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In this time of extremely large data sets that come from, $&yjnternet or biological research, the need
for efficient algorithms is particularly important. Of caerthis means that we need very talented people
working on algorithms for individual problems, but thesadibions also underscore the need for a theory of
algorithms. The era of simple, elegant and efficient alpord is largely over; modern algorithms often use
very powerful machinery, are sometimes highly heuristitj enay guarantee only approximately optimal
solutions. All the more reason to continue to introduce rsmeinto the art and engineering of algorithm
design, so that we can negotiate this expanded view of whetitates a viable algorithm.

The first goal of such a theory should be to describe whichlpnob can be solved by efficient algorithms,
and, therefore, which cannot. Unfortunately there is aulyea great divide between our ability to design
algorithms and our ability to explain the limitations of atdhms. Part of this state of affairs is due to the
inherent difficulty of the question, but another part is udeie to methodology. For one thing, the two sides
of the coin have been decoupled and relegated to two diffeesearch communities: algorithm analysis and
complexity theory. Not surprisingly, these communitiesendiverged and lost a lot of their compatibility.
My version of the story goes a little like this: in the begimgj there were simple algorithms and lots of
real-world problems people couldn't solve efficiently. gdat complexity classes, suchR&ndNP, were
defined, and it seemed reasonable to show that there wenmalnptablems that could not be computed
in polynomial time. Many people began working on this, butventually became clear that it would be
quite some time before a satisfactory conclusion could behed. In the meantime, complexity theorists
began defining natural subclasses of “efficient computatmual achieved some impressive lower bounds
for these subclasses. At the same time, however, other@eapk designing more and more sophisticated
algorithms. The problem is that the subclasses that contypliveorists defined that are susceptible to lower
bounds bear little resemblance to the modes of computdiairatgorithms people were using.

One way to reunify the communities is suggested by the wayeaelalgorithms. Almost every intro-
ductory course on algorithms divides the world up into athamic paradigms such as greedy algorithms,
dynamic programming, network flow, linear and semidefinitggpamming, etc. And in fact most real-world
algorithms fall into one, or maybe a combination of two, afddb paradigms. Therefore, instead of starting
with arbitrary efficient computation and restricting it, yahot formalize modes of computation around these
algorithmic paradigms, engendering a soralgforithmic complexity theofy Not only would this give new
hope for our first goal, in the sense that we might be able toeptioat, say, satisfiability cannot be com-
puted efficiently by the types of algorithms that people altyuuse, but it could also allow practitioners of
algorithm design to find methods for tractible problems nopriekly and easily. More precisely, it could (1)
guide the creation of new algorithms by making the ingreidieri each algorithmic paradigm clearer; and
(2) allow the algorithm designer to determine when a cepaimdigm will not work on a given problem by



enabling lower bound proofs and impossibility results.

In what follows, | will try to use my research and related esé to illustrate the benefits of this idea
of algorithmic complexity theory. In fact, just like the intuctory algorithms course, | will proceed by
paradigm, describing formal models and resulting uppentdsiincluding new, useful algorithms that arose
from this theory) and lower bounds in the realms of (1) linaad semidefinite programming, (2) greedy
algorithms and dynamic programming, and (3) backtrackilggraghms. Finally, | will conclude with a
separate line of my research that illustrates how lower tsdor traditional complexity classes can lead to
useful algorithms.

Linear and Semidefinite Programming

Linear and semidefinite programming constitute a soplaitstdt and extremely successful algorithmic tech-
nique. For simplicity, I'll describe the basic framework fmear programming (for semi-definite it is sim-
ilar, but more technical). The solutions to an optimizafwoblem can often be described as integer points
in, say,n dimensions that satisfy a set of linear inequalities antiitteximize a linear optimization function.
To try to find such a solution, we can relax the constraint thatpoints be integer-valued and find the best
valid real-valued point, which can be done using well-knafficient algorithms (the simplex method, for
example). The question, then, is how well, and in what sehsepest real-valued point approximates the
best integer-valued point. For one thing, the value thatehevalued point achieves under the optimization
function may be higher than the value the integer point aelsicbut how much higher? For the sake of a
good approximation to the value of the optimal solution, wpdito minimize this gap. One recourse the
algorithm designer has in this setup is to add extra lineggualities that hold for every valid integer-valued
point, but not for every valid real-valued point. Findingchwseful inequalities sometimes seems like an
art, rather than a science, however. Fortunately, LovaszSzchrijver [29], Sherali and Adams [33] and
Lasserre [26] (among others) have described general-peyy®ystematic procedures for introducing such
extra inequalities, thereby formalizing, in a sense, aagsds of linear and semi-definite programming. I'll
focus primarily on the first of these systems and make a fewnoents about the others.

Lovasz and Schrijver used their system to create a newitddgofor finding the maximum independent set
in t-perfect graphs, a generalization of perfect graphs. Mpeetacularly, however, as [1] points out, two
of the most important approximation algorithms in receratrgethose for Maxcut [21] and Sparsest-cut [6],
can be seen as applications of the LS system. Historichlge algorithms were discovered independently
of LS, but the question is clear: what other major new algarg can be discovered by applying the LS
system? Or, put the opposite way, what problems cannot bedelfficiently by such a powerful system?
While these are really the same question, partial progesssstto fall into either the upper or lower bound
categories. I'll describe some strong advances in the ledtegory that | helped establish. As for the former,
I think this is one of the most promising directions in algjomic design and that the time is ripe, both in
terms of motivation and accessibility, for new results.][i8s recently shown some nice new results here
using the Lasserre hierarchy.

To find limitations on the LS system, we consider a very haablem (satisfiability), but we also get a
very strong result. To explain it, though, I'll need to irdtae a few more details. All variants of the LS
system described above operate in rounds. That is, gively@pe that is not the convex hull of the integer
points it contains, one round of LS produces a tighter pplgtthat still contains the same integer points.
After n rounds € is the number of dimensions), the integral hull is achievélde magic of the system is
that, assuming we could optimize over the initial polytopgolynomial time, then aftar rounds, we can
still optimize over the resulting polytope in tirm®"). The maxcut and sparsest-cut SDP’s are implied by,
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respectively, one and three rounds of the strongest of theyks&ms:LS". In [12], we show that for a
random 5CNF formula, it is impossible ftuS" to achieve any non-trivial approximation to the size of a
maximum satisfiable subset of the formula even with lineamgny rounds. This lower bound is saying
that a wide class of algorithms that is one of our best hopeagproximating other NP-hard optimization
problems cannot achieve either heuristic or approximateess here in any subexponential time! This
result is one of the first of its kind (after [5]), and is the ffiexponential lower bound for an interesting
optimization problem. Subsequently there has been a lattefdsting work in this area (see, for example,
[1, 32, 31, 20, 19, 17]).

One of my current research projects focuses on lower bowrdapproximating the vertex expansion of
graphs using these systems. Vertex expansion is a partjcii&iguing property of graphs in that it can
serve as both a boon, such as in the construction of supemwwators, which are useful for distributed
networks, and as an obstacle (indeed, our lower bound inrdl&s on the vertex expansion of graphs
representing the hard CNFs). Therefore, determining vemeghgraph has a certain measure of vertex
expansion is of great interest and it is one of many such problfor which more general hardness of
approximation results are not known.

Greedy Algorithms and Dynamic Programming

Greedy algorithms and dynamic programming are two of thetrfwslamental algorithmic techniques
we know. While simple and classical, these techniques aitbus in science and industry. But what
exactly are they? They are usually taught by example andrsotfénk most peoplé would view them
the way Supreme Court Justice Potter Stewart viewed oligcencan’t define it, but | know it when |
see it. Borodin, Nielsen and Rackoff [9] define a syntactideidhat captures many algorithms which are
generally considered to be “greedy algorithms.” To illatgrthe model, consider the very simple greedy
algorithm for unit-profit interval scheduling: givemintervals in, say|0,1] given by start time and finish
time, find a maximum subset of non-overlapping intervalse @lgorithm sorts the input intervals by non-
decreasing finish time and then goes through one-by-onepting an interval into the subset if and only
if it does not overlap with the previously accepted intesvalo model this process, imagine the algorithm
is solving an arbitrary problem where the input is broken nip items, each of which describes a small
part of the input. The algorithm begins by ordering the iteansording to some general rule (like non-
decreasing finishing time in the case of intervals) and thsteps through the items in this order and makes
an irrevocable decision (accept or reject in the case ofval®) about each one based on the decisions it
has made about previous ones. This assignment of decigidteris defines the algorithm’s output. In
[2, 11], we extend this model to capture many algorithms gelyeconsidered to be dynamic programming
algorithms. We show many lower bounds in these models wHiatekcribe and interpret momentarily, but
here I'll try to illustrate how they can guide the search femnalgorithms in a positive sense. For one thing,
the model points out very clearly what is needed to consanetigorithm. In the case of greedy algorithms,
you plug in an ordering and a decision-making procedure, yandhave a greedy algorithm. Dynamic
Programming can be broken down into similar simple requéneis: This intuition guided us to find a new
algorithm for 2SAT which fits into one of our models [2]. On thther hand, it is sometimes possible to move
backwards from an algorithm in the model to a more intuitiyaaimic programming understanding of the
algorithm. In this way, the 2SAT result inspired my work ir8[1L4], where we use dynamic programming
(in the usual, informal sense) to give, as far as we know, tisé iolynomial-time algorithms for finding

a minimum unsatisfiable subset and, more intricately, amuni Resolution refutation of a set of 2CNF

1Excluding, of course, those people who have worked on faminglthem before.



clauses. These algorithms contrast with known hardnesfsder finding a maximum satisfiable subset of
a set of 2CNF clauses and a minimum unsatisfiable subset bbatdern clauses. Finally, the formalization
of Borodin, Nielsen and Rackoff allowed [27] to search fowredgorithms in a very interesting way: they
begin with a greedy algorithm (in the formal sense) and defidistribution of algorithms which are defined
as probabilistic modifications of the original algorithmhely show empirical evidence that this process can
improve the original algorithm. | think that extending thenethods to our stronger model of dynamic
programming could yield a very powerful framework for fingialgorithms.

One of the remarkable aspects about our model for dynamgrgmoming is that it allows us to prove lower
bounds on problems that are tractible for some other alguorit technique, but do not seem to have dynamic
programming solutions. First, however, a little more degaithe model. The way we extend the [9] model
for greedy algorithms is by allowing an algorithm to branchseveral decisions for an item, rather than just
one. Hence an execution of an algorithm creates a tree whiokle gorresponds to the number of partial
solutions we need to consider at any given time, or, to the sfzthe table in a dynamic programming
solution to the problem. For example, thremachine interval scheduling problem with proportionabfjir

is traditionally solved using a dynamic programming altfori with a table of size (and hence a running
time of at leastp™. This algorithm fits into our weakest model of dynamic prognaing with widthO(n™).

On the other hand, we can prove that no algorithm in this modelimprove on this width, suggesting
that all dynamic programming solutions to this problem fega table of sizeD(n™). There is also a
more complicated, network-flow-based algorithm for thebjgm due to [4] that achieves a running time
of O(n?logn) for constantm. So, this shift of algorithmic technique appears to be reagsfor improved
performance! Another such example is the problem of maxinbiypartite matching. The classic Ford-
Fulkerson result tells us that we can solve this problem lwak flow (or by linear programming with
zero rounds of LS). On the other hand, our strongest modeymdmic programming requires exponential
width to solve the problem.

As an example of how these very issues can arise in integegkittes, consider the bioinformatics problem
of homology search: that is, given two genomes, find simégians in them. Essentially, this is a version of
the classic problem of computing edit distance, which, airse, has a very natural dynamic programming
algorithm. The standard dynamic programming algorithm iglmtoo slow, however, for homology search
applications. Instead, people have moved to more heurigtitiods. Wouldn't it be nice to know that we

can't get the required performance out of any dynamic prognang algorithm (or, even better, that we

can)? The above model offers hope towards this goal.

Backtracking Algorithms

The last class of algorithms I'll discuss are backtrackitgpathms, specifically as applied to the problem
of satisfiability for formulas in conjunctive normal formu&h algorithms are often called DPLL algorithms
(for Davis, Putnam, Logemann, Loveland). They are curyenylfar the most popular and useful algorithms
for solving satisfiability and doing automated theorem prgun practice. In fact, they are so successful
in the satisfiability domain, that a common approach to sghather NP-hard problems is to reduce them
to SAT and use these algorithms to solve the resulting isstanintuitively, such algorithms work by

selecting a variable of the formula, selecting a value (tuglse) for that variable, and then recursing on
the simplified formula where that variable is set to the chosdue. When the recursive call returns, if no

2At Simon Fraser University, David Mitchell and Eugenia Tarska have initiated the MX-Project to harness the powerdf S
algorithms to solve NP-hard search problems, as well asidecproblems, in a seamless way by using reductions gty
Fagin’s Theorem. The emphasis here is to make it easy on #ndysllowing her to model her problem at a very high level.



satisfying assignment has been found, the algorithm thie®ther value for that variable.

When run on unsatisfiable CNF formulas, as is often the casgjitications such as automated theorem
proving, DPLL algorithms produce various types of Resoluiproofs of the unsatisfiability of the formula.
Hence, one can look at DPLL algorithms as algorithms fordeag for Resolution proofs. There is a
spectrum of restricted types of Resolution proofs, stgrtiith tree-like Resolution (the weakest, and the
one produced by the more classical DPLL algorithms), anihgndith general Resolution. Of course there
is a trade-off here: the more we restrict the form of the prttod easier the search problem may become,
but the longer the proofs will be. Abstracting DPLL algonith to this level and analyzing the structure
of tree-like Resolution proofs led Ben-Sasson and Wigdeigpto an algorithm which finds a tree-like
Resolution proof of an unsatisfiable 3CNF formula in tig&'°9", wheren is the number of variables

in the formula andS is the length of its shortest tree-like Resolution proof, @onost polynomial inS).
Unfortunately, there are hardness results against segréhi general Resolution proofs efficiently [3], but
in [15] we analyze many restricted types of Resolution anttkale that some may be better to search for
than others. In particular, we show that negative resalytichich is used in constraint-satisfaction solvers,
is strictly stronger than tree-like Resolution, but styisteaker than general Resolution. Hence, there may
be an algorithm that searches for negative Resolution prihait gets better performance than those which
search for tree-like Resolution proofs. On the other haredskow that linear Resolution proofs, a popular
search strategy related to the implementation of Prolomsisas hard to search for as general Resolution
proofs, so it may be more beneficial to search for more réstritypes of proofs.

In [2] we prove a lower bound on a large class of DPLL algorghwhen run onsatisfiableformulas
(that is, our model for dynamic programming amazingly alaptares many algorithms considered to be
backtracking). Such a lower bound is rare because we cappegthto the Resolution proof machinery, and
therefore it required introducing many new techniques. @irse, no one expected this class of algorithms,
or any given class of algorithms, to solve every SAT probldinsiently, but another benefit of being able to
prove lower bounds is that it allows us to identify, in a fotre@nse, exactly which instances of a problem
are hard for a particular type of algorithm. In this case thel examples we use are efficiently solvable by
Gaussian elimination.

From Lower Bounds to Upper Bounds

So far | have been arguing that this so-called algorithmiogexity theory may be more relevant to algo-
rithm designers than traditional complexity theory. | algant to point out, again using my research and
related research as examples, that lower bounds for adlttcomplexity classes are sometimes intertwined
with the existence of efficient algorithms. In particulasetimes proving that a certain problem is hard for
a certain mode of computation implies that a different peabis easy for a different mode of computation.
Also, sometimes the proof of a lower bound requires the éhtetion of new and useful algorithms.

As afirst example, let us consider cryptography, which,fklii’'s fair to say, is an important subject for both
computer scientists and civilians. Many essential crygatplic protocols (RSA, for example) are predicated
on the existence of one-way functions. One-way functiamgjin, imply the existence of problems that are
solvable inNP, but that are hard to solve in the average case for polynetmial probabilistic algorithms.
So, a lower bound against such algorithms would not immelgiamply, but is a necessary step towards,
truly viable cryptography. Of course, we do not even knovwhdre is a problem iftNP that is hard in the
worst-case for probabilistic algorithms, but there hasbedong line of research showing that if there is



a problem inNP that is mildly average-case hard, then there is one thatrisaxerage-case hatdSuch
results are calledhardness amplificatiomesults. In [10] we continue this line of research by givimg a
alternate proof of the best-known hardness amplificatisalt@gainst uniform algorithms, due to Trevisan
[35, 36]. The advantage of our proof is that it makes cledrerrble of error-correcting codes in such a
result, which is good because error-correcting codes heweep extremely useful in this domain before
(e.g. [34]) and seem to avoid certain inherent limitatiom®ther techniques. This brings me to another
algorithmic benefit of hardness amplification. Efficient arelv constructions of error-correcting codes
have been inspired by the problem of hardness amplificatiointlze techniques that have been developed
for it (e.g. [35]). In our case, we study how efficient codes ba when the encoding function is monotone;
such codes may be of some independent interest. But it daawhWwith error correcting codes! One of the
seminal papers in hardness amplification by Impagliazzpfgatures the discovery of a boosting algorithm
which has had a major impact on machine learning [25].

The second example is the famous hardness-randomnessftifadée noted by Blum and Micali, and Yao
[8, 37] and exploited in many subsequent papers ([30, 23atoenjust a couple). Very roughly, if there
are families of boolean functions that can be computed averponential time by uniform algorithms, but
which cannot be computed by small boolean circuits, thedoamzed algorithms can be derandomized.
Many computer scientists challenge the importance of dinaiizing algorithms when there are so many
randomized algorithms in use that seem to work perfectly amrd very efficiently. The reality remains,
however, that generating bits which we think are close tdoamnis expensive and often involves observing
various random-looking natural processes. Typicallyracfice we try to get by with bits that are generated
by pseudorandom processes where the emphasis is peehdothat is, there is no real justification of their
randomness and certainly no reason to trust mission-arigkecutions of randomized algorithms to them.
Another benefit of the harndess-randomness tradeoff is degending on how strong a lower bound we
can prove against boolean circuits, this tradeoff could déxy ¥mportant for constructing random-looking
combinatorial objects, such as optimal expander graphghwiave proven exceptionally useful in many
aspects of computer science. Of course, proving lower tofordexplicit functions against boolean circuits
is one of the major open questions in theoretical computense. In [16], however, we look at the problem
of improving circuit lower bounds. More specifically, if wesagiven a boolean function requiring circuits of
sizes, can we compress it efficiently into a smaller function thiditrequires circuits of siza? Under certain
conditions, we show that such a transformation can be aethjalthough we also give strong evidence that
it cannot be done in general. One of our algorithms for suchraptession uses a new construction of a
certain type of covering code, analogously to the way thediess amplification uses constructions of error
correcting codes.
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