w. Then there is a linear Resolution refutation of ADDTAUT
�
F � of size O

�
S � w � .

Proof. Let π � C1 ������� � CS � Λ be the Resolution refutation of S. Since C1 � F , we can clearly

derive C1 in linear Resolution in size w. Now, assume we have a linear Resolution derivation L

of size i � w that ends with Ci and includes C1 ������� Ci � 1 in order along the line. Assume Ci � 1 is

derived from C j � Ck in π by resolving on x, where 1 � j � k � i. If i � k, then we can simply

add Ci � 1 to the end of L. Otherwise, let
�

1 ������� � �
w be the literals in Ci. Resolve Ci with the

axioms
�
x � x̄ � ¯�

1 � ������� � �
x � x̄ � ¯�

2 � until the last clause in L is
�
x � x̄ � . Now resolve this last

clause with C j and Ck, so the last clause becomes Ci � 1. Now assume alternatively that Ci � 1

is an axiom that contains the literal xa: derive the clause
�
x � x̄ � as above from Ci and simply

resolve the axiom Ci � 1 with it to obtain Ci � 1 at the end of the line.

This close relationship between general and linear Resolution lets us derive many facts

about the latter from the wealth of knowledge about the former.

Lemma 25. If linear Resolution is automatizable, then so is general Resolution.

Proof. Given F , use the automatizability of linear Resolution to produce a refutation π of

ADDTAUT
�
F � . The size of π is polynomial in the shortest Resolution refutation of F by

Lemma 24. Now simply apply Lemma 14 to get a Resolution refutation of F .

Given [7], it is unlikely that Resolution is automatizable. Hence, we don’t expect linear

Resolution to be automatizable either.

On the other hand, the following lemma shows that if general Resolution is strictly stronger

than a refinement, then linear Resolution probably is also.

Lemma 26. If there is a superpolynomial separation between negative (respectively, semantic,

ordered, regular, tree-like) Resolution and general Resolution, then there is a superpolynomial

separation between negative (respectively, semantic, ordered, regular, tree-like) and linear Res-

olution.
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Proof. Let
�
Fn � be the family of CNFs that exhibits the separation of negative (respectively,

semantic, ordered, regular, tree-like) Resolution from general Resolution. Assume general

Resolution refutes Fn in size S
�
n � . Then linear Resolution refutes ADDTAUT

�
Fn � in size at

most 2nS
�
n � . If there were some polynomial p such that negative (respectively, semantic,

ordered, regular, tree-like) Resolution refutes ADDTAUT
�
Fn � in size p

�
2nS

�
n � � , then it would

refute Fn in size p
�
2nS

�
n � � by lemma 14, which contradicts the superpolynomial separation.

3.5 Upper Bounds

Not only are all of these restricted forms of Resolution complete, but there is a general upper

bound on the size of their refutations:

Lemma 27. For any contradictory CNF F over n variables and any ordering of the variables,

there is an ordered (respectively, positive) refutation of F of size 2O � n 
 .

Lemma 28. Consider derivations of the clause x j � 0 � x j � 1 from the clauses
�
xi1 � 0 � xi1 � 1 � ������� � �

xik � 0 �

xik � 1 � and the clauses
� �

x̄i1 � a1 � ����� � x̄ik � ak � x j � 0 � x j � 1 � � �
a1 ������� � ak � � �

0 � 1 � k � :

(1) For any ordering of the variables of these clauses, there is an ordered derivation that re-

spects this ordering of size polynomial in 2k.

(2) There is a positive derivation of size polynomial in 2k.

Moreover, none of these derivations resolve on the variables x j � 0 or x j � 1.

Proof. Consider the clauses Φ �
� �

xi1 � 0 � xi1 � 1 � ������� � �
xik � 0 � xik � 1 � � and Ψ �

� �
x̄i1 � a1 � ����� �

x̄ik � ak � � �
a1 ������� � ak � � �

0 � 1 � k � . The conjunction of all these clauses is contradictory and the

number of variables is O
�
k � , hence lemma 27 guarantees poly-size ordered refutations for any

ordering and poly-size positive refutations.

If we add the disjunction x j � 0 � x j � 1 to every clause in π that is either a member of Ψ or a

descendent of Ψ, then we get a derivation of
�
x j � 0 � x j � 1 � that does not resolve on x j � 0 or x j � 1.
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Since we do not resolve on these added variables, they do not affect the ordered quality of a

refutation. Since the added variables occur positively, they do not affect the positive quality of

the proof.

Lemma 29. There are poly-size ordered (respectively, positive) Resolution refutations of IMP
� �

G �
for any dag G with in-degree bounded by O

�
logn � .

Proof. Let t be the single sink of G (the proof is analogous if there are multiple sinks). Fix any

ordering of the variables of IMP
� �

G � that respects a topological ordering of G. To construct

the refutation, start with the graph G. Label each source j of G with the axiom x j � 0 � x j � 1. For

each non-source node j of G with parents i1 ������� � ik, k � O
�
logn � , replace j with the ordered

(respectively, positive) derivation of
�
x j � 0 � x j � 1 � guaranteed by lemma 28 that respects the

ordering. The result is an ordered (respectively, positive) derivation of the clause
�
xt � 0 � xt � 1 �

that has not resolved on xt � 0 or xt � 1. Resolve this clause with the axioms x̄t � 0 � x̄t � 1 in such a way

that respects the fixed ordering (both of these Resolution steps are positive).

Corollary 30. If β is the all-ones assignment to the variables of IMP
� �

G � , then there are

poly-size negative Resolution proofs of β
�
IMP

� �
G � � . This also constitutes a poly-size semantic

refutation of IMP
� �

G � .

A similar argument shows the following upper bound:

Lemma 31. There are poly-size ordered Resolution refutations of XOR
�
IMP

�
G � � for any dag

G with in-degree bounded by O
�
logn � .

Lemma 32. Let F0 ������� � F� � 1 be CNFs over the set of variables
�
x1 ������� � xn � and let

�
� 2c.

Let Y �
�
y0 ������� � yc � 1 � be a disjoint set of variables. Assume that for some ordering of the

variables there are poly-size ordered refutations of XOR
�
Fi � for each i. Then there is an ordered

refutation of F � XOR
�
join

�
F0 ������� � F� � 1 � Y � � , whose size is polynomial in n and

�
.

Proof. Fix 0 � i � �
. Now fix one clause Ci from the set XOR

�
yb � i 
 � 0 


0 � ����� � yb � i 
 � c � 1 

c � 1 � . Con-

sider all the clauses from F that contain Ci as a subclause: ignoring the subclause Ci in each of
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these, we are left with exactly XOR
�
Fi � . Use the ordered refutation of XOR

�
Fi � to derive Ci for

each choice of i and Ci. At this point, we have not resolved on any of the y variables. Now we

are left with the set of clauses:

XOR
� � � 1�

i � 0

� �
yb � i 
 � 0 


0 � ����� � yb � i 
 � c � 1 

c � 1 � � � �

This is a contradictory set of clauses on c � log
�

variables, which must have an ordered refu-

tation of size polynomial in
�

by lemma 27.

Lemma 33. ([62]) There is a tree-like Resolution refutation of SP
�

n � m of size nmO � logn 
 .

Lemma 34. ([24]) GTn has polysize negative Resolution refutations. Hence, GT
�

n has poly-size

negative refutations.

3.6 Lower Bounds

Tree-like Resolution

[23, 24, 16] showed separations of tree-like Resolution from general Resolution. The fol-

lowing lower bound is from the last:

Lemma 35. ([16]) Let G be a graph on n nodes of pebbling measure p
�
n � . Then any tree-like

refutation of IMP
� �

G � has size 2Ω � p � n 
 
 .

Lemma 35 with lemma 29 shows that tree-like Resolution does not p-simulate ordered or

regular Resolution. Using corollary 30, we get that tree-like Resolution does not p-simulate

negative or semantic Resolution. By lemma 26, it does not p-simulate linear Resolution either.

Regular Resolution

[48] was the first to show that regular Resolution does not p-simulate general Resolution.

[8] showed an exponential separation between the two:

Lemma 36. ([8]) Any regular Resolution refutation of GT
�

n has size 2Ω � n 
 .
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Lemmas 36 and 34 show that regular Resolution does not p-simulate negative or semantic

Resolution. Again, with lemma 26, we get that regular Resolution does not p-simulate linear

Resolution.

Ordered Resolution

[49] first separated ordered Resolution from general. [23] shows the following lower bound:

Lemma 37. ([23]) Any ordered Resolution refutation of SP
�

n � m, where m � 9n � 8 has size

2Ω � n log n 
 .

With lemma 33 we get that ordered Resolution does not p-simulate tree-like Resolution.

Hence, by lemma 23 it does not p-simulate regular Resolution either. It follows from the

regular Resolution separations that ordered Resolution does not p-simulate negative, semantic

or linear Resolution.

Negative Resolution

[47] gave a superpolynomial separation between negative Resolution and general Reso-

lution. The following is an exponential separation between negative Resolution and ordered

Resolution.

Definition 38. The negation-width of a clause C is the number of negative literals occurring

in C. The negation-width of a Resolution refutation P is the maximum negation-width of all

clauses in P.

We will begin with an alleged small negative Resolution refutation of IMP
� �

G � , where

G is a graph with high pebbling number. The following lemma shows that we can always

find a restriction ρ such that after applying ρ to P, what remains is a negative refutation of

IMP
�
G � , but now with small negation-width. Then we will use particular properties of negative

Resolution to argue that any negative refutation of IMP
�
G � requires large negation-width, thus

reaching a contradiction.
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Lemma 39. For any dag on n nodes G, if there is a negative Resolution refutation of IMP
� �

G �
of size at most S, then there is a negative Resolution refutation of IMP

�
G � of negation-width at

most logS.

Proof. Let P be a negative Resolution refutation of IMP
� �

G � of size at most S. Call a clause

of P negation-wide if its negation-width is at least w. Let C1 ������� Cm be the set of negation-wide

clauses in P, and for each C j, let s j be a set of w negative literals occurring in C j. Clearly

m (the number of negation-wide clauses in P) is at most S. We will define a restriction ρ

probabilistically as follows. For every i � �
1 ������� � n � , choose xi � 0 with probability 1 � 2. Choose

xi � 1 if and only if xi � 0 is not chosen. The assignment associated with ρ will set xi � 0 � 0 if and

only if xi � 0 is chosen, and otherwise, sets xi � 1 � 0. We want to upper bound the probability

that ρ is bad, where a restriction ρ is bad if not all negation-wide clauses in P are set to 1 by

ρ. A restriction ρ is good for a particular negation-wide clause C j if some element in s j was

chosen by ρ. The probability that this does not happen is at most
�
1 � 2 � w. Therefore the overall

probability that ρ is bad is at most S
�
1 � 2 � w. Since logS � w, this overall probability is less

than 1, and therefore there must exist at least one good ρ. Fix a good such ρ and apply the

restriction ρ to the entire proof P. What remains will be a negative Resolution refutation of

IMP
�
G � , of negation width at most w.

Lemma 40. Any negative Resolution refutation of IMP
�
G � has negation-width at least Ω

�
q � ,

where q is the pebbling number of G.

For a proof of a more general lemma, see lemma 44 below. The intuition is that, since

the refutation must start with the target axiom, i.e. the only negative axiom, the refutation

constitutes a pebbling strategy in reverse. The next theorem follows directly from lemmas 40,

39 and 17.

Theorem 41. For any graph G with pebbling measure q, any negative Resolution refutation

of IMP
� �

G � requires size 2Ω � q 
 . In particular, there exists an infinite sequence of graphs
�
Gn �

such that any negative Resolution refutation of IMP
� �

Gn � requires size 2Ω � n � log n 
 .
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Theorem 41, with lemmas 29 and 30, show that negative Resolution does not p-simulate

ordered, regular or semantic Resolution. Using lemma 26 again, it follows that negative Reso-

lution does not p-simulate linear Resolution.

Semantic Resolution

We now generalize the lower-bound argument for negative Resolution so that it works for

all of semantic Resolution.

Consider an instance of β
�
IMP

�
G � � on some dag G and assignment β. Let π be a α-

refutation of β
�
IMP

�
G � � for some assignment α. Let ones

�
α � β � be the set of nodes v of G

such that α
�
v � �

� β
�
v � , and zeros

�
α � β � be the remaining nodes. Let G

�

be the induced subgraph

on ones
�
α � β � . For a clause C in π, let zeros

�
C � β � be the variables v in C that appear as vβ � v 


and let ones
�
C � β � be the remainder of the variables. We’ll call these literals β-negative and

β-positive, respectively.

Note that because of the way the following lemmas will be used, they are stated for arbitrary

α and β. When considering a fixed α and β, however, it is generally sufficient to consider the

case where β is all-zeros by symmetry (that is, replace β by the all-zero vector, replace α by

α � β and replace every clause C in π by β
�
C � ). In this case, the above notation is simplified

so that, for instance, ones
�
α � β � is just the set of ones in α and β-negative becomes simply

negative.

Lemma 42. Let C � π be a clause with one β-positive literal u such that u � ones
�
α � β � . Then

the set of variables that appear β-negatively in C must contain all the parents of u that are in

G
�

.

Proof. We proceed by induction on the depth of C in π. The only axiom in which u appears

β-positively contains all of u’s parents (if there are any) β-negatively. Let C be the resolvent of

D and E and assume that it contains u β-positively. Either D or E must contain u β-positively.

Assume, wlog, that it is D. Note that α satisfies D because u appears β-positively and u �
ones

�
α � β � . By induction, D must contain all of the G

�

-parents of u β-negatively. The only way
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that C could not contain all of these parents is if D and E resolve on one of them, call it v. But

this means that v appears β-positively in E and we know that v � ones
�
α � β � , so α must satisfy

E too. Hence D and E cannot be resolved.

Lemma 43. For any clause C in π, let SC � zeros
�
C � β ��� ones

�
α � β � . Assume the pebbling

measure of SC in G
�

is p. The portion of π from the last occurrence of C to the end of the proof

has β-negation-width at least p.

Proof. We proceed by induction on the number of clauses that follow C in π. To begin with, let

C � Λ be the last clause in π. Since SC � /0, there is nothing to prove. Now let C be an arbitrary

clause in π. Assume C is resolved with D on the variable u and that E is their resolvent. If

SC � SD, then we are done by the induction hypothesis. Otherwise it must be the case that

u � ones
�
α � β � and that u appears β-negatively in C and β-positively in D. By lemma 42, D

must contain all of u’s G
�

-parents β-negatively. Hence, as a pebbling configuration, SC follows

easily from SD.

Lemma 44. Let G be a pyramid-like dag on n nodes and let α � β be assignments to the variables

of IMP
�
G � . Let G

�

be the induced subgraph on ones
�
α � β � . If G

�

contains a node v of pebbling

measure p such that there is a directed path in G from v to the target node t, then any α-

refutation π of β
�
IMP

�
G � � requires β-negation-width at least p.

Proof. There is at least one axiom in β
�
IMP

�
G � � that contains v β-negatively. This axiom must

appear in π, since without it β
�
IMP

�
G � � is satisfiable (since there is a path in G from v to t).

Hence, by lemma 43, π has β-negation-width at least p.

Lemma 45. For infinitely many n and any n
� � n, there exist assignments β1 ������� � βn � � �

0 � 1 � n

and pyramid-like graphs G1 ������� � Gn � of in-degree O
�
logn � on n nodes such that the follow-

ing holds: for any assignment α � �
0 � 1 � n, there exists an i such that any α-refutation of

βi
�
IMP

�
Gi � � requires βi-negation-width Ω

� �
n � .

Proof. Fix m sufficiently large and let n � ∑m
i � 1 i. Let n

� � n. Choose β1 ������� � βn � randomly

and independently from the distribution on
�
0 � 1 � n such that each bit is 0 with probability



CHAPTER 3. REFINEMENTS OF RESOLUTION 32

1 � 2, and 1 otherwise. Choose G1 ������� � Gn � randomly and independently from Pyr
�
n � d � , where

d � 5log8 � 5 m. Fix α � �
0 � 1 � n. Let G

�

i be the subgraph of Gi induced by ones
�
α � βi � . We first

show that with high probability, one of the G
�

is satisfies the conditions of lemma 19.

Fix i such that 1 � i � n
�

. Consider layers 0 through m � 8 of G
�

i. Layer j is expected to

contain
�
m � j � � 2 nodes in G

�

i. The probability that it contains fewer than half this many is less

than exp
�
�

�
m � j � � 16 � , by Chernoff’s bound. The probability that any of these layers contains

less than half its expected number of nodes is at most
�
m � 8 � exp

�
� 7m � 128 � . Call this event

A
�
i � α � .

Now consider the probability that any subset of layer j of size s �
�
m � j � � 8 is not ex-

panding into layer j � 1 for j � 0. First we fix a subset S1 of size s from layer j and then a

subset S2 of size s from layer j � 1. Then, for each node in S1 and each Gi-parent v of that

node, the probability that v does not appear in G
�

i is 1 � 2. The probability that v is contained in

S2 is at most s � �
m � j � 1 � . The probability that either of these bad events occurs is at most

1 � 2 � s � �
m � j � 1 � � 5 � 8. Hence, the probability that layer j is not expanding into layer j � 1

is bounded by
� m � j 
 � 8

∑
s � 1

� �
m � j � 1 �

s � 2 5
8

ds

�

For d � 5log8 � 5 m, this is bounded by 1 � m2. The probability that any layer 0 � j � m � 8 is not

expanding, then, is bounded by m
8

1
m2 � 1

m � Call this event B
�
i � α � . The event A

�
i � α � �

B
�
i � α �

implies that there is a node in G
�

i with pebbling measure m � 8 by lemma 19.

Finally, let C
�
i � α � be the event that there is no node v in layer m � 8 of G

�

i such that there is

a path in Gi from v to the target t. Let E
�
i � � � be the event that some fixed node in layer

�
of Gi

does not have a path to t, and let F
�
i � α � be the event that no node in layer m � 8 of Gi survives in

G
�

i. Clearly Pr
�
C

�
i � α � � � Pr

�
E

�
i � m � 32 � � � F

�
i � α � . We now compute Pr

�
E

�
i � � � � : a fixed node

u in layer
�

of Gi will not have a path to t if u has no children in layer
� � 1 or if none of these

children have a path to t. The probability of the former is�
m � � � 1

m � � � d � m � � � 1 
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and the probability of the latter is bounded by E
�
i � � � 1 � . Hence, we have Pr

�
E

�
i � m � 1 � � � 0,

and

Pr
�
E

�
i � � � � � Pr

�
E

�
i � � � 1 � � � � m � � � 1

m � � � d � m � � � 1 


� Pr
�
E

�
i � � � 1 � � � 1

ed

� m � ed �

Taking d � 5log8 � 5 m as above, this probability is less than 1 � m4. So, Pr
�
C

�
i � α � � � 1 � m4 �

1 � 2
m
8 � 1 � m3 �

For any i, let D
�
i � α � be the event A

�
i � α � �

B
�
i � α � �

C
�
i � α � . By lemma 44, D

�
i � α � implies

that any α-refutation of IMP
�
Gi � requires βi-negation-width m � 8 � Ω

� �
n � . By a union bound,

Pr
�
D

�
i � α � � � m

8
exp

�
� 7m � 128 � � 1

m
� 1

m3 � 3
m

�

Let D
�
α � ��� n �

i � 1 D
�
i � α � . Then Pr

�
D

�
α � � ��� 3m � n � � The probability that D

�
α � holds for any

α � �
0 � 1 � n is at most 2n �

3 � m � n � � 1. Hence, there exist G1 ������� � Gn � , β1 ������� � βn � such that, for

any α there is some i such that any α-refutation of βi
�
IMP

�
Gi � � requires βi-negation-width

Ω
� �

n � .

Theorem 46. Fix n � ∑m
i � 1 i for m sufficiently large. Fix n

� � n to be a power of 2. There exist

β1 ������� � βn � � �
0 � 1 � n and dags on n nodes G1 ������� � Gn � such that for any semantic refutation π of

XOR
�
join

�
β1

�
IMP

�
G1 � � ������� � βn �

�
IMP

�
Gn � � � � Y � � �

we have size
�
π � � exp

�
Ω

� �
n � � . Here Y �

�
y1 ������� � ylogn � � is a set of variables disjoint from

those of denoting the vertices of the dags.

Proof. The theorem follows immediately from lemmas 45 and 13.

Theorem 46 and lemmas 31 and 32 show that semantic Resolution does not p-simulate

ordered or regular Resolution. Lemma 26 gives a separation of linear from semantic.



CHAPTER 3. REFINEMENTS OF RESOLUTION 34

3.7 Other refinements of Resolution

Of course there are many other Resolution refinements that we have not mentioned. One of

the most popular is set-of-support Resolution. Let F be an unsatisfiable CNF viewed as a set

of clauses. S � F is called a set-of-support if F � S is satisfiable. An S-refutation of F is a

Resolution refutation in which no two resolvents are both from the set F � S. S-Resolution is

known to be complete for any set-of-support S. A refutation is called set-of-support if it is an

S-refutation for some set of support S. Clearly set-of-support Resolution p-simulates general

Resolution since we can simply choose S � F . For any set of support S, however, we can apply

an analogue to lemma 24, since any linear refutation makes only one Resolution between two

initial clauses:

Lemma 47. Let F be an unsatisfiable CNF such that there is a Resolution refutation of size S

and width w. Then, for any set-of-support T , there is a T -refutation of ADDTAUT
�
F � of size

O
�
S � w � .

3.8 Open Questions

Does linear Resolution p-simulate general Resolution without adding any clauses to the orig-

inal CNF? It is known ([16]) that Resolution refutations of any CNF F can be found in time

nlogS where S is the size of the smallest tree-like Resolution refutation of F . Do any of these

other refinements have a similar degree of automatizability.
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4.1 Introduction

The propositional pigeonhole principle asserts that m pigeons cannot be placed in n holes with

at most one pigeon per hole whenever m is larger than n. It is an exceptionally simple fact that

underlies many theorems in mathematics, and is the most extensively studied combinatorial

principle in proof complexity. (See [83] for an excellent survey on the proof complexity of

pigeonhole principles.) It can be formalized as a propositional formula, denoted PHPm
n , in a

standard way.

Proving super-polynomial lower bounds on the length of propositional proofs of the pi-

geonhole principle when m � n � 1 has been a major achievement in proof complexity. The

principle can be made weaker (and hence easier to prove) by increasing the number of pigeons

relative to the number of holes, or by considering fewer of the possible mappings of pigeons to

holes. Two well-studied examples of the latter weakenings, the onto-PHP and the functional-

PHP, only rule out, respectively, surjective and functional mappings from pigeons to holes. In

this chapter, we will prove lower bounds that apply to all of these variations of the basic PHP.

For all m � n, Buss [29] has given polynomial-size Frege proofs of PHPm
n . He uses families

of polynomial-size formulas that count the number of 1’s in an N-bit string and Frege proofs

of their properties to show that the number of pigeons successfully mapped injectively can be

at most the number of holes.

In weaker proof systems, where such formulas cannot be represented, the proof complexity

of the pigeonhole principle depends crucially on the number of pigeons, m, as a function of the

number of holes, n. As m increases, the principle becomes weaker (easier to prove) and in turn

the proof complexity question becomes more difficult. We review the basics of what is known

for Resolution and bounded-depth Frege systems below. Generally, the weak pigeonhole prin-

ciple (WPHP) has been used to refer to PHPm
n whenever m is at least a constant factor larger

than n. We will be primarily concerned with forms of the pigeonhole principle that are signif-

icantly weaker than the usual pigeonhole principle but somewhat stronger than these typical

weak forms.
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For the Resolution proof system, the complexity of the pigeonhole principle is essentially

resolved. In 1985, Haken proved the first super-polynomial lower bounds for unrestricted

Resolution proofs of PHPm
n , for m � n � 1 [55]. This lower bound was generalized by Buss

and Turan [30] for m � n2. For the next 10 years, the resolution complexity of PHPm
n for

m � n2 was completely open. A recent result due to Raz [79] gives exponential Resolution

lower bounds for the weak pigeonhole principle, and subsequently Razborov has resolved the

problem for most interesting variants of the PHP [84].

Substantially less is known about the complexity of the pigeonhole principle in bounded-

depth Frege systems, although strong lower bounds are known when the number of pigeons m

is close to the number of holes n. Ajtai proved super-polynomial lower bounds for PHPn � 1
n

with an ingenious blend of combinatorics and nonstandard model theory [2, 3]. This result

was improved to exponential lower bounds in [15, 76, 67]. It was observed in [13] that the

above lower bounds can in fact be applied to PHPm
n for m � n � nε, for some ε that falls off

exponentially in the depth of the formulas involved in the proof.

For the case of larger m (the topic of this chapter), the complexity of bounded-depth Frege

proofs of PHPm
n is slowly emerging, with surprising and interconnected results. There are

several deep connections between the complexity of the weak pigeonhole principle and other

important problems. First, lower bounds for bounded-depth Frege proofs of the weak pigeon-

hole principles suffice to show unprovability results for the P versus NP statement (see [83]).

Secondly, the long-standing question of whether or not the existence of infinitely many primes

has an I∆0 proof is closely related to the complexity of WPHP in bounded-depth Frege systems

[74]. Thirdly, the question is closely related to the complexity of approximate counting [73].

In bounded-depth Frege systems more powerful than resolution, there are a few signifi-

cant prior results concerning the proof complexity of weak pigeonhole principles: There are

bounded-depth Frege proofs of PHPm
n for m as small as n � n � polylog n of quasi-polynomial

size [74, 66, 72]; thus exponential lower bounds for the weak pigeonhole principle are out of

the question. In fact, this upper bound is provable in a very restricted form of bounded-depth
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Frege where all lines in the proof are disjunctions of polylog n-sized conjunctions, a proof

system known as Res
�
polylog n � . On the other hand, [85], building on the techniques of [90],

shows exponential lower bounds for PHP2n
n in Res

�
k � , a proof system which allows lines to be

disjunctions of size-k conjunctions, for k almost logn.

In this chapter we prove quasi-polynomial lower bounds for the weak pigeonhole principle

whenever m � n � n � polylog n. More precisely, we show the following:

Main Result: For any integers a � h � 0, there exists an integer c such that any depth-h proof of

PHPm
n , where m � n � n � logc n, requires size 2loga n.

This is a substantial improvement over previous lower bounds. Furthermore, the quan-

tification of a, h and c cannot be easily improved without running into the upper bound of

[12]. Our proof technique applies a switching lemma to a weaker tautology based on certain

bipartite graphs. This type of tautology was introduced in [16]. Although we rely heavily on

the simplified switching lemma arguments presented in [14, 95], in a major difference from

previous switching-lemma-based proofs, both the tautologies themselves and the restrictions

we consider remain random throughout most of the argument. A much simplified proof of

the same result that avoids using random tautologies was recently discovered by A. Razborov.

We present our original proof, because we feel that the techniques involved may be useful for

proving lower bounds for other types of random tautologies, and then present the simplified

proof.

4.2 Overview

The high-level schema of our proof is not new. Ignoring parameters for a minute, we start

with an alleged proof of PHPm
n of small size. We then show that assigning values to some

of the variables in the proof leaves us with a sequence of formulas, each of which can be

represented as a particular type of decision tree of small height. This part of the argument

is generally referred to as the switching lemma. We then prove that the leaves of any such
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short tree corresponding to a formula in the proof must all be labelled 1 if the proof is to be

sound. Finally, we show that the tree corresponding to PHPm
n has leaves labelled 0, which is

a contradiction since it must appear as a formula in the alleged proof. We now overview the

lower bound components in more detail.

The lower bounds for bounded-depth Frege proofs of PHPn � 1
n [3, 15, 76, 67] used re-

strictions, partial assignments of values to input variables, and iteratively applied “switch-

ing lemmas” with respect to random choices of these restrictions. The first switching lem-

mas [45, 1, 57] showed that after one applies a randomly chosen restriction that assigns val-

ues to many, but far from all, of the input variables with high probability one can convert an

arbitrary DNF formula with small terms into a CNF formula with small clauses (hence the

name). More generally, such switching lemmas allow one to convert arbitrary DNF formulas

with small terms into small height decision trees (which implies the conversion to CNF for-

mulas with small clauses). The basic idea is that for each level of the formulas/circuits, one

proves that a randomly chosen restriction will succeed with positive probability for all sub-

formulas/gates at that level. One then fixes such a restriction for that level and continues to the

next level. To obtain a lower bound one chooses a family of restrictions suited to the target

of the analysis. In the case of PHPm
n , the natural restrictions to consider correspond to partial

matchings between pigeons and holes.

The form of the argument by which switching lemmas are proven generally depends on

the property that the ratio of the probability that an input variable remains unassigned to the

probability that it is set to 0 (respectively, to 1) is sufficiently less than 1. In the case of a

random partial matching that contains
�
1 � p � n edges applied to the variables of PHPm

n , there

are pn unmatched holes and at least pm unmatched pigeons. Hence, the probability that any

edge-variable remains unassigned (i.e. neither used nor ruled out by the partial matching) is

at least p2. However, the partial matching restrictions set less than a 1 � m fraction of variables

to 1. Thus the proofs required that p2n � p2m � 1 and thus p � n � 1 � 2. This compares with

choices of p � n � O � 1 � h 
 for depth h circuit lower bounds in the best arguments for parity proven
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in [57]. Hence, the best known lower bounds on the size of depth-h circuits computing parity is

of the form 2nΩ � 1 � h �
, while the best known lower bound on the size of depth-h proofs of PHPn � 1

n

is of the form 2n2 � O � h �
.

A problem with extending the lower bounds to PHPm
n for larger m is that, after a partial

matching restriction is applied, the absolute difference between the number of pigeons and

holes does not change but the number of holes is dramatically reduced. This can qualitatively

change the ratio between pigeons and holes. If this is too large then the probability that vari-

ables remain unassigned grows dramatically and, in the next level, the above argument does

not work at all. For example, with the above argument, if the difference between the number

of pigeons and holes is as large as n3 � 4 then after only one round the above argument will fail.

The extension in [13] to lower bound proofs for PHPn � nεh
n for formulas of depth h relies on

the fact that even after h rounds of restrictions the gap is small enough that there is no such

qualitative change; but this is the limit using the probabilities as above.

We are able to resolve the above difficulties for m as large as n � n � polylog n. In particular,

we increase the probability that variables are set to 1 to 1 � polylog n from 1 � m by restricting

the matchings to be contained in bipartite graphs G of polylog n degree. Thus we can keep

as many as n � polylog n of the holes unmatched in each round. Therefore, by choosing the

exponents in the polylog n carefully as a function of the depth of the formulas, we can tolerate

gaps between the number of pigeons and the number of holes that are also n � polylog n.

A difficulty with this outline is that one must be careful throughout the argument that the

restrictions one chooses do not remove all the neighbors of a node without matching it, which

would simplify the pigeonhole principle to a triviality. While it is now clear how to construct

a fixed graph that overcomes these difficulties, we avoided them by not fixing the graph in

advance: we keep the input graph random throughout the argument, and consider for each such

graph G its associated proof of the pigeonhole principle restricted to G. Since we do not know

what G is at each stage we cannot simply fix the restriction as we deal with each level; we must

keep that random as well. Having done this, we can use simple Chernoff bounds to show that,
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for almost all combinations of graphs and restrictions, the degree at each level will not be much

smaller than the expected degree, so the pigeonhole principle will remain far from trivial. We

adjust parameters to reduce the probability that a restriction fails to simplify a given level so

that it is much smaller than the number of levels. Then we apply the probabilistic method to

the whole experiment involving the graph G as well as the sequence of restrictions.

There is one other technical point that is important in the argument. In order for the prob-

abilities in the switching lemma argument to work out it is critical that the degrees of vertices

in the graph after each level of restriction is applied are decreased significantly at each step as

well as being small in the original graph G. Using another simple Chernoff bound we show

that the degrees of vertices given almost all combinations of graphs and restrictions will not be

much larger than their expected value and this suffices to yield the decrease in degree.

Overall, our argument is expressed in much the same terms as those in [14, 95], although

we find it simpler to omit formally defining k-evaluations as separate entities. One way of

looking at our technique is that we apply two very different kinds of random restrictions to a

proof of PHPm
n : first, one that sets many variables to 0, corresponding to the restriction of the

problem to the graph G, and then, one that sets partial matchings for use with the switching

lemma.

4.3 Frege proofs and PHP
�
G �

A formula is a rooted tree whose internal nodes are labelled by either � (fanin 2) or � (fanin

1) and whose leaves are labelled by variables. Given a node in this tree, the full tree rooted at

that node is called a (not necessarily proper) subformula of the original formula. If a formula

contains no connectives, then it has depth 0. Otherwise, the depth of a (sub)formula A is the

maximum number of alternations of connectives along any path from the root to leaf, plus one.

The merged form of a formula A is the tree such that all � ’s labelling adjacent vertices of A are

identified into a single node of unbounded fanin, also labelled � .
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A Frege proof system is specified by a finite set of sound and complete inference rules,

rules for deriving new propositional formulas from existing ones by consistent substitution of

formulas for variables in the rule. A typical example is the following, due to Schoenfield, in

which p � q � r are variables that stand for formulas and p � q � r denotes that p and q yield r in

one step:

Excluded Middle: � � p � p, Expansion Rule: p � q � p, Contraction Rule: p � p � p, Associa-

tive Rule: p �
�
q � r ��� �

p � q � � r, Cut Rule: p � q � � p � r � q � r.

We will say that the size of a Frege rule is the number of distinct subformulas mentioned

in the rule. For example, the size of the cut rule above is 7; the subformulas mentioned are:

p � q � r� � p � p � q � � p � r� q � r.

Definition 48. A proof of a formula A in Frege system F is a sequence of formulas A1 ������� � Ar �

A such that � A1 and for all i � 1 there is some (possibly empty) subset A �
�
A1 ������� � Ai � 1 �

such that A � Ai is a substitution instance of a rule of F .

p � syn �
�
x � y � z � � x ���

�
y ��� z � ��� �

� y � z � ��� �
� y ��� z �

x � y � z � p

x ��� x

� x � p

�
y ��� z � ��� �

y ��� z �
�
y ��� z � � p

y � z � p

y � p

�
� y � z � ��� �

� y � z �

� y � z � p

z � p

�
� y ��� z � ��� �

� y ��� z �
� y ��� z � p

� z � p

p

�
x � y � z � ��� �

x � y � z �

Figure 4.1: A Frege proof

In what follows, let F be any fixed Frege system whose rules have size bounded by f .

Definition 49. For an F -proof Π, let cl
�
Π � denote the closure of the set of formulas in Π under

subformulas. The size of a Frege proof Π is
�
cl

�
Π � � , the total number of distinct subformulas
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that appear in the proof. The depth of a proof is the maximum depth of the formulas in the

proof.

Let G �
�
V1

�
V2 � E � be a bipartite graph where

�
V2
�

� n and
�
V1
�

� m � n. We use L
�
G � to

denote the language built from the set of propositional variables
�
Xe : e � E � , the connectives

�
� � � � and the constants 0 and 1.

The following is a formulation of the onto and functional weak pigeonhole principle on the

graph G. Note that if G is not the complete graph Km � n, then this principle is weaker than the

standard onto and functional weak pigeonhole principle.

Definition 50. PHP
�
G � is the OR of the following four (merged forms of) formulas in L

�
G � .

In general, i � j � k represent vertices in G and Γ
�
i � represents the set of neighbors of i in G.

1. � � e � e � 
 � I �
�
� Xe � � Xe � � for I �

� �
e � e

� � : e � e � � E;e �
�
i � k � � e �

�
�

j � k � ; i � j � V1; i
�

� j;k �
V2 � : two different pigeons go to the same hole.

2. � � e � e � 
 � I �
�
� Xe � � Xe � � for I �

� �
e � e

� � : e � e � � E;e �
�
k � i � � e �

�
�
k � j � ; i � j � V2; i

�
� j;k �

V1 � : one pigeon goes to two different holes.

3. � i � V1
� � j � Γ � i 
 X � i � j � : some pigeon has no hole.

4. � j � V2
� � i � Γ � j 
 X � i � j � : some hole remains empty.

In fact, we consider an arbitrary orientation of the above formula whereby each � is binary.

4.4 Representing matchings by trees

In this section we make minor modifications to standard definitions from [14, 95] to apply to

the edge variables given by bipartite graphs and not just complete bipartite graphs.

Let G be a bipartite graph as in the last section and let D denote the set of Boolean variables

Xe in L
�
G � . Assume there is an ordering on the nodes of G.
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Definition 51. Two edges of G are said to be inconsistent if they share exactly one endpoint.

Two partial matchings ρ1 � ρ2 on the graph G are said to be consistent if no edge in ρ1 is

inconsistent with an edge in ρ2. For a partial matching ρ, let Im
�
ρ � denote the set of nodes of

V2 that are matched by ρ.

Definition 52. For ρ a partial matching on the graph G that matches nodes V
�

1 � V1 to nodes

V
�

2 � V2, we define G
�
ρ as the bipartite graph

� �
V1 � V

�

1 � � �
V2 � V

�

2 � � E �
�
V

�

1 � V2
�

V1 � V
�

2 � � .

Definition 53. A matching decision tree T for G is a rooted tree where each internal node

u is labelled by a node of G, v, and each child edge from a node u is labelled by an edge

of G that touches v. Furthermore, given any path in the tree from the root to a node u, the

labels of the edges along the path constitute a partial matching on G, called path
�
u � . Let

path
�
T � �

�
path

�
u � : u is a leaf of T � . If v is a node of G that appears as a label of some

node in T , then T is said to mention v.

Furthermore, each leaf of T is labelled by 0 or 1 (if a tree satisfies the above conditions but

its leaves remain unlabelled, we will call it a leaf-unlabelled matching decision tree). Let T c

be the same as T except with the value of each leaf-label flipped. If U is the set of leaves of T

labelled 1, let dis j
�
T � be the DNF formula

�

u � U

�

e � path � u 

Xe.

Definition 54. A complete (leaf-unlabelled) matching decision tree for G is one in which, for

each internal node u labelled v and each neighbor v
�

of v in G
�
path � u 
 , there is an outgoing edge

from u labelled by
�
v � v � � .

Definition 55. Let K be a nonempty subset of the nodes in G. The full matching tree for K over

G is a leaf-unlabelled matching decision tree for G defined inductively: if K �
�
k � , then the

root of the tree is labelled by k and, for each edge e in G that touches k, there is an edge from

the root of the tree labelled e. If there are no such edges, then we say that the full matching tree

is empty.

If K contains more than one node, let k be its first node under the ordering and assume we

have a full matching tree for k called T . If T is empty, then the entire tree is empty. Otherwise,
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at each leaf u of T , attach the full matching tree for K � �
k � k

� � over G
�
path � u 
 , where k

�

is the

node that is matched to k along path
�
u � . If this tree is empty, then remove the leaf u.

Note that the full matching tree for any subset K is complete. Furthermore, every path

must succeed in matching every node in K. If this is impossible in G, then the tree is empty.

In particular, if the degree of each node in K is at least
�
K
�
, then the tree is guaranteed to be

nonempty.

Lemma 56. Let T be a complete matching tree for G and let ρ be any partial matching on G.

Let d be the minimal degree of any node in G mentioned by T . If d � �
ρ
� � height

�
T � , then

there is a matching in path
�
T � that is consistent with ρ.

Proof. Assume we have found an internal node u in T labelled by v in G such that path
�
u � is

consistent with ρ. We will find a child u
�

of u such that path
�
u

� � is still consistent with ρ. If ρ

includes the edge
�
v � v

� � for some v
�

, then there must be a u
�

that matches v with v
�

in T , since

path
�
u � is consistent with ρ (so v

�

isn’t already matched by path
�
u � ) and since T is complete.

If not, then there must be a neighbor v
�

of v in G that remains unmatched by ρ and path
�
u �

because d � �
ρ
� � height

�
T � . Again, since T is complete, there is a node u

�

that matches v with

v
�

.

Definition 57. We call F a matching disjunction if it is one of the constants 0 or 1, or it is a

DNF formula with no negations over the variables D such that the edges of G corresponding to

the variables in any one term constitute a partial matching. In the latter case, order the terms

lexicographically based on the nodes they touch and the order of the nodes in G.

Definition 58. For F a matching disjunction, the restriction F
�
ρ for ρ a partial matching is

another matching disjunction generated from F as follows: set any variable in F corresponding

to an edge of ρ to 1 and set any variable corresponding to an edge not in ρ but incident to one

of ρ’s nodes to 0. If a variable in term t is set to 0, remove t from F. Otherwise, if a variable in

term t is set to 1, remove that variable from t.
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The DNF dis j
�
T � for a matching decision tree T is always a matching disjunction.

Definition 59. A matching decision tree T is said to represent a matching disjunction F if, for

every leaf l of T , F
�
path � l 
�� 1 when l is labelled 1 and F

�
path � l 
�� 0 when l is labelled 0.

A matching decision tree T always represents dis j
�
T � . Furthermore, if ρ extends some

matching path
�
l � for l a leaf of T , then dis j

�
T � � ρ � 0 (1, respectively) if l is labelled 0 (1).

Definition 60. Let F be a matching disjunction. We define a tree TreeG
�
F � called the canon-

ical decision tree for F over G: if F is constant, then TreeG
�
F � is one node labelled by that

constant. Otherwise, let C be the first term of F. Let K be the nodes of G touched by variables

in C. The top of TreeG
�
F � is the full matching tree on K over G. We replace each leaf u of that

tree, with the tree TreeG � path � u �
�
F
�
path � u 
 � .

The tree TreeG
�
F � will have all of its leaves labelled. It is designed to represent F and to

be complete.

Definition 61. For T a matching decision tree and ρ a matching, T restricted by ρ, written

T
�
ρ, is a matching decision tree obtained from T by first removing all edges of T that are

inconsistent with ρ, and retaining only those nodes of T that remain connected to the root of

T . Each remaining edge that corresponds to an element of ρ is then contracted (its endpoints

are identified and labelled by the label of the lower endpoint).

Lemma 62. ([95], Lemma 4.8) For T a matching decision tree and ρ a matching:

(a) dis j
�
T � � ρ � dis j

�
T
�
ρ � .

(b)
�
T
�
ρ � c � T c �

ρ.

(c) If T represents a matching disjunction F, then T
�
ρ represents F

�
ρ.
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4.5 The lower bound

Let m � n � n � logc n for some integer c � 0 and let h � 0 be an integer (all log’s are base 2).

We generally assume that n is large compared to the other parameters and, for simplicity, we

omit floor and ceiling notation for non-integer quantities. We will show that for any a such that

8h �
a � 3 � � c, any proof of PHPm

n � PHP
�
Km � n � of depth h is of size greater than 2loga n. To

do this we do not work directly with proofs of PHP
�
Km � n � but rather we work with proofs of

PHP
�
G � for randomly chosen subgraphs G of Km � n.

More precisely, let b � 8h �
a � 3 � , define d � logb n and observe that a � b � c.

Let G
�
m � n � d � n � be the uniform distribution on all bipartite graphs from m nodes to n nodes

where each edge is present independently with probability d � n.

Definition 63. Let H �
�
V1

�
V2 � E � be a fixed bipartite graph. Define M � �

H � to be the set

of all partial matchings of size
�

in H and for I � V2 with
�
I
�

�
�

let M �I
�
H � be the set of all

ρ � M � �
H � with Im

�
ρ � � I. Define a partial distribution M � �

H � on M � �
H � by first choosing a

set I � V2 uniformly at random among all subsets of V2 of size
�
, then choosing a ρ � M �I

�
H �

uniformly at random; if M �I
�
H � is empty then no matching is chosen and the experiment fails.

We now define several sequences of parameters for a probabilistic experiment. The mean-

ings of these parameters will be explained after the definition of the experiment. For initial

values, let

m0 � m � n0 � n � b0 � b �

and

k0 � 7b0 � 8 � �
0 � n0 � n0 � logk0 n �

Then, for 1 � i � h, we define recursively:

mi � mi � 1 � �
i � 1 � ni � ni � 1 � �

i � 1 � bi � bi � 1 � ki � 1 �

and

ki � 7bi � 8 � �
i � ni � ni � logki n �
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In closed form,

ni � n � �
logn � ∑i � 1

j � 0 k j � n � �
logn � b � b � 8i � mi � ni � �

m � n � � bi � b �
i � 1

∑
j � 0

k j � b � 8i �

and

ki � 7b � 8i � 1 � �
i �

�
1 � 1 � logki n � �

n � �
logn � b � b � 8i � �

Now we are ready to define the experiment: let G0 � G be a graph chosen randomly from

the distribution G
�
m � n � d � n � . For 0 � i � h � 1, let ρi

� M � i �
Gi � and define Gi � 1 � Gi

�
ρi .

(We say that the experiment fails during stage i � 1 if the partial distribution M � i �
Gi � fails to

return an element ρi.) Observing that the choice of ρi depends only on the edges of Gi that are

incident to Im
�
ρi � and these are among the edges of Gi that are removed to produce Gi � 1 we

have:

Proposition 64. If this experiment succeeds up to stage i then the distribution induced on Gi is

G
�
mi � ni � d � n � .

Thus, the expected degree of any pigeon in Gi is nid � n � logbi n. The expected degree of

any hole in Gi is mid � n, which is between logbi n and 2logbi n since ni � mi � 2ni (because

c � b). Let ∆i
de f

� 6logbi n.

We make several observations about “bad” events in this experiment. Specifically, we

bound the probability that any of the following fail:

Ei: The experiment succeeds up to stage i.

Ai: Every node in Gi has degree at most ∆i.

Bi: Every node in Gi has degree at least
�
1 � 2 � logbi n �

�
1 � 12 � ∆i.

Lemma 65. For 0 � i � h, the probability, given Ei, of � Ai is at most
�
mi � ni � 2 � logbi n �

2 � logbi � 1 n.
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Proof. The expected degree of any hole at stage i will be mid � n. The expected degree of any

pigeon will be nid � n. By the conditions on m and n, the former quantity is at most twice the

latter, which is equal to logbi n. Fix a node in the graph and let X be the random variable that

represents its degree. This is a sum of Bernoulli trials since the edges occur independently with

the same probability. Chernoff’s bound tells us that Pr
�
X � 3µ

�
X � � �

�
e2 � 27 � µ � X 
 � �

1 � 2 � µ � X 
 .
We know that logbi n � µ

�
X � � 2logbi n and bi � 2, so we have the bound.

Lemma 66. For 0 � i � h, the probability, Ei, of � Bi is at most
�
mi � ni � 2 � 1

16 logbi n � 2 � logbi � 1 n.

Proof. The expected degree of any particular node in Gi is at least logbi n. Applying a Chernoff

bound in the form Pr
�
X � 1

2µ
�
X � � � exp

�
� 1

8µ
�
X � � , we have the result.

Lemma 67. For 0 � i � h � 1, the probability, given Ei, of � Ei � 1 is at most 2 � logbi � 1 n.

Proof. This is less than the probability that a random graph from G
�
mi � ni � d � n � does not con-

tain a perfect matching which by Hall’s theorem is less than the probability that there is a

proper subset S of the holes that has at least ni �
�
S
�
non-neighbors among the first ni pigeons.

This is at most

ni � 1

∑
j � 1

�
ni

j � 2 �
1 � d � n � j � ni � j 
 � ∑

1
�

j
�

ni � 2

�
ni

j � 2 �
1 � d � n � j � ni � j 
 �

∑
ni � 2

�
j

�
ni � 1

�
ni

ni � j � 2 �
1 � d � n � j � ni � j 


� 2 ∑
1

�
j

�
ni � 2

�
n2

i
�
1 � d � n � ni � j � j

� 2 ∑
1

�
j

�
ni � 2

�
n2

i e � d � ni � j 
 � n � j

� 2 ∑
1

�
j

�
ni � 2

�
n2

i e � dni � � 2n 
 � j

By construction dni � �
2n � � 1

2 logbi n and ni � n so the failure probability is at most 2 � logbi � 1 n.



CHAPTER 4. WEAKER PIGEONHOLE PRINCIPLES IN BOUNDED-DEPTH FREGE 50

We now develop the switching lemma argument. The overall structure uses the simplified

counting techniques of [80] and [14], however the statement and proof are both complicated by

the need to use probabilistic properties of the formulas themselves as well as the relationship

of those properties to the restrictions under consideration. We first need some definitions:

Definition 68. For a bipartite graph H �
�
V1

�
V2 � E � and integers

�
and ∆, let N � � ∆ �

H � be the

set of all ρ in M � �
H � such that all nodes of H

�
ρ have degree at most ∆. For a set I � V2 with

�
I
�

�
�

let N
� � ∆
I

�
H � be the set of elements ρ � N � � ∆ �

H � with Im
�
ρ � � I.

For a particular i, the set N � i � ∆i � 1
�
Gi � represents in some sense the usable or “good” portion

of all the matchings in M � i �
Gi � . We therefore define the following event:

Ci:
�N
�
i � ∆i � 1 � Gi 
 �
�M
�
i � Gi 
 � � 1 � 2 � logbi � 1 � 2 n. Here i � h.

Lemma 69. For 0 � i � h, the probability, given Ei � 1, of � Ci, is at most 1 � n.

Proof. Observe that the expectation of
�N
�
i � ∆i � 1

Im � ρi � � Gi 
 �
�M
�
i

Im � ρi � � Gi 
 � conditional on success up to stage i � 1 is

precisely the probability that ρi � N � i � ∆i � 1
�
Gi � conditional on success up to stage i � 1, which

is � 1 � 2 � logbi � 1 � 1 n by Lemma 65. Now, since
�N
�
i � ∆i � 1

Im � ρi � � Gi 
 �
�M
�
i

Im � ρi � � Gi 
 � is bounded above by 1, we can

apply Markov’s inequality to yield that the probability, conditional on success up to stage i � 1,

that
�N
�
i � ∆i � 1

Im � ρi � � Gi 
 �
�M
�
i

Im � ρi � � Gi 
 � � 1 � n � 2 � logbi � 1 � 1 n is at most 1 � n. The result follows by observing that

n � 2 � logbi � 1 � 1 n � 2 � logbi � 1 � 2 n, which is less than 1 because b j � 3 for all j.

We are now ready to state the switching lemma.

Lemma 70 (Switching Lemma). Let i � s � r be any integers such that 0 � i � h, 0 � s �

∆i � 1 � log3 n and r � 0. Suppose Ei � 1 holds. Let F be any matching disjunction with con-

junctions of size � r over the edge-variables of Gi. The probability that TreeGi � 1

�
F
�
ρi � has

height at least s, conditioned on the events Ai, Ai � 1 and Ci, is at most 2
�
720r � logbi � 2 n � s � 2

.

Definition 71. Let stars
�
r� j � be the set of all sequences β �

�
β1 ������� � βk � such that for each i,

βi � ��� ��� � r � �
� � r and the total number of

�
’s in β is j.
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Lemma 72 ([14]).
�
stars

�
r� j � � � �

r � ln2 � j.

Lemma 73. For H a fixed bipartite graph with an ordering on its nodes, let F be a matching

disjunction with conjunctions of size � r over the edge-variables of H and let S be the set of

matchings ρ � N � � ∆ �
H � such that TreeH � ρ

�
F
�
ρ � has height � s. There is an injection from the

set S to the set
�

s � 2
�

j
�

s

M
� � j �

H � � stars
�
r� j � �

�
∆ � s �

Furthermore, the first component of the image of ρ � S is an extension of ρ.

Proof. Let F � C1 � C2 � ����� . If ρ � S, then let π be the partial matching labelling the first path

in TreeH � ρ
�
F
�
ρ � of length � s (actually, we consider only the first s edges in π, starting from

the root, and hence we assume
�
π
�

� s). Let Cγ1 be the first term in F not set to 0 by ρ and

let K1 be the variables of Cγ1 not set by ρ. Let σ1 be the unique partial matching over K1 that

satisfies Cγ1

�
ρ and let π1 be the portion of π that touches K1.

Now define β1 � ��� ��� � r � �
� � r � so that the p-th component of β1 is a

�
if and only if the

p-th variable in Cγ1 is set by σ1.

Continue this process to define πi, σi, Ki, etc. (replacing ρ with ρπ1 ����� πi � 1 and π with

π � π1 ����� πi � 1 until some stage k when we’ve exhausted all of π. Let σ be the matching σ1 ����� σk,

and β be the vector
�
β1 ������� � βk � . Let j �

�
σ
�
be the number of edges in σ. Note that s � 2 � j � s.

Observe that β � stars
�
r� s � and ρσ � M � � j �

H � and is an extension of ρ.

We now encode the differences between all the corresponding πi and σi pairs in a single

vector δ consisting of
�
π
�

� s components, each in
�
1 ������� � ∆ � . Let u1 be the smallest numbered

node in K1 and suppose that π (in particular π1) matches u1 with some node v1. Then the first

component of δ is the natural number x such that v1 is the x-th neighbor (under the ordering

of nodes) of u1 in the graph H
�
ρσ2σ3 ����� σk . More generally, until the mates of all nodes in K1

under π1 have been determined, we determine the p-th component of δ by finding the smallest

numbered node up of K1 � �
u1 ������� � up � 1 � v1 ������� � vp � 1 � and then we find its mate vp under π1

and encode the position x of vp in the order of the neighbors of up in H
�
ρσ2σ3 ����� σk . Once K1
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(and thus π1) has been exhausted the next component is based on the mates of the smallest

numbered nodes in K2 under π2, until that is exhausted, etc. where the ordering about each

vertex when dealing with Ki is with respect to the graph H
�
ρσi � 1σi � 2 ����� σk .

Finally, we define the image of ρ � S under the injection to be
�
ρσ � β � δ � . To prove that this

is indeed an injection, we show how to invert it: Given ρσ1 ����� σk, we can identify γ1 as the

index of the first term of F that is not set to 0 by it. Then, using β1 we can reconstruct σ1 and

K1. Next, reading the components of δ and the graph H
�
ρσ2 ����� σk , until all of K1 is matched, we

can reconstruct π1. Then we can derive ρπ1σ2 ����� σk.

At a general stage i of the inversion, we will know π1 ������� � πi � 1 and σ1 ������� � σi � 1 and K1 ������� � Ki � 1.

We use ρπ1 ����� πi � 1σi ����� σk to identify γi and, hence, σi and Ki (using β). Then we get πi from

δ, Ki, and ρσi � 1 ����� σk. After k stages, we know all of σ and can recover ρ.

Proof of Lemma 70. Let Ri be the set N � i � ∆i � 1
�
Gi � . Given Ci, the total probability of Ri under

the distribution M � i �
Gi � is at least

�
1 � 2 � logbi � 1 � 2 n � � 1 � 1 � n. By Lemma 73 with H � Gi,

� � �
i, and ∆ � ∆i � 1, a bad ρi � Ri, for which TreeGi � 1

�
F
�
ρi � has height at least s, can be

mapped uniquely to a triple
�
ρ

�

i � β � δ � � M � i � j �
Gi � � stars

�
r� j � �

�
∆i � 1 � s where ρ

�

i extends ρi,

for some integer j � �
s � 2 � s � . We compute the probability of all such ρi � Ri associated with a

given j, sum up over j, and then divide by the probability of Ri to get the probability of a bad

restriction within Ri. For fixed j, we can bound the probability of all bad ρi � Ri by bounding

the ratio of the probability of each such ρi to the probability of its image,
�
ρ

�

i � β � δ � .

Let I � Im
�
ρi � and I

�

� Im
�
ρ

�

i � . By definition, I � I
�

. The ratio of the probability of ρi

under M � i �
Gi � to that of ρ

�

i under M � i � j �
Gi � is precisely

� ni� i � j � �M � i � j
I �

�
Gi � �

� ni� i �
�
M
� i
I

�
Gi � �

�

Now any matching τ
� � M

� i � j
I �

�
Gi � is an extension of some unique matching τ � M

� i
I

�
Gi � . If

τ � N
� i � ∆i � 1
I

�
Gi � then the degrees of all nodes in Gi

�
τ are at most ∆i � 1 and so there are at most

∆ j
i � 1 matchings τ

� � M
� i � j
I �

�
Gi � extending τ. If τ �� N

� i � ∆i � 1
I

�
Gi � then the degrees of all nodes in

Gi
�
τ are at most ∆i because that is true of Gi itself by assumption. Therefore there are at most ∆ j

i
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extensions τ
� � M

� i � j
I �

�
Gi � of τ. Since ρi � Ri,

�
N
� i � ∆i � 1
I

�
Gi � � � �M � iI

�
Gi � � is at least 1 � 2 � logbi � 1 � 2 n

so the probability ratio is at most

� ni� i � j �
� ni� i �

�
∆ j

i � 1 � 2 � logbi � 1 � 2 n∆ j
i � �

�
1 � 21 � logbi � 1 � 2 n

�
∆i

∆i � 1 � j � �
∆i � 1

�
ni �

�
i �

�
i � j

� � 1 � 2
1 � ∆i � 1

6log2 n
�
logn � kis � �

∆i � 1ni�
i logki n � j

(4.1)

� � 1 � 2
1 � ∆i � 1

6log2 n
�
logn � ki∆i � 1 � log3 n � �

∆i � 1ni�
i logki n � j

(4.2)

�
�

2∆i � 1

logki n � j

(4.3)

� � 12logbi � 1 n

logki n � j

�

Inequalities (4.1) and (4.2) follow from j � s � ∆i � 1 � log3 n and the definitions of ∆i and ∆i � 1.

Inequality (4.3) follows since 12ki log logn � logn for n sufficiently large and the fact that

ni � �
i � 1 � �

1 � 1 � logki n � which is close to 1. Therefore the total probability of bad ρi � Ri

associated with a given j is at most

�
12logbi � 1 � ki n � j

�
�
r � ln2 � j

� ∆s
i � 1 �

�
20r logbi � 1 � ki n � j

�
�
6logbi � 1 n � s �

Thus the total probability in question is at most

�
1 � 1 � n � � 1 �

6logbi � 1 n � s
� ∑

s � 2
�

j
�

s

�
20r logbi � 1 � ki n � j �

Since bi � 1 � bi � ki and without loss of generality 20r logbi � 2ki n � 1 � 3 (otherwise the probabil-

ity bound in the lemma statement is meaningless), this quantity is at most 2
�
720r log3bi � 4ki n � s � 2 �

2
�
720r � logbi � 2 n � s � 2 since 3bi � 4ki � � bi � 2.

The above switching lemma will be used to show that, with respect to most matching re-

strictions, a depth-h formula A over G can be represented by a short decision tree. We build

these decision trees inductively on the subformulas of A. The tricky part, then, is when we

are considering an � -gate of A, all of whose children already have short decision trees. This is

exactly where we need to apply a restriction in order to get a “switch.” The following definition

formalizes this inductive representation by decision trees.
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Definition 74. For any graph G, let SG be a set of formulas of depth at most h that is closed

under subformulas and defined over G. For ρ � ρ0 ����� ρh � 1 a matching on G, we define, for

every 0 � i � h, Tρ0 ����� ρi , a mapping from formulas with depth � i � 1 in SG to matching decision

trees. It is defined inductively as follows: for a variable Xe, Tρ0

�
Xe � is TreeG

�
Xe � � ρ0 . For

0 � i � h, for all formulas A of depth � i � 1, Tρ0 ����� ρi

�
A � is Tρ0 ����� ρi � 1

�
A � � ρi. For 0 � i � h, for

all formulas A of depth i � 1, if A � � B, then Tρ0 ����� ρi

�
A � is

�
Tρ0 ����� ρi

�
B � � c, and otherwise, if the

merged form of A is � j � J B j, let F be the matching disjunction � j � J dis j
�
Tρ0 ����� ρi � 1

�
B j � � and let

Tρ0 ����� ρi

�
A � be the canonical matching tree TreeGi � 1

�
F
�
ρi � .

From the definition of Tρ, we have that if � A is a formula in SG, then Tρ
�
� A � �

�
Tρ

�
A � � c.

Also, by lemma 62, if � i � I Ai is the merged form of some formula A in SG, then Tρ
�
A � repre-

sents � i � I dis j
�
Tρ

�
Ai � � .

We would like to bound the heights of the decision trees in the image of Tρ with respect to

our experiment. Accordingly, we define the following events (A is a formula over the variables

of G and SG is a set of such formulas):

Di
�
A � : Tρ0 ����� ρi � 1

�
A � has height at most loga n if A has depth at most i. Here i � 1.

Di
�
SG � : Di

�
A � holds for all formulas A in SG. Again, i � 1.

Lemma 75. Let a and h be positive integers. For each graph G, let SG be a set of formulas

closed under subformulas defined on the variables of G such that
�
SG

�
� 2loga n and each for-

mula A � SG has depth at most h. There exists a choice of G and ρ � ρ0 ������� � ρh � 1 such that the

following conditions hold:

1. Tρ
�
A � has height at most loga n for all A � SG, and

2. every node in G
�
ρ has degree at least loga � 3 n.

Proof. We proceed using the probabilistic method and the experiment above. We need to show

that Eh � Bh � Dh
�
SG � has non-zero probability.
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Now by Lemma 67, Pr
�
� Ei � 1

�
Ei � � 2 � logbi � 1 n, by Lemma 65, Pr

�
� Ai

�
Ei � � 2 � logbi � 1 n

and by Lemma 66, Pr
�
� Bi

�
Ei � � 2 � logbi � 1 n. Furthermore, by Lemma 69, Pr

�
� Ci

�
Ei � 1 � �

1 � n. Let A � SG be of depth i � h with the merged form of A equal to � j � J Q j and let F

be the matching disjunction � j � J dis j
�
Tρ0 ����� ρi � 1

�
Q j � � . Observing that bh � b � 8h �

�
a � 3 � , by

Lemma 70 applied to F with r � s � loga n � ∆h � log3 n, we have

Pr
�
� Di � 1

�
A � � Ei � 1 � Ai � Di � Ai � 1 � Ci � � 2

�
720 � logbi � 2 � a n � � loga n 
 � 2

� 2
�
720 � logbh � 1 � 2 � a n � � loga n 
 � 2

� 2
�
720 � log3a � 3 n � � loga n 
 � 2 � 2 � loga n � n �

Therefore, Pr
�
� Di � 1

�
Ei � 1 � Ai � Di � Ai � 1 � Ci � � 1 � n since each SG contains at most 2loga n

disjunctions of depth i � 1.

Therefore the total probability that some Ei, Ai, Bi, Ci, or Di fails is at most:

h � 1

∑
i � 0

Pr
�
� Ei � 1

�
Ei � �

h

∑
i � 0

Pr
�
� Ai

�
Ei � �

h

∑
i � 0

Pr
�
� Bi

�
Ei � �

h � 1

∑
i � 0

Pr
�
� Ci

�
Ei � 1 �

� Pr
�
� D1

�
E1 � A0 � A1 � C0 �

� Pr
�
� D2

�
E2 � A1 � D1 � A2 � C1 � � �����

� Pr
�
� Dh

�
Eh � Ah � 1 � Dh � 1 � Ah � Ch � 1 � �

In total there are 5h � 2 terms in this sum, each of which is at most 1 � n, and thus the whole

probability is � 1.

The following three lemmas are adapted from [95].

Lemma 76. For any G, ρ � ρ0 ����� ρh � 1, let ΠG be a depth-h F -proof of PHP
�
G � and let Tρ be

the mapping associated with cl
�
Π � . Let C be a line in Π. and let A be the immediate ancestors

of C (if there are any), so that A � C. Let B be the subformulas of A and C mentioned in the

application of the rule which derives C from A . Finally, let σ be a matching which extends

soundly some σA � path
�
Tρ

�
A � � for each A � A , some σB � path

�
Tρ

�
B � � for each B � B , and

some σC � path
�
Tρ

�
C � � . If dis j

�
Tρ

�
A � � � σ � 1 for all A � A , then dis j

�
Tρ

�
C � � � σ � 1.
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Proof. Let Λ � A � B � �
C � . First note the following facts, where α � β � Λ and D

�
α � is an

abbreviation for dis j
�
Tρ

�
α � � :

� D
�
α � � σ � 0 or D

�
α � � σ � 1

� If � α � Λ, then D
�
� α � � σ � 1 iff D

�
α � � σ � 0.

� If
�
α � β � � Λ, then D

�
α � β � � σ � 1 iff D

�
α � � σ � 1 or D

�
β � � σ � 1.

Now consider the rule R used to derive C formulated as in the examples from section 4.3.

The application of R substitutes subformulas Ap � Aq � Ar ������� in Λ for each of the atoms p � q � r�������
in R and there is a derived correspondence mapping subformulas F appearing in R to formulas

AF � Λ. Define a function τ on the atoms of R by τ
�
p � � D

�
Ap � � σ for each such atom p. By the

first property, τ is a truth assignment to these atoms. Furthermore, by the other two properties,

the truth assignment τ extends to all subformulas F in R so that τ
�
F � � D

�
AF � � σ. Since R is

sound, if τ satisfies all formulas in A it will satisfy C and thus D
�
C � � σ � 1.

Lemma 77. Let a � h � 0. For each G, assume that ΠG is a proof in F of PHP
�
G � of size at

most 2loga n and depth at most h. There exists a choice of G and ρ � ρ0 ������� � ρh � 1 such that, for

any line C in Π, all leaves of Tρ
�
C � are labelled by 1.

Proof. Let ρ and G be as defined in Lemma 75 applied with SG � cl
�
ΠG � . We proceed by

(complete) induction on the lines in the proof. Assume every leaf of Tρ for any line preceding

C is labelled 1. Let A , B , Λ be as in Lemma 76. For any leaf l of Tρ
�
C � , we use Lemma 56

to find σ that extends path
�
l � and extends a matching in each of the sets path

�
Tρ

�
A � � for all

A � A and path
�
Tρ

�
B � � for all B � B . This is possible since there are at most f trees to consider

and by Lemma 75 the sum of their heights is at most f loga n � loga � 1 n which is less than the

degree of Gh.

By assumption, dis j
�
Tρ

�
A � � � σ � 1 for all A in A . Hence, by Lemma 76, dis j

�
Tρ

�
C � � � σ � 1,

so l must be labelled 1.

Lemma 78. For any G and any ρ � ρ0 ������� � ρh � 1, all leaves of Tρ
�
PHP

�
G � � have label 0.
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Proof. It suffices to show that Tρ applied to each of the following types of formulas has all

leaves labelled 0:

1. �
�
� Xe ��� Xe � � for e � e � � E;e �

�
i � k � � e �

�
�

j � k � ; i � j � V1; i
�

� j;k � V2 �

2. �
�
� Xe ��� Xe � � for e � e � � E;e �

�
k � i � � e �

�
�
k � j � ; i � j � V2; i

�
� j;k � V1 �

3. � � j � Γ � i 
 X � i � j � for i � V1 �

4. � � i � Γ � j 
 X � i � j � for j � V2 �

In fact, we will show that Tρ applied to the complement of each of these formulas has all leaves

labelled 1.

For a formula of the first type, T � Tρ
�
� Xe � � Xe � � must represent dis j

�
Tρ

�
� Xe � � � dis j

�
Tρ

�
� Xe � � � .

If ρ sets the value of either Xe or Xe � then it must set one of � Xe or � Xe � to 1 and thus all leaves

of Tρ
�
� Xe ��� Xe � � are certainly labelled 1. Otherwise, for l a leaf of T , path

�
l � cannot contain

both e and e
�

. Without loss of generality it does not contain e. By Lemma 56 applied to graph

Gh we can find σ that extends path
�
l � and is an extension of some matching in Tρ

�
� Xe � . But

then dis j
�
Tρ

�
� Xe � � � σ � 1, so l must be labelled 1. The argument is the same for formulas of

the second type.

For a formula of the third type, T � Tρ
� � j � Γ � i 
 X � i � j � � must represent

� j � Γ � i 
 dis j
�
Tρ

�
X � i � j � � � . Hence, if ρ sets X � i � j � to 1 for some j � Γ

�
i � , then all leaves of

T are certainly labelled 1. Otherwise, for a leaf l of T , if path
�
l � touches node i, then

� j � Γ � i 
 dis j
�
Tρ

�
X � i � j � � � � path � l 
 � 1 � Finally, if path

�
l � does not touch node i, extend it to σ �

path
�
l � � �

i � j � for some j such that X � i � j � is not set by ρ. Then dis j
�
Tρ

�
X � i � j � � � � σ � 1, so l is

labelled 1. Formulas of the fourth type follow in the same way.

Theorem 79. For any a � h � 0, there exists c such that there is a bipartite graph G from m �

n � n � logc n pigeons to n holes that has no depth-h, 2loga n-size F -proof of PHP
�
G � .

Proof. Assume that for all such G, there is a proof ΠG of the required depth and size. For the

G in Lemma 77 there exists a ρ such that, for every line A in ΠG, Tρ
�
A � has all leaves labelled
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1 But Tρ
�
PHP

�
G � � has all leaves labelled 0 by Lemma 78. If ΠG is to be a proof of PHP

�
G � ,

then PHP
�
G � must appear in ΠG, so we have a contradiction.

Corollary 80. For any a � h � 0, there exists c such that there is no depth-h, 2loga n-size F -proof

of PHP � PHP
�
Km � n � from m � n � n � logc n pigeons to n holes.

4.6 A Simplified Proof

It was recently pointed out by A. Razborov that the main result of this chapter (Theorem 79) has

a much simplified proof. In fact, for a particularly simple fixed graph G (with the appropriate

number of nodes on each side), a lower bound for PHP
�
G � can be derived simply by reduction

to the case of the strong pigeonhole principle (or, in fact, by applying a switching lemma

argument directly).

For any depth h � 4 (4 being the depth of the formula for PHP), fix c � 2 � 6h. Let
�

be logc n

and let H be the complete bipartite graph K � � 1 � � . Finally let G be a bipartite graph from n � n � �

nodes to n nodes composed of n � �
disjoint copies of H (that is, G is the union of H1 ������� � H�

where each Hi is isomorphic to H but has its own distinct node-names). Intuitively, it is clear

that any proof of PHP
�
G � is a proof of PHP

�
H � since, if it were possible to find a perfect

matching on H, we could construct a perfect matching for G by taking a perfect matching on

each Hi. Using this intuition and the known lower bound for PHPn � 1
n , we show a lower bound

for PHP
�
G � .

Theorem 81. ([76, 68]) Let F be any Frege system that includes gates � � � . Let h � 4. Any

depth-h proof of PHPn � 1
n requires size exp

�
n6 � h � .

As before, let’s fix a Frege system F including � � � . Let F
�

be the same system with the

following rules added (if they are not already): the Associative Rule, the Contraction Rule and

the Symmetric Rule: p � q � q � p.

Lemma 82. If there is a size-s, depth-h F -proof of PHP
�
G � , then there is a size-

�
s � p

�
n � � ,

depth-h, F
�

-proof of PHP
�
H � , where p

� � is a polynomial.
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Proof. First notice that the merged form of the formula PHP
�
G � is the same as the merged form

of the formula PHP
�
H1 � � ����� � � PHP

�
H� � . If two formulas f1 and f2 have the same merged

form, then we can use the Associative rule and the Symmetric Rule to derive f2 from f1 in size

poly
�
size

�
f1 � � and depth depth

�
f1 � . Hence, if we have a size-s, depth-h F -proof of PHP

�
G � ,

we have a size-
�
s � p

�
n � � , depth-h F

�

-proof π of PHP
�
H1 � � ����� � PHP

�
H� � . Each variable in

PHP
�
Hi � , for any i, has a corresponding variable in PHP

�
H � through the isomorphism between

Hi and H. Given π, we simply replace each variable with its corresponding PHP
�
H � variable

throughout. This gives us an F
�

-proof of PHP
�
H � � ����� � PHP

�
H � of the same size and depth

as π. Finally,
�

applications of the Contraction Rule derives PHP
�
H � .

We can now prove the following variation on the main result of this chapter:

Theorem 83. For any n sufficiently large and any h � 4, let c � 2 � 6h, let
�

� logc n, and let m �

n � n � �
. For any Frege system F , any depth-h F -proof of PHPm

n requires size Ω
�
exp

� � 6 � h � �
(note that this is superpolynomial in n).

Proof. Assume there were such a proof of size s � o
� � 6 � h � . Then there would be an F -proof

of PHP
�
G � (for G defined as above) with the same size and depth. By Lemma 82, this gives an

F
�

-proof of PHP
�
H � of size s � p

�
n � and depth h. But since PHP

�
H � is PHP

� � 1� , Theorem 81

implies that any such depth-h F
�

-proof requires size exp
� � 6 � h � � s � p

�
n � .

4.7 Open questions

Among the many unresolved proof complexity questions regarding the pigeonhole principle

(see [83]) the most important open problem is to resolve the complexity of the weak pigeonhole

principle with 2n or more pigeons, and n holes. This would have many implications for the

metamathematics of the P versus NP statement, the complexity of approximate counting, and

the proof-theoretic strength underlying elementary number theory.

In the proof presented here, we derived a switching-lemma using simple restrictions that

limit the space of truth assignments to a subcube where certain variables are set to 0 or to 1.
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While this doesn’t seem to work with 2n pigeons, a more general class of restrictions may

suffice. Possible generalizations include the projections suggested in [96], which also allow

identification of variables, or restrictions given by linear equations. Two important results ([60]

and [18]) for bounded-depth Frege systems already employ such generalized switching lemmas

in cases where direct restrictions fail (although the latter use is implicit). Bounded-depth Frege

reductions, such as those in [18] may also be useful for resolving the 2n to n case.

A potentially simpler problem that still gets to the heart of the matter is to prove quasipoly-

nomial lower bounds for Res
�
polylog n � proofs of the weak pigeonhole principle which would

match the upper bounds in [72]. New techniques seem to be required, however: it is interest-

ing to note that our technique does not suffice for proving a lower bound on PHP2n
n even in

Res
�
logn � (i.e., when m � 2n, our experiment is not likely to succeed even in the first round).

This is because a successful switch is predicated on the restricted graph’s having low degree. In

this case, it would require a degree so low that the decision tree argument could not be carried

out.
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In the previous chapters, we have seen two proof systems (Resolution and Frege) that deal

directly with boolean formulas. The problem CNF-SAT can also be rephrased in the more

geometrical language of integer linear programming. That is, given a set of clauses C1 ������� � Cm,

we can transform each clause into a linear inequality as follows:

τ
� �

1 � ����� � �
k � �

�
τ

� �
1 � � ����� � τ

� �
k � � 1 � �

where τ
�
x � � x and τ

�
x̄ � � 1 � x for each variable x. Then τ

�
C1 ��� ����� � τ

�
Cm � � �

0 � 1 � n forms a

polytope in
� n that contains integral points if and only if the original CNF was satisfiable. The

problem of testing whether a polytope contains integral points is called the integral feasibility

problem. It is clearly NP-complete due to the above reduction, but the combinatorial optimiza-

tion community has developed several tools that guarantee a (not necessarily efficient) solution

to the problem. To properly motivate them, we now make a foray into this area of research.

Integer linear programming is the problem of optimizing a linear objective function over the

integral points of a given (bounded or unbounded) polytope. In his seminal paper, Khachian

[63] proposed the ellipsoid method for (nonintegral) linear programming, showing that the

optimization problem over a polytope is polytime. The additional integrality constraints change

the complexity of the problem dramatically: it is well-known that general integer LP is NP-

hard. In both the unrestricted and the integral cases, one can also look at feasibility problems

instead of at optimization problems. Here, the question is whether a polytope given by a set of

linear inequalities is empty. The feasibility problem is closely related to the linear optimization

problem, and here too the nonintegral version (checking whether the polytope contains any

points at all) is easy while the integral one is NP-complete.

Cutting planes methods for integer linear programming are instrumental in bridging the gap

between the true, computationally complex structures (the integral solutions to the problem, or,

rather, their convex hull) and their relaxed counterpart, which are generally simple polytopes

that contain the convex hull of the integral solutions but also contain other, extraneous noninte-

gral points. These are methods in which the initial, relaxed polytope P is transformed through

a sequence of ever-decreasing (contained) polytopes to the integral hull of P, ie the smallest
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polytope containing the integral points of P. In this sequence, a polytope is produced from

its predecessor by using the integrality constraint locally. A simple example of this kind of

reasoning is that if one knows that a certain coordinate is at least β, then a stronger conclusion,

that this coordinate is at least � β � , is valid for the integral hull of P. For optimization problems

this sequence of polytopes produces a set of optimal values that get closer and closer to the

desired optimal integral solution, and for feasibility problems, the sequence terminates with

the empty polytope if and only if the initial polytope contained no integral points.

In this chapter, we study several prominent cutting planes methods: Gomory-Chvátal cuts

[51, 31], and a collection of matrix cut operations defined by Lovász and Schrijver [71]. These

branch-and-cut methods for integer programs are currently among the most important tech-

niques for solving a range of NP-hard 0/1 optimization problems. There are two standard com-

plexity measures of interest for these procedures: rank and size. The size is the total number of

cut operations hat must be applied and the rank is the total number of rounds of cut operations

that must be applied. In the terminology of proofs, the rank is therefore the minimum possible

depth of a proof of unsatisfiability in the corresponding proof system.

Superpolynomial lower bounds on size for a cutting planes method are important since

they show that any algorithm for satisfiability that produces a cutting planes proof will not be

polynomial-time. Pudlák[77] proves exponential size lower bounds for the Gomory-Chvátal (GC)

cutting planes method. There are three distinct types of matrix cuts defined by Lovász and

Schrijver, LS0, LS and LS � . Exponential lower bounds have been proven for LS0, the weakest

of the three, by Dash [37, 38]. For LS and LS � , no nontrivial size bounds are known.

Rank is another natural measure that has been studied and captures the amount of inher-

ent sequentialism in a proof. In some proof systems, there is a natural rank-based procedure

for generating a proof which is practical in certain cases. For example, a rank-based method

for Resolution is the familiar Davis-Putnam procedure, and a rank-based method for the Poly-

nomial Calculus is a variation on the Gröbner basis algorithm. In both of these cases, it is

important that it can be determined if there is a d-round/rank derivation in time at most nO � d 
 .
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It turns out that matrix cut systems have a somewhat similar property and therefore rank is a

particularly interesting measure in this case. In [71] it was shown that for any polytope P, if

one could optimize over P efficiently, then there is an algorithm for optimizing over P
�

effi-

ciently, where P
�

is the polytope obtained by applying one “round” of commutative (LS) or

noncommutative (LS0) matrix cuts. Using similar arguments it can be shown that the same is

true when considering the feasibility question rather than optimization. It follows that there

is a deterministic algorithm that can ”search through” all LS proofs of rank d in time nO � d 
 .
While this holds for other proof systems such as Resolution, it is less obvious here because the

number of faces in the rank-d polytope is not easily bounded, even for small d.

Recently some limitations on the rank-based application of the LS procedure to the problem

of approximating vertex cover [9] were shown. In this chapter, we study limitations of all the

above-mentioned cutting planes methods both in the case of unsatisfiable CNF formulas and

optimization problems. We present a new method for proving rank lower bounds that applies

to both GC cutting planes and matrix-cut proof systems. This method can be viewed as a

game which produces a tree of (nonintegral) points in the polytope, whose depth is a lower

bound on the rank of the polytope in all of the above proof systems. This game allows us

to prove asymptotically tight rank bounds for many classes of unsatisfiable boolean formulas,

especially those which contain some measure of expansion, like random kCNFs and the Tseitin

principle on expander graphs. Prior to our result, the only high-rank bounds for unsatisfiable

boolean examples were for the clique-vs-coloring formulas in GC [77], and for the PHP in

LS [52]. We then supply a particular optimization problem (MAXSAT) where cutting planes

procedures are not helpful in the sense that after linearly-many rounds, the large integrality gap

of the relaxation of the problem does not change at all. To the best of our knowledge there are

no results of this form (see also [9, 43]) that give hardness for more than a logarithmic-number

of rounds. Next, we give examples separating LS-, GC-, and Resolution-rank, and examples

with polynomial-size Resolution/GC/LS proofs, that require large rank.

The rest of the chapter is organized as follows. In Section 5.1 we define the GC and LS
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proof systems, and give some background. In Section 5.2 we provide a general scheme for

proving rank lower bounds. In Section 5.3 we prove rank lower bounds when the constraints

are expanding. Section 5.4 deals with integrality gaps that are based on our rank lower bounds.

Section 5.5 gives various separation examples for LS-, GC-, and Resolution-rank. Section 5.6

gives an example where both the Resolution/GC/LS proof size and rank are polynomial. In

Section 5.7 we describe an algorithm for showing the unsatisfiability of formulas of LS-rank d

in time nO � d 
 based on the results of [71].

5.1 Definitions and Background

5.1.1 Proof systems based on linear programming

We describe several proof systems for systems of linear inequalities where the values of the

variables are restricted to be boolean. In these proof systems, we begin with a polytope P

defined by linear inequalities associated with the logical formulation of the problem. In the

more common case of CNF-formulas we convert clauses to inequalities in the obvious way,

eg x1 � � x2 � x3 is converted to x1 � �
1 � x2 � � x3 � 1 � 0. Notice that the 0 � 1 solutions to

these inequalities are exactly the satisfying boolean assignments to the formula. Relaxing to

0 � xi � 1 makes the set of solutions a polytope whose integral points are the solutions to the

original problem.

We begin by describing Gomory-Chvátal (GC) cutting planes. This proof system is some-

times referred to as simply Cutting Planes in the proof complexity literature. In what fol-

lows, let ai � � n and let x be a vector of n variables. Consider the following two rules:

(1) (Linear combinations) From linear inequalities
�
a1 � x � � b1 � 0 ������� � � ak � x � � bk � 0, de-

rive ∑k
i � 1

���
λiai � x � � λibi � � 0, where λi are positive rational constants; (2) (Rounding) From

�
a � x � � λ � 0 derive

�
a � x � � � λ � � 0, provided that the coordinates of a are integers. With-

out loss of generality, we can assume that a rounding operation is always applied after every

application of rule (1), and thus we can merge (1) and (2) into a single rule, called a GC cut.
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y � � 1 � 2 �

y � 1

z � 1 1 � z � 1

0 � 1

�
1 � y � � �

1 � z � � 1
�
1 � y � � z � 1

2y � 1

y � �
1 � z � � 11 � x � 1

y � z � 1

x � y � z � 1

Figure 5.1: A GC refutation

Definition 84. A GC refutation for a set of linear inequalities f �
�

f1 ������� � fm � is a sequence

of linear inequalities, g1 ������� � gq such that each gi is either an inequality from f , or an axiom

(x � 0 or 1 � x � 0), or follows from previous inequalities by a GC cut, and the final inequality

gq is 0 � 1.

There are several cutting planes proof systems defined by Lovász and Schrijver, collectively

referred to as matrix cuts. These systems allow one to “lift” the linear inequalities to degree-

two polynomials, and then project back to linear inequalities, using the fact that y2 � y for

y � �
0 � 1 � . Again, let ai � � n and let x be a vector of n variables.

Definition 85. Given a polytope P �
�
0 � 1 � n defined by

�
ai � x � � bi for i � 1 � 2 ������� � m:

(1) An inequality
�
c � x � � d � 0 is called an N-cut for P if

�
c � x � � d � ∑

i � j
αi j

���
ai � x � � bi � x j

� ∑
i j

βi j
���

ai � x � � bi � �
1 � x j �

� ∑
j

λ j
�
x2

j � x j � �

where αi j � βi j � 0 and λ j � �
for i � 1 ������� � m, j � 1 ������� � n.
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(2) A weakening of N-cuts, called N0-cuts can be obtained if, when simplifying to the linear

term
�
c � x � � d, we view xix j as distinct from x jxi.

(3) An inequality
�
c � x � � d is called an N � -cut if

�
c � x � � d � ∑

i � j
αi j

���
ai � x � � bi � x j

� ∑
i j

βi j
���

ai � x � � bi � �
1 � x j �

� ∑
j

λ j
�
x2

j � x j � � ∑
k

���
hk � x � � gk � 2 �

where again αi j � βi j � 0, λ j � �
for i � 1 ������� � m, j � 1 ������� � n and gk � �

hk � x � is a linear

function for k � 1 ������� � n � 1.

The operators N, N0 and N � are called the commutative, non-commutative and semidefinite

operators, respectively. All three are collectively called matrix-cut operators.

Definition 86. A Lovász -Schrijver (LS) refutation for a set of linear inequalities f is a se-

quence of inequalities g1 ������� � gq such that each gi is either an inequality from f or follows from

previous inequalities by an N-cut as defined above, and such that the final inequality is 0 � 1.

Similarly, a LS0 refutation uses N0-cuts and LS � uses N � -cuts.

Definition 87. Let P be one of the proof systems GC, LS, LS0 or LS � . Let f be an unsatisfiable

set of boolean inequalities and let S be a P -refutation of f , viewed as a directed acyclic graph.

The inequalities in S are represented with all coefficients in binary notation. The size of S is the

sum of the sizes of all inequalities in S; the P -size of f is the minimal size over all P refutations

of f .

The complexity measure with which we are primarily concerned is rank. It is defined not

only for unsatisfiable sets of boolean inequalities, but for sets of linear inequalities in general.

Definition 88. For a set of linear inequalities L that define a polytope in
� n, let PL � P � 0 
L be that

polytope. Given P � �
GC � LS0 � LS � LS � � , let P � i 
L denote the polytope defined by all inequalities
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2

�
2y � 1 � �

1 � y � � 0y2 � y � 0

y � 1

z � 1 1 � z � 1

0 � 1

�
1 � y � � �

1 � z � � 1
�
1 � y � � z � 1

2y � 1

y � �
1 � z � � 11 � x � 1

y � z � 1

x � y � z � 1

Figure 5.2: An LS refutation

that can be derived in depth i from the initial inequalities in P . Clearly P � i � 1 

L � P � i 
L . The rank

of L (or PL) is the minimal i such that P � i 
L is the convex hull of the integral points in PL. The

rank of a point x � � n with respect to PL is the minimal i such that x �� P � i 
L .

That the rank of any bounded polytope in any of these proof systems is finite is a well-

known fact ([50, 31, 71]). Note that, if P contains no integral points, then the rank of the

polytope is the maximum rank of its points.

Note that in our definition of these cutting planes systems, we can derive a new inequality

from any number of previous inequalities in one step, whereas for Resolution, we are restricted

to fanin-two. However, in light of Caratheodory’s theorem, we can assume wlog that the fanin

is at most n � 1 in GC and n2 � n � 1 in LS, and so the rank and size would not increase

significantly if instead our proof systems were defined to have fanin 2.

5.1.2 Alternative definitions

The above definitions of the cutting planes methods lead one to visualize the process syntac-

tically, in a way similar to most proof systems. It is often helpful, however, to look at the
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dual definitions, which indicate which points remain after applying one round of each of the

methods. In fact, this is the way they are usually viewed in optimization.

In general, for a polytope P � �
0 � 1 � n, we let P

�

be the points that remain after applying one

round of the cutting planes method in question.

Definition 89. Given a polytope P �
�
0 � 1 � n, the result of applying one round of GC cuts is

P
�

�
�
x � P :

�
a � x � � � b � whenever a ��� n � b � � �

and
�
a � y � � b for all y � P � �

For the case of GC, it is not hard to see that for any polytope, P � 1 
 � P
�

, and hence P � i � 1 
 �

�
P � i 
 � �

for any i � 0.

The dual definitions of the matrix-cut systems are most easily stated for the projective cone,

P̄ � � n � 1, of a polytope P �
�
0 � 1 � n. That is,

P̄ �
� �

a0 � a1 ������� � an � :
�
a1 � a0 ������� � an � a0 � � P � � �

0n � 1 � �

Definition 90. (i) A point w � � n � 1 is in P̄
�

for LS0 if there is an
�
n � 1 � �

�
n � 1 � matrix Y

such that Ye0 �
�
eT

0 Y � T � diag
�
Y � � w and, for all i, Yei � Ye0 � Yei � P̄.

(ii) A point w is in P̄
�

for LS if (i) holds with the extra constraint that Y is symmetric.

(iii) A point w is in P̄
�

for LS � if (ii) holds with the extra constraint that Y is positive semidefi-

nite.

To gain some intuition about definition 90, we prove the following useful fact:

Fact 91. Given a polytope P � �
0 � 1 � n, after one round of LS0 we have

P
�

�

n�

i � 1

conv
�
P �

�
xi � 0 � � P �

�
xi � 1 � � �

where conv
� � denotes the convex hull of its arguments.

Proof. Consider P̄ and some point w � P̄
�

. In the matrix Y , the point Yei (when projected to
�
x0 � 1 � ) is a point in P �

�
xi � 1 � because Yii � Y0i. Also, Ye0 � Yei is a point in P �

�
xi � 0 �
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because Yi0 � Yii. The fact that Ye0 � w forces w to be a convex combination of Yei and

Ye0 � Yei, for all i.

To see that the dual definitions for the matrix cut systems are equivalent to the initial defi-

nitions (that is, P
�

� P � 1 
 ) consult [37].

5.1.3 What’s known about complexity

By definition LS p-simulates LS0 and LS � p-simulates LS, and these simulations are rank pre-

serving. Moreover for unsatisfiable CNF formulas, GC, LS0, LS and LS � can all p-simulate

Resolution and this simulation is rank-preserving [36]. It has also been shown that GC can

p-simulate small-weight LS0 [58]. In terms of negative results for simulations, the proposi-

tional pigeonhole principle (PHP) provides a family of unsatisfiable CNF examples requiring

exponential-size Resolution proofs [55] but with polynomial-size GC, LS0, LS and LS � proofs

[36]. For GC and LS0, exponential size lower bounds for one specific family of boolean exam-

ples are known [77, 38]. For LS and LS � , no superpolynomial lower bounds are known.

Now let us review what is known with respect to rank. Any system of linear inequalities has

a rank n LS proof. For GC, the rank of any polytope in the unit cube is at most O
�
n2 logn � , and

moreover there are examples requiring GC-rank more than n [42]. However for unsatisfiable

examples, the GC-rank is at most n [20]. For GC, linear rank bounds for unsatisfiable CNF

examples were first obtained in [32]; however, these examples have exponentially-many faces

(inequalities) and thus the rank is still small in the input size. Linear rank bounds for GC (as

a function of the input size) for unsatisfiable CNF examples were first proven in [59], and also

follow from the size bounds [77]. For LS, linear rank lower bounds for PHP were proven in

[52]. In summary, the only known high-rank, unsatisfiable CNF examples were the clique-

coclique formulas for GC and the PHP for LS. In this chapter, we prove rank bounds for all

of these proof systems for several sets of boolean inequalities satisfying certain combinatorial

conditions.
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5.2 Proving Rank Lower Bounds

In what follows, we give methods for proving rank lower bounds for many natural, polysize

sets L of contradictory linear inequalities. These lower bounds follow by characterizing some

of the points in P � i 
L that survive in P � i � 1 

L . We call these characterizations “protection lemmas,”

because they argue that certain points are protected from removal in the next round provided

certain other points survived the previous round. These sorts of lemmas have been used in the

past to prove rank lower bounds for specific polytopes in specific cutting planes procedures

(see [32, 46], for example). We develop a common protection lemma that works for many

examples in any of the proof systems we define. Moreover, we define a simple, two-player

game that uses this common protection lemma to establish lower bounds.

5.2.1 Protection Lemmas

We begin with some notation. For x � � n, e � �
1 ������� � n � , and a � �

, we denote by x � e � a 
 the

point that is the same as x except that the e-th coordinate has value a. For x � � n, we denote by

E
�
x � the set of coordinates on which x is non-integral.

Lemma 92 (GC Lemma). The following holds for GC: Let P be a bounded polytope in
� n.

Let x � 1
2 �

n, and let E � E
�
x � be partitioned into sets E1 � E2 ����� � Et . Suppose that for every

j � �
1 � 2 ������� � t � we can represent x as an average of vectors in P that are 0-1 on E j and agree

with x elsewhere. Then x � P
�

.

Proof. Assume for contradiction that x �� P
�

. Then there is a vector a � � n and a non integral

scalar b, such that
�
a � y � � b for all y � P and

�
a � x � � � b � . Clearly x � P, being an average of

points in that polytope. So
�
a � x � � b and it follows that

�
a � x � must be in 1

2 � � . Thus ∑e � E � x 
 ae

must be odd, and since ∑e � E � x 
 ae � ∑i ∑e � Ei
ae, there is a j such that ∑e � E j

ae is odd. Consider

the set of vectors V � P that average to x and that differ from x exactly on E j where they take

0 � 1 values. Since ∑e � E j
ae is odd we can see that

�
a � v � is integral for all v � V . But then

�
a � v � � � b � . Since x is an average of the v � V , we also get

�
a � x � � � b � . Contradiction.
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The following lemma is immediate from Fact 91:

Lemma 93 (LS0 Lemma). The following holds for LS0: Let P �
�
0 � 1 � n be a polytope, and x

be a point in P. Then, if for every i � E
�
x � there is a set of points Si � P with i-th coordinate in

�
0 � 1 � such that x � conv

�
Si � , then x � P

�

.

Lemma 94 (LS/LS � Lemma ([46])). The following holds for LS and LS � : Let P �
�
0 � 1 � n be

a polytope, and x be a point in P. If, for every i � E
�
x � , x � i � 0 
 � x � i � 1 
 � P, then x � P

�

.

Proof. Let x̄ be the vector
�
1 � x1 ������� � xn � T and let A � x̄ x̄T . A is certainly symmetric and positive

semidefinite, but it has x̄2 instead of x̄ on the diagonal. Let B be the diagonal matrix with x̄ � x̄2

on the diagonal. Because x � �
0 � 1 � n, B is positive semidefinite. Finally, let Y � A � B; it is

clearly symmetric and positive semidefinite. Notice that for any i, Yei (projected) is x � i � 1 
 and

that Ye0 � Yei is x � i � 0 
 . These are both guaranteed to be in P by the lemma’s hypothesis, so x is

in P
�

.

5.2.2 A game

Lemmas 92, 93 and 94 all conclude the same thing from different hypotheses. We now state

a protection lemma that holds for all of the proof systems because it uses a hypothesis that is

stronger than any of those in the previous protection lemmas:

Lemma 95 (Game Lemma). The following holds for GC, LS0, LS and LS � : Let P �
�
0 � 1 � n be

a polytope, and x � 1
2 �

n � P. If, for any i � E
�
x � , x � i � 0 
 � x � i � 1 
 � P, then x � P

�

.

This lemma gives us the following Prover-Adversary game for showing a lower-bound on

the rank of a point w � 1
2 �

n with respect to P. We think of the Prover as trying to show that w

has high rank, while the Adversary is trying to foil that proof. The game proceeds in rounds.

During each round, there is a current point x � 1
2 �

n, whose initial value is w. At each round,

the Prover either moves or allows the Adversary to move:
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1. Prover-move: The Prover generates a set of points Y such that x is a convex combination

of those points. The Adversary selects one point y � Y to be the new x.

2. Adversary-move: The Adversary selects a coordinate e such that xe is 1
2 and a value

a � �
0 � 1 � . The new x is x � e � a 
 .

The game ends when x is no longer in P. The Prover gets one point for each Adversary-

move.

Lemma 96. If the Prover has a strategy to earn m points against any adversary, then the (GC,

LS0, LS, or LS � )-rank of w with respect to P is at least m.

Proof. By induction on r, the maximum number of rounds in the strategy. If r � 0, then m � 0,

but the rank of w can never be less than 0. For arbitrary r � 0, the Prover can start by making

a Prover-move or an Adversary-move. If it is a Prover-move, then the Prover presents Y and,

no matter which y � Y the Adversary chooses, the Prover has a strategy to earn m points. By

induction, each y � Y has rank at least m. By convexity, the rank of w, which is a convex

combination of points in Y , is at least m. If it is an Adversary-move, then, no matter which

e and a the Adversary chooses, the Prover has a strategy to earn m � 1 points. By induction,

w � e � a 
 has rank at least m � 1 for all possible
�
e � a � , so by Lemma 95, w has rank at least m.

5.3 Expanding Constraints

In what follows, we deal with F , a set of mod-2 equations over n variables. That is, each

equation in F is of the form ∑i � S xi � a
�
mod 2 � � where S �

�
n � and a � �

0 � 1 � . Notice that

each such equation can be represented by the conjunction of 2 � S � � 1 clauses, each of which

can be represented as a linear inequality. We denote by PF the polytope bounded by these

inequalities and by the inequalities 0 � xi � 1.

Let GF be the bipartite graph from the set F to the set of variables where each equation is

connected to the variables it contains. We prove a rank lower bound for PF as a function of the
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expansion of GF .

We will need the following notions of expansion:

Definition 97. Let e
�
V1 � V2 � be the number of edges

�
v1 � v2 � with vi � Vi. The edge-expansion

of a graph G �
�
V � E � is

min
S

�
V � � S � � �V � � 2

e
�
S � V � S �
�
S
� �

Definition 98. A bipartite graph from V to U is an
�
r� ε � -expander if, for all subsets X �

V where
�
X
�
� r, we have Γ

�
X � � ε

�
X
�
. The expansion of a set X � V, e

�
X � , is the value

�
Γ

�
X � � � �X �

.

Definition 99. Let G be a bipartite graph from V to U. The boundary of a set X � V is

∂X
d

�
�
u � U :

�
Γ

�
u � � X

�
� 1 � . G is an

�
r� ε � -boundary expander if for all subsets X � V where

�
X
�
� r, we have

�
∂X

� � ε
�
X
�
. The boundary expansion of a set X � V is the value

�
∂X

� � �X �
.

The following fact relates bipartite expansion with boundary-expansion.

Fact 100. If G is a bipartite graph from V to U where V has maximal degree d and if G is an
�
r� ε � -expander, then G is a

�
r� 2ε � d � -boundary expander.

The reason that we require GF to be a good expander is that it allows us to satisfy subsets

of F:

Lemma 101. Consider a set F of m mod-2 equations over n variables. Assume that for any

variable v and any value a � �
0 � 1 � , there is a solution to F where v assumes the value a. Then

all the 0-1 solutions to F average to the all- 1
2 assignment.

Proof. Let Sv� a be a solution to F in which variable v is set to a. It is easy to see that the

mapping S �� S � Sv � 1 � Sv � 0 is a one-to-one mapping from solutions with v � 0 onto solutions

with v � 1. Therefore the average over all solutions to F is 1
2 on v.

Lemma 102. Let F be a set of m mod-2 equations over n variables. Assume GF is an
�
m � δ � -

boundary expander for any δ � 0. Then F has a 0-1 solution.
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Proof. There exists some variable v1 in ∂
�
F � . Assume v1 is connected to equation f1. For

some 1 � i � m, assume we have pairings
�
f1 � v1 � ������� � �

fi � vi � . Now, there must be some vi � 1 ��
�
v1 ������� � vi � in ∂

�
F � �

f1 ������� � fi � � . It is connected to some equation fi � 1 in F � �
f1 ������� � fi � . Add

�
fi � 1 � vi � 1 � to the set of pairs. Eventually we have the set of pairs

�
f1 � v1 � ������� � �

fm � vm � . To

satisfy F , set all variables not in
�
v1 ������� � vm � arbitrarily. Now, for i � m to 1, set vi so that it

satisfies equation fi (notice that in this order, vi is the last unassigned variable of fi).

We now use the game to show a rank lower bound for expanding sets of equations. For

x � 1
2 �

n, let GF
�
x � be the subgraph of GF induced by the set of variables E

�
x � and the set of

equations connected to those variables.

Theorem 103. Let ε � 0 and let w � 1
2 �

n. If GF
�
w � is an

�
r� 2 � ε � -boundary expander, then w

has (GC, LS0, LS, LS � )-rank at least rε with respect to PF .

Proof. We start the game with x � w. Clearly x � PF since each clause expressing F must

contain at least two literals set to 1
2 by the expansion requirement. Let Γx

�
X � be the neighbor

set of X � F in GF
�
x � . Let

�
initially be set to r. The Prover’s strategy is as follows:

1. Let the Adversary move as long as all subsets X � F in GF
�
x � of size at most

�
have

boundary expansion � 2 in GF
�
x � . Note that after such a move we have x � PF since all

equations in GF
�
x � have degree at least 2.

2. Let B be a maximal subset of equations in GF
�
x � with boundary expansion � 2 such that

�
B
�
� �

. Now the Prover moves. Let Y be the sets of all assignments satisfying B that are

0 � 1 on Γx
�
B � and that agree with x elsewhere. To see that Y is nonempty and that it

does indeed average to x, consider an arbitrary variable v in Γx
�
B � and an arbitrary value

a � �
0 � 1 � . By Lemma 101 it is enough to show that there is a point in Y in which v is

set to a. Notice that B still has boundary-expansion greater than 0 on the graph GF
�
x �

minus v, and so Lemma 102 implies that, regardless of the setting of v, there exists a

0 � 1 assignment on Γx
�
B � � �

v � satisfying B. The Adversary selects one y � Y to be the

new x.



CHAPTER 5. RANK BOUNDS FOR CUTTING PLANES 76

Set
�

to
� �

�
B
�
. If

�
� 0, stop the game. Otherwise, we argue that x � PF . Indeed,

in that case
�
B
�
is strictly smaller than

�
, and it is always the case that any equation f

not in B has at least two neighbors in GF
�
x � since otherwise b � �

f � would also have

boundary-expansion at most 2 contradicting the maximality of B.

3. Repeat until the game is over.

Now we will show that the Prover always earns at least rε points. Assume the game ends

after k rounds of the strategy. For any round i � k, let Bi be the set of vertices designated in step

2 and let S � � k
j � 1 B j. The size of S is r, so S had a boundary of size at least

�
2 � ε � r in GF .

At the end of the game, S has no boundary (in fact it has no neighbors) in GF
�
x � . At most 2r

of these boundary nodes were removed by the Prover: at the beginning of step 2 of round i, Bi

has at most 2
�
Bi
�
boundary nodes and every boundary node of S is a boundary node for exactly

one Bi. Hence at least εr of S’s original boundary nodes were removed by the Adversary. By

Lemma 96, w has the required rank.

It turns out that many common formulas are examples of boundary-expanding mod-2 equa-

tions.

Definition 104. The Tseitin tautology for an odd-size graph G �
�
V � E � , denoted T S

�
G � , is the

following: there exists no 0-1 edge assignment φ : E �
�
0 � 1 � , such that for every vertex v � V

∑
u � Γ � v 


φ
� �

v � u � � � 1
�
mod 2 � �

Definition 105. There are 2 � nk � linear, mod-2 equations over n variables that contain exactly

k different variables. Let M k � n
m be the probability distribution induced by choosing m of these

equations uniformly and independently. There are 2k � nk � clauses over n variables that contain

exactly k different variables. Let N k � n
m be the probability distribution induced by choosing m of

these clauses uniformly and independently.

Theorem 103 enables us to prove the main result of this chapter:
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Corollary 106. The following holds for GC, LS0, LS and LS � :

(1) The Tseitin tautology on a graph H has rank at least
�
c � 2 � n � 2, where c is the edge-

expansion of H;

(2) Let k � 5. There exists a constant c such that, for all ∆ � c, F � M k � n
∆n requires rank Ω

�
n �

with high probability;

(3) Let k � 5. There exists a constant c such that, for all ∆ � c, C � N k � n
∆n requires rank Ω

�
n �

with high probability.

Proof. Throughout, let w be the all 1
2 point. (1) The edge-expansion of a graph H �

�
V � E � is

the density of the sparsest cut:

min
S � V � � S � � �V � � 2

e
�
S � V � S �
�
S
� �

It is easy to see that GTS � H 

�
w � is an

�
n � 2 � c � -boundary-expander.

(2) It is well-known that GF
�
w � is an excellent expander: for any constant ∆, ε,k, there exists

a constant α � 0 such that GF
�
w � is almost always an

�
αn � k � 1 � ε � -expander. Every

�
r� δ �

bipartite expander graph on
�
V � U � where V has maximal degree d is an

�
r� 2δ � d � -boundary-

expander. Hence GF
�
w � is an

�
αn � k � 2 � 2ε � -boundary-expander. For k � 5 and small ε, the

boundary-expansion is more than 2, so w has rank Ω
�
n � by Theorem 103. Lastly, we need to

fix c such that, whenever ∆ � c, F is unsatisfiable with high probability (otherwise, F might

not have high rank, despite the fact that w does). The corollary follows.

(3) GC
�
w � , the bipartite graph associated with the clauses of C, is the same as GF

�
w � for random

F . Generate C
�

by adding, for each e � C, the following clauses: if e has an even (odd) number

of positive literals, all clauses on the same variables as e that have an even (odd) number of

positive literals. Clearly w’s rank with respect to PC is at least its rank with respect to PC � , but C
�

is equivalent to a set of
�
C
�
mod-2 equations such that GC �

�
w � is an

�
αn � k � 2 � 2ε � -boundary

expander (with high probability, given ∆ � ε � k � α as in (2)). Again, fix c so that, whenever ∆ � c,

C is unsatisfiable with high probability.

Recently, Alekhnovich ([6]) has proven that M 3 � n
∆n and N 3 � n

∆n require linear rank with high
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probability.

5.4 Integrality Gaps from Rank Lower Bounds

The problem MAX-k-SAT (MAX-k-XOR-SAT) is the following: given a set of k-clauses

(mod-2 equations), determine the maximum number of clauses (equations) that can be sat-

isfied simultaneously. This problem is well-studied in the theory of approximation algorithms

and it is known that it cannot be well-approximated in polynomial time if P
�

� NP. Here we

show inapproximation results (that are unconditional) for a restricted class of approximation

algorithms that involve applying GC or LS procedures to a relaxation of the standard integer

program. These algorithms are not necessarily polytime. Similar results have been shown for

LS-relaxations of vertex cover ([9]) and maximum independent set ([43]). The former shows

that a large integrality gap remains after Ω
� �

logn � rounds of LS and the latter, Ω
�
logn � rounds.

Given a set of k-mod-2 equations F �
�

f1 ������� � fm � over variables x1 ������� � xn, add a new set of

variables y1 ������� � ym. For each fi: ∑ j � Ii
x j � ai

�
mod 2 � , let f

�

i be the equation yi � ∑ j � Ii
x j �

ai � 1
�
mod 2 � . Let F

�

be the set of f
�

i ’s. If yi is 1, then f
�

i is satisfied if and only if fi is

satisfied. Hence we want to maximize the linear function ∑m
i � 1 yi over the constraints F

�

within

the boolean cube. Call this linear program LF . An r-round GC- (respectively, LS0-, LS-, LS � -)

relaxation of (the integer version of) LF (or any linear program) is a linear program with the

same optimization function but with any additional constraints that can be generated in depth

r from the original constraints using GC (respectively, LS0, LS, LS � ).

Theorem 107. Let k � 5. For any constant ε � 0, there are constants ∆ � β � 0 such that if

F � M k � n
∆n then the integrality gap of any βn-round GC- (resp., LS0-, LS-, LS � -) relaxation of

LF is at least 2 � ε with high probability.

Proof. Given ε, fix ∆ � � 8ln2 � ε
�
2, where

� 1
2 � ε

� � �
2 � ε � � 1. An arbitrary assignment satisfies

each of F’s equations with probability 1
2 , so we expect it to satisfy 1

2∆n in total. The probability

that it satisfies more than
� 1

2 � ε
� � ∆n equations is at most exp

�
� ε � 2∆n

8 � by Chernoff. Given the
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choice of ∆, this expression is much less than 2 � n, so with high probability no assignment

satisfies more than a 1
2 � ε

�

-fraction of F’s equations.

On the other hand, consider an assignment w that sets the variables y1 ������� � y∆n to 1 and sets

x1 ������� � xn to 1
2 . Clearly, w satisfies all of the equations of F

�

. Furthermore, it is well-known that

GF �
�
w � is almost surely an

�
αn � 2 � δ � -boundary expander for some α � δ � 0 that depend on

∆. Let β � αδ. Hence, by Theorem 103, w remains a feasible solution for any βn-round GC-

(resp., LS0-, LS-, LS � -) relaxation of LF .

We can form a linear program LC for a set of k-clauses C in an analogous manner. Similarly,

for any k � 5 and any ε � 0, there exists ∆ � β � 0 such that if C � N k � n
∆n , then the integrality gap

of any βn-round relaxation of LC is at least 2k

2k � 1
� ε with high probability.

5.5 Separating GC, LS and Resolution Ranks

In this section we show the following separations: (1) PHPn has LS-rank n but GC-rank

O
�
logn � ; (2) For an expander graph G with degree at most d, the Resolution-rank of PHP

�
G �

is Ω
�
n � , while its LS-rank and GC-rank are O

�
d � .

The Resolution-rank lower bound is proven in [16]; it is implied by their size lower bound.

The LS- and GC-rank upper bounds are very similar to each other: as observed in Lemma 4.1

of [52], it is possible to derive in both systems ∑i � Γ � j 
 xi � j � 1 for all j � V , in rank O
�
d � . The

point is that the polytope defined by adding these new inequalities is the empty polytope, and

therefore we can get the desired contradiction in one LS or GC step.

For the separation result of the GC and LS ranks, we start with the upper bound on the

GC-rank of PHPn. This result was proved independently by [11].

Theorem 108. The GC-rank of PHPn is O
�
logn � .

Proof. For a subset S �
�
1 � 2 ������� � n � 1 � and 1 � j � n let fS � j be the inequality ∑i � S xi j � 1.

We claim that it is possible to deduce, from fS � j for every S of size k, any fT � j with T of size
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� 2k in one GC-cut. In other words, if fS � j are valid for PHP � r 
 for every S of size k and every j,

then fT � j is valid for PHP � r � 1 
 for every T of size � 2k. This means that for all j, ∑n � 1
i � 1 xi j � 1

is valid for PHP � O � logn 
 
 . On the other hand, no solution that satisfies these inequalities can

satisfy all the axioms ∑n
j � 1 xi j � 1 for every i. Therefore PHP � O � logn 
 
 � /0, and the Chvátal -

rank of PHPn is O
�
logn � . To see the claim, take any j and T of size l � 2k, and sum up with

coefficients 1 � � l � 1
k � 1 � the inequalities fS � j over all subsets S � T of size k. After rounding the

deduced inequality is

∑
i � T

xi � j �
� � lk �
� l � 1
k � 1 ��� ��� l � k � � 1 � (5.1)

namely, fT � j. A good way to think of (5.1) is that when using the symmetric sum, we care

only about the average threshold for a single variable. In fS � j it is 1 � � S � , and so basically all we

do is take the threshold xi � 1 � � S � and turn it into ∑i � T xi �
�
T
� � � S � , and if

�
T
�
� 2

�
S
�
we get

∑i � T ��� � T � � � S � � � 1.

In fact, this bound is tight by [11]. In light of the fact that LS � has constant-rank proofs of

the PHP ([53]), LS � is separated from GC with respect to rank.

A linear lower bound for the LS-rank of PHPn was given by [52]. We will give a proof for

the LS0-rank, which we think is simpler and more illuminating.

Theorem 109. ([52]) The LS0-rank of PHPn is n � 1.

Proof. The proof proceeds by induction on n. PHP2 consists of a single point, and its LS0-rank

is therefore 1. For PHPn, we argue that the all 1 � n point has rank n � 1. Given 1 � i � n � 1

and 1 � � � n, let xi � � be the following point: xi � �
i � � � 1; xi � �

i � � � � 0 for all
� � �

�
�
; xi � �

i � � � � 0 for all

i
� �

� i; xi � � is 1 � �
n � 1 � everywhere else. For any coordinate

�
i � j � , let Si j be the set of xi � � for

1 � � � n. Note that for every point in Si j, the coordinate
�
i � j � has value in

�
0 � 1 � . Furthermore,

the average of all points in Si j is the all 1 � n point. By Lemma 93, the all 1 � n point has rank

one more than the minimum rank of the points in Si j. But each such point is the all 1 � �
n � 1 �

point for PHPn � 1, so it must have rank n � 2 by induction.
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The PHP has polynomial-size (tree-like) LS0 proofs. The fact that LS requires rank Ω
�
n �

for the PHP shows that for both LS and LS0 proofs, large rank is not a good indicator of large

size (even in the tree-like systems). Since GC and LS � prove the PHP in small rank, and

since Resolution requires large proofs, the PHP does not resolve this question for these proof

systems. In the next section, we give a different formula which shows that GC and Resolution

can have large rank and small size. In fact, it is not difficult to see that tree-like Resolution can

have large rank and small size. The open questions, then, are whether large rank implies large

size in tree-like GC or in LS � (tree-like or not).

5.6 GC Proofs with Large Rank and Small Size

In theorem 6.1 of [32] and theorem 4 of [11], it is shown that the size s of a GC proof of a

tautology is O
�
nr � where n is the number of variables and r is the GC-rank of the polytope

associated with the tautology. Here we show an example where this bound is very far from

being tight. Specifically, we show an example of a tautology which has a quadratic-size GC

proof (in fact even a Resolution proof with that size) and linear GC-rank. It turns out that

such a separation between size and rank can be witnessed by any formula that has polysize GC

refutations, but requires exponential tree-like GC refutations ([11]).

The unsatisfiable formula we take is GTn, which is the negation of the property that every

total ordering on n elements has a maximal element (see Chapter 3). Note that the formula is

stated using n
�
n � 1 � variables. Stalmark and Bonet and Galesi ([91, 24]) show that GTn (even

when stated with small clauses) has a polynomial refutation in the Resolution proof system,

but requires width Ω
�
n � . Since Resolution-width is at most Resolution-rank, the Resolution-

rank is also Ω
�
n � . Since GC polynomially simulates resolution, there is a also a polynomial

GC proof of the formula. In fact, a little tweaking of this refutation gives a rank O
�
n � GC

refutation, whereas the Resolution proof itself has rank Ω
�
n2 � . It remains to show

Theorem 110. The GC-rank and the LS0-rank of the polytope associated with GTn is Θ
�
n � .
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We associate a partial ordering � on
�
n � with a vector x � � �

0 � 1
2 � 1 � n � n � 1 
 by the assignment

xi j � 0 � 1 � 1
2 when i is smaller than, bigger than, or incomparable to j, respectively.

Definition 111. A (partial) order � is called s-scaled if there is a partition of
�
n � into sets

A1 � A2 ������� � As, such that � is a total ordering within each of the Ai’s and is not defined between

elements in different Ai’s.

Claim 112. If � is s-scaled with s � 2, then x � remains after s � 3 rounds of GC or LS0 cuts.

The claim immediately provides a lower bound of n � 2 for the rank of P � GTn since the

vector associated with the empty order (which is n-scaled) has that rank.

Proof. (of Claim 112) By induction on s. Suppose � is 3-scaled. We need to show that

x � � P � P � 0 
 . Transitivity inequalities clearly hold for three elements in the same Ai. A

transitivity inequality that involves more than one Ai must contain at least two variables with

value 1
2 and therefore must be satisfied. The “no maximal element” inequalities also hold,

because for every element there are at least two others to which it is not comparable, and the

two associated 1
2 values alone satisfy the inequality. For a general s we let x � x � . Notice

that E
�
x � is a set of all edges connecting different components of the graph when we associate

� with a graph which is a union of s complete graphs. We partition the edges in E
�
x � to � s2 �

sets by the components they connect and argue that x and this partition satisfy the conditions

of Lemma 92. Indeed, for a choice of components A and B we denote by � A the order which

is the same as � except all the elemens of A are bigger than those of B. Similarly we define

� B. It is easy to see that x �
�
x � A � x � B � � 2. Since � A ��� B are

�
s � 1 � -scaled we inductively

have that rank
�
x � A � � rank

�
x � B � � s � 3, and by Lemma 92 rank

�
x � � s � 2. Notice that since

Lemma 92 is strictly weaker than Lemma 93, the proof is valid for LS0 in addition to GC.
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5.7 Automatizability of the LS-systems for Small-Rank CNF

Formulas

Following [54], a strong separation oracle for a polytope P � � n is a procedure, that given

x � � n, either states that x � P or supplies a hyperplane separating x from P.

We say that P � � n has facet-complexity ϕ if it can be represented as a set of linear inequal-

ities (with rational coefficients) such that each of the inequalities can be encoded in length

ϕ.

Assume we are given a strong separation oracle for a polytope P �
�
0 � 1 � n of facet-complexity

ϕ. Then, we show an algorithm for either LS or LS0 proof systems, that checks if P � r 
 is empty

with running time poly
�
n � ϕ � r. Note that for a polytope arising from CNF formulas, ϕ � O

�
n � ,

and consequently the running time is nO � r 
 . The claim follows for LS from the following lem-

mas. For LS0, the argument is very similar.

Lemma 113. Let P �
�
0 � 1 � n be a polytope with facet-complexity ϕ. Given a strong separation

oracle A for P, there is a strong separation oracle for P � 1 
 that makes poly
�
n � ϕ � calls to A .

Lemma 114. If a polytope P �
�
0 � 1 � n has facet-complexity ϕ, then P � 1 
 has facet-complexity

bounded by O
�
n6 � ϕ � .

Lemma 113 implies a strong separation oracle for P � r 
 with running time poly
�
n � ϕ � r. By

Lemma 114 the facet-complexity of P � r 
 is bounded by ϕ � nO � r 
 . Theorem 6.4.9 from [54]

states that we can check whether a polytope is empty by querying a strong separation oracle

for that polytope. The number of queries required is polynomial in the facet-complexity and

the dimension.

Proof. (of lemma 113)

Following the definition of [71], we move to the cone P in
� n � 1

P �
� �

a � a � x1 ������� � a � xn � : a � 0 and
�
x1 ������� � xn � � P � �
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It is easy to see that a strong separation oracle for P implies one for P, and that the facet-

complexity of P and P are the same. We define a cone M
�
P � in

� � n � 1 
 2 as the collection of
�
n � 1 � �

�
n � 1 � matrices Y satisfying (i) Y is symmetric, (ii) Y0 � diag

�
Y � , (iii) Yi � P, (iv)

Y0 � Yi � P, where we denote by Y0 ������� Yn the columns of Y , and by diag
�
Y � its diagonal.

P � 1 
 �

�
x � � n : Y � M

�
P � and Y0 �

�
1
x ��� �

Let x � � n. Consider the following polytope Qx � P in
� � n � 1 
 2 .

Qx � P �

�
Y � M

�
P � �Y0 �

�
1
x ��� �

By definition x � P � 1 
 if and only if Qx � P is not empty. We first argue that Qx � P has a separation

oracle. To see that, observe that Qx � P is an intersection of O
�
n2 � halfspaces and hyperplanes,

and O
�
n � projection-preimages of P. Since the facet-complexity of Qx � P is bounded by ϕ,

we can apply [54] Theorem 6.4.9 to obtain an algorithm that checks whether Qx � P is empty,

and consequently whether x � P � 1 
 . Assume now that x �� P � 1 
 . Along the above run of the

algorithm (ending with the conclusion Qx � P � /0 � , the separation oracle for P has been invoked

a polynomial number of times, resulting in a polynomial number of halfspaces containing P.

Let R be the intersection of those halfspaces. The crucial point to note here is that Qx � R � /0.

This is since Qx � R and Qx � P are indistinguishable to this run of the algorithm.

Let
�
a j � � � � b j be the halfspaces defining R. By the duality theorem, there is a positive

combination �α of the inequalities
�
a j � Yi � � b j and

�
a j � Y0 � Yi � � b j plus a combination of

the inequalities of M
�
P � , such that (i) the coefficient vector of the Y variables is 0 and (ii) the

constant term is of the form ∑αixi � b � 0. On the other hand, if x � P � 1 
 then Qx � R is not empty

and so the same combination cannot lead to a contradiction and so ∑αixi � 0. This provides the

desired separation. The only thing left to is to find the combination (the vector of coefficients

α) that leads to the above contradiction. Here we use the fact that R has a polynomial number

of faces, and so to find the combination satisfying both (i) and (ii) above is nothing but solving

a polynomial linear program.
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We say that a cone has vertex-complexity ν if it is the span of a collection of rational vectors,

each of which can be encoded in length ν.

Proof. (of lemma 114) The facet-complexity of M
�
P � is at most ϕ. Lemma 6.2.4 of [54] states

that, for any polytope in
� d of facet-complexity ϕ and vertex-complexity ν, we have ν � 4d2ϕ

and ϕ � 3d2ν. Therefore, the vertex-complexity of M
�
P � is at most O

�
n4ϕ � . This bound also

applies to the vertex-complexity of P
� 1 


since it is just a projection of M
�
P � . By the same

lemma, the facet-complexity of P � 1 
 is O
�
n2 � n4ϕ � , and our claim follows.

5.8 Open Questions

Two of the major challenges in this area are to prove size lower bounds for GC or LS refutations

of, say, random k-CNFs or the Tseitin Tautologies, and to prove rank lower bounds on LS as

a means of approximating optimization problems such as Vertex Cover (that is, improving

the bound of [9]). More immediate open questions are the following: Do our techniques for

MAXSAT rank lower bounds apply to any other optimization problems? For example, [10]

used similar techniques to prove rank bounds for k-uniform hypergraph Vertex Cover. Does

large GC-rank of a CNF imply large tree-like GC-size? If a CNF has a rank-r LS � -refutation,

can we find such a refutation in time nO � r 
 ?
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While there is plenty of interesting work being done in proof complexity, it seems that an

imposing obstacle looms in the near-distance. Recall the Frege proof system defined in Chapter

4. Extended Frege is a variant that allows one to introduce a new atom for any formula. Proving

superpolynomial lower bounds for Frege and Extended Frege currently seems out of reach. For

one thing, Frege is unlikely to have the property of feasible interpolation, which precipitated

the only lower bounds for Cutting Planes. Moreover, the method of random restrictions, which

has proven so useful for Resolution and Bounded-depth Frege lower bounds, seems to be inap-

plicable to proof systems that deal with formulas of non-constant depth. In what follows, we

discuss some of the approaches that can and are being implemented to overcome this obstacle.

6.1 Revisiting Resolution

In order to hone techniques that avoid random restrictions and feasible interpolation, it’s worth

going back to the simplest common proof system: Resolution. Actually, for certain families

of tautologies, such as the very weak pigeonhole principle, random restrictions don’t seem

to help (and feasible interpolation is trivially not applicable). The recent lower bounds of

[79, 84, 82, 87] don’t use random restrictions. Can these techniques be made to work beyond

Resolution?

6.2 Exploiting Uniformity

Propositional proofs are non-uniform objects: for a particular combinatorial principle express-

ible in first-order logic, one gets a family of propositional tautologies (one for each n, where n

is the size of the structure underlying the principle). One can consider a uniform setting also.

Here, the challenge is to prove that a certain combinatorial principle is independent of a theory

of bounded arithmetic. As is the case with computational complexity, proving lower bounds

for the uniform setting is no harder than proving them in the corresponding non-uniform set-



CHAPTER 6. FUTURE DIRECTIONS 88

ting. In computational complexity, we see this phenomenon in practice: the Turing Machine

lower bounds of [44] are stronger than anything we know nonuniformly. In proof complexity,

it is less clear: Ajtai’s proof of the independence of the Pigeonhole Principle from the theory

I∆0
�
R � ([3]) turned out to prove superpolynomial lower bounds in bounded-depth Frege. Per-

haps it will be easier to prove independence results for poly-time theories such as V 1, PV or

S1
2 than to prove superpolynomial lower bounds for the corresponding proof system Extended

Frege. The area of nonstandard model theory offers possibilities for this approach.

6.3 Using Complexity Assumptions

A third direction is to derive lower bounds for Frege and Extended Frege using nontrivial

assumptions about computational complexity. Or, alternatively, maybe we can explain our

inability to prove such lower bounds using complexity assumptions. Both of these possibilities

hearken back to the idea of Natural Proofs by Razborov and Rudich ([86]).

Natural proofs do not constitute a formalized proof system, but rather refer to lower bound

arguments that are highly constructive. Essentially, a natural lower bound against, say, P � poly,

would be an efficiently computable property that, on average, separated truth-tables of func-

tions that don’t have poly-size circuits from truth-tables of functions that do. Such a prop-

erty would break pseudo-random function generators because random functions are hard for

P � poly, but pseudo-random ones are not. This is fairly concrete evidence that we should not

be able to prove a superpolynomial circuit lower bound using a natural proof. Unfortunately,

Razborov and Rudich demonstrate that almost all known circuit lower bounds for restricted

classes of circuits are natural, and therefore these techniques are unlikely to extend.

Razborov ([81]) adapted this framework to the setting of formalized proofs: he showed

that the statement “α encodes a circuit for SAT of size slightly superpolynomial” cannot be

refuted in S2
2

�
α � (again, modulo the existence of pseudorandom generators). Very roughly

speaking: simple concepts should not be sufficient to prove NP
�
� P � poly. The NP versus
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P � poly question can also be formulated as a family of propositional contradictions stating,

for example, that for each n there exists a circuit of size t
�
n � for SATn. It is known ([88]) that

pseudorandom generators imply that such contradictions require refutations of size exponential

in t
�
n � in Cutting Planes and Resolution because of feasible interpolation. No such result is

known for the stronger proof systems Frege and Extended Frege (or even depth-2 Frege). Is

it possible to derive such lower bounds using the assumption of pseudorandomness or other

assumptions?

Perhaps. But, then again, perhaps not: historically, lower bounds for proof systems have

been preceeded by lower bounds for their corresponding circuit classes (when they exist). For

example, lower bounds for AC0 preceeded lower bounds for bounded-depth Frege, not nec-

essarily because the latter result is strictly harder, but because it seemed to require the ideas

of the former (along with a lot of other ideas). We are still waiting for a lower bound on

bounded-depth Frege with modq-gates, even though we have had such a lower bound in cir-

cuit complexity for several years. If the natural proofs framework is telling us that the existence

of pseudorandom generators is preventing us from proving lower bounds against poly-size cir-

cuits using our current techniques, then maybe it also tells us that these objects are the very

thing preventing us from (instead of helping us towards) proving lower bounds against Ex-

tended Frege. Is it possible to show that there are unlikely to be “natural” lower bounds for

Extended Frege?
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[71] L. Lovász and A. Schrijver. Cones of matrices and set-functions and 0-1 optimization.

SIAM J. Optimization, 1(2):166–190, 1991.

[72] Alexis Maciel, Toniann Pitassi, and Alan R. Woods. A new proof of the weak pigeonhole

principle. In ACM, editor, Proceedings of the thirty second annual ACM Symposium on

Theory of Computing: Portland, Oregon, May 21–23, [2000], pages 368–377, New York,

NY, USA, 2000. ACM Press.

[73] J. Paris and A. Wilkie. Counting problems in bounded arithmetic. In Methods in Math-

ematical Logic: Proceedings of the 6th Latin American Symposium on Mathematical

Logic 1983, volume 1130 of Lecture notes in Mathematics, pages 317–340, Berlin, 1985.

Springer-Verlag.

[74] J.B. Paris, A. J. Wilkie, and A. R. Woods. Provability of the pigeonhole principle and the

existence of infinitely many primes. Journal of Symbolic Logic, 53:1235–1244, 1988.



BIBLIOGRAPHY 98

[75] Wolfgang J. Paul, Robert E. Tarjan, and J. R. Celoni. Space bounds for a game on graphs.

Mathematical Systems Theory, 10(3):239–251, 1977. Correction, ibid. 11(1):85, 1977.

[76] Toniann Pitassi, Paul W. Beame, and Russell Impagliazzo. Exponential lower bounds for

the pigeonhole principle. Computational Complexity, 3(2):97–140, 1993.

[77] Pavel Pudlák. Lower bounds for resolution and cutting plane proofs and monotone com-

putations. Journal of Symbolic Logic, 62(3):981–998, September 1997.

[78] R. Raz and P. McKenzie. Separation of the monotone NC hierarchy. In Proceedings of

37th IEEE Foundations of Computer Science, 1997.

[79] Ran Raz. Resolution lower bounds for the weak pigeonhole principle. In Proceedings of

the Thirty-Fourth Annual ACM Symposium on Theory of Computing. ACM, 2002.

[80] A. A. Razborov. Bounded arithmetic and lower bounds in Boolean complexity. In P. Clote

and J. Remmel, editors, Feasible Mathematics II, pages 344–386. Birkhauser, 1995.

[81] A. A. Razborov. Unprovability of lower bounds on the circuit size in certain fragments

of bounded arithmetic. Izvestiiya of the RAN, 59:201–224, 1995.

[82] A. A. Razborov. Improved resolution lower bounds for the weak pigeonhole princi-

ple. Technical Report TR01-055, Electronic Colloquium in Computation Complexity,

�������������
	�	�	���
�����������������������
�������
 ��
!�������
, 2001.

[83] A. A. Razborov. Proof complexity of pigeonhole principles. In Proceedings of the Fifth

International Conference on Developments in Language Theory, Vienna, Austria, July

2001.

[84] A. A. Razborov. Resolution lower bounds for perfect matching principles. In Computa-

tional Complexity, Montreal, PQ, Canada, May 2002.

[85] A. A. Razborov. Pseudorandom generators hard for k-DNF resolution and polynomial

calculus resolution. Manuscript, 2003.



BIBLIOGRAPHY 99

[86] A. A. Razborov and S. Rudich. Natural proofs. Journal of Computer and System Sciences,

55(1):24–35, August 1997.

[87] Alexander Razborov. Improved resolution lower bounds for the weak functional pigeon-

hole principle. Theoretical Computer Science, 303(1), 2003.

[88] Alexander A. Razborov. Lower bounds for propositional proofs and independence results

in bounded arithmetic. In Friedhelm Meyer auf der Heide and Burkhard Monien, editors,

Automata, Languages and Programming, 23rd International Colloquium, volume 1099 of

Lecture Notes in Computer Science, pages 48–62, Paderborn, Germany, 8–12 July 1996.

Springer-Verlag.

[89] J. A. Robinson. A machine oriented logic based on the resolution principle. Journal of

the ACM, 12(1):23–41, 1965.

[90] Nathan Segerlind, Samuel R. Buss, and Russell Impagliazzo. A switching lemma for

small restrictions and lower bounds for k - DNF resolution. In Proceedings of the

43rd Symposium on Foundations of Computer Science (FOCS-02), pages 604–616. IEEE

COMPUTER SOCIETY, November 16–19 2002.

[91] G. Stalmark. Short resolution proofs for a sequence of tricky formulas. Acta Informatica,

33:277–280, 1996.

[92] G. S. Tseitin. On the complexity of derivation in the propositional calculus. In A. O.

Slisenko, editor, Studies in Constructive Mathematics and Mathematical Logic, Part II.

1968.

[93] A. Urquhart. Hard examples for resolution. Journal of the ACM, 34(1):209–219, 1987.

[94] A. Urquhart. The complexity of propositional proofs. Bulletin of Symbolic Logic,

1(4):425–467, December 1995.



BIBLIOGRAPHY 100

[95] Alasdair Urquhart and Xudong Fu. Simplified lower bounds for propositional proofs.

Notre Dame Journal of Formal Logic, 37(4):523–544, 1996.

[96] Leslie G. Valiant. Reducibility by algebraic projections. L’Enseignement Mathématique,
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