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Abstract. Graph-theoreticmodelshave cometo the forefront as someof the
mostpowerful andpracticalmethodsfor sequenceassembly. Simultaneously, the
computationalhardnessof the underlyinggraphalgorithmshasremainedopen.
Herewe presenttwo theoreticalresultsaboutthecomplexity of thesemodelsfor
sequenceassembly. In the �rst part,we show sequenceassemblyto beNP-hard
undertwo differentmodels:string graphsandde Bruijn graphs.Togetherwith
anearlierresulton theNP-hardnessof overlapgraphs,this demonstratesthatall
of thepopulargraph-theoreticsequenceassemblyparadigmsareNP-hard.In our
secondresult,we give the �rst, to our knowledge,optimal polynomial time al-
gorithmfor genomeassemblythatexplicitly modelsthedouble-strandednessof
DNA. We solve the ChinesePostmanProblemon bidirectedgraphsusingbidi-
rected�o w techniquesand show to how to useit to �nd the shortestdouble-
strandedDNA sequencewhich containsa givensetof � -long words.This algo-
rithm hasapplicationsto sequencingby hybridizationandshortreadassembly.

1 Intr oduction

Most currenttechnologiesfor sequencinggenomesrely on the shotgunmethod– the
genome(or its portion) is broken into many small segments(reads)whosesequence
is thendetermined.The problemof combiningthesereadsto reconstructthe source
genomeis known assequence(or genome)assembly, and is oneof the fundamental
algorithmicproblemswithin bioinformatics.Onebasicassumptionmadeby assembly
algorithmsis thatevery readin the input mustbepresentin theoriginal genome.This
follows from thefactthatit wasreadfrom thegenome.Motivatedby parsimony, some
methodsmadeanother, lessjusti�able assumption:that theoriginal genomeshouldbe
theshortestsequencethatcontainseveryreadasasubstring.Thisassumptionleadto the
castingof the genomeassemblyproblemasthe ShortestCommonSuperstring(SCS)
problem,which is known to beNP-hard[4].

Theproblemof modelinggenomeassemblyastheSCSproblemis thatmostgenomes
have repeats– multiple identical,or nearlyidentical,stretchesof DNA, while theSCS
solutionwouldrepresenteachof theserepeatsonly oncein theassembledgenome.This
problemis known asover-collapsingthe repeats.Oneway of solving this problemis
to build representativestringsor structuresfor eachrepeat,andallow theassemblyal-
gorithmto usethesemultiple times.Pevzneret al. [12] hadtheinsightthatby dividing
the readsinto shorter � -long stretches(called � -mers),all of the instancesof a repeat
collapseinto a singlesetof vertices.They representeachreadasa walk ona deBruijn
graph(de�ned below), andtheassemblycould thenberepresentedasa superwalk – a
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Fig.1. A. An exampleof doublestrandedDNA. Thesequencereadfrom this DNA canbeeither
ATTGCC or GGCAAT. B. Threepossibletypesof overlapsbetweentwo reads:eachreadcan
be in eitherof two orientations,but two of thecases(both to the left andboth to the right) are
symmetric.C. The threecorrespondingtypesof bidirectededges.The left nodecorrespondsto
the lower read.Note that thearrow pointsinto a nodeif andonly if theoverlapcoversthestart
(5') of theread.

walk thatincludesall of theinputwalks.In this formulationeveryedgeof thedeBruijn
graphhasto be presentin any solutionandcanbe usedmultiple times.The solution
to theassemblyproblemis formulatedasa variationon �nding an Euleriantour, and
becausetheEuleriantour problemis solvablein polynomialtime this leadto thehope
of apolynomialalgorithmfor sequenceassembly. Thisapproachwaslaterexpandedto
A-Bruijn graphs[13], wheretheinitial subdivision into � -mersis notnecessary, but the
basicalgorithmicproblemof searchingfor asuperwalk remains.

Myers [10] providesfor analternative modelof sequenceassembly, usinga string
graph.Insteadof dividing thereadsinto � -mers,hebuilds anoverlapgraph– a graph
wherenodescorrespondto readsandedgescorrespondto overlaps(the pre�x of one
readis thesuf�x of theother).Throughtheprocessof removing redundantedgesheis
ableto classifyall edgesaseitherrequiredor optional,andthegoalof theassemblyis
to �nd theshortestwalk which includesall of therequirededges.Themainalgorithmic
differencebetweenthedeBruijn / A-Bruijn andthestringgraphmodelsfor sequence
assemblyis that while in the latter someedgesarerequiredandothersareoptional,
in the former all edgesare required,but walks have beenpre-speci�edandmust be
includedin thesolution.In our �rst result,we show thatsequenceassemblywith both
stringgraphsanddeBruijn graphsis NP-hardby reductionfrom HamiltonianCycleand
ShortestCommonSuperstring,respectively. Together, thesetwo proofs demonstrate
that bothof the populargraph-theoreticsequenceassemblyparadigmsareunsolvable
by optimalpolynomial-timealgorithmsunless�
	��
� .

Another algorithmic problem facedby assemblyalgorithmsis the treatmentof
double-strandedDNA (seeFigure1A). A DNA moleculeconsistsof two strandswhich
arereversecomplimentsof eachother. The start (called5') of onestrandis comple-
mentingthe end(called3') of the other. Whenever DNA is sequenced,the molecule
is alwaysreadin the samedirection,from 5' to 3', but it is impossibleto know from
whichof thetwo strandsthesequenceis read.Many sequenceassemblyalgorithmsuse
heuristicsto determinethestrandfor eachread.TheEULERmethod[12] usesboththe
readsandtheir reverse-complementsto build thedeBruijn graphandsearchesheuristi-
cally for two “complementary”paths.In thework of KececiogluandMyers[6] strand
selectionfor a readis formulatedastheNP-hardmaximumweightcut problem.
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In 1992, Kececioglu[8] introducedan elegant methodfor dealingwith double-
strandednessby modelingoverlapsbetweenDNA moleculesusinga bidirectedgraph.
Eachreadis representedby a singlenode,andeachoverlap(edge)hasan orientation
at bothendpoints.Thethreetypesof bidirectededgescorrespondto thethreepossible
ways in which the overlap can occur (seeFigure 1B & C). Bidirectedgraphswere
further usedfor sequenceassemblyin [9,10] andto modelbreakpointgraphsin [7].
Remarkably, however, bidirectedgraphshave beenstudiedwithin thecontext of graph
theoryalreadyin the1960swhenEdmondsformulatedtheproblemof bidirected�o w (a
generalizationof network �o w to bidirectedgraphs)andshowedit equivalentto perfect
b-matchings[1]. Edmonds'work waslaterextendedby Gabow [3], whogavethefastest
to-datealgorithm for bidirected�o w. In our secondresult, we extend Gabow's and
Edmonds'work to give a polynomialtime algorithmfor solving theChinesePostman
Problemin bidirectedgraphs.By combiningthis algorithmwith Pevzner'swork on de
Bruijn graphs[11,12] andKececioglu'swork onmodelingstrandednesswith bidirected
graphs[8], we show how it canbe usedto �nd the shortest(double-stranded)DNA
sequencewith agivensetof � -longDNA fragments.To thebestof ourknowledge,this
is the�rst optimalpolynomialtimeassemblyalgorithmwhichexplicitly dealswith the
double-strandednatureof DNA.

2 Preliminaries

In thissection,wegivethebackgroundandde�nitions neededfor therestof thispaper.

2.1 Strings, Overlap Graphs, deBruijn Graphs, and Molecules

Let � and � be two stringsover thealphabet� . Theconcatenationof thesestringsis
denotedas ����� . The lengthof � is denotedby � ��� . The � th characterof � is denoted
by ��� ��� . If ������� ���!� �"� , then �#� �%$&�'� is the substringbeginningat the � th position
andendingat the � th position,inclusive. If thereexists �%$(� suchthat ��	)�*� �+$(�'� , then
we say � is a substring of � . For ,.-.� , ,"/ is , concatenatedwith itself � timesif
�102� , and 3 otherwise.A stringof length � is calleda 4 -mer. The 4 -spectrum of �
is thesetof all � -mersthataresubstringsof � . A 4 -moleculeis apair of � -merswhich
arereversecomplimentsof eachother. We saya � -moleculecorrespondsto eachof
its two constitutive � -mers.The 4 -molecule-spectrumof a DNA moleculeis the set
of all � -moleculescorrespondingto the � -mersof the � -spectrumof eitherof theDNA
strands.

We say � overlaps � if thereexists a maximal lengthnon-emptystring 5 which
is a pre�x of � anda suf�x of � (noticethis de�nition is not symmetric).The length
of the overlap is 67�#89�:$;�=<>	?� 5�� . If � doesnot overlap � then 67�#89�:$;�=<>	A@ . LetB 	DC7E � $GFHFGFH$+EJI#K beasetof non-emptystringsoveranalphabet� . An overlap graph
of
B

is a completeweighteddirectedgraphwhereeachstring in
B

is a vertex andthe
lengthof theedge,MLON is � NP�7Q167�#89,R$;NS< .

We say � is a superstring of
B

if for all �+$%E7T is a substringof � . The Shortest
Common Superstring (SCS)problemis to �nd the shortestsuperstringof

B
. It was

provento beNP-hardfor � �U�R0)V [4,5]. We de�ne thede Bruijn graph WYX"8(ZR< asa
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Fig.2. This is anexampleof a bidirectedgraphandits incidencematrix. We draw anedgethat
is positive incidentto a vertex usinganarrow thatis pointingoutof thevertex, but this choiceof
graphicalrepresentationis arbitrary.

directedgraph,usinga positive integer parameter� . The verticesof [\/S8 B < are CJ]�-
� / �#^S� suchthat ] is a substringof E7T_K . We identify a vertex by the � -merassociated
with it. Weabusenotationhereby referringtoavertex in [\/`8 B < by the � -merassociated
with it. Theedgesare C7]:�a�'FbF �c�#Ld]:� VSFbFe�gf��h�i�j]k-l�\/hm � $%^c� suchthat ] is a substringof E T K .
2.2 Bidir ectedGraphs and Flow

Consideran undirected(multi) graph n with a set of vertices o anda set of edgesp
. The multiplicity of an edge q is the numberof edgesin n whoseendpointsare

thesameas q 's If theendpointsaredistinct,theedgeis calleda link , otherwiseit is a
loop. Additionally, weassignorientationsto theedges.Everylink hastwo orientations,
onewith respectto eachof its endpoints,while every loop hasoneorientation.There
aretwo kindsof orientations– positive andnegative – andthuswe cansayanedgeis
positive-incident or negative-incident to an endpoint.Whentaken togetherwith the
orientationsof its edges,n is calledabidir ectedgraph. If thereis additionallyaweight
function �sr associatedwith theedges,we saythegraphis weighted. Theweightof a
graphis the sum of the weightsof its edges.A bidirectedgraphis connectedif its
underlyingundirectedgraphis connected.

The orientationsof the edgescan be representedby an incidence matrix t`uwv
o!x p Q�L CyQsV`$HQz�'$+@`$G�'$+VSK (we omit n when it is obvious from the context). If
an edge q is not incidentto a vertex , then t:89,R$;qj<*	{@ . For a link q anda vertex , ,
t:89,R$;qj<|	2f�� if q is positive-incidentto , , and t:89,R$+q7<|	}Qz� if q is negative-incident
to , . For a loop q anda vertex , , t#8~,i$;qj< hasthe valueof +2 if q is positive-incident
to , , and the valueof -2 if q is negative-incidentto , . SeeFigure2 for an example
of a bidirectedgraphandits incidencematrix. The in-degreeof a vertex , in graph
n is de�ned as ]�qG�#�u 8~,�<�	�Q���� r+�'���;�G�a�'� r��(�#��� t:89,R$;qj< . Similarly, the out-degreeis
de�nedas]�qH� mu 8~,#<�	 � � r%�'���%�H�b��� r����:�h� t#8~,R$+qj< . Let �h����u�8~,�<�	�]yqG� mu 89,#<hQ�]yqG�#�u 8~,�<�	� t#8~,R$+qj< bethebalanceateachvertex. n isbalancedif thebalanceof eachvertex is 0.

A 8~, � $;, / < -walk is a sequence, � $;q � $GFHFHFH$_, / � � $;q / � � $_, / where q7T is anedgeinci-
dentto ,#T and ,#T m � , andfor all V������
�=Q�� , q7T � � and q7T haveoppositeorientationsat
,:T . Sincethespeci�cationof verticesis redundant,we mayomit themsometimesand
specifya walk asjust asequenceof edges.A walk is saidto becyclical if its endpoints
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arethe sameand q � and q / � � have oppositeorientationsat , � . A bidirectedgraphis
strongly connectedif it is connectedandfor every edgethereis a cyclical walk con-
tainingit.

Notethatwecanview alooplessdirectedgraphasaspecialkindof bidirectedgraph,
whereevery edgeis positive-incidentto oneof its endpointsandnegative-incidentto
the other one. In this case,the de�nition of a walk reducesto its usualmeaningin
directedgraphs.However, therearesomecaveats.For example,it is possiblefor the
shortestwalk betweentwo verticesto repeata vertex in a bidirectedgraph.In Figure
2, observe that theredoesnot exist a walk between� and � which doesnot repeata
vertex, somethingthatis notpossiblein adirectedgraph.

A Chinesewalk is a cyclical walk that traversesevery edgeat leastonce.Given
a weightedbidirectedgraph,the ChinesePostman Problem(CPP)is to �nd a mini-
mumweightChinesewalk (calledaChinesePostmanTour), or reportthatonedoesn't
exist. An Eulerian tour of a graphis a cyclical walk that containsevery edgeof the
graphexactly once,anda graphwhich containsan Euleriantour is calledEulerian.
Thefollowing is a generalizationof a well-known factfor directedgraphswhoseproof
is almostidenticalto thedirectedcaseandis thereforeommited.

Lemma 1. A bidirectedgraph n containsanEuleriantour if andonly if it is connected
andbalanced.

Given a bidirectedgraph n , and vectors �#$%�
-} ¢¡ � u � and ]g$+£j$_�¤-¥  �¦� u � , a
minimum cost bidir ected �o w problem[14] is an integer linear programwherethe
goalis to �nd ,l-l  �§� u � thatminimizes���;, subjectto theconstraintsthat ]���,l�¨£
and ���¨t u �G,l�¨� . Here, � refersto theinnerproductbetweentwo vectors,and � is a
component-wisecomparisonoperator.

3 The String Graph Framework

In [10], Myers introducesa string graphframework for sequenceassembly. A string
graphis built from anoverlapgraphthroughtheprocessof transitively inferableedge
reduction– whenever N and 5 overlap , , and 5 overlaps N , the overlapof 5 to , is
saidto beinferablefrom theothertwo overlaps,andis removedfrom thegraph.Myers
demonstratesa fastalgorithmfor removing transitively inferableedgesfrom thegraph,
which, in combinationwith statisticalmethods,associatesa ”selection”constraintwith
eachedge.Theselectionconstraintstatesthattheedgemustappearin thetargetgenome
eitherat leastonce(it is required), exactly once(it is exact), or any numberof times
(it is optional). Thekey propertyof stringgraphsis thatany cyclical walk thatrespects
theselectionconstraintsrepresentsa valid assemblyof thegenome.andtheweightof
the walk is the lengthof the assembledgenome.After building the string graph,the
algorithmicproblemis to �nd a cyclical walk thatvisits eachedgein accordancewith
itsselectionconstraint.Appealingtoparsimony, thegoalis to �nd awalkwith minimum
weight.In this section,weshow thatthisproblemis NP-hard.

Formally, a selectionfunction E is a function that classi�es eachedgeinto one
of threecategories:optional, required, exact. We call a walk which containsall the
requirededgesat leastonce,all the exact edgesexactly once,and all the optional
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edgesany numberof timesan s-walk. The Minimum © -Walk Problem(MSWP) for
a weighteddirectedgraph n and a selectionfunction E is the problemof �nding a
minimumweightcyclical E -walk of n , or reportthatonedoesn't exist.

Theorem1. TheMinimum E -Walk Problemis NP-hard.

The proof works by reducingthe HamiltonianCycle problemin directedgraphs
to MSWP. A cycle is Hamiltonianif it visits every vertex exactly once.Thereduction
works by splitting eachvertex into 'in' and 'out' counterpartsandaddinga required
edgebetweenthem,while makingall otheredgesoptional.Having optionaledgesis
essentialfor thereduction;if they arenotpresent,theproblemcanbeef�ciently solved
usinga variantof thealgorithmof Section5.1.Also notethat in [10] theedgesof the
string grapharebidirectedin orderto re�ect the doublestrandednessof DNA. Since
directedgraphsarea specialtypeof bidirectedgraphs,Theorem1 holdsfor bidirected
graphsaswell.

Proof. Let n bea directedgraph,with vertices� � $HFHFGFH$;� I , for which we wish to �nd
a Hamiltoniancycle.Let n«ª bea directedgraphwith vertex set CG� �T $;� mT �:���¬�s�¬­®K
andedgeset ¯¬°l± , where ¯2	�CJ� mT LA�:�² �"8~� T LA� ² <¢- p 89n«<�K and ±�	�CJ�:�T L
� mT �S�¢�
�¦��­®K . Theweightof eachedgeis 1. Let E beaselectionfunctionon n�ª that
labelsall the ¯ edgesasoptionalandall the ± edgesasrequired.We show that n has
a Hamiltoniancycle if andonly if n*ª hasa cyclical E -walk of weightatmost Vj­ .

First, suppose³�	}��Tµ´¶L·FGFHF¦L¸��Tb¹�L¸��Tµ´ is a Hamiltoniancycle of n . Then
³¢ª�	��:�T ´ Lº� mT ´ L¤�g�Ta» L¤� mTb» L¼FGFHFRL¤�:�T ¹j½�´ Lº� mT ¹�½�´ L¤�:�T ´ is a cyclical E -walk
in nzª of weight V�­ . For theotherdirection,let ³zª bea cyclical E -walk in n«ª of length
at most V�­ . Becausethe ± edgesform a matchingandall ­ of themmustbein ³�ª , the
edgesof ³zª mustalternatebetween± and ¯ edges,andthushavea total of ­ edgesof
eachkind. If we removeall the ± edgesfrom ³«ª andmapall theverticesof ³«ª to their
counterpartsin n , we geta Hamiltoniancycleof n . ¾¿

4 The de Bruijn Graph Framework.

Oneof the original graph-theoreticframeworks for sequenceassemblywasproposed
by Pevzner, Tang,andWatermanin [12]. They notethatby tiling everyreadby 8���f1�J< -
mersthey can view the readas a walk in a de Bruijn graph,wherethe verticesare
� -mersandedgesare 8��*fÀ�7< -mers.Thus,any walk thatcontainsall thereadsassub-
walksrepresentsavalid assembly. Consequently, they formulatetheassemblyproblem
as�nding theshortestsuperwalk, a problemcloselyrelatedto thepolynomialtimeEu-
leriantour problem(which waspreviouslyusedto solve theproblemof sequencingby
hybridization[11]). Whatweshow in thissectionis thatthedeBruijn graphframework
doesnotmake theproblemof readassemblymoretractable.

Let
B 	ÁC7E � $GFHFGFh$+EJI#K be a setof stringsover an alphabet� andlet nÂ	2[\/S8 B <

be thedeBruijn graphof
B

for some � . Thestrings EjT correspondto walks in [Y/S8 B <
via thefunction �*8�E7<�	 E��a�'FbF �c�ÃLÄE�� V`FaFe�«fÀ�h�ÃL¤FGFHF:LÄE��Å� Ec�'Q��*fÀ�'$7� Ec� � . A walk is
calleda superwalk of n if, for all � , it contains�*8�EjT�< asa subwalk. Thus,a superwalk
representsavalid assemblyof thereadsinto agenome.Within this framework, thegoal
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Fig.3. An exampleof thereductionfrom ShortestCommonSuperstringto DeBruijn Superwalk.
Thesetof stringsÏ is overthealphabet

�
A,C,G,T� , andthegraphdrawn is Ð �JÑ9Ò#Ñ ÏPÓ�Ó . Thecycles

in theedgedecompositionare Ô®Õ , Ô§Ö , Ô§× , Ô®Ø andhave threeedgeseach.As anexample,the
walk Ù Ñ9Ò#Ñ~Ú�Û¦Û Ó�Ó startsat thecentralnodeandis Ô Õ followedby Ô Ø followedby Ô Ø again.

of �nding aparsimoniousgenomeassemblyis to �nd aminimal lengthsuperwalk. The
assemblyalgorithmof [12] looksfor sucha superwalk, however, it usesheuristicsand
maynotproducethecorrectanswer.

Formally, givena setof strings
B

asde�ned above anda positive integer � , theDe
Bruijn SuperwalkProblem(BSP)is to �nd aminimumlengthsuperwalk in [\/`8 B < , or
reportthatonedoesnot exist. Observe thatsinceeveryedgein [�/S8 B < is coveredby at
leastonewalk �*8�E7T(< , asuperwalk will traverseeveryedgeat leastonce.We shallshow
thatBSPis NP-hardby areductionfrom theShortestCommonSuperstring(SCS)prob-
lem.Informally, wewill transforma stringby inserting Ü�/ in betweeneverycharacter,
aswell asin thebeginningandend,where Ü is aspecialcharacterthatdoesnotappear
in theinput strings.For example,we transformthestring'abc' into ' Ü / aÜ / bÜ / cÜ / '.
This transformationpreservesoverlapsandintroducesa Ü�/ overlapbetweenotherwise
non-overlappingstrings.Theideais thatwhile a superstringcanbebuilt by appending
non-overlappingstrings,a superwalk mustcorrespondto a string built by overlapsof
at least � characters.SeeFigure3 for an illustrationof thedeBruijn graphon a setof
transformedstrings.

Theorem2. TheDe Bruijn SuperwalkProblemis NP-hard, for � �U�Ã0ÞÝ and for any
positiveinteger � .
Proof. SCSis NP-hardevenif thesizeof thealphabetis 2 [5]. We reduceaninstance
of SCSto an instanceof BSP which hasan additionalcharacterÜ in the alphabet.
Let
B 	OC7E � $HFHFGFh$+E I K be the setof stringsof an SCSinstance,and � be the setof

charactersappearingin
B

. We de�ne a function ß®8�E7<h� �&� for �«�¨���¬�"8+� Ec�Jf.�7<Rf�� Ec� as
follows:For all � divisibleby �zf¬� , ß®8�E7<H� �&��	ÀE�� T/hm � � . For all other � , ß®8�E7<H� �&��	àÜ . Let
nD	�[�/S8&ß®8 B <;< , where ß®8 B <®	
C7ß®8&E T <��S�z���¦�
­®K .

We �rst make someobservationsabout n , which follow directly from the de�ni-
tion of deBruijn graphsandfrom ß . Theverticesof n , which arethe � -mersappear-
ing in ß®8 B < , are C�Ü*/�Kz°�CjÜ*/ � T ,"Ü T � � �§,Þ-)�M$G�á�Á�M�!�#K . The edgesof n are
C p ���`,>-á�kK , where

p �M	2CjÜ*/�LºÜ*/ � � ,PK�°âCG,"Ü«/ � � LºÜ«/'K�°âCjÜ*/ � T ,�Ü T � � LÜ«/ � T � � ,�Ü T �ã�ä�{�\�å�¶Qà��K . The edgesetof n forms a disjoint union of cycles
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æ �'�yç ³ã� , where ³ã�\	
Ü«/*LAÜ«/ � � ,�LèÜ«/ � � ,�Ü)LéFGFHF`LèÜ¢,�Ü*/ � � LO,"Ü«/ � � L
Ü«/ . We alsonotethat ��8�ß®8�E T <_<=	Þ�*8(Ü«/jE T �ê�H�~Ü*/¦FGFHF+Ü*/jE T �Å� Ec� �~Ü*/J<|	ë³ãìîí�ï �(ð L?FGFHF�L
³ãìîí�ï � ì�í � ð . For anillustrationseeFigure3.

Now weshow thatthelengthof theshortestsuperwalk of n is �ifl� timesthelength
of theshortestsuperstringof

B
. First,supposeE is asuperstringof

B
. Let �À	�³�ì%ï ��ð L

FHFHF®L¸³ñì+ï � ì � ð . We claim that � is a superwalk of n of length � Ec�a8��Yf
�7< . We have to
show that �*8&ß®8�EJT�<;< is asubwalk of � for all � . SinceE7T is asubstringof E , thereis some
� and � suchthat EJTi	�Ey� �y$+��� . Then,�*8&ß®8�EJT�<;<¦	�³ñì+ï ² ð LèFHFHFcLO³ñì+ï / ð , which is indeed
a subwalk of � .

Now, suppose� is a superwalk of n . Every edgethat appearsbeforethe �rst ÜY/
andafter the last Ü*/ in � canberemovedfrom � while preservingit asa superwalk.
Therefore,wecanassumethatthe�rst andlastvertex of � is Ü�/ , and� canbeuniquely
expressedasa sequenceof cycles ³ ² ´zL?FHFHF�LÄ³ ²§ò ó:òô;õ ´ . Let EJªi	À� � ��� � �H�G��� ò ógòô_õ ´ . For

all � , since �*8&ß®8�EJT(<_< is a subwalk of � , we canwrite it as �*8&ß®8�E7T(<_<s	ë³ ²(ö L?FGFHF#L
³ ² ö õ ò ó í òô_õ ´ ½�´ for some÷ . By de�nition, �*8&ß®8�E7T(<_<�	�³ñì í ï ��ð LAFHFGF�LO³ñì í ï � ì í � ð . Sincethe

decompositionof awalk into cycles ³�� is unique,weconcludethat E7T+� ���"	>�Jø mR/ � � for
�z�
�M�D� E T � . Therefore,E T is asubstringof E , and E is asuperstringof length

� ù§�
/�m � . ¾¿

5 Assemblyof Double-StrandedDNA with Bidir ectedFlow

In this section,we demonstratethe �rst, to our knowledge,polynomialalgorithmfor
assemblyof a double-strandedgenome.First, we give a polynomial time algorithm
for solving the ChinesePostmanProblem(CPP)on bidirectedgraphs.Subsequently,
we will show how to constructa bidirectedde Bruijn graphfrom the set of � -long
moleculesthatarepresentin it (the � -molecule-spectrum).By solvingtheCPPon the
resultinggraphwe areableto reconstructthe shortestDNA moleculewith the given� -molecule-spectrum.

5.1 The Bidir ectedChinesePostmanProblem

Givena weightedbidirectedgraph n , recall that theChinesePostmanProblem(CPP)
is to �nd a minimumweightChinesewalk of n , or reportthatonedoesnot exist. CPP
is polynomially time solvableon both undirectedanddirectedgraphs[2]. It becomes
NP-Hardon mixedgraphs,which aregraphswith bothdirectedandundirectededges
[5]. For undirectedgraphs,CPPis reducibleto minimum costperfectmatchings.For
directedgraphs,it is reducibleto minimumcostnetwork �o w. In this section,we give
anef�cient algorithmfor solvingCPPonbidirectedgraphsvia areductionto minimum
costbidirected�o w.

Wewill show in Lemma2 thatfor n to haveaChinesewalk it is necessaryandsuf-
�cient for it to bestronglyconnected.To �nd amin-weightChinesewalk, �rst consider
thecasen is Eulerian.An Euleriantourof n is alsoaChinesewalk,sinceit visitsevery
edgeexactlyonce.Furthermore,sinceany Chinesewalk hasto visit everyedgeat least
once,the Euleriantour is alsoa Chinesepostmantour. In the generalcase,however,
when n is notEulerian,ourapproachis to makethegraphEulerianby duplicatingsome
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1: if ú is not connectedthen return ”no Chinesewalk exists”
2: Usealgorithmof [3] to solve thecorrespondingminimumcostbidirected�o w (seetext).
3: if thereis nosolutionthen return ”no Chinesewalk exists”
4: Let úñû bethegraph ú with

ÒHü
copiesof everyedgeý , in additionto ý itself.

5: Usea standardalgorithmto �nd anEuleriancircuit Ô of úñû .
6: RelabelÔ accordingto Theorem3.
7: return Ô

Fig.4. Algorithm for theChinesePostmanProblemon bidirectedgraphs.

of theedges,andthenusingastandardalgorithmto �nd anEuleriantour. Weshallprove
that if we minimizethetotal weightof theduplicatededges,theEuleriantour we �nd
in themodi�ed graphwill correspondto a Chinesepostmantour in theoriginalgraph.

Formally, we saya graph n«ª is anextensionof n if it canbeobtainedfrom n by
duplicatingsomeof its edges.TheEulerization Problem(EP) is to �nd a min-weight
Eulerianextensionof n , or reportthatonedoesnotexist.Thefollowing theoremshows
thatCPPandEParepolynomiallyequivalent.

Theorem3. Thereexistsa Chinesewalkof weight � if andonly if thereexistsanEule-
rian extensionof weight � . Moreover, they canbederivedfromeach otherin polynomial
time.

Proof. For the only if direction,let � be a Chinesewalk in n . Let þ� be the graph
inducedby � , wherethemultiplicity of eachedgeis thenumberof time it is traversed
by � . Then þ� is anextensionof n because� visitseveryedgeat leastonce.Also �
is anEuleriancircuit of þ� whoseweightis thatof þ� . Thus þ� is anEulerianextension
of n with weightof � .

For the if direction,let n«ª be an Eulerianextensionof n . Let � ª be an Eulerian
circuit in n«ª . Construct� from �Dª by replacingeveryedgeqjª¦ÿ-�n by anedgeq*-�n
suchthat q ª is a duplicateof q . � is thusa valid cyclical walk in n which visits every
edgeat leastonceandwhoseweightis thesameasthatof � ª andof nzª . ¾¿

Now, we give an algorithm for the EulerizationProblem.First, we considerthe
casethat n is not connected.Sinceany extensionof n will also not be connected,
our algorithm can safely report that thereis no Eulerianextensionof n , and hence
no Chinesewalk. For the casethat n is connected,we formulateEP as a min-cost
bidirected�o w problem.First,werepresentanextensionn�ª of n with � p 8�n«<H� variables,
whereeachvariableß'r representsthenumberof additionalcopiesof edgeq in n�ª . It is
clearthatan assignmentof non-negative integersto thesevariablescorrespondsto an
extensionof n , andvice-versa.Now, we would like to formulateEPin termsof these
variablesinsteadof in termsof anextension.Theminimizationcriterion is theweight
of theextension,whichis � � r 8î��fUß r < . Thecriterionthat n«ª is Eulerianis, by Lemma
1, thecriteriathatit is connectedandbalanced.Theconnectivity criterionis redundant
sincen is connectedandthusany extensionof n mustalsobeconnected.Thebalance
conditionfor eachvertex , canbestatedas: � r tyu�89,R$+q7<¦�Jß�r¦f
���c��u�8~,#<ñ	à@ . Thatis,
thebalanceof , in n«ª is thebalanceof , in n plus thecontribution of all thecopied
edges.We arenow ableto formulateEPasthefollowing integerlinearprogram:
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minimize � ��rhß�r
subjectto � r t u 8~,i$;qj<;ß'rã	 Qs���c� u 8~,�< for eachvertex ,

ß r 0¨@ for eachedgeq
Fromthede�nition in Section2.2,this is actuallyaminimumcostbidirected�o w prob-
lem,whichcanbesolvedusingGabow'salgorithm[3]. Our �nal algorithmfor CPPon
bidirectedgraphsis givenin Figure4. For therunningtime,we needto boundthesize
of thesolution:

Lemma 2. n hasan Eulerianextensionif andonly if it is strongly connected.More-
over, themin-weightEulerianextensionhasat most Vg� p �b� ok� edges.

Proof. If n hasan Eulerianextension,thenit mustbe connected,andfor every edge
thereis a cyclical walk containingit (namelytheoneinducedby theEuler tour).Con-
versely, supposethat n is stronglyconnected.For everyedge,we canduplicateall the
otheredgesof theshortestcyclical walk thatcontainit, thusbalancingthegraph.Now,
supposen«ª is a min-weightEulerianextensionof n . We candecomposen*ª into a set
of minimalcycles.Eachcyclemustcontainanedgethatnoothercyclecontains,other-
wiseit canberemovedfrom n«ª to geta smallerweightextension.Therefore,thereare
at most � p � cycles,andeachcyclecontainsat most Vg� ok� edges. ¾¿
Gabow's algorithmruns in time ¯Y8;� p � ������� 8+� oM� < ����� 8�³z<;< , where ³ is the largestca-
pacity ( ³¼	
	���
�£�8�q7< using the de�nition of Section2.2). By the above lemma,³è	A¯Y8+� o¶� �J< if the graphis simple, so the running time for �nding the �o w, and
thusfor thewholealgorithm,is ¯Y8;� p � ������� � 8+� oM� <;< .
5.2 The Bidir ectedde Bruijn Graph

In anearlierwork [11], Pevznershowedthat thedeBruijn graph [ / � � canbeusedto
representthe � -spectrumof a string,andthat the (directed)Chinesepostmantour on
this graphcorrespondsto theshorteststringwith thegiven � -spectrum.Whenworking
with double-strandedDNA molecules,however, it is necessaryto model � -molecules
insteadof � -mersin the de Bruijn graph.To do this Pevzner includesboth of the � -
mersassociatedwith every � -moleculein thedeBruijn graph.Hethensearchesfor two
“complementary”walks,eachcorrespondingto oneof theDNA strands(seeFigure5).
Instead,weshow how to constructabidirecteddeBruijn graphwhereeach� -molecule
is representedonly once.

Our input is the � -molecule-spectrumof thegenome.We will arbitrarily labelone
of the � -mersassociatedwith each� -moleculeascomingfrom the”positive” strandand
theotherfrom the”negative” strand.Let thenodesof thebidirecteddeBruijn graphbe
all of thepossible( �ãQl� )-molecules.For every � -moleculein thespectrum,let 5 beone
of its two � -mers.Let , and N bethe 8���Q¶�J< -moleculescorrespondingto 5:�a�'FbFe��Q¶�h� and5:� VSFbF �c� , respectively. We make anedgebetweentheverticescorrespondingto , and N .
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+AT

-AT

+AA

-TT

+CA

-TG

+GC

-GC

+CC

-GG

+AC

-GT

CC

GG

CA

TG

GC

AA

TT

AT

AC

GT

Fig.5. Given the � -molecule-spectrum
�
ATT/AAT, TTG/CAA, TGC/GCA, GCC/GGC,

CCA/TGG, CAA/TTG, AAC/GTT, Pevzneret al.'s [12] approachbuilds the graphon the left,
andsearchesfor two complementarypaths.The bidirectedde Bruijn graphis on the right; one
tour thatincludesall of theedgesspellsATTGCCAAC ontheforwardstrand,andGTTGGCAAT
on thereverse.

Thisedgeis positive-incidentto , if 5#�a�'FbF �ãQl�H� is thepositivestrandof , , andnegative-
incidentotherwise.It is negative-incidentto N if 5#� VSFbF ��� is thepositive strandof N , and
positive-incidentotherwise.Notethat this edgeconstructionis identicalto theonede-
�ned by Kececioglu[8] for anoverlapbetweentwo DNA molecules(alsoseeFigure1).

TheChinesepostmantourof theresultingbidirecteddeBruijn graphcorrespondsto
theshortestassemblyof theDNA moleculewith thegiven � -molecule-spectrum.The
proof followsfrom theconstruction:every � -moleculefrom thespectrumis represented
by exactlyoneedgein thegraph.Everyvalid assemblyof thegenomecorrespondsto a
walk in thebidirecteddeBruijn graph.BecausetheChinesepostmantour is theshortest
suchwalk, it is alsotheshortestassemblyof thegenome.Thetour alsocorrespondsto
both of the DNA strands.Becausea walk is requiredto useedgeswith oppositeori-
entationsto enterand leave every vertex, but is allowed to enteron eithera positive
or negative orientededge,theChinesepostmantour canbe”walked” in eitherof two
directions.If we entera nodeon a positive-incidentedgewe usethe positive k-mer,
if on the negative incidentwe usethe negative k-mer. The two directionscorrespond
exactly to the two strandsof DNA, andthe sequences“spelled” by themarereverse-
complements.For therunningtime,becausethedeBruijn graphhasa constantdegree
at every node( � p �:-��Y8;� ok� < ), theoverall runningtime is ¯Y8+� o¶� ������� � 8;� ok� <_< usingthe
algorithmof Section5.1.

6 Discussion

In this work we showed that both the de Bruijn graphand string graphmodelsfor
sequenceassemblyareNP-hard.While this resultmakesit impracticalto look for poly-
nomialtimeexactalgorithmsfor eitherof theseproblems,webelieveourwork suggests
two importantareasof investigation.The�rst is to characterizethecomputationaldif-
�culty of the genomeassemblymodelson real-world genomes.It is well known that
many NP-hardproblemsareef�ciently solvablewhenrestrictedto particularclassesof
inputs.Thesuccessof both thedeBruijn andstringgraphmodelsin practiceindicate
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thatby de�ning a morerestrictedmodelof inputsthatneverthelesscoversmostactual
genomes,we maybeableto createa modelfor sequenceassemblythatcanbesolved
exactly in polynomialtime.Simultaneously, real-life genomescontainrepeats,making
it unlikely thatany realgenomewill have a uniquesolutionundereitherstring graph
or de Bruijn graphassemblymodels.Consequentlyit is importantto explore what a
realisticobjectivefunctionfor anassemblyalgorithmshouldbe.Conductingarigorous
studyof thesequestionsis apromisingavenuefor improving assemblyprograms.

In our secondresultwe showed that the computationaldif�culty of sequenceas-
semblyis not dueto double-strandednessof DNA. By unifying Pevzner's work on de
Bruijn graphs,Kececioglu'sandMyers' work onbidirectedgraphsin assemblyandEd-
monds'andGabow's work on bidirected�o w, we areableto demonstratean optimal
polynomialtimeassemblyalgorithmthatexplicitly dealswith double-strandedness.We
believe theuseof bidirected�o w asa techniquewill be fruitful for othersequenceas-
semblyproblems,including for theassemblyof shortDNA readscomingfrom novel
sequencingtechnologiessuchasIllumina and454.

Acknowlegments

We would like to thankAllan Borodinfor helpful commentsandcarefulreadingof the
manuscript.This work waspartially supportedby anNSERCDiscoveryGrantto MB.

References

1. J. Edmonds.An introductionto matching.Notesof engineeringsummerconference,Uni-
versityof Michigan,Ann Arbor, 1967.

2. J.EdmondsandE.L. Johnson.Matching,Eulertours,andtheChinesepostman.Mathemet-
ical Programming, 5:88–124,1973.

3. Harold N. Gabow. An ef�cient reductiontechniquefor degree-constrainedsubgraphand
bidirectednetwork �o w problems.In STOC, pages448–456,1983.

4. JohnGallant,David Maier, andJamesA. Storer. On �nding minimal lengthsuperstrings.J.
Comput.Syst.Sci., 20(1):50–58,1980.

5. M. R. Garey andDavid S.Johnson.Computers andIntractability: A Guideto theTheoryof
NP-Completeness.W. H. Freeman,1979.

6. JohnD. KececiogluandEugeneW. Myers. Combinatiorialalgorithmsfor DNA sequence
assembly. Algorithmica, 13(1/2):7–51,1995.

7. JohnD. KececiogluandDavid Sankoff. Exactandapproximationalgorithmsfor sortingby
reversals,with applicationto genomerearrangement.Algorithmica, 13(1/2):180–210,1995.

8. JohnDimitri Kececioglu. Exactand approximationalgorithmsfor DNA sequencerecon-
struction. PhDthesis,Tucson,AZ, USA, 1992.

9. EugeneW. Myers.Towardsimplifying andaccuratelyformulatingfragmentassembly. Jour-
nal of ComputationalBiology, 2(2):275–290,1995.

10. EugeneW. Myers. Thefragmentassemblystringgraph.In ECCB/JBI, page85,2005.
11. P A Pevzner. 1-TupleDNA sequencing:computeranalysis.J BiomolStructDyn, 7(1):63–

73,Aug 1989.
12. P.A. Pevzner, H. Tang,andM.S. Waterman.An Eulerianpathapproachto DNA fragment

assembly. Proceedingsof theNationalAcademyof Sciences, 98:9748–9753,2001.
13. Pavel A. Pevzner, HaixuTang,andGlennTesler. Denovo repeatclassi�cationandfragment

assembly. In RECOMB, pages213–222,2004.
14. AlexanderSchrijver. CombinatorialOptimization, volumeA. Springer, 2003.

12


