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Abstract. Graph-theoretianodelshave cometo the forefront as someof the
mostpawerful andpracticalmethodgor sequencassemblySimultaneouslythe
computationahardnes®f the underlyinggraphalgorithmshasremainedopen.
Herewe presentwo theoreticakesultsaboutthe compleity of thesemodelsfor
sequencassemblyln the rst part,we shav sequencassemblyto be NP-hard
undertwo differentmodels:string graphsand de Bruijn graphs.Togetherwith

anearlierresulton the NP-hardnessf overlapgraphsthis demonstratethatall

of thepopulargraph-theoretisequencassemblyparadigmsareNP-hard.In our
secondresult,we give the rst, to our knowvledge,optimal polynomialtime al-
gorithmfor genomeassemblythat explicitly modelsthe double-strandednesd
DNA. We solve the ChinesePostmanProblemon bidirectedgraphsusing bidi-
rected ow techniquesand shaw to how to useit to nd the shortestdouble-
strandedDNA sequencavhich containsa given setof k-long words. This algo-
rithm hasapplicationgo sequencindpy hybridizationandshortreadassembly

1 Intr oduction

Most currenttechnologiedor sequencinggenomegely on the shotgunmethod- the
genome(or its portion) is brokeninto mary small sgments(reads)whosesequence
is thendeterminedThe problemof combiningthesereadsto reconstructhe source
genomeis known as sequencdor genome)assemblyandis one of the fundamental
algorithmicproblemswithin bioinformatics.Onebasicassumptiormadeby assembly
algorithmsis thatevery readin the input mustbe presenin the original genomeThis
follows from the factthatit wasreadfrom the genomeMotivatedby parsimoly, some
methodamadeanotherlessjusti able assumptionthatthe original genomeshouldbe
theshortessequencéhatcontainseveryreadasasubstring Thisassumptiomeadto the
castingof the genomeassemblyproblemasthe ShortestCommonSuperstring SCS)
problemwhichis known to be NP-hard[4].

Theproblemof modelinggenomessemblyasthe SCSproblemis thatmostgenomes
have repeats- multipleidentical,or nearlyidentical,stretchesf DNA, while the SCS
solutionwould representachof theserepeatonly oncein theassembledenomeThis
problemis known asover-collapsingthe repeatsOneway of solving this problemis
to build representatie stringsor structuredor eachrepeatandallow the assemblyal-
gorithmto usethesemultiple times.Pevzneretal. [12] hadtheinsightthatby dividing
the readsinto shorterk-long stretchegcalled k-mers),all of the instanceof a repeat
collapseinto a singlesetof vertices.They represeneachreadasawalk onadeBruijn
graph(de ned below), andthe assemblycouldthenberepresentedsa supervalk — a
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Fig. 1. A. An exampleof doublestrandedDNA. The sequenceeadfrom this DNA canbeeither
ATTGCC or GGCAAT. B. Threepossibletypesof overlapsbetweentwo reads:eachreadcan
bein eitherof two orientationsput two of the casegboth to the left andbothto theright) are
symmetric.C. Thethreecorrespondingypesof bidirectededgesThe left nodecorrespondso
thelower read.Note thatthe arrav pointsinto a nodeif andonly if the overlapcoversthe start
(5") of theread.

walk thatincludesall of theinputwalks.In this formulationevery edgeof thede Bruijn
graphhasto be presentn ary solutionand canbe usedmultiple times. The solution
to the assemblyproblemis formulatedasa variationon nding an Euleriantour, and
becausehe Euleriantour problemis solvablein polynomialtime this leadto the hope
of apolynomialalgorithmfor sequencassemblyThis approactwaslaterexpandedo
A-Bruijn graphg13], wheretheinitial subdvisioninto k-mersis notnecessanbut the
basicalgorithmicproblemof searchingor a supervalk remains.

Myers[10] providesfor analternatve modelof sequencassemblyusinga string
graph.Insteadof dividing the readsinto k-mers,he builds an overlapgraph— a graph
wherenodescorrespondo readsand edgescorrespondo overlaps(the pre x of one
readis thesufx of the other).Throughthe procesf remaving redundanedgesheis
ableto classifyall edgesaseitherrequiredor optional,andthe goal of the assemblyis
to nd theshortestvalk whichincludesall of therequirededgesThe mainalgorithmic
differencebetweerthe de Bruijn / A-Bruijn andthe string graphmodelsfor sequence
assemblyis that while in the latter someedgesare requiredand othersare optional,
in the former all edgesare required,but walks have beenpre-speci edand mustbe
includedin the solution.In our rst result,we shawv thatsequencassemblywith both
stringgraphsanddeBruijn graphdgs NP-hardby reductionfrom HamiltonianCycleand
ShortestCommonSuperstring respectiely. Together thesetwo proofs demonstrate
that both of the populargraph-theoreticsequencassemblyparadigmsare unsohable
by optimal polynomial-timealgorithmsunlessP = NP.

Another algorithmic problem facedby assemblyalgorithmsis the treatmentof
double-strande®NA (seeFigure1A). A DNA moleculeconsistof two strandswvhich
arereversecomplimentsof eachother The start(called5") of one strandis comple-
mentingthe end(called 3") of the other Whene&rer DNA is sequencedthe molecule
is alwaysreadin the samedirection,from 5' to 3', but it is impossibleto know from
which of thetwo strandghe sequencés read.Many sequencassemblalgorithmsuse
heuristicsto determinehestrandfor eachread.The EULER method[12] useshoththe
readsandtheir reverse-complements build the de Bruijn graphandsearcheseuristi-
cally for two “complementary’paths.In thework of KececiogluandMyers[6] strand
selectionfor areadis formulatedasthe NP-hardmaximumweightcut problem.



In 1992, Kececioglu[8] introducedan elegant methodfor dealingwith double-
strandednesisy modelingoverlapsbetweerDNA moleculesusinga bidirectedgraph.
Eachreadis representedby a singlenode,andeachoverlap(edge)hasan orientation
at bothendpointsThe threetypesof bidirectededgescorrespondo the threepossible
ways in which the overlap can occur (seeFigure 1B & C). Bidirectedgraphswere
further usedfor sequenceassemblyin [9,10] andto modelbreakpointgraphsin [7].
Remarkablyhowever, bidirectedgraphshave beenstudiedwithin the contet of graph
theoryalreadyin the1960swhenEdmonddormulatedthe problemof bidirectedo w (a
generalizatiorof network o w to bidirectedgraphs)andshovedit equivalentto perfect
b-matching$l]. Edmondswork waslaterextendedoy Gabav [3], whogavethefastest
to-datealgorithm for bidirected o w. In our secondresult, we extend Gabav's and
Edmonds'work to give a polynomialtime algorithmfor solving the ChinesePostman
Problemin bidirectedgraphs By combiningthis algorithmwith Pesznerswork on de
Bruijn graphg11, 12] andKececiogluswork on modelingstrandednessith bidirected
graphs[8], we shav how it canbe usedto nd the shortest(double-strandedPNA
sequence&vith agivensetof k-long DNA fragmentsTo the bestof ourknowledge this
is the rst optimalpolynomialtime assemblyalgorithmwhich explicitly dealswith the
double-strandedatureof DNA.

2 Preliminaries

In this sectionwe give thebackgroundandde nitions neededor therestof this paper

2.1 Strings, Overlap Graphs, de Bruijn Graphs, and Molecules

Let v andw betwo stringsover the alphabety. The concatenatiomf thesestringsis
denotedasv - w. Thelengthof v is denotedoy |v|. Thei" charactenf v is denoted
by v[i]. If 1 < i < j < |v], thenv[s, 5] is the substringbeginning at the i™" position
andendingat the 5™ position,inclusive. If thereexistsi, j suchthatv = wli, j], then
we sayw is a substring of w. For z € X, z* is x concatenatesvith itself k£ timesif
k > 1, ande otherwise A stringof lengthk is calleda k-mer. The k-spectrum of v
is thesetof all k-mersthataresubstring®f v. A k-moleculeis a pair of k-merswhich
arereversecomplimentsof eachother We saya k-moleculecorrespondsto eachof
its two constitutive k-mers.The k-molecule-spectrumof a DNA moleculeis the set
of all k-moleculesorrespondingo the k-mersof the k-spectrunof eitherof the DNA
strands.

We sayw overlaps v if thereexists a maximallength non-emptystring z which
is apre x of w andasufx of v (noticethis de nition is not symmetric).The length
of the overlapis ov(v,w) = |2|. If w doesnot overlapv thenov(v,w) = 0. Let
S = {s1,..., s, } beasetof non-emptystringsoveranalphabetr. An overlap graph
of S is a completeweighteddirectedgraphwhereeachstringin S is a vertex andthe
lengthof theedger — y is |y| — ov(z,y).

We sayw is a superstring of S if for all 4, s; is a substringof w. The Shortest
Common Superstring (SCS) problemis to nd the shortestsuperstringof S. It was
provento be NP-hardfor | Z| > 2 [4,5]. We de ne the de Bruijn graph BX(S) asa
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w1 |o |0o]o |-1
X |-1]1 [0 ]-1 |1
Y o [-1]2 |0
z 0 0|1

Fig. 2. This is anexampleof a bidirectedgraphandits incidencematrix. We drawv an edgethat
is positive incidentto a vertex usinganarrow thatis pointing out of the vertex, but this choiceof
graphicalrepresentatiors arbitrary

directedgraph,usinga positive integer parameteik. The verticesof B¥(S) are{d €

X* | 3i suchthatd is a substringof s;}. We identify a vertex by the k-mer associated
with it. We atusenotationhereby referringto avertexin B*(S) by thek-merassociated
withit. Theedgesare{d[1..k] — d[2..k+1] | d € X**1 3i suchthatd is a substringof s;}.

2.2 Bidir ectedGraphs and Flow

Consideran undirected(multi) graphG with a setof verticesV and a setof edges
E. The multiplicity of an edgee is the numberof edgesin G whoseendpointsare
thesamease's If the endpointsaredistinct, the edgeis calleda link, otherwiseit is a
loop. Additionally, we assignorientationgo the edgesEverylink hastwo orientations,
onewith respecto eachof its endpointswhile every loop hasoneorientation.There
aretwo kinds of orientations- positive andnegative — andthuswe cansayan edgeis
positive-incident or negative-incident to an endpoint.Whentaken togetherwith the
orientationof its edges( is calledabidir ectedgraph. If thereis additionallyaweight
functionw, associateavith the edgeswe saythe graphis weighted Theweightof a
graphis the sum of the weightsof its edgesA bidirectedgraphis connectedif its
underlyingundirectedyraphis connected.

The orientationsof the edgescan be representedy an incidence matrix I¢ :
V x E — {-2,-1,0,1,2} (we omit G whenit is obvious from the contet). If
anedgee is notincidentto a vertex z thenI(z,e) = 0. For alink e anda vertex z,
I(z,e) = +1if e is positive-incidentto z, andI(z,e) = —1 if e is negative-incident
to z. For aloop e anda vertex z, I(z,e) hasthe valueof +2 if e is positive-incident
to z, andthe value of -2 if e is negative-incidentto z. SeeFigure 2 for an example
of a bidirectedgraphandits incidencematrix. The in-degree of a vertex z in graph
G isde ned asdeg; (z) = — X (.cp | 1(z,e)<0} 1 (2, €). Similarly, the out-degreeis
de nedasdeg; (z) = 2o {ecE | I(z,e)>0} L (Z:€). Letbal®(z) = degf;(z)—degy (z) =
> I(z, e) bethebalanceateachvertex. G is balancedif thebalanceof eachvertexis 0.

A (z1,zr)-walk is asequences, e, . .., Tp—1,€x—1, T, Wheree; is anedgeinci-
dentto z; andz; 1, andforall 2 < i < k — 1, e;—1 ande; have oppositeorientationsat
x;. Sincethe speci cation of verticesis redundantye may omit themsometimesand
specifyawalk asjustasequencef edgesA walk is saidto becyclical if its endpoints



arethe sameande; ande,_; have oppositeorientationsat ;. A bidirectedgraphis
strongly connectedif it is connectedandfor every edgethereis a cyclical walk con-
tainingit.

Notethatwe canview alooplesdlirectedgraphasaspeciakind of bidirectedgraph,
whereevery edgeis positive-incidentto one of its endpointsand negative-incidentto
the other one. In this case,the de nition of a walk reducesto its usualmeaningin
directedgraphs.However, thereare somecaveats.For example,it is possiblefor the
shortestwalk betweentwo verticesto repeata vertex in a bidirectedgraph.In Figure
2, obsenre thattheredoesnot exist a walk betweeni¥ and Z which doesnotrepeata
vertex, somethinghatis not possiblen adirectedgraph.

A Chinesewalk is a cyclical walk that traversesevery edgeat leastonce.Given
a weightedbidirectedgraph,the Chinese Postman Problem(CPP)is to nd a mini-
mumweightChinesewalk (calleda ChinesePostmanTour), or reportthatonedoesnt
exist. An Eulerian tour of a graphis a cyclical walk that containsevery edgeof the
graphexactly once,anda graphwhich containsan Euleriantour is called Eulerian.
Thefollowing is ageneralizatiorof a well-known factfor directedgraphswhoseproof
is almostidenticalto the directedcaseandis thereforeommited.

Lemma 1. AbidirectedgraphG containsanEuleriantour if andonlyif it is connected
andbalanced.

Given a bidirectedgraphG, andvectorsa,b € ZV{% andd,c,w € ZF), a
minimum cost bidir ected o w problem[14] is an integer linear programwherethe
goalisto nd z € Z (9 thatminimizesw - = subjectto theconstraintshatd < z < ¢
anda < I¢ - z < b. Here,- refersto theinnerproductbetweertwo vectors,and< is a
component-wiseomparisoroperator

3 The String Graph Framework

In [10], Myers introducesa string graphframework for sequencessemblyA string
graphis built from an overlapgraphthroughthe processof transitively inferableedge
reduction— whenever y and z overlap z, and z overlapsy, the overlapof z to z is
saidto beinferablefrom the othertwo overlapsandis removedfrom thegraph.Myers
demonstratea fastalgorithmfor removing transitvely inferableedgedrom thegraph,
which,in combinationwith statisticalmethodsassociatea "selection” constraintwith
eachedge Theselectiorconstrainstateghattheedgemustappeain thetargetgenome
eitherat leastonce(it is required), exactly once(it is exacf), or ary numberof times
(it is optional). Thekey propertyof stringgraphss thatany cyclical walk thatrespects
the selectionconstraintgepresents valid assemblyof the genomeandthe weight of
the walk is the length of the assembledjenome After building the string graph,the
algorithmicproblemis to nd a cyclical walk thatvisits eachedgein accordanceavith
its selectiorconstraintAppealingto parsimoly, thegoalisto nd awalk with minimum
weight.In this sectionwe shav thatthis problemis NP-hard.

Formally, a selectionfunction s is a function that classi es eachedgeinto one
of three catagyories:optional, required, exact We call a walk which containsall the
requirededgesat leastonce, all the exact edgesexactly once,and all the optional



edgesany numberof timesan s-walk. The Minimum s-Walk Problem(MSWP) for
a weighteddirectedgraph G and a selectionfunction s is the problemof nding a
minimumweightcyclical s-walk of G, or reportthatonedoesnt exist.

Theorem1. TheMinimums-Walk Problemis NP-hard.

The proof works by reducingthe HamiltonianCycle problemin directedgraphs
to MSWRP A cycle is Hamiltonianif it visits every vertex exactly once.The reduction
works by splitting eachvertex into 'in' and'out’ counterpartsand addinga required
edgebetweenthem, while makingall otheredgesoptional. Having optionaledgesis
essentiafor thereduction;if they arenot presentthe problemcanbeefciently solved
usinga variantof the algorithmof Section5.1. Also notethatin [10] the edgesof the
string grapharebidirectedin orderto re ect the doublestrandednessf DNA. Since
directedgraphsarea specialtype of bidirectedgraphs,Theoreml holdsfor bidirected
graphsaswell.

Proof. Let G beadirectedgraph,with verticesv, . .., v,, for which we wishto nd
aHamiltoniancycle. Let G’ be a directedgraphwith vertex set{v; , v} | 1 < i < n}
andedgesetO U R, whereO = {v{ = v | (i = v;) € E(G)} andR = {v; —
vi | 1 <14 < n}. Theweightof eachedgeis 1. Let s beaselectionfunctionon G’ that
labelsall the O edgesasoptionalandall the R edgesasrequired We shaw thatG has
aHamiltoniancycleif andonly if G’ hasa cyclical s-walk of weightat most2n.

First, supposeC = v;; — ... = v;, — vy, IS a Hamiltoniancycle of G. Then
C'=v;, s vl s, s of 5. v > of -0 isacyclical s-walk
in G’ of weight2n. For the otherdirection,let C' bea cyclical s-walk in G’ of length
atmost2n. Becausehe R edgesform amatchingandall . of themmustbein C’, the
edgesf C' mustalternatebetweenk andO edgesandthushave atotal of n edgesof
eachkind. If we remove all the R edgesrom C' andmapall theverticesof C’ to their
counterpartén G, we geta Hamiltoniancycle of G. O

4 The deBruijn Graph Framework.

Oneof the original graph-theoretiédramenorks for sequencessemblywas proposed
by Pevzner, Tang,andWatermarin [12]. They notethatby tiling everyreadby (k+1)-
mersthey canview the readasa walk in a de Bruijn graph,wherethe verticesare
k-mersandedgesare (k + 1)-mers.Thus,ary walk thatcontainsall the readsassub-
walksrepresents valid assemblyConsequentlythey formulatethe assemblyroblem
as nding theshortessupervalk, a problemcloselyrelatedto the polynomialtime Eu-
leriantour problem(which waspreviously usedto solve the problemof sequencindpy
hybridization[11]). Whatwe shaw in this sectionis thatthedeBruijn graphframework
doesnot make the problemof readassemblymoretractable.

LetS = {s1,...,8,} beasetof stringsover analphabet® andlet G = B*(S)
bethe de Bruijn graphof S for somek. The stringss; correspondo walksin B*(S)
via thefunctionw(s) = s[1..k] = s[2.k+ 1] — ... — s[|s| — k + 1,|s]]. A walkis
calleda superwalk of G if, for all 4, it containsw(s;) asasubwalk. Thus,a supervalk
representavalid assemblyof thereadsnto agenomeWithin this frameawork, thegoal



Fig. 3. An exampleof thereductionfrom ShortesCommonSuperstringo De Bruijn Supervalk.
Thesetof stringsS is overthealphabef A,C,G, T}, andthegraphdravnis B2 (£(S)). Thecycles
in theedgedecompositiorareC4, Cc, Ce, Cr andhave threeedgesach.As anexample,the
walk w(f(ATT)) startsatthe centralnodeandis C4 followedby Cr followedby Cr again.

of nding aparsimoniougenomeassemblysto nd aminimallengthsupervalk. The
assemblalgorithmof [12] looksfor sucha supervalk, however, it usesheuristicsand
may not producethe correctanswer

Formally, givena setof stringsS asde ned above anda positive integer k, the De
Bruijn Superwalk Problem(BSP)isto nd aminimumlengthsupervalkin B*(S), or
reportthatonedoesnot exist. Obsene thatsinceevery edgein B*(S) is coveredby at
leastonewalk w(s;), asupervalk will traverseevery edgeatleastonce.We shallshov
thatBSPis NP-hardby areductionfrom the ShortesCommonSuperstrindSCS)prob-
lem. Informally, we will transforma stringby inserting®* in betweerevery character
aswell asin thebeginningandend,where< is a specialcharactethatdoesnot appear
in theinput strings.For example, we transformthe string'abc' into ' G*ad*bOkcOk!,
This transformatiorpreseresoverlapsandintroducesa &* overlapbetweerotherwise
non-overlappingstrings.Theideais thatwhile a superstringcanbe built by appending
non-overlappingstrings,a supervalk mustcorrespondo a string built by overlapsof
atleastk charactersSeeFigure3 for anillustration of the de Bruijn graphon a setof
transformedstrings.

Theorem2. TheDe Bruijn SuperwalkProblemis NP-haud, for | X| > 3 andfor any
positiveinteger k.

Proof. SCSis NP-hardevenif thesizeof thealphabeis 2 [5]. We reduceaninstance
of SCSto aninstanceof BSP which hasan additionalcharacter® in the alphabet.
Let S = {s1,...,s,} bethe setof stringsof an SCSinstanceand X' be the setof
charactersippearingn S. We de ne afunction f(s)[i] for 1 <4 < k(|s| + 1) + |s| as
follows: For all ¢ divisible by & + 1, f(s)[i] = s[#]. For all otheri, f(s)[i] = <. Let
G = B*(f(S)), wheref(S) = {f(s;) | 1 <i <n}.

We rst make someobsenationsaboutG, which follow directly from the de ni-
tion of de Bruijn graphsandfrom f. Theverticesof G, which arethe k-mersappear
ing in f(S), are {O*} U {OF-ig0i~1 | z € X,1 < i < k}. The edgesof G are
{E, | * € X}, whereE, = {OF - Ok 1z} U {20k - Ok} U {OF-igoi-t
Ok=i=1x04 | 1 < i < k — 1}. The edgesetof G forms a disjoint union of cycles



Uses Cay WhereCy = OF o OF1g 5 OF=220 — .. 5 OzOF=2 5 2Ok
OF. We alsonotethatw(f(s;)) = w(OFs;[1]OF ... OFg[|s]]OF) = Cyypp = ... —
Cs;[1s;]- For anillustrationseeFigure3.

Now we shaw thatthelengthof theshortessupervalk of G is k + 1 timesthelength
of theshortessuperstringf S. First, suppose is asuperstringf S. Letw = Cyjy) —
... = Cypsp7- We claim thatw is a supervalk of G of length|s|(k + 1). We have to
show thatw(f(s;)) is asubwalk of w for all i. Sinces; is asubstringof s, thereis some
j andk suchthats; = s[j, k]. Then,w(f(s;)) = Cy5 — ... = Cyx), Whichis indeed
asubwalk of w.

Now, supposew is a supervalk of G. Every edgethat appearseforethe rst &
andafterthelast ©* in w canberemovedfrom w while preservingt asa supervalk.
Thereforewe canassumehatthe rst andlastvertex of w is ©*, andw canbeuniquely
expressedasa sequencef cyclesCy, — ... — Cj ,, .Lets' = ji - ja-- -j’%. For

E+1
all 4, sincew(f(s;)) is asubwalk of w, we canwrite+it asw(f(s;)) =Cj,, = ... >

C;j .., _forsomem.By de nition, w(f(si)) = Cs;1) = --. = Cs,[js;))- Sincethe
m+ﬁ—1

decompositiorof awalk into cyclesC,, is unique we concludethats; [k] = jy4x—1 for

1 <k < |s;|. Thereforeg; is asubstringof s, ands is asuperstringpf Iength%. O

5 Assemblyof Double-StrandedDNA with Bidir ectedFlow

In this section,we demonstratehe rst, to our knowledge,polynomialalgorithmfor

assemblyof a double-strandedienome.First, we give a polynomial time algorithm
for solving the ChinesePostmanProblem(CPP)on bidirectedgraphs.Subsequently
we will showv how to constructa bidirectedde Bruijn graphfrom the setof k-long

moleculeghatarepresentin it (the k-molecule-spectrumBy solvingthe CPPon the

resultinggraphwe are ableto reconstructhe shortestDNA moleculewith the given

k-molecule-spectrum.

5.1 The Bidir ectedChinesePostmanProblem

Givenaweightedbidirectedgraph@G, recallthatthe ChinesePostmarProblem(CPP)
isto nd aminimumweightChinesewalk of G, or reportthatonedoesnot exist. CPP
is polynomially time solvable on both undirectedand directedgraphg[2]. It becomes
NP-Hardon mixed graphswhich aregraphswith both directedandundirectededges
[5]. For undirectedgraphs,CPPis reducibleto minimum costperfectmatchings For
directedgraphsit is reducibleto minimumcostnetwork o w. In this section,we give
anef cient algorithmfor solving CPPon bidirectedgraphsvia areductionto minimum
costbidirected o w.

Wewill shav in Lemma2 thatfor G to have aChinesawvalk it is necessarandsuf-
cient for it to bestronglyconnectedTo nd amin-weightChinesewalk, rst consider
thecaseG is Eulerian. An Euleriantourof G is alsoaChinesewalk, sinceit visitsevery
edgeexactly once.Furthermoresincearny Chinesewalk hasto visit every edgeat least
once,the Euleriantour is alsoa Chinesepostmantour. In the generalcase however,
whend is notEulerian ourapproaclis to make thegraphEulerianby duplicatingsome



. if G is notconnectedhen return "no Chinesewalk exists”

: Usealgorithmof [3] to solve the correspondingninimum costbidirected o w (seetext).
. if thereis nosolutionthen return "no Chinesewalk exists”

. Let G’ bethegraphG with f. copiesof every edgee, in additionto ¢ itself.
Useastandardalgorithmto nd anEuleriancircuit C of G.

RelabelC accordingo Theoren3.

return C

NoOo A WNE

Fig. 4. Algorithm for the ChinesePostmarProblemon bidirectedgraphs.

of theedgesandthenusingastandaralgorithmto nd anEuleriantour. We shallprove
thatif we minimizethetotal weightof the duplicatededgesthe Euleriantour we nd
in themodi ed graphwill correspondo a Chinesgpostmartourin theoriginal graph.

Formally, we saya graphG’ is anextensionof G if it canbe obtainedfrom G by
duplicatingsomeof its edgesThe Eulerization Problem (EP)isto nd amin-weight
Eulerianextensionof G, or reportthatonedoesnot exist. Thefollowing theoremshows
thatCPPandEP arepolynomially equivalent.

Theorem 3. Thele existsa Chinesewalk of weight: if andonly if there existsan Eule-
rian extensiorof weighti. Moreover, they canbederivedfromead otherin polynomial
time

Proof. For the only if direction,let W be a Chinesewalk in G. Let W bethe graph
inducedby W, wherethe multiplicity of eachedgeis thenumberof timeit is traversed
by W. Then¥ is anextensionof G becauséV’ visits every edgeatleastonce. Also W
is anEuleriancircuit of W whoseweightis thatof W . ThusT is anEulerianextension
of G with weightof W'.

For theif direction,let G' be an Eulerianextensionof G. Let W' be an Eulerian
circuitin G'. Constructi?V from W' by replacingevery edgee’ ¢ G by anedgee € G
suchthate’ is aduplicateof e. W is thusavalid cyclical walk in G which visits every
edgeatleastonceandwhoseweightis the sameasthatof W' andof G'. O

Now, we give an algorithm for the EulerizationProblem.First, we considerthe
casethat G is not connectedSinceary extensionof G will alsonot be connected,
our algorithm can safely reportthat thereis no Eulerianextensionof GG, and hence
no Chinesewalk. For the casethat G is connectedwe formulate EP as a min-cost
bidirected o w problem First,werepresenanextensionG’ of G with | E(G)| variables,
whereeachvariablef. representthe numberof additionalcopiesof edgee in G'. It is
clearthatan assignmenbf non-neyative integersto thesevariablescorrespondso an
extensionof G, andvice-versa.Now, we would like to formulateEP in termsof these
variablesinsteadof in termsof an extension.The minimizationcriterionis the weight
of theextensionwhichis > w. (1 + f.). ThecriterionthatG' is Eulerianis, by Lemma
1, thecriteriathatit is connectec&aindbalancedThe connectvity criterionis redundant
sinceG is connectedndthusary extensionof G mustalsobe connectedThebalance
conditionfor eachvertex z canbestatedas: ", I¢(z, ) - f. + bal®(z) = 0. Thatis,
the balanceof z in G’ is the balanceof z in G plusthe contribution of all the copied
edgesWe arenow ableto formulateEP asthefollowing integerlinearprogram:



minimize Z We fo
subjectto Y~ I%(z, e) f. = —bal®(x) for eachvertex x

fe>0 for eachedgee

Fromthede nition in Section2.2,thisis actuallyaminimumcostbidirected o w prob-
lem, which canbe solvedusingGabav's algorithm[3]. Our nal algorithmfor CPPon
bidirectedgraphsis givenin Figure4. For therunningtime, we needto boundthe size
of thesolution:

Lemma 2. G hasan Eulerian extensionif and only if it is strongly connectedMore-
over, themin-weightEulerianextensiorhasat most2|E||V'| edges.

Proof. If G hasan Eulerianextension,thenit mustbe connectedandfor every edge
thereis a cyclical walk containingit (namelythe oneinducedby the Eulertour). Con-
versely supposédhatG is stronglyconnectedFor every edge we canduplicateall the
otheredge=f the shortestyclical walk thatcontainit, thusbalancingthe graph.Now,
supposes’ is a min-weightEulerianextensionof G. We candecomposé&’ into a set
of minimal cycles.Eachcycle mustcontainanedgethatno othercycle contains pther
wiseit canberemovedfrom G’ to geta smallerweightextension.Therefore thereare
atmost| E| cycles,andeachcycle containsat most2|V| edges. O

Gabav's algorithmrunsin time O(|E|? log(|V|) log(C)), whereC is the largestca-
pacity (C = maxc(e) using the de nition of Section2.2). By the abose lemma,
C = O(|V]?) if the graphis simple, so the runningtime for nding the ow, and
thusfor thewholealgorithm,is O(| E|? log>(|V])).

5.2 The Bidir ectedde Bruijn Graph

In anearlierwork [11], Pevznershavedthatthe de Bruijn graphB*~! canbe usedto
representhe k-spectrumof a string, andthatthe (directed)Chinesepostmantour on
this graphcorrespondso the shortesstringwith the given k-spectrumWhenworking
with double-strande®NA moleculeshowever, it is necessaryo model k-molecules
insteadof k-mersin the de Bruijn graph.To do this Pevznerincludesboth of the k-
mersassociatedvith every k-moleculein thedeBruijn graph.He thensearche$or two
“complementary'walks,eachcorrespondingo oneof the DNA strandgseeFigure5).
Insteadwe shav how to construcia bidirectedde Bruijn graphwhereeachk-molecule
is representednly once.

Our inputis the k-molecule-spectrurof the genomeWe will arbitrarily labelone
of thek-mersassociatedvith eachk-moleculeascomingfrom the”positive” strandand
theotherfrom the”negative” strand.Let thenodesof the bidirectedde Bruijn graphbe
all of thepossiblg(k — 1)-moleculesFor every k-moleculein thespectrumlet z beone
of its two k-mers.Letz andy bethe (k — 1)-moleculesorrespondingo z[1..k—1] and
z[2..k], respectrely. We male an edgebetweerthe verticescorrespondingo z andy.
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Fig.5. Given the k-molecule-spectrum{ATT/AAT, TTG/CAA, TGC/GCA, GCCI/GGC,
CCAITGG, CAA/TTG, AAC/GTT, Pevzneret al.'s [12] approachbuilds the graphon the left,
andsearchegor two complementaryaths.The bidirectedde Bruijn graphis on the right; one
tourthatincludesall of theedgesspellsATTGCCAAC ontheforwardstrandandGTTGGCAAT
onthereverse.

Thisedgels positive-incidento z if z[1..k — 1] is thepositive strandof z, andnegative-
incidentotherwiselt is negative-incidentto y if 2[2..k] is the positive strandof y, and
positive-incidentotherwise Note thatthis edgeconstructionis identicalto the onede-
ned by KececioglU8] for anoverlapbetweertwo DNA moleculegalsoseeFigurel).

TheChinesegostmartour of theresultingbidirecteddeBruijn graphcorrespondso
the shortestassemblyof the DNA moleculewith the given k-molecule-spectruniThe
prooffollowsfrom theconstructionevery k-moleculefrom the spectrunis represented
by exactly oneedgein thegraph.Every valid assemblyf thegenomecorrespondso a
walk in thebidirecteddeBruijn graph.Becausé¢he Chinesepostmartouris theshortest
suchwalk, it is alsothe shortestassemblyf the genomeThetour alsocorrespondso
both of the DNA strandsBecausea walk is requiredto useedgeswith oppositeori-
entationsto enterand leave every vertex, but is allowed to enteron eithera positive
or negative orientededge,the Chinesepostmantour canbe "walked” in eitherof two
directions.If we entera nodeon a positive-incidentedgewe usethe positive k-mer,
if on the negative incidentwe usethe negative k-mer. The two directionscorrespond
exactly to the two strandsof DNA, andthe sequencesspelled” by themarereverse-
complementskor therunningtime, becaus¢he de Bruijn graphhasa constantdegree
ateverynode(|E| € O(|V])), theoverall runningtime is O(|V |2 log®(|V|)) usingthe
algorithmof Section5.1.

6 Discussion

In this work we shaved that both the de Bruijn graphand string graph modelsfor
sequencassemblyareNP-hard While thisresultmakesit impracticalto look for poly-
nomialtime exactalgorithmsfor eitherof theseproblemswe believe ourwork suggests
two importantareasof investigation.The rst is to characterizéhe computationatif-
culty of the genomeassemblymodelson real-world genomesilt is well known that
mary NP-hardproblemsareef ciently solvablewhenrestrictedto particularclasse®of
inputs. The succes®f boththe de Bruijn andstring graphmodelsin practiceindicate
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thatby de ning a morerestrictedmodelof inputsthat neverthelesgoversmostactual
genomeswe may be ableto createa modelfor sequencassemblythatcanbe solved
exactly in polynomialtime. Simultaneouslyreal-life genomesontainrepeatsmaking
it unlikely thatary realgenomewill have a uniquesolutionundereitherstring graph
or de Bruijn graphassemblymodels.Consequentlyt is importantto explore whata
realisticobjective functionfor anassemblyalgorithmshouldbe.Conductingarigorous
studyof thesequestionss a promisingavenuefor improving assemblyprograms.

In our secondresultwe shaved that the computationalif culty of sequences-
semblyis not dueto double-strandedness DNA. By unifying Pevzner's work on de
Bruijn graphsKececioglusandMyers' work onbidirectedgraphsn assemblyandEd-
monds'and Gabav's work on bidirected o w, we areableto demonstraten optimal
polynomialtime assemblyalgorithmthatexplicitly dealswith double-strandednedale
believe the useof bidirected o w asatechniquewill befruitful for othersequencas-
semblyproblems,including for the assemblyof shortDNA readscomingfrom novel
sequencingechnologiesuchaslllumina and454.
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