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BIPARTITE STOCHASTIC MATCHING: ONLINE, RANDOM ORDER, AND
I.I.D. MODELS

ALLAN BORODIN, CALUM MACRURY, AND AKASH RAKHEJA

ABSTRACT. Within the context of stochastic probing with commitment, we consider the online
stochastic matching problem; that is, the one sided online bipartite matching problem where edges
adjacent to an online node must be probed to determine if they exist, based on known edge prob-
abilities. If a probed edge exists, it must be used in the matching (if possible). We study this
problem in the generality of a patience (or budget) constraint which limits the number of probes
that can be made to edges adjacent to an online node. The patience constraint results in modelling
and computational efficiency issues that are not encountered in the special cases of unit patience
and full (i.e., unlimited) patience. The stochastic matching problem leads to a variety of settings.
Our main contribution is to provide a new LP relaxation and a unified approach for establishing
new and improved competitive bounds in three different input model settings (namely, adversarial,
random order, and known i.i.d.). In all these settings, the algorithm does not have any control on
the ordering of the online nodes. We establish competitive bounds in these settings, all of which
generalize the standard non-stochastic setting when edges do not need to be probed (i.e., exist
with certainty). All of our results hold for arbitrary edge probabilities and patience constraints.
Specifically, we establish the following competitive ratio results:

(1) A 1—1/e ratio when the stochastic graph is known, offline vertices are weighted and online
arrivals are adversarial.

(2) A 1—1/e ratio when the stochastic graph is known, edges are weighted, and online arrivals
are given in random order (i.e., in ROM, the random order model).

(3) A 1—1/eratio when online arrivals are drawn i.i.d. from a known stochastic type graph and
edges are weighted.

(4) A (tight) 1/e ratio when the stochastic graph is unknown, edges are weighted and online
arrivals are given in random order.

We note that while results for stochastic graphs in the ROM setting generalize the corresponding
results for the classical ROM bipartite matching setting, it is not clear that a result for a known
stochastic graph in the ROM setting implies the same result for the stochastic unknown and known
i.i.d. settings.

In deriving our results, we clarify and expand upon previous offline benchmarks, relative to
which one defines an appropriate definition of the competitive ratio. In particular, we introduce a
new LP relaxation which upper bounds the performance of “an ideal benchmark”.
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1. INTRODUCTION

Stochastic probing problems are part of the larger area of decision making under uncertainty and
more specifically, stochastic optimization. Unlike more standard forms of stochastic optimization,
it is not just that there is some stochastic uncertainty in the set of inputs, stochastic probing
problems involve inputs that cannot be determined without probing (at some cost and/or within
some constraint). Applications of stochastic probing occur naturally in many settings, such as in
matching problems where compatibility cannot be determined without some trial or investigation
(for example, in online dating and kidney exchange applications). There is by now an extensive
literature for stochastic matching problems. For space efficiency, we will give an extended overview
of related work in Appendix [El Research most directly relating to this paper will appear as we
proceed.

The stochastic matching problemﬂ was introduced by Chen et al. [9]. In this problem, we are
given an adversarially generated stochastic graph G = (V, E) with a probability p. associated with
each edge e and a patience (or timeout) parameter ¢, associated with each vertex v. An algorithm
probes edges in F within the constraint that at most £, edges are probed incident to any particular
vertex v € V. The patience constraint can be viewed as a simple budgetary constraint, where each
probe has unit cost and the patience constraint is the budget. When an edge e is probed, it is
guaranteed to exist with probability exactly p.. If an edge (u,v) is found to exist, it is added to
the matching and then v and v are no longer available. The goal is to maximize the expected size
of a matching constructed in this way. This problem can be generalized to vertices or edges having
weights. Notably, the algorithm knows the entire stochastic graph in advance.

In addition to generalizing the setting of the results of Chen et al., Bansal et al. [4] introduced
an i.i.d. bipartite version of the problem where nodes on one side of the partition arrive online
and edges adjacent to that node are then probed. In their model, the “type” of each online node
(i.e., the adjacent edge probabilities and edge weights) is known and the input sequence is then
determined i.i.d. from this known distribution. In this model, each offline node has unlimited
patience, whereas each online node specifies its patience upon arrival. As in other online bipartite
matching problems, the match for an online node must be made before the next online arrival.
In both of these models, if an edge is probed and confirmed to exist, then it must be included in
the current matching (if possible). This problem is referred to as the online stochastic matching
problenE (with patience) and also referred to as the stochastic rewards problem, though we avoid the
latter terminology. In various settings, we will study the online stochastic matching problem. More
specifically, we will consider online settings where the algorithm knows the adversarially determined
stochastic graph, where a stochastic (type) graph and a distribution on the online vertices is known
and online nodes are generated i.i.d. from this distribution, and in the random order model (ROM)
when the stochastic graph is both known and unknowrfl. Amongst other applications, the online
stochastic matching problem notably models online advertising where the probability of an edge
can correspond to the probability of a purchase in online stores or to pay per click revenue in online
searching.

We note that these stochastic matching models generalize the corresponding classical non-
stochastic models where edges adjacent to an online node are known upon arrival and do not

"Wnfortunately, the term “stochastic matching” is also used to refer to more standard optimization where the
input (i.e., edges or vertices) are drawn from some known or unknown distributions but no probing is involved.

2The online stochastic matching problem is sometimes meant to imply unit patience but we will mainly be
interested in arbitrary patience values.

3In a related paper (to appear in the arXiv) we establish a 1 — 1/e competitive ratio in the setting where the
stochastic graph is unknown and the offline vertices are weighted. This setting is simpler and allows for a completely
combinatorial deterministic algorithm. It is interesting to note that in this setting the same algorithm can be derived
using the LP based approach of this paper but the combinatorial method is conceptually and computationally simpler.
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need to be probed. It follows that any inapproximation results in the classical setting apply to the
corresponding stochastic setting.

2. PRELIMINARIES AND TECHNIQUES

The online stochastic matching problem generalizes the classical online bipartite setting as fol-
lows. For each e € E in the stochastic (bipartite) graph G = (U, V, E), there is a fraction 0 < p, < 1
associated with e that gives the probability of existence of the edge e. More precisely, each edge
e € FE is associated with an independent Bernoulli random variable of parameter p., which we
denote by st(e), corresponding to the state of the edge. If st(e) = 1, then we say that e is active,
and otherwise we say that e is inactive. It will be convenient to hereby assume that £ =U x V.
In this way, if we wish to exclude a pair (u,v) € U x V from existing as an edge in G, then we may
set pu,» = 0, thus ensuring that (u,v) is always inactive.

When an online node v € V' arrives, the online probing algorithm sees all the adjacent edges
and associated probabilities but must perform a probing operation on the edge to reveal/expose
its state, st(e). As in the classical problem, an online algorithm must decide on a possible match for
an online node v before seeing the next online node. The algorithm can be non-greedy and not
match a given v € V even though some u € U is still unmatched. The online stochastic matching
problem simplifies to the classical setting in one of two ways: (1) if p. € {0,1} for all edges e, or
(2) if the algorithm is allowed to probe all edges adjacent to an online node v before determining
which, if any, node to match to v. To make stochastic probing problems meaningful, we either must
have a cost for probing or some kind of commitment upon probing an input item. Specifically, if
an edge e = (u,v) is probed in the stochastic matching problem and turns out to be active, then e
must be added to the current matching, provided u and v are both currently unmatched. We say
that the online probing algorithm respects commitment or is commital, provided it satisfies
this property. Furthermore, in the stochastic matching problem, for each online node v, there is a
known patience parameter (also called timeout) ¢, that bounds the number of probes that can
be made to edges adjacent to v. The classical online bipartite matching problems (unweighted,
vertex weighted, or edge weighted) for adversarial, ROM, and i.i.d. input sequences all generalize
to the stochastic matching setting. We emphasize that the online stochastic matching problem
generalizes the classical online problem, even when restricted to the case of unit patience (i.e.,
ly,=1forallveV).

Clearly, in the classical adversarial or ROM settings, if the algorithm knew the input graph G,
the online algorithm could compute an optimal solution before seeing the online sequence and use
that optimal solution to determine an optimal matching online. But similar to knowing the type
graph in the classical setting with i.i.d. inputs, an algorithm still lacks the ability to know the
states of the edges of G, namely (st(e))ccp, so that the stochastic matching problem is interesting,
whether the stochastic graph G is known or unknown to the algorithm. We are left then with
a wide selection of problems, depending on whether or not the stochastic graph is known, how
input sequences are determined, and whether or not edges or vertices are weighted. In the classical
i.i.d. bipartite matching problem, competitive bounds for an unknown distribution follow from the
corresponding ROM problem by a result of Karande et al. [23]. The same result (using the same
argument) holds in the stochastic matching setting, provided the stochastic graph is unknown. It
is unclear to us whether this reduction continues to hold for the ROM setting when the stochastic
graph is known, as we expand upon in Section 4. We will focus on the following settings: a known
stochastic graph with adversarial and ROM inputs, the i.i.d. setting with a known stochastic type
graph and distribution on the online vertices, and an unknown stochastic graph with ROM arrivals
and weighted edges.

What is the benchmark against which we measure the competitive performance of an online
algorithm in the stochastic matching problem? In the classical online setting, we compare the
value of the online algorithm to that of an optimal matching of the graph. If the inputs are drawn



4 BIPARTITE STOCHASTIC MATCHING: ONLINE, RANDOM ORDER, AND LI.D. MODELS

from a distribution, we then compare the expected value of the algorithm to the expected value
of an optimum matching. For stochastic probing problems, it is easy to see we cannot hope to
obtain a reasonable competitive bound for this type of comparison; that is, if we are comparing
the expected value of an online probing algorithm to the expected value of an optimum matching
of the stochastic graph. For example, consider a single online vertex with patience 1, and n offline
(unweighted) vertices where each edge e has probability % of being present. The expectation of an
online probing algorithm will be at most % while the expected size of an optimal matching (over all
instantiations of the edge probabilities) will be 1 — (1 — %)” —1- % This example clearly shows
that no constant ratio is possible if the patience is sublinear (in n = |U]).

A reasonable approach is to force the benchmark to adhere to the commitment and patience
requirements of GG that the online algorithm satisfies. Following previous work and the explicit
reasoning in Brubach et al.[6], an ideal benchmark is the following: knowing the stochastic graph G
(or G and the type graph in the stochastic i.i.d. setting) and the patience requirements of the online
nodes, the benchmark can probe edges in any adaptive order but must satisfy the commitment and
patience requirements of the online vertices. By adaptive order, we mean that the next edge to be
probed will depend on all the edges that have been currently revealed and the current matching. We
emphasize that this benchmark is not restricted to any ordering of the online vertices. In particular,
we note that after probing some edge (u1,v1), the next probed edge can be (ug,vy) where uy and
v9 each may be distinct from uy and wvq, respectively. As in online probing algorithms, the goal of
the benchmark is to build a matching whose weight is as large as possible in expectation. We refer
to this benchmark as the committal benchmark, and denote the expected value of its matching
by OPT(G).

We also consider a stronger benchmark which still must adaptively probe edges subject to pa-
tience constraints, but isn’t restricted by commitment; that is, it may decide upon which subset of
edges to match after all its probes have been made. Once again, the probes of this benchmark need
not respect any ordering on the online nodes, and the benchmark’s goal is to build a matching of
maximum expected weight. We refer to this benchmark as the non-committal benchmark, and
denote the expected value of the matching it constructs by OPT,,,,(G). Observe that in the case
of full patience (i.e., ¢, = |U| for all v € V'), the benchmark may probe all the edges of G, and
thus corresponds to the expected weight of the optimum matching of the stochastic graph.

Following the standard in the stochastic matching literature, we mainly discuss past results in
the context of the committal benchmark. That being said, all our results hold against the non-
committal benchmark, and in Appendix[C], we prove that this is also true of many of the results in
the literature.

2.1. A Review of Our Technical Contributions. Suppose we are presented a stochastic bipar-
tite graph G = (U, V, E), with edge probabilities (pe)ecr, edge weights (w,)cp and patience values
(y)yey. Here V is the set of online vertices and U is the set of offline vertices. We assume U is
known apriori to an online algorithm and the vertices in V' arrive online. In both the committal
and non-committal offline benchmarks, it is not clear how to compute their values. As such, one
instead resorts to an appropriate LP upper bound on their value.

The most prevalent (standard) LP used in the literature was introduced by Bansal et al. [4],
where each pair (u,v) for w € U and v € V has a variable z,,, corresponding to the probability
that the committal benchmark probes (u,v).

maximize Z Wy * Puy * Tuw (LP-std)
ueUweV
subject to Z Puyw * Tup <1 Yue U (2.1)
veV
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Zpu,v TR <1 YveV (22)
uelU
D wup <Ly YoeV (2.3)
uelU
0<zyp <1 VueU,velV. (2.4)

Bansal et al. [4] observed that if LPOPT(G) denotes the value of an optimal solution to
[LP-stdl then it is a relaxation of the committal benchmark; that is,

OPT(G) < LPOPT,4(G). (2.5)

To date, the most common technique for proving guarantees against the committal benchmark
involves comparing the performance of one’s probing algorithm to LPOPT(G), as opposed to
OPT(G) directly. In fact, when G is known to the algorithm, one can leverage a solution to [[P-stdl
to determine which probes one should make (see [4, 2, [7, [8, 5]).

This is especially effective in the case of unit patience, as an optimum solution to [[P-std] say
(Tu,w)uetvev, induces a distribution for each vertex v € V. Rather,

Z Ly,v <1,

uelU

for each v € V. Thus, when processing an arriving online node v, one can choose to probe u € U
with probability . (where one passes on v with probability 1 — 3"y 2y). While this ignores
the issue of the online nodes colliding (i.e., multiple vertices of V' attempting a match to u € U),
([2.1)) ensures each vertex of U is matched at most once in expectation. In the case of offline vertex
weights, this is sufficient to prove a guarantee of 1 — 1/e against LPOPT4(G), no matter how the
vertices of V are presented to the probing algorithm. Similarly, in the case of edge weights, this
approach suffices to achieve a guarantee of 1/2, albeit requiring the vertices of V' to arrive in random
order. We emphasize that G must be known to the probing algorithm in order to implement these
strategies. Both these arguments (in the more general setting of arbitrary patience) are discussed
in detail in Section Bl

If one now moves to the case when v has arbitrary patience ¢, then the values (2, )yer satisfy
the following inequalities:

Z Ty < €, and Zpuﬂ) “ Ty <L (2.6)

uelU uelU

For a fixed v, the techniques in [4], 2, [7, 5] [8] involve first drawing a random ordering 7 of U (where
different distributions are used in different papers). Once this is done, a random subset P C U
is drawn using the GKSP algorithm of Gandhi et al. [I8], with the guarantee that u € P with
probability x,,,, and that |P| < ¢,. The edges (u;, v)‘lill are then probed in the order uy,...,up|
induced by m. Since the algorithm must respect commitment, (u;,v) is probed with probability
H;_:ll(l — Pujv)-

Clearly this GKSP rounding approach is problematic, as a fixed vertex u € U may get probed
with probability sufficiently less than z, ., depending on how highly prioritized it is in the ordering
m. The solutions in the literature involve drawing 7 in such a way that each vertex u € U is probed
with probability as close to x,, as possible, but it is clear that no approach is without loss for
every vertex of U.

While this describes the major challenge with generalizing to arbitrary patience, in theory it
does not preclude a probing algorithm from existing which matches the ratio of 1 — 1/e, as at-
tainable in the vertex weighted unit patience case. Unfortunately, the ratio between OPT(G) and
LPOPT,;4(G) can become quite small, depending on the values of (¢,),cy and the instance G. In
[6], Brubach et al. define the stochasticity gap of this LP as the infimum of this ratio across all
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stochastic graphs, namely infg OPT(G)/LPOPT44(G). They also consider the following example,
thus providing a negative result for the stochastic gap of [LP-stdl

Example 2.1 ([6]). Fiz n > 1, and construct an unweighted graph G, = (U,V,E). Suppose that
Ul =|V|=nandl, =n forallve V. Set E:=UxV, and define p, ., := 1/n for each (u,v) € E.
Observe that G, corresponds to the ErdsRnyi random graph G, ,, 1/, In this case,

E[OPTyon(Gp)] <0.544 - (1 + 0(1)) LPOPTs4(Gr),
where the asymptotics are over n — 0o .

Thus, any probing algorithm which attains a guarantee against LPOPT,(G) has a provable
competitive ratio of at most 0.544.

In order to get around this limitation, Gamlath et al. [I7] consider an LP in the setting of full
patience, which imposes exponentially many constraints, in addition to those of [LP-stdl Specifically,
for each v € V and S C U, they ensure that

Zpu,v C Xy < 1-— H(l - pu,v)- (27)
u€eS u€esS

Observe that in the variable interpretation of [[P-stdl the left-hand side corresponds to the
probability a probing algorithm makes a match to a vertex of S, and the right-hand side corresponds
to the probability an edge between v and S exists. The goal of these additional constraints is thus
to force the LP to better capture the power of the committal benchmarkfl.

Using a polynomial time oracle, Gamlath et al. argue that their LP remains poly-time solvable,
despite having exponentially many constraints. As in the setting [[P-stdl, they solve their LP to
attain a solution (xyy)ucvwey for G. Each time an online vertex v € V then arrives, they draw
a random permutation 7w, on a random subset of U, which indicates both the probes they intend
to make, and the order they intend to make them in. By following 7,, their procedure is lossless;
that is, they are able to probe u € U with probability exactly xuﬁ

Unfortunately, the results of Gamlath et al., as well as related techniques of Costello et. al [10],
do not seem to naturally extend to arbitrary patience. For instance, even the correct modification

of ([2.7) is not clear to us. However, we are able to provide a reasonable extension of the Gamlath
et al. LP in Appendix [Al

2.2. Defining a New LP. In this section, we design a new LP for the problem of designing a
fixed vertex lossless probing algorithm, which works no matter the edge probabilities, edge weights
and patience values (¢,)yey of G = (U,V,FE). Instead of attempting to find the appropriate
constraints on the variables of [[P=stdl we take a different approach. Specifically, we ensure our
LP has polynomially many constraints, while allowing it exponentially many variables to better
indicate how the committal and non-committal benchmarks make decisions.

For each ¢ > 1, denote U™ as the collection of tuples of length i constructed from U whose
entries are all distinct. Moreover, set U(S9) .= U§:1U (@),

Foreachv eV, 1<k </, and u € U(k), define
i—1

o) = puso - [[(1 = pu0),

i=1

4The example in Brubach et al [6] can clearly be extended to the case when G, has linearly sized patience, that
is when minycv £, = Q(n), at the expense of the strength of their negative result (the constant 0.544).

5In fact, the results of Gamlath et al. are proven against the optimum expected matching of GG, which is equivalent
to the non-committal benchmark, as they work exclusively in the setting of full patience.

6The results of Costello et. al [10] also consider the full patience non-bipartite stochastic matching problem, though
without edge weights. They derive a probing strategy for a fixed vertex v € V of G = (V, E) and its neighbourhood
N (v), which attains the same guarantee as that of Gamlath et al. [I7] through combinatorial techniques.



BIPARTITE STOCHASTIC MATCHING: ONLINE, RANDOM ORDER, AND LI.D. MODELS 7

where u = (uq, ..., u), and i € [k] (here [k] := {1,...,k}). Observe that if one reveals the edge
states (st(u;,v))k_; in order, then g (u) corresponds to the probability that (u;,v) is the first active
edge revealed.

We also define a variable, denoted x,(w), which may loosely be interpreted as the likelihood the
non-committal benchmark probes the vertices in the order specified by w = (ug,...,ux). These

definitions lead to the following LP:

|u|

maximize Z Z Zwui’vgf,(u) -y (u) (LP-new)

VEV weU(<t) \i=1

Ly
subject to Z Z Z g (u*) -z (u*) < 1 Yu e U (2.8)
VeV i=1 yre(Sho),
Z zy(u) <1 Yv eV, (2.9)

uEU(Slv)

zy(u) >0 Yo e V,u € UEH) (2.10)

[LP-newlis a relaxation of not only the committal benchmark, but also the non-committal bench-
mark. However, unlike many of the LP formulations in the stochastic matching literature, we are
not aware of an immediate proof of either of these facts. We instead must introduce a related sto-
chastic probing problem, known as the relaxed stochastic matching problem, which is exactly
encoded by [[P-newl and whose optimum value upper bounds the non-committal benchmark. We
provide the relevants definitions in Appendix [Al where we also prove the following theorem:

Theorem 2.2. For any stochastic graph G, an optimum solution to[LP-new upper bounds OP Ty, (G),
the value of the non-committal benchmark on G.

Not only is[[LP-newla relaxation of the non-committal benchmark, it also can be solved efficiently.
To see this, we first take its dual:

minimize Z oy, + Z B (LP-new-dual)
uel veV
||

|u*|
subject to By + Zg{)(u*) O 2 Zwu;vv - gl (u¥) Yo e V,u* e UER) (2.11)
j=1 j=1

oy >0 Yu e U (2.12)
By >0 Yo eV (2.13)

In Appendix Bl we argue that [[P-new-dual has a polynomial time separation oracle, by solving
an optimization problem similar to the one considered by Brubach et al. [6]. By standard duality
techniques involving the ellipsoid algorithm (see [30} [19] and [34] for examples), this allows us to
find a solution to [[P-newl] in polynomial time, no matter the patience values of G. That being
said, [[P-newl clearly always has an optimum solution, which can be found efficiently when £,,,4, :=
maxycy £, is a constant, independent of the size of |U|. Moreover, our results are all in the context
of competitive analysis, and so the ratios we present in the various online stochastic matching
models all hold, independently of the fact that [LP-newl can be solved in poly-time.
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Suppose now that we are presented a feasible solution, say (mv(u))ueU(gszev, to [LP-newl, for
the stochastic graph G = (U, V, E). For each v € V and u € U, define

Ly 7 * *
~ g (u*) -z, (u
TR R S A G Col (2.14)
i=1 ey (Sto); Puv
uy=u
In order to simplify our notation in the later sections, we refer to the values (T4 )ucv,vev as the
(induced) edge variables of the solution (z,(w)), ey yerr(<tn) -
If we now fix s € V, then we can easily leverage constraint (2.9) to argue that the edge variables
(Zu,s )ucu can be probed without loss. Specifically, we may execute the following fized vertez probing
algorithm, which we refer to as VERTEXPROBE:

Algorithm 1 VertexProbe

Input the stochastic graph G = (U, V, E), a fixed node s € V' and the variables (z,(w)),,crr(<es)
associated to s in a solution to [[P-newl for G.

1: Initialize M <« 0.

2: Return M with probability 1 — ", crr(<es) zs(w) > pass with a certain probability..
3: Draw u* from U(S%) with probability z,(u*) (see (Z9)).
4: Denote u* = (uj,...,uy) for k := |u*|.

5. fori=1,...,k do

6: Probe (u,s).

7: if st(u},s) =1 then

8: Set M(s) < u} and return M.

9: end if

10: end for

11: Return M.

Observe the following claim, which follows immediately from the definition of the edge variables,
(%u,v)uEU,UEV:

Lemma 2.3. Let G = (U,V, E) be a stochastic graph with [LP-neul solution (x,(w)),cv yerr<to);
and whose induced edge variables we denote (Zyy)ucvwev. If the VERTEXPROBE algorithm is
passed a fized node s € V', then each node w € U is probed with probability ., s.

Moreover, the edge (u, s) is returned by the algorithm with probability Py, - Ty, s-

Remark. We say that VERTEXPROBE commits to the edge (u, s), provided the algorithm outputs
this edge when executing on the fixed node s € V.

Before providing an overview of our results, we provide a general algorithmic template which
unifies how all of our online probing algorithms are implemented!].

Let G = (U,V, E) be an adversarially generated stochastic graph, with arbitrary patience values,
edge weights and edge probabilities. We may always assume that the online probing algorithm has
access to the offline vertices U, but its information regarding V and FE is limited, depending on
the online model we work in. In general however, we always assume that the online vertices of V
are presented in some order to the online probing algorithm, say vy, ...,v, where n = |V, either
through an adversarial, ROM or i.i.d arrival process. We refer to a vertex v; as arriving at time
1 <t < n. We then follow the general high level template for defining online probing algorithms:

"In Section Bl we must use a modified VERTEXPROBE subroutine in the ROM setting with edge weights to improve
the competitive ratio from 1/2 to 1 — 1/e.
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Algorithm 2 General Template

Input U of G = (U, V, E), as well as the remaining information regarding GG, depending on the
online model.
1 M«
2. fort=1,...,ndo
Using U and the probing decisions of the previous arrivals (together with G = (U, V, E) if it
is known), compute a stochastic graph H; = (Uy, Vi, E;) which contains arrival vy, and satisfies
U, CU.
Compute an optimum solution of for Hy, say (z,(u))

Set e; < VERTEXPROBE(Hy, (y, (u))ueU(g”t)’vt)'
t

UE‘/t,’u,GUt(SZU) ’

If e; # (), then denote e; = (ug,vt), and if u; is currently unmatched, set M (vy) < ;.
end for
Return M.

We once again emphasize that the online probing algorithm has no control over the order of
the arrivals, so step (8] is the only place this algorithmic template can be modified. Choosing the
“correct” choice of Hy depends on how much information we are privy to (e.g., is the stochastic graph
known or unknown), and whether we wish our probing algorithm to execute adaptively - that
is, depend upon the probing outcomes of the previous nodes, v1,...,v;_1 - or not, that is, execute
non—adapativelyﬁ. We note that in our results, we will execute Algorithm [2] non-adaptively
and the resulting algorithms will be non-greedy. In the subsequent sections, we investigate these
issues in detail, and attempt to attain or approach the same competitive ratios one can get in the
classical (non-stochastic) online matching settings (when there is a meaningful generalization). All
of our results are proven by comparing the performance of the relevant online probing algorithm
to We are typically able to make use of the classical techniques in the literature (with
some key modifications), and so we again emphasize that our main technical contribution is in
generalizing to arbitrary patience from the more tractable unit/full patience settings and the new
LP that is used to derive our results. We also argue that many of the results in the stochastic
matching literature actually hold against the non-committal benchmark (as we discuss in detail in
Appendix [C]). We hope that this will better allow future works to understand the limitations of
commitment and patience constraints in the online stochastic matching setting.

2.3. An Overview of Results. With these definitions in mind, we now reiterate and point ahead
to our main results as first stated in our abstract. All of our results apply to arbitrary patience
and the competitive ratios are with respect to the non-committal benchmark.

(1) Theorem [3.1 shows that Algorithm [3is an online algorithm with competitive ratio 1 — % in
the following stochastic setting:
e There is a known stochastic graph
e Online vertices are given adversarially
e Offline vertices have weights
This result shows that the .544 inapproximation bound against the LP relaxation in
Bansal et al. [4] does not hold with respect to our new LP relaxation (see Example 2).
(2) Theorem [B.§ shows that Algorithm [5is an online algorithm with competitive ratio 1 — % in
the following setting:
e There is a known stochastic graph

8When processing an online node arrival, say v, a non-adaptive online probing algorithm can base its probes of
v; on the identities of the previous vertex arrivals, say vi,...,v:—1, as well as their edge weights, edge probabilities
and patience values (as well as G itself if it is known). The probes of v¢ cannot however depend upon the previously
probed edge states of (st(u, v&))ucv,ke[t—1]-
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e Online vertices are presented in an order determined by a uniform at random per-
mutation of the online vertices in the stochastic graph (i.e., stochastic random order
model)

e Edges have weights

This algorithm generalizesﬁ the online probing algorithm considered by Gamlath et. al

[17] in what they refer to as the query-commit model.

(3) Theorem A3 shows that Algorithm [6]is an online algorithm with competitive ratio 1 — % in
the following stochastic i.i.d. setting (improving upon the previously best ratio of 0.46 in
6):

e There is a known stochastic (type) graph

e Online vertices are drawn independently and identically from a distribution on the
online vertices (with their adjacent stochastic edges)

e Edges have weights

In the classical i.i.d. setting with non-integral arrival rates, Manshadi et al. [27] present

an example that shows that 1 — 1/e is optimal for classically non-adaptive@ algorithms.
Our algorithm fits this classical definition and applies to non-integral arrival rates and hence
our algorithm has an optimal competitive ratio amongst this restricted class of probing
algorithms.

(4) Theorem shows that Algorithm [7lis an online algorithm with (tight) competitive ratio
% in the following setting:

e The stochastic graph is not known to the algorithm

e Online vertices are given in random order

e Edges have weights

This generalizes the classical non-stochastic result of Kesselheim et al. [25].

All of our probing algorithms are randomized and implemented non-adaptively. In Appendix [D]
we discuss the implications of the non-adaptivity by considering the relevant adaptivity gaps of
the online stochastic matching problems we consider. Roughly speaking, an adaptivity gap is the
worst case ratio of performance between the optimum non-adaptive probing algorithm, and the
non-committal benchmarkH.

3. KNOWN STOCHASTIC GRAPHS: ADVERSARIAL AND ROM INPUT ORDER

In this section, we restrict our attention to online bipartite stochastic matching in the setting the
stochastic graph is known to the algorithm. We use our new LP to guide the sequence of probes
for each of the online vertices. We first prove Theorem [3.I, showing that Algorithm [3] achieves a
1-— % competitive ratio for the setting of offline vertex weights and adversarial online arrivals.

We then consider Algorithm [Blin the case of arbitrary edge weights, under the assumption that
the online nodes arrive in random order, thus attaining a competitive ratio of 1/2 (which we show
is tight for this algorithm). By considering a modification of Algorithm [B, we can improve this
competitive ratio to 1 — 1/e using the techniques of Ehsani et al. [14] and Gamlath et al. [17].
This extends the recent work of [I7] to arbitrary patience in what they refer to as the query-commit
model.

9n Appendix [A] we provide a reasonable generalization of the Gamlath et al. LP, and show that it attains the
same value as [[P-newl

10Manshadi et al. [27] use the terminology non-adaptive to mean that a (classical) online algorithm in the known
i.i.d. setting uses only the type of the arriving node to determine its matching decisions. Observe that this restriction
is sufficient to ensure that an online probing algorithm is non-adaptive (by our definition) in the stochastic matching
setting.

Hyye provide a more precise definition of adaptivity gaps in Appendix [DI
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In each of the above settings, the performance of Algorithm [l yields a lower bound (positive
result) on the relevant adaptivity gap. We provide a more precise definition of this concept in
Appendix [Dl where we also discuss this issue in greater detail.

3.1. Defining the Probing Algorithm. We now consider the probing algorithm which is the
subject of Theorems [3.1] and

Algorithm 3 Known Stochastic Graph

Input G = (U,V, E), a stochastic graph with edge probabilities (p¢)ccr, edge weights (we)ecr
and patience parameters (¢),ecy

1: Set M « 0.

2: Solve [LP-new}, and find an optimal solution (z(w)),cy:yecpr(<to)-
3: fort=1,...,|V]| do

4: Process vy (vertex arriving at time t)

5: Set (ut,vt) = VERTEXPROBE(G, (%, (1)), cqy(<tup) s Vt)-

6: if (u¢,v) # 0 and uy is unmatched then

7 Set M(vy) = uy.

8: end if

9: end for

10: Return M.

3.2. Adversarial Arrivals. We first consider the known stochastic online matching problem in the
case of arbitrary patience, offline vertex weights and adversarial online vertex arrivals. Specifically,
we provide a proof of Theorem BTl

Theorem 3.1. If Algorithm[3 is passed a stochastic graph G = (U, V, E) with offline vertex weights
(wy)uer (that is, Wy, = wy for all (u,v) € E) and arbitrary patience, then

1
E[val(M)] > <1 — —) - OPTyon(G).
e
Thus, the competitive ratio of this algorithm (when the stochastic graph and order of online
vertices is chosen by an adversary) is 1 — 1/e against the non-committal benchmark.

Proof. Let us now denote val(M) as the value of the matching returned by Algorithm [8l Observe
that
E[val(M)] = Z wy, Plu is matched by the algorithm].
uelU

As such, for each fixed u € U, we may focus on lower bounding the probability that the algorithm
matches it.

Recall that associated with the solution (z,(u)),cy yepn) are the edge variables (Zy,y)uevvev,
as defined following [[P-new] in Section 2

Observe now that u € U is matched by the algorithm, if and only if there exists some v € V
which commits to u while executing VERTEXPROBE (which for a fixed v, we denote this event by
C(u,v)). Using Lemma 23], we get that

]P’[C’(u, U)] = Pu,w 5u,va

for each v € V.
Now, since executions of VERTEXPROBE are independent, so are events {—C(u,v)}yey, and so

P[u is not matched] = H (1 = pup Tuw)-
veV
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As a result,

Plu is matched] =1 — H (1 = pup Tuw)

veV
>1-— H €xp (_pu,v %u,v)
veV
=1- €xp <_ Z Pu,v %u,v> 5
veV

as 1 — z < exp(—z) for all z € R.
Now (z4(w)), ey yer(<e) 18 a feasible solution to [LP-newl and so

Z Puw %u,v <1l

veV
We may therefore conclude that

Plu is matched] > (1 — exp(—1)) Z Puv Lo,

veV
since 1 —exp(—=z) > (1 —exp(—1))z forall 0 < z < 1.
Thus,
E[val(M)] = Z wy, Plu is matched]
uelU
> (1—exp(=1) > ) wu puw Fun

uelU veV
= (1 —exp(—1)) LPOPT,,(G),
as (7y(u)),evuep(<e is an optimal solution to [LP-newl By Theorem 22, OPTyn(G) <

LPOPT,,c,(G), and so the proof is complete.
]

Suppose that we fix an ordering 7 of V. We can then define OPT(G, ) to be the largest expected
value an online probing algorithm can attain on G, provided it is presented the vertices V in the
order M3, With this definition, we can define the order gap of GG as the worst case ratio between
OPT(G,m1) and OPT(G, s), across all ordering 71 and 7o of V; that is, the ratio

OPT(G,m)
min —————2,
m,m2 OPT(G, m2)

Since Algorithm [3] achieves a competitive ratio of 1 — 1/e no matter the order the vertices of V/
are presented to it, we observe the following corollary:

Corollary 3.2. If G = (U,V,E) is a stochastic graph with offline vertex weights, then its order
gap is no smaller than 1 — 1/e.

(3.1)

We contrast this observation with an upper bound (negative result) on the order gap.

Example 3.3. Let us consider the bipartite graph G = (U,V,E) where U = {uy,us} is the set
of offline vertices and V = {v1,v9} is the set of online vertices each of which has unit patience.
Denote E = {(u1,v1), (ug,v1), (u2,v2)} as the set of edges of G, with edge probabilities py, v, = %,
Pus,or = 1 and pyy v, = % The order gap of G is at most 0.8.

12G:oyad et al. |20] study the online stochastic matching problem with offline vertex weights in the case of unit
patience when G is unknown. For the case of decomposable edge probabilities (i.e, pu,o = Pu - Dv), they consider the
classical perturbed ranking algorithm (see [I3]) which when presented the vertices V' in order 7, achieves expected
value (1 —1/e) - OPT(G, ).
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Proof. If we process vertex v before vertex vy, we either probe (uy,v1) or (ug,v1) while processing
vy. If we probe the former, the only other edge that we can probe is (ug,v2) and the expected size
of the matching built is % + % =1, as both of these edges are active with probability % If instead
we probe edge (ug,v1), then it is always active and there are no more edges that we can probe.
This also gives an expected matching size of 1. Thus, the maximum expected size of the matching
when v; is processed before vy is 1.

If instead we process vertex ve before vy, we may probe (uz,v2), which is active with probability
%. If the edge is active, we next probe edge (u1,v1), which is active with probability % In this
case, expected size of matching found is % If (ug,v7) is inactive, we instead probe (ug,v1), which
is always active and so in this case, the expected size of matching found is 1. Thus, the maximum
expected size of matching when vy is probed before vy is %% + %1 = %. O

While it would be interesting to know the precise value of the order gap (even just for the case
of offline vertex weights), 1 —1/e is a natural limitation for our techniques, as demonstrated by the
following example:

Example 3.4. Consider a graph G with a single offline node u and a collection of n online nodes
V. For each edge e = (u,v) with v € V, set p,, := 1/n. As the example is in the setting of unit
patience, [LP-newl and [LP-std are equivalent, and in particular, LPOPTpe,(G) = LPOPTsy(G).
Thus, we describe the remainder of the example with respect to the definition of [LP-std for simplic-
1ty.

Observe that the LP solution ., = 1 for each v € V satisfies the constraints of [LP-std
Moreover, it evaluates to an objective value of 1. Thus, LPOPTsy(G) > 1.

Observe now that if we consider an arbitrary probing algorithm, then its only option is to probe
the edges of w in some arbitrary order (or not at all). Of course, each edge is active with probability
1/n, so we observe that

1
P[G has a least one active edge] =1 — (1 —1/n)" = (1 + 0(1)) <1 - —) ,
e
as we allow n — oo.
As a result,

inf ~OPTron(@) (1 1
G LPOPT (G ~ e)’

and so in particular, Algorithm[3 achieves the best possible bound against LPOPTyew(G).

3.3. Random Order Arrivals. We now consider the known stochastic matching problem in the
case of arbitrary edges weights and ROM arrivals. We first prove Theorem [B.5] which shows that
Algorithm [7] gets a competitive ratio of 1/2. After arguing that the analysis is tight, we intro-
duce a modified VERTEXPROBE algorithm, which we refer to as VERTEXPROBE-S. By replacing
VERTEXPROBE with the subroutine VERTEXPROBE-S in Algorithm [3, we are able to improve the
competitive ratio guarantee to 1 — 1/e.

Theorem 3.5. In the ROM input model, if Algorithm[3 is passed a stochastic graph G = (U,V, E)
with arbitrary edge weights (we)ecr and patience (€y)yey, then

E[val(M)] > % - OPTpon (@),

Thus, against the non-committal benchmark, the competitive ratio of this algorithm (when the
stochastic graph is chosen by an adversary and order of online vertices is determined uniformly
at random) is 1/2.

We include the proof of Theorem in Appendix [E] as it has a relatively simple analysis and
helped motivate the improvement to 1 — 1/e. We now consider the following example, which
confirms the performance guarantee of Algorithm [3]is tight:
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Example 3.6. Let G = (U,V, E) be a bipartite graph with a single offline node u, online vertices
V = {v1,v2} and edges E = {(u,v1), (u,v2)}. We assume that the online nodes have unit patience.
Fiz 0 < e <1, and define the edge probabilities p(, ) := € and py v, := 1 — €. Moreover, define
the weights of the edges as Wy, == 1/€ and wy », = €/(1 —¢€).
For this instance, if we allow ¢ — 0, then the expected weight of matching returned by Algorithm
in the ROM setting is at most half that of OPT(QG).

Proof. Since we work in the unit patience setting for G, we express the relevant linear program as

in the setting of [LP-stdk

maximize Wy, * Puywr * Tuwr T Wuws * Puvs * Lu,vs (3.2)
subject to Puwr * Tuwy + Puws * Tuws < 1 (3.3)
0<zy, <1 (3.4)
0<Zyy <1 (3.5)

The optimal solution to this LP corresponds to y », = %y, = 1, and the optimal value is 1 + €.
Now, when considering the order in which v, arrives before vy, if we probe the edge e € E with
probability x., the expected value of matching returned is

Wy,vy Tu,vp Puvy T (1 — Tu,v; pu,vl) Wy, vy L(uwz) Plu,vs) = 1+ (1 — E) €.

Similarly, when considering the order in which vy arrives before vy, if we probe the edge e € F
with probability x., then the expected value of matching returned is

Wy,vy Lu,vg Pu,ve + (1 — Ty,vo pu,vg) Wy, vy Lu,vr Puvr = 2e.
Thus, as the order of arrivals is determined uniformly at random, the expected value of the
matching returned is

1
5(2e+1+6—62),

which tends to 1/2 as € tends to 0. Moreover, the optimum value of the LP tends to 1 as e tends
to 0, so the ratio of these values tends to 1/2. Moreover, for this specific choice of G,

OPT(G) = LPOPT,,cs(G) = OPT,0n(G),
and so the proof is complete. O

We remark that the above example can be generalized such that it also holds when considering
asymptotic competitive ratios.

3.3.1. Improving Upon the Competitive Ratio. In [IT], Gamlath et al. showed, among other things,
that when G = (U,V, E) has full patience, there exists a probing algorithm which achieves an
approximation ratio of 1 — 1/e. This algorithm in fact executes in the online setting, in which G is
known and the probing algorithm respects a vertex order that is generated uniformly at random.

In addition to using a new LP relaxation (as discussed in Section 2]), Gamlath et al. adapted
the techniques of Ehsani et al. [I4] from the prophet secretary problem to get a competitive ratio
of 1 — 1/e in the case of full patience. We now generaliz their algorithm to attain the same
competitive ratio, while handling arbitrary patience constraints. We emphasize that the analysis
proceeds almost identically, though this is only made possible by our definition of [LP-newl

Given an arbitrary stochastic graph G = (U, V, E), let us suppose we are presented an optimum
solution to [LP-newl denoted (20(¥)) ey ueu (<t » Whose edge variables we denote by (Zu,v)uevvev -
In this case, define

Cy = Z Wy, v Pu,w iu,v
veV

131y Appendix [A] we provide a reasonable generalization of the Gamlath et al. LP, and show that it attains the
same value as [[P-newl
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for each u € U. We can view ¢, as corresponding to the contribution of w to the evaluation of
(2 (W) yev uer(<ts) as a solution to [LP-newl Specifically, observe that

Se= > wuwPuwFus = LPOPT,0(G). (3.6)
uelU ueUweV

Let us now return to the ROM setting, though we describe it in a slightly different way for the
stochastic graph G = (U,V, E). For each v € V, draw Y, € [0, 1] independently and uniformly
at random. We assume that the vertices of V' are presented to the algorithm in an increasing
order, based on the values of (Y;)yey. In this way, we say that vertex v € V' arrives at time Y.
Observe that the vertices of V' are presented to the algorithm in a uniformly at random order, so
this interpretation is equivalent to the ROM setting.

We now describe a modification of Algorithm [3] that is more selective as to which of the edges
returned by VERTEXPROBE we are willing to accept. Specifically, when v arrives at time Y,
VERTEXPROBE is executed as before. However, if VERTEXPROBE returns the edge e = (u,v), then
we only add e to the matching provided u is unmatched and w. > (1 — e¥*~!) - ¢,. Of course, this
high level description of the online probing algorithm clearly does not respect commitment, but
fortunately we can run a simulated version of VERTEXPROBE, which we refer to as VERTEXPROBE-
S.

Algorithm 4 VertexProbe-S

Input the stochastic graph G = (U,V, E), a fixed node s € V, the variables (z,(w)),crr(<es)
associated to s in a solution to [LP-newl for G and 0 < o < 1.
. Initialize M < 0.
: Return M with probability 1 — 3" ;e zs(u) > pass with a certain probability.
. Draw u* from U(S%) with probability zs(u*) (see (Z3)).
: Denote u* = (uj,...,uj) for k := |ul.
:fori=1,...,k do
if wyr s > (1—ex1). cur then
Probe (u},s).
if st(u},s) = 1 then
Set M(s) < u} and return M.
end if
else draw Z ~ Ber(p,;: ) independently. > a Bernoulli of parameter py: .
if Z =1 then
Set M(s) < u} and return M. > drawing Z simulates an edge probe.
end if
end if
: end for
: Return M.

e e e e e
N TR e

Remark. Observe that VERTEXPROBE-S makes a probe to the edge (u,s), only if
Wy,s > (1 — eo‘_l) -y

If this condition is not satisfied, then it still may return the edge (u,s), however (u,s) will not
be probed. We make sure to return (u,s), so that VERTEXPROBE-S can be coupled with VERTEX-
PROBE, as this will simplify the proof of Theorem [3.8.

We now can implement a modified version of Algorithm [3] which executes identically to the high
level modification we just described, while respecting commitment.
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Algorithm 5 Modified Known Stochastic Graph

Input G = (U, V, E), a stochastic graph with edge probabilities (p¢)ccr, edge weights (we)ecr
and patience parameters (y),cv .

1: Set M « 0.

2: Solve [LP-new}, and find an optimal solution (z(w)),cy:yecrr(<to)-

3: For each v € V, draw Y,, € [0, 1] independently and uniformly at random.
4: for v € V in increasing order of Y,, do

5: Set (u,v) <= VERTEXPROBE-S(G, (24 (W) yepr(<0) U, Vo).

6: if (u,v) # 0, and wy s > (1 —e¥*~1) . ¢, then

7 if v is unmatched then

8: Set M(v) = u. > (u,v) is matched only if (u,v) is probed and st(u,v) = 1.
9: end if

10: else

11: Pass on (u,v).

12: end if

13: end for

14: Return M.

We say that VERTEXPROBE-S commits to the edge (u, s), provided it returns this edge (even
if it doesn’t actually probe (u,s)). Observe that VERTEXPROBE-S returns (u,s) with the same
probability as VertexProbe, so we can make use of Lemma 23] to get an analogous guarantee.

Lemma 3.7. Suppose G = (U,V,E) is a stochastic graph with fized node s € V and [[P-neul
solution (xv(u))vev,ueméfv)} whose induced edge variables we denote by (Tyu)uct,vev -

If VERTEXPROBE-S is passed the fized node s, then (u,s) is returned with probability py, y - Ty, s
for each u € U, no matter which value of 0 < a < 1 is presented to VERTEXPROBE-S. Moreover,
the edge (u,s) is probed only if wy s > (1 —e®71) - c,.

Theorem 3.8. In the ROM input model, if Algorithm [ is passed a stochastic graph G = (U,V, E)
with arbitrary edge weights (we)ecp and patience (£y)yev, then

E[val(M)] > <1 - 1)  OPTypon(G),

e

Thus, the competitive ratio of this algorithm is 1 — 1/e against the non-committal benchmark.

The analysis of Theorem B.8] follows very closely the full patience proof presented in Gamlath et
al. [I7], and hence is mainly motivated by the single item prophet secretary problem of Ehsani et
al. [14]. However, for sake of completeness, we include the argument.

Proof of Theorem[3.8 For each offline node u € U, denote val(M(u)) as the weight of the edge
assigned to u (which is zero, if u remains unmatched).
Observe then that
E[val(M)] = ) E[val(M(u))].

uelU
Thus, in order to complete the proof it suffices to show that
1
E[val(M(u))] > <1 - E) “Cy (3.7)

for each u € U, as we know that ) ;s c, = LPOPTcy,(G) > OPT,,0,(G) (by Theorem 2.2)).
As such, let us suppose u € U is fixed for the remainder of the proof. The remaining computations
follow Ehsani et al. [I4] for the single item prophet secretary problem, though we must make use

Lemma [3.7] and constraint (2.8]) of [LP-new]
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Let us now define the random variables N, and M, , where:

(1) Ny =2 ey (I =€) - e Lppuy=u)»
(2) Muﬂ, = (wuﬂ, — (1 — eY“_l) . Cu) . l[M(u):v}-
That is, if v is matched to v, then N, is assigned the value (1 — eY”_l) ¢y and M, , is assigned
(wuw — (1 —€71) - ¢,). Proving B7) thus reduces to showing that

1
E[Ny] + E[M,] > <1 - —) ey
2 e

In other words, the cumulative amount assigned to u and the vertices of V' is at least (1 — 1/e)-¢,
in expectatio.

We first focus on lower bounding E[N,]. Let us define T, as the arrival time of the online vertex
which matches to w (which is 1, if no such vertex exists). For convenience, define the functions
r=r(t),F = F(t) and a = «(t), where for t € [0,1].

r(t) :=P[T, > t], F(t) :=1—r(t), and a(t) :== 1 — 'L,

Define C'(u, v) as the event in which v commits to v when VERTEXPROBE-S is executed using v €
V. Observe that the events {C(u,v)}yey are independent, as the executions of VERTEXPROBE-S
in Algorithm [B] are themselves independent.

For each v € V, let us now define the function ¢, , = 1y, (t) where ¢, ,(t) = P[Y, < t and wy, , > a(t) - ¢,]
for t € [0,1]. If we now apply Lemma [3.7] and additionally make use of the independence of the
variables (Y, )yev, then we may conclude that

r(t) =P[T, > 1]
— 1= T = un®) - P, )
veV
=1- H(l - T/Juﬂ)(t) : Eu,v)
veV

for each t € [0,1].

Thus, since the functions (¢, ,)yev are clearly all continuously differentiable on (0,1), r is con-
tinuously differentiable as well. On the other hand, observe that F' is the c.d.f of T}, so we have
that

1
E[N,] = /0 a(t) - ¢, - dF(t)
= /1 a(t) -cy - F'(t)dt
0

:-/ﬁ@w%wwﬁ
0
Thus, .

E[N,] = —/0 a(t) - ey -r'(t)dt,

and so we may apply integration by parts to get that

/01 aft) ey - r'(t) dt = ¢y ([r(t) ca(t)]ly — /01 r(t) - o (t) dt>
= Cu <(1 —1/e) + /01 r(t) - o/(t) dt> .

14Ehsani et al. [14] and Gamlath et al. [I7] provide a utility /revenue interpretation of these variables.
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To conclude,
1
E[Ny] = cu <(1 —1/e) —I—/O r(t) - o (t) dt> . (3.8)

Let us now focus on lower bounding " . E[M,,]. First observe that if 0 < ¢ < 1 satisfies

Wy,p > a(t) - ¢y, then
E[Mu,v ’Yv = t] = Puw Eu,v . (wu,v - a(t) : Cu) . P[Tu >t ’ Yv = t],

as v is matched to uw with probability p, , Ty, given u is unmatched at time t. Moreover, if
0 <t <1 satisfies wy,» < a(t) - ¢y, then E[M,, , | Y, =t] =0. Thus, for all 0 <¢ <1,

E[Myy | Yy =1t] > puy Tup(wue — alt) - c,) - P[T, > t|Y, =1t]. (3.9)
On the other hand, it is clear that P[T}, > t|Y, = t] > P[T,, > t]. Thus, after applying (3.9) and
observing r(t) = P[T, > t]|, we get that

ZE[M%U | Y, = t] > Z Pu,w gu,v : (wu,v - Oé(t) : Cu) : T(t)

vEV veV

= <Cu - Oé(t) cCy v Zpu,v 5u,v) : T‘(t).

veV
Now, we know that >, Pu,w Tu,w < 1 by constraint (Z8) of LP-newl Thus,

> E[Myy| Yy =1 >cy (1-a(t) (),

veEV

veV

and so since the random variables (Y )yey are uniformly distributed, we get that

1
D E[Myn] >y /0 (1 —a(t)) - r(t) dt.

IS

By combining this equation with ([3.8)), it follows that

1 1
E[N,] + ZE[MUU] >y <(1 —1/e) —I—/O r(t) - o (t) dt> + ey /0 (1 —af(t)) -r(t)dt

VeV

1
=cy-(1—=1/e)+ ¢y /0 r(t) - (1 —alt)+d(t)dt

=(1-1/e)-cy,

as 1 —a(t) +d/(t) =0 for all t € [0,1].
As this argument holds for each u € U, the proof is complete.

4. ONLINE STOCHASTIC MATCHING IN THE KNOwWN I.I.D. MODEL

In this section, we consider a generalization of the classical known i.i.d. matching problem
(introduced in Feldman et al. [16]) to the stochastic matching setting (as first studied in Bansal et
al. [4]). Once we review the relevant framework and terminology, we introduce an online probing
algorithm which achieves a competitive ratio of 1 — 1/e for arbitrary patience and edge weights,
thereby proving Theorem [£.3l Our algorithm generalizes the algorithm of [7] to arbitrary patience,
in which Brubach et al. proved a competitive ratio of 1 — 1/e for the unit patience setting. This
allows us to improve upon the previously best known competitive ratio of 0.46 for the case of
arbitrary patience, as presented in [§].

We emphasize that our positive results from Section Bl do not imply the same positive results
in the known i.i.d. stochastic matching problem, as we explain in more detail after reviewing the
model.
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4.1. The Known I.I.D. Stochastic Setting. Let us suppose that G = (U, V, E) is a stochastic
graph with edges weights (w.)ccp, edge probabilities (p.)ccr and offline patience values (€, )pev
associated with it. In the known i.i.d. setting, we refer to G as a stochastic type graph (or type
graph when clear), and the vertices of V' as the type nodes of G.

Now, fix a parameter n > 1 (which need not be equal to |V]), indicating the number of rounds or
arrivals to occur. Moreover, consider r = (r),ecy, where r, > 0 for each v € V, and ZUEV Ty = M.
We refer to r, as the (fractional) arrival rate of type node v € V. An input to the stochastic
known i.i.d. matching problem then consists of the tuple (G, r,n), which we refer to as a known
i.i.d. input with fractional arrival rates.

An online probing algorithm, denoted A, is given access to (G, r,n) as part of its input. For
each t = 1,...,n, vertex arrival vy € V is drawn independently in round ¢ using the distribution
r/n, at which point v; is said to be of type v € V, provided v; = v. We emphasize that the edge
states of vy are statistically independent from the edge states of all the previously drawn nodes
(even if vy is not the first vertex of type v to arrive).

Using all past available information regarding the outcomes of the probes involving vy, ..., v4_1,
together with the edge probabilities (py v, )uct, Weights (wy, v, )ucr and patience value ¢,,, A may
probe up to ¢, edges against to v;. The algorithm is again restricted by commitment, in that v,
may only be matched to the first u € U for which the probe to (u,v;) confirms that the edge is
active.

Observe that while the type graph (G,r,n) is passed as input to A, the stochastic graph A
actually executes on is in fact randomly generated, and unknown to A. Let us denote this (random)
stochastic graph by G= (U, V, E) Here, V consists of the random arrival nodes of V presented to
the algorithm, and E includes all the relevant edges between U and V/ (since the same node from
V' can arrive multiple times, V and E are multisets). We assume that G also encodes all the edge
weights, probabilities and patience values induced from the arrival nodes of V.

We refer to G as the instantiated stochastic graph or simply the instantiated graph when
clear. Observe that since (G,r,n) encodes the distribution of G, we say that G is distributed
according to the known i.i.d. input (G, r,n), which we denote by G~ (G,7r,n).

Denote Val(.A(G)) as the value of the matching A constructs when passed the instantiated graph
G. Our performance measure for A then involves averaging over all the possible instantiations of
G. Specifically, we wish to maximize

Elval(A(G))],

where the expectation is over the randomness in drawing G from (G,7r,n), together with the
inherent randomness in the states of the edges of G, as well as any randomized decisions .4 may
make.

For each randomly drawn G ~ (G,7r,n), we can consider the committal benchmark, and the
evaluation it takes on G, namely OPT(G). This yields a committal probing strategy, which we
refer to as the committal benchmark for the stochastic type graph (G,r,n). We denote the
expected performance of the committal benchmark by OPT(G,r,n). Observe that

A~

OPT(G,r,n) = E[OPT(G)],
where the expectation is over the randomness in generating G. We can define the non-committal
benchmark for the stochastic type graph (G, r, n) analogously, which we denote by OPT,,,,,(G, 7, n).
The standard in the literature (see [2 4, §]) is to prove competitive ratios against the committal

benchmark. More precisely, the goal is to find an online probing algorithm A for which the (strict)
competitive ratio

o Elal(AG))
(G,r,n) OPT(G, T, n)
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is as close to 1 as possible. While we reference past results in this way, we instead prove a
guarantee against the stronger non-committal benchmark.

Before continuing, we emphasize that there does not seem to be an obvious reduction from the
known i.i.d. stochastic matching problem to the known stochastic matching problem with ROM
arrivals. Specifically, suppose we are presented an online probing algorithm A which achieves
competitive ratio 0 < ¢ < 1 in the known stochastic matching problem with ROM arrivals. In
this case, let us now fix a stochastic type graph (G, r,n), and imagine trying to use A to design a
probing algorithm for the i.i.d. matching problem. If we consider the instantiated graph G which
is drawn from (G, r,n), then the online vertices of G will indeed be presented to A in a random
order. That being said, in order for A to attain to attain a competitive guarantee of c- OPTnon(G’),
it needs to be presented the entire description of G as well. However, an online probing algorithm
in the known i.i.d. setting is only given access to the type graph, (G,r,n), not the instantiated
graph G. As such, it is unclear how to modify A to obtain the same competitive ratio of ¢ against
OPT,on(G,7,n).

4.2. Defining an LP Relaxation. Given an input (G, r,n) to the known i.i.d. matching problem,
it is challenging to directly compare the performance of an online probing algorithm to that of the
committal benchmark; that is, the value OPT(G,r,n). Instead, we once again focus on LP based
approaches for upper bounding this quantity.

Let us now review the LP introduced in [4], 8], as defined for (G, r,n), specialized to the case of
one-sided patience.

maximize Z Wyw Du,w Yu,v (LP-std-iid)
ueVweV
subject to Zpu,v Yupo <1 Yue U (4.1)
veV
Z Puv Yu,w <1y YveV (42)
uelU
> Yuw <ol YveV (4.3)
uelU
0 < yupw <7y VueUveV (4.4)

If LPOPTq—iiq(G,7,n) denotes the value of the optimal solution to [LP-std-iid then it was
shown by Bansal et al. [4] to be a relaxation of the committal benchmark; that is,

OPT(G,r,n) < LPOPT g4 sia(G, 7, n).

Unfortunately, suffers the same issues as [[P-std as Example 2.I] continues to apply,
as can be seen by setting r, = 1 for v € V and n = |V|. As such, we introduce a new LP for
(G,7,n), using the same ideas as in the derivation of [[P-newl The essential difference in this LP
being that we incorporate the arrival rates of (G,r,n), as can be seen below in constraint (4.0]).

|u|

maximize Z Z Zwui’vgf}(u) yp(u) (LP-new)

Ly
subject to Z Z Z gh(u) yy(u*) <1 YueU (4.5)

veV i=1 y*cpy(Sto)
ul=u
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> wm) <7, Yo eV, (4.6)

uclU(Sly)

yp(u) >0 Vo e V,u e USH) (4.7)

Given a feasible solution to [LP-newl say (y,(%),cy yep(<r) We define the induced edge vari-
ables, hereby denoted (Yu,v)uctvev, as in the case of [LP-newt that is,

a ) Yy (u
3ty S

i=1 y* (St Puyw
uy=u
Let us now denote LPOPT,,cy—iia(G, 7, 1) as the value of an optimal solution to [LP-newl We
claim that [LP-new] is a relaxation of the non-committal benchmark. This follows from a technical
(though standard) conditioning argument involving an application of Theorem 2:2/to G ~ (G, r,n),
so we defer the details in this version.

Lemma 4.1. For any input (G,r,n) of the known i.i.d stochastic matching problem,
OPTyon(G,7,n) < LPOPTer,—iia(G,7,n).

4.3. Defining a Known L.I.D. Probing Algorithm. We now consider an online probing algo-
rithm for the known i.i.d. stochastic matching problem, which generalizes the unit patience probing
algorithm of Brubach et al. [7].

Given (G,r,n), suppose that we consider a feasible solution to [LP-new], which we denote by
(yv(u))vev,ueU(Slv)- If we fix v € V, then the values (y,(u)/ry),crr(<e.) satisty,

Z Yo(u)

,
weU () Y

IN

1, (4.8)

as a result of constraint (6]). As such, given the input (U, (y,(w)/rv)ycrr(<en),v) for a fixed
v € V, we can execute VERTEXPROBE. In particular, we can apply Lemma 23] in the known i.i.d.
setting to get the following lemma:

Lemma 4.2. Fixu € U and v € V. For each t = 1,...,n, denote C(u,vs) as the event in which
Algorithm [@ commits vy to u in one of its probes. In this case,

P[C(u,vp) |vp = v] = M)

Ty
where (Yuv)ucpev are the induced edge variables of the solution (yv(u))vev,uemé‘v)-
Proof. When Algorithm [f] processes vy, it executes VERTEXPROBE(U, (fu, (") /7w, ) cqp(<top) > ve)- I

we condition on the event in which v; = v, then this corresponds to executing VERTEXPROBE using
the input (U, (yo(w*)/7y)ycp<eo),v). As a result, an application of Lemma 23] ensures that

PIC(u,vt) vy = 0] = M7
v

thus completing the proof.

We now adapt Algorithm Bl to the known i.i.d. setting, leading to the following algorithm:

Theorem 4.3. Algorithm [@ achieves a competitive ratio of 1 — 1/e against the non-committal
benchmark, for arbitrary edge weights and patience values.
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Algorithm 6 Known I.I.D.

— =
e =)

Input G = (U, V, E), an arbitrary stochastic type graph.
Input n > 1, the number of arriving vertices, and the arrivals rates of V, r = (r,)yev.

Set M « 0.
Solve [[P-new, and find an optimal solution (y,(w)),cy yer(e)-
fort=1,...,ndo
Let v; be the vertex that arrives at time t.
Identify the type of v; in V, and the corresponding values (yu, (w*)/7v,) . cyy(<tu)
Set (ut, ve) < VERTEXPROBE(U, (Yo, (W")/T0,) o c (<o) s O2)-
if (ut,ve) # 0 and v is unmatched then
Set M(v¢) = uy.
end if
end for
: Return M.

Proof. Let us fix u € U and v € V, where G = (U,V, E). While Algorithm [0l executes on the
instantiated graph G = (U, V,E), let us say that the algorithm matches the edge e = (u,v) € E,
provided there exists some 1 < ¢ < n for which vy = v and M(v;) = u (here vq,...,v, are the
ordered arrivals of the vertices of V). Observe then that

E[val(M)] = Z we Pe is matched].
eck

As such, we focus on lower bounding P[e is matched] for each e € E.
Observe now that

Ple is matched] = Z]P’ (v)) =u|vy = 0] Ploy = v].

Moreover, if Ry C U denotes the unmatched vertices of U after vertices v1,...,v;_1 arrive, then

PM(v) = u|vy = v] = P[C(u,v) N{u € R} | vp = 0]
= P[C(u,ve) |vy = v] - Plu € Ry | v = 0],

as the events C'(u,v;) and u € R, are conditionally independent given v; = v, since the algorithm

decides upon the probes of v; independently from those of vy,...,v:_1.

Moreover, the event © € R; can be determined from the probes of the vertices vy,...,v;—1, and

is therefore independent from the event v; = v. Thus,

PM(vy) = u vy = v] =P[C(u,vt) | vy = v] - Plu € Ry,

and so

PM(v) = u|ve = v] = Gy p Pup Plu € Ry,

after applying Lemma
It suffices to lower bound Plu € R;]. Observe that for each k =1,...,n — 1,

Plu € Ri11] = P[ﬁg‘?:l—'C(u,vj)] = P[-C(u,vg)] - Plu € Ry]

as the probes of v are drawn independently from those of v1,...,vp_1.
Yet,

C(u,vg)] Z]P’ (u, vg) | v = v] - Plog, = 0]
veV
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. Z Yu,w Puw To
T n
veV v

_ N Yuw P,
_Z uvnuv

<
= A
<

— 9

by Lemma [£.2] and the constraints of [LP-newl Thus,

3

1\ 1
Plu € Ry] > (1 — ;) (4.9)
after applying the above recursion.
As a result,
1\ !
PLM() = ulor =] 2 pusian (1-7)
and so

P[(u,v) is matched] = Z]P’[M(vt) =u|v =v] - Ploy = v]
t=1

t—1
Now, S, 2 (1 2) 7 21— L 5o

1\ -
P[(u,v) is matched] > (1 - E) Yu,w Puw

for each uw € U,v € V. As such

~ 1
> -——].
E[val(M)] > Z Waw Yu,v Puv (1 e>

ueU,weV

Since (Y (®)) ey uer(<e is an optimum solution to [LP-newl the algorithm is 1—1/e competitive
by Lemma [£.1], thus completing the proof. O

5. ONLINE STOCHASTIC METCHING IN THE ROM MOoDEL: THE EDGE WEIGHTED CASE

In this section, we consider the unknown stochastic matching problem in the setting of arbitrary
edge weights. Specifically, we employ the LP based techniques of the previous section to design a
randomized probing algorithm which generalizes the approach of Kesselheim et al. [25]. As in [25],
we make the added assumption that the number of vertex arrivals is known to the online probing
algorithm ahead of time. We are then able to prove a best possible asymptotic competitive ratio of
1/e, though unlike the work of Kesselheim et al. [25], our online algorithm requires randomization.

5.1. Defining the Probing Algorithm. Let us suppose that G = (U, V, F) is a stochastic graph
with arbitrary edge weights, probabilities and patience values. We assume that n := |V, and that
the online nodes of V' are denoted v1,...,v,, where the order is generated uniformly at random.

Since GG is unknown to us in the current setting, we cannot directly solve [[P-newl to define a
probing algorithm. As such, we must adjust which LP we attempt to solve.
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Let us suppose that S is a non-empty subset of the nodes of V. We can then denote G|[S] as
the induced stochastic graph of G on S. This is constructed by taking the induced graph of G
on the partite sets U and S, and restricting the edge weights and probabilities to (py,s)uecv,ses and
(W5 )uct,ses respectively, as well as the patience values to (€5)ses.

From now on, denote V; as the set of first ¢ arrivals of V; that is, V; := {v1,...,v:}. Moreover,
set Gy := G[V;], and LPOPT,,c,(G¢) as the value of an optimum solution to [LP-new] (this is a
random variable, as V; is a random subset of V). The following inequality then holds:

Lemma 5.1. For eacht > 1,
t
E[LPOPTe0,(Gy)] > m LPOPT,eu(G).

In light of this observation, we design an online probing algorithm which makes use of V;, the
currently known nodes, to derive an optimum LP solution with respect to Gy. As such, each time
an online node arrives, we must compute an optimum solution for the LP associated to G, distinct
from the solution computed for that of G;_1.

Algorithm 7 Unknown Stochastic Graph ROM

Input U, n:=|V|],and 0 < a < 1.
Set M <+ ().
Set G(] = (U, @, @)
fort=1,...,|V| do
Input vy, with (Wy, v, )uetrs (Pu,v)ucr and £y,
Compute G}, by updating G;_1 to contain v; and its edges into U, as well its edge weights,
probabilities and patience.

6: if ¢ <|V]a then

7: Pass on v;.

8: else

9: Solve [[P-new] for G; and find an optimum solution.

10: Encode this (new) optimum solution as (z,(w)),cv; yer(<en -
11: Process vy, and set (u, v¢) ¢ VERTEXPROBE(GY, (4, (0)) ,cqr(<tup) s Vt)-
12: if (ug,v) # 0 and ug is unmatched then

13: Set M(vy) = .

14: end if

15: end if

16: end for

17: Return M.

Theorem 5.2. Algorithm[7 achieves an asymptotic competitive ratid of 1/e when « is set to 1/e.

Proof. Observe that by definition, Algorithm [ does not probe any of the neighbours of vy for
1 <t < an—1. As such, these online vertices do not contribute to the matching returned by the
algorithm, and so we hereby fix ¢ and assume that ¢ > an. We emphasize that the value of z,(u)
corresponds to this fixed value of ¢, for each v € V; and u € U(=t),

Let us now define e; := (ug, v¢), where u; is the vertex u € U which v; commits to (recall that

(ug,v¢) = 0 if vy remains uncommitted after its probes). We now define the random variable

val(e;) = We, Le, 0],

15The asymptotic competitive ratio for an online probing algorithm A in the ROM setting is defined as
lim infopT(G)Hw %.
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which indicates the weight of the edge v; commits to (which is zero, provided v; remains uncom-
mitted).

For each u € U, denote C(u,v;) as the event in which v; commits to u. Let us now condition on
the random subset V;, as well as the random vertex v;. In this case,

E[val(es) | Vi, v4] Z Wy, P[C(w, ve) | Vi, 1]
uelU

Observe however that once we condition on V; and vy, Algorithm [7l corresponds to executing

VERTEXPROBE on the instance (G, (Tv, (4)),, o/ (<t ). Thus, Lemma 2.3] implies that

P[O(uv Ut) | Vi, Ut] = Pu,vs 5u,vt,

where Z,, 4, is the induced edge variable associated with the solution (2, (w)),cy; wep e - As such,

E[val(et ‘ Vt,?)t Z Wy, vy Pu,vy Ty, Ut
uelU

On the other hand, if we condition on solely V;, then v; remains distributed uniformly at random
amongst the vertices of V;. Moreover, once we condition on V4, the graph G; is determined, and
thus so are the values (2,(w)),cy; wepen Of LP-newl These observations together imply that

ZUEVt Wy,v Pu,w Luv

E[wu,v, Pu,v; Tupw, | Vi] = 7 (5.1)
for each u € U and an <t <n.
If we now take expectation over v, then using the law of iterated expectations,
Elval(e) | Vi] = E[E[val(et) | Vi, ve] | Vi
=K Z Wy, vy Pu,ve fu,v,g | Vi
uelU
= Z E['wu,vt Pu,v, Eu,vt ‘ ‘/t]
uelU
_ Z Z Wy, vPu,v 5u,v
t )
uelU veVy
where the final equation follows from (G.1]).
Observe however that
LPOPTnew Gt Z Z Wy, vy Pu,vy xu Ut
veVy uelU
as (azv(u))vev;5 we(Stwy) 1S an optimum solution to [LP-newl for G;. As a result,
LPOPT,e0, (G
E[val(e;) | V4] = ; ( t),
and 5o E[LPOPT G
Efval(e,)] = St O Lnew(Go)]
after taking taking expectation over V;.
On the other hand, Lemma [5.1] implies that
E[LPOPT, e, (Gt)] S LPOPT, e (G)
t - n '
Thus,
LPOPT,e0, (G
Efval(e;)] > 2LOF Tnew(@) (5.2)

n
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provided an <t < n.

Let us now consider the matching M returned by the algorithm, as well as its value, which we
denote by val(M). For each an <t < n, define R; as the remaining vertices of U when vertex vy
arrives (these are the unmatched vertices of U, after vy, ...,v;—1 are processed). With this notation,

we have that
n

val(M) = Z val(ug, vt) Ly, ery)- (5.3)
t=an

Moreover, we have the following lemma, whose proof we defer until afterwards.
Lemma 5.3. If f(t,n) := an/(t — 1), then
Plus € Ry | Vi, ve] > f(t,n),
fort > an.

Now, val(u,v) and {u; € R} are conditionally independent given (V;,v;), as the probes of v
are independent from those of v1,...,v;_1. Thus,

E[Val(utv Ut) 1[ut€Rt] | ‘/t7 Ut] = E[Val(ut7 Ut) | V;fv Ut] ' ]P)[ut € Ry | V;fv Ut]'
Moreover, for each t > an, Lemma [5.3] implies that
E[val(ug, vi) | Vi, ve] - Plug € Ry [ Vi, vi] > Elval(ug, ve) | Ve, ve] £(E,n),

and so
E[val(ug, v¢) Ly, er, | Vi, ve] > Elval(ug, ve) | Vi, ve] f(E,n).
Thus, by applying the law of iterated expectations,
E[val(u¢, vi)1jy,er,)] = E[E[val(us, v¢) 1y,er,) | Vi, ve ]
> E[E[val(ug, vy) | Vi, vp] f(t,m) ]
ft,n) E[val(u, vt)],

for each t > an.
As a result, using (£.3]), we get that

n

E[val(M)] = Z E[val(u, vt) Ljy,ery]

t=an
> Y f(t,n) Efval(ug, ve)].
t=an
We may thus conclude that
f(t,n)

n

E[val(M)] > LPOPT,e(G) Zn:

t=an

after applying (5.2]).
As >0 . ft,n)/n=(1+0(1))1/e when a = 1/e (where the asymptotics are as n — c0), the
result holds. O

In order to complete the proof of Theorem £.2] we must prove Lemma 53l Up until now, when
Algorithm [7 solves [LP-newl] for Gy, we have been able to notate the induced edge variables as

(Zu,v)uctvey, without ambiguity, despite the dependence on an < t < n. In the proof below, it
(t)

is necessary to be more explicit in our notation, so we denote z,, , as futﬂ, to indicate that we are
working with an edge variable from the relevant LP solution involving Gy.
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Proof of Lemma[5.3 In what follows, let us assume that an < t < n is fixed. We wish to prove
that for each u € U,
an
P[UGRt‘W,Ut]E—t T

As such, we must condition on (V;,v;) throughout the remainder of the proof. To simplify
the argument, we abuse notation slightly and remove (V;,v;) from the subsequent probability
computations, though it is understood to implicitly appear.

Given arriving node v; for j = 1,...,n, once again denote C(u,v;) as the event in which v;
commits to u € U. As R; denotes the unmatched nodes after the vertices v1,...,v;_1 are processed
by Algorithm [7], observe that u € R; if and only if =C'(u,v;) occurs for each j =1,...,t — 1. As a
result,

Plu € Ry = P[ﬂ] L=C(u, v))].
We therefore focus on lower bounding P[ﬂ;;ll—C (u,v;)] in order to prove the lemma.
First observe that for j = 1,...,an — 1, the algorithm passes on all the trials of v; by definition.

As such, we may focus on lower bounding
[N}, =C (u,v;)],

j=an

which depends only on the vertices of V;_1 \ Van—1. We denote ¢ := ¢t — an as the number of
vertices within this set.

Let us first consider the vertex v;_1, and the induced edge variable azgv ) for each v € V;_q.
Observe that after applying Lemma 2.3,

PIC(u,v-1)) = Y PC(u,v-1) |01 =] - Ploy_1 = 0]
veVi_1

1 -
:t——l Z (t 1)puv7

veVi_1

as once we condition on (V;,v;), v4—1 is uniformly distributed amongst V;_1. On the other hand,

the values (57(}’;1))%&06%71 are derived from a solution to [LP-newl for G;_1, and so

~(t—1
S i puy <1
veVi_1

We therefore get that
1

PlC(u,vi—1)] < T

Similarly, if we fix 1 < k < ¢, then we can generalize the above argument by conditioning
on the identities of all the vertices preceding v;_j, as well as the probes they make; that is,
(we—1,v4-1), -5 (Up—(k—1), Ve—(1—1)) (in addition to V; and v; as always).

In order to simplify the resulting indices, let us reorder the vertices of V;_1 \ V1. Specifically,
define vy, := v4_j, U = ws—p, and €, := e, for k = 1,...,t. With this notation, we denote H;, as
encoding the information available based on the vertices vy, ..., and the edges they (potentially)
committed to, namely éq,.. .,ék@. By convention, we define Hg as encoding the information
regarding V; and v;.

An analogous computation to the above case then implies that

1
P[C(u Uy, |Hk 1 Z 33 puv [Uk:U] < m,
veEVi_i

(t—k)

for each k =1,...,t, where Z,,, ~ is the edge variable for v € V;_.

16Formally, Hp, is the sigma-algebra generated from V;,v; and ey, ..., é.
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Observe now that in each step, we condition on strictly more information; that is, Hr_1 C Hp
for each k = 2,...,t. On the other hand, observe that if we condition on H;_; for 1 < k <t —1,
then the event C(u, ;) can be determined from #Hj;_; for each 1 < j <k —1.

Using these observations, for 1 < k < ¢, the following recursion holds:

[ k
]P)[m?:l_'c(uvqjj)] =E H [~C(u,v4)] ‘,Hk 1
[ k-1
=E H L= (u,;)) PIC (O, u) | Hi-1]
=1
1 k-1 _
>\ 1= Po— P[N;Z1~C(u, v5)]
It follows that if £ =t — an, then applying the above recursion implies that
—Qan
P[ﬁz;}m (u,vj)] > H <1 - —> .
Thus, after cancelling the pairwise products,
_ an
]P)[m;:})m_'c(uvvj)] > 1’
and so
_ an
Plu € Ri] = P[0, ~Clu,0))] = +—

thereby completing the argument.

d

6. CONCLUSION AND OPEN PROBLEMS

We discussed the online stochastic matching problem in various settings and gave new and
improved results with respect to a new LP relaxation which upper bounds the performance of the
non-committal benchmark. We use our LP to create fractional solutions which can then be rounded
to determine a non-adaptive sequence of edge probes. Our LP has a better stochasticity gap, as
compared to the linear programs discussed in previous papers. We considered the ROM input
model in the unknown stochastic graph setting, and adversarial, ROM and i.i.d. input models in
the known stochastic graph setting. All of our results hold for arbitrary patience values and we
consider both offline vertex weights and the more general edge weights in determining the stochastic
reward.

Our results leave open many interesting questions. We can view many open problems in terms
of one basic issue: When (if ever) is there a provable difference between the classical online bipar-
tite matching problem and the corresponding stochastic matching problem? What negative (i.e.,
inapproximation) results (if any) can be strengthened beyond what is known in the corresponding
classical settings?

Another direction is to improve the linear program for the case of unit patience since a stochas-
ticity gap of 1 — 1/e holds here, and our linear program is equivalent to those linear programs
discussed in earlier papers, when restricted to unit patience. This seems to be a bottleneck in
proving positive results in any model. It would also be interesting to look at other methods to
prove competitive ratios without using linear programs at all (i.e., by combinatorial methods). Or
when (if ever) is 1 — 1/e an optimal competitive ratio?
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We are also interested in whether our results for stochastic matching can be extended so that

offline, as well as online vertices, have patience constraints. Another extension would be to general-
ize the patience constraints so that now online vertices have budgets, and edges have non-uniform
probing costs. The constraint would be that the cost of probes adjacent to an online vertex is lim-
ited to its budget. And finally, we are interested in whether we can obtain improved competitive
ratios, for special cases, such as when the edge probabilities are decomposable or vanishingly small
as studied in Goyal and Udwani [20].
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APPENDIX A. RELAXING THE NON-COMMITTAL BENCHMARK

In this section, we consider in greater detail the non-committal benchmark, as defined in Section
2, and prove that [LP-newl is a relaxation of this benchmark (Theorem [22)). It be convenient to
extend our technical definition of an online probing algorithm to the offline setting (as has previously
been implicitly suggested by the committal and non-committal benchmarks).

Suppose that we are given an arbitrary stochastic graph G = (U,V, E). We define a probing
algorithm as an algorithm which adaptively reveals the edge states G, while respecting the patience
values of G. Notably, we do not restrict a probing algorithm to any specific ordering of the edges
of G. The goal of a probing algorithm is again to return a matching of active edges of large
expected weight, though we allow it to do so after all its probes are made. The value of the non-
committal benchmark on G, namely OPT,,,(G), clearly corresponds to the largest expected value
a non-committal probing algorithm can attain on G.
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We then say that a probing algorithm respects commitment (or alternatively is committal),
provided it has the property that if it makes a probe which yields an active edge, then this edge
is included in the current matching (if possible). Similarly, the value of the committal benchmark
on G, denoted OPT(G), simply corresponds to the largest expected value a committal probing
algorithm can attain on G.

We first observe that if OPT(G) again denotes the value of the committal benchmark, then the
values of OPT(G) and OPT,,,(G) are in fact separated, even for small graphs with uniform edge
probabilities and weights. Specifically, if G corresponds to G(4,0.64) (the ErdsRnyi graph on 4
vertices), then the negative result from Costello et al. [10] implies that

OPT(G) < 0.898 - OPT 00 (G),

where G has full patience. Thus, proving competitive ratios against the non-committal bench-
mark is in principle a strictly harder problem than proving guarantees against the committal
benchmark.

A.1. The Relaxed Stochastic Matching Problem. Suppose we are presented an arbitrary
stochastic graph G = (U, V, E) with edge weights (we)ecp, edge probabilities (pe)ecr and patience
values (¢y)ycv. We now introduce the definition of a relaxed probing algorithm, described in
the following way:

A relaxed probing algorithm probes edges of (G, while respecting the patience constraints of
the online nodes of V. It is allowed to move between edges of GG, and does not need to respect
commitment. We say that a relaxed probing algorithm is non-adaptive, provided its edge probes
are determined statistically independently from the edge states of GG; that is, the random variables
(st(e))eck-

Once a relaxed probing algorithm reveals its probes, it returns M, a subset of its probes which
yielded active edges. The goal of the relaxed probing algorithm is to maximize the expected weight
of M, while ensuring that the following properties are satisfied:

(1) Each v € V appears in at most one edge of M.
(2) For each u € U, the expected number of edges which contain w is at most one.

We refer to M as a one-sided matching for the online nodes. In a slight abuse of terminology,
we say that a relaxed probing algorithm matches the edge e, provided e is included in M.

Let us also refer to a relaxed probing algorithm as committal, provided it has the property
that if a probe to e = (u,v) yields an active edge, then the edge is included in M (provided v is
currently not in M).

We define the relaxed benchmark, as the optimum relaxed probing algorithm on G, and denote
OPT,¢(G) as the value this benchmark attains G. Observe that by definition,

OPT,on(G) < OPT, (@),

where OPT,,,,,(G) is the value of the non-committal benchmark on G.
Unlike the non-committal and committal benchmarks, we can encode the value of OPT,(G)
precisely using an LP. Specifically, for each S C U and v € V, we first define

p(S,v) ==1—=J] (1= pun),

uesS

which corresponds to the probability that an edge between v and S is active. Moreover, for
1 <k <|U|, denote ([k]) as the collection of subsets of U of size k. We now generalize the LP used
by Gamlath et al. [17] to the case of arbitrary patience. For each u € U and v € V, we interpret
the variable z,, as corresponding to the probability that the relaxed probing algorithm matches
the edge (u,v) (in this way, the edge probability p,, is implicitly encoded in the variable). The
interpretations of the remaining variables are discussed in the proof of Theorem
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maximize Z Z Wy * Zuw (LP-rel)

uelU veV
subject to Z Zup <1 Yu e U (A.1)
veV
> zup(R) <p(S,v)-an(R)  YweV,Re <2]> ,SCR (A.2)
ues v
> (R =1 Yo eV (A.3)
RCU:
| Rl=Ly
Z Zuw(R) = Zuw YveViuelU (A4)
RCU:
|R|=t,
U
Zup(R) >0 VueUwveV,REe <£> (A.5)
U
Zuw(R) =0 VuEU\R,UEV,R€<€> (A.6)
ay(R) >0 YVoeV,RCU (A7)

If LPOPT,¢(G) corresponds to the optimum value of this LP, then this value encodes OPT,;(G)
exactly.

Theorem A.l. For any stochastic graph G, we have that
LPOPT,(G) = OPT,q(QG).

Moreover, there exists a relazed probing algorithm which is non-adaptive, committal and which
is optimum (attains value OPT,(G) in expectation).

Proof. We first argue that the relaxed benchmark corresponds to a solution of [LP-rell

For each v € V and R C U, where |R| = {,, we can introduce a variable a,,(R) corresponding to
the probability that the relaxed benchmark probes the £, edges between R and v.

If we now take u € U, then define 2, ,(R) as the probability that the relaxed benchmark probes
the edges of R x {v}, and matches u to v. For convenience, we also define z, , as the probability
that the relaxed benchmark matches u to v. We then get that

Zup = Z Zu,v(R)
RCU:
|R|=¢y
for each u € U and v € V.
Observe now that (zuw(R))uere‘/Re(U) together with (a,(R))

Ly

sible solution to [LP-rell As such, OPT,(G) < LPOPT,(G).
Let us now suppose we are presented a solution to[LP-rel, again denoted by (2, ,(R))

vevre(Y) corresponds to a fea-

ueUweV,Re(,) )
and (o, (R))UEV, Re(V): Using this solution, we can derive relaxed probing algorithm which returns

a one-sided matching whose expected value is equal to the LP solution’s value.

Let us first fix a vertex v € V and consider the values (av(R))RE(eU) and (zu,U(R))uerRE(ZU).

Observe that if we fix R C U, |R| = ¢, then the values (zum(R)/av(é))ueR satisfy the relevant
inequalities of (2.7)) (see Section [2]), thanks to constraint (A.2) of [LP-rell The work of Svensson et
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al. [17] and Costello et al. [10] therefore guarantees that there exists a committal probing algorithm
for G[R U {v}], say B,(R), such that

Zuw(R)

oy (R)

for each uw € U. Moreover, the probes of B,(R) are guaranteed to be statistically independent

from the edge states, (st(u,v))uecr-
This suggests the following relaxed probing algorithm, which we denote by B:

(1) Set M =10.
(2) For each v € V, draw P C U according to the distribution (OZU(R))RE(U).
ty
(3) Execute B,(P), and match v to whichever vertex of U (if any) v is matched to by B, (P).
Observe now that

P[B,(R) matches v to u] =

u,v R
P[B matches v to u| = E ay(R) - ZaT(R)) = Zuw,
RCU:
IRI=t,

Thus,
E[val(M)] = Z Wy * Zuw-
ueUweV
Moreover, if N, counts the number of vertices of V' which match to u, then
E[Nu] = Z Zuv < 17
veV

as the values (z,,,)vev satisfy (A) by assumption.
Finally, we observe that B respects commitment and is non-adaptive.
O

Unfortunately, [LP-rell does not seem to be polynomially time solvable, at least for arbitrary
patienc.

We are now ready to prove Theorem Namely, that [[P-newl is a relaxation of the non-
committal benchmark. For convenience, we restate this LP:

|ul

maximize Z Z Zwui,vgf)(u) 2y (u) (LP-new)

vEV ueU(Sty) \ i=1

Ly
subject to Z Z Z g (u*) -z (u) < 1 YueU (A.8)

veV i=1 y*cpy(Stv)
uy=u

Z y(u) <1 Yo eV, (A.9)
ueU(SZU)
Ty(u) >0 Yo e V,u e USH) (A.10)

In fact, we prove the following stronger statement:

Theorem A.2. For any stochastic graph G, an optimum solution to [[LP-neul has value equal to
OPT,(G), the value of the relazed benchmark on G.

17y¢ max,cv £y is upper bounded by a constant, independent of the size of U, then the LP is solvable using the
separation oracle presented by Gamlath et al. [I7]. A similar statement is true if all the patience values are close to

U1
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Proof. Suppose we are presented a solution (xv(u))vev,uemé‘v) to [LP-newl
We observe then the following relaxed probing algorithm:
(1) M« 0.
(2) For each v € V, set e <~ VERTEXPROBE(G, (7, (®)),cpr(<to), V).
(3) If e # 0, then let e = (u,v) and set M(v) = u.
(4) Return M.
Using Lemma [2.3] it is clear that
|ul

Efal(M)] =) D> | D wuwdu(w) | - zu(u).

VEV el (<t) \i=1

Moreover, each vertex u € U is matched by M at most once in expectation, as a consequence of

(A3)

In order to complete the proof, it remains to show that given a relaxed probing algorithm A,
there exists a solution to [[P-newl whose value is equal to E[val(A(G))] (where A(G) is the one-sided
matching returned by A). In fact, by Theorem [A.Il we may assume that A is non-adaptive and
respects commitment.

Observe then that for each v € V and u € U(S%) with k = |u| we can define

xy(u) := P[A probes the vertices of u = (uy,...,ux) in order].

Setting M = A(G) for convenience, observe that if val(M(v)) corresponds to the weight of the

edge assigned to v (which is 0 if no assignment is made), then
|ul ‘
EfalM@)] = D> | D wuwgs(u) | -zu(w),
wclU(Stw) 1=1

as A respects commitment and is non-adaptive.
Moreover, for each u € U,

Ly
YYD giw) m(w) <1,

veV i=1 u*GU(SZ“)Z
uy=u

by once again using the non-adaptivity and commitment properties of A. The proof is therefore

complete.
O

APPENDIX B. SOLVING [LP-NEW| EFFICIENTLY
In this section, we prove the following result:
Theorem B.1. An optimum solution to[LP-neul can be found in polynomial time in the size of the
stochastic graph, G = (U,V, E).

In order to prove this claim, it suffices to show that [LP-new-dual has a (deterministic) polynomial
time separation oracle, as a consequence of how the ellipsoid algorithm executes (see [30], [19] [34]
for details). As such, we restate the dual of [LP-new] for convenience:

minimize Z ay, + Z Bu (LP-new-dual)
uelU veV
||

|u*|
subject to By + ng)(u*) Oy 2 Zwu;,v - gl (u¥) Yo e V,u* e UER) (B.1)
j=1 j=1



BIPARTITE STOCHASTIC MATCHING: ONLINE, RANDOM ORDER, AND LI.D. MODELS 35

ay >0 Yu e U (B.2)
By >0 Yo eV (B.3)

Suppose now that we are presented a particular selection dual variables, say ((ay)uect, (Bv)vev ),
which may or may not be a feasible solution to[LP-new-duall Our separation oracle must determine
efficiently whether these variables satisfy all the constraints of [[P-new-duall In the case in which
the solution is infeasible, the oracle must additionally return a constraint which is violated.

It is clear that we can accomplish this for the non-negativity constraints, so we hereby assume
that oy, >0 and B8, >0 forallu € U and v € V.

Let us now fix a particular v € V in what follows. We wish to determine whether there exists
some u* € UEH) such that

[u”|

|u”|
Bv + ZQ%(U*) Oy < Zwuj,v “gp(u’).
=1 j=1

To make such a determination, we consider the function ¢, where
lu*| '
D) =3 (wr o — o) - gh(u”), (B.4)
j=1
for u* € US). Our goal is to verify whether there exists some u* € U(S%) such that ¢(u*) > f,.
If we can efficiently check this for a fixed v € V, then we can iterate the same procedure for all
v € V, thus yielding a polynomial time separation oracle for [[P-new-duall Thus, in order to prove
Theorem [B.I], we only need to prove the following statement:

Proposition B.2. There exists an efficient deterministic algorithm which checks whether there
exists some u* € USW) such that o(u*) > By. Moreover, if a tuple with this property exists, then
this algorithm will return such a tuple in polynomial time.

In [6], Brubach et al. consider the setting in which one is presented non-negative edge weights
(Wy* v)urcv, and the function

|u’|
P(u*) = Zu’)u;f,v gl (u*), (B.5)
j=1

for u* € U(E%) . They show that one can maximize this function in polynomial time using a
deterministic algorithm based on dynamical programming techniques.

Theorem B.3 ([0]). For any v € V with patience ¢, and non-negative selection of weights,
(Wy» v)urev, the function ¢ = P(u*) in [BA) can be mazimized in polynomial time using a de-
terministic procedure.

We can apply Theorem [B.3] to prove Proposition [B.2

Proof of Proposition [B.2. Let us first define w,,, := wy,, — o, for all w € U. Denote P as those
u € U such that w,, > 0. First note that if P is empty, then clearly ¢(u*) < 0 for all u € U,
so since [, > 0 by assumption, there is nothing to prove.

Let us therefore assume that P # ). Observe then that we can restrict our attention to those
u* € UEH) whose entries all lie in P; namely, P(=%). By applying Theorem [B:3], we are guaranteed
a deterministic procedure for maximizing ¢ on P(E6) iy polynomial time. Let us denote the outcome
of this procedure by w;q. Observe then that either

/Bv > (Zs(uma:c) > ¢(u*)

for all u* € U(gv), OI WUyqe Satisfies

¢(umax) > 61}-
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In either case, the procedure satisfies the requirements of Proposition [B.2] and so the proof is

complete.
O

APPENDIX C. LP RELATIONS AND IMPLICATIONS

In this section, we show how a number of the LPs present in the literature are related to one
and othel™. In particular, we consider an LP introduced in by Brubach et al. [6], which assumes a
number of extra constraints in addition to those of [[P-stdl We review the motivation behind this
LP, as well as how it is derived.

For each subset R C U and v € V, consider the induced stochastic subgraph, denoted G[{v}UR],
formed by restricting the vertices of G to {v}UR, and the edges of G to those between v and R. We
hereby denote OPT (v, R) as the value of the committal benchmark on the induced stochastic graph
G[{v} U R], which we observe is equal to the value of non-committal benchmark on G[{v} U R].

We can now formulate the LP of [6], whose constraints ensure that for each v € V', the ex-
pected stochastic reward of v, suggested by an LP solution, is actually attainable by the committal
benchmark.

maximize Z Z Wy, Puw Tu,w (LP-DP)
uelU veV
subject to Zpu,v Typw <1 Yue U (C.1)
veV
Z Ty < by YoeV (C.2)
uelU
Zpu,v Ty <1 YveV (C3)
uelU
> W Puw Tup < OPT(v, R) VeV, RCU (C.4)
uER
0<my, <1 YueUwveV (C.5)

Observe the following relations between the LPs considered in the paper.

Theorem C.1. For any stochastic graph G, we have that
LPOPTe,(G) < LPOPTpp(G) < LPOPTsy(G), (C.6)
and the LPs are all equivalent, provided G has unit patience.

The second inequality is immediate since [LP-DP)| is a tightening of [[P-stdl To prove the first
inequality, we will first proceed to state and prove Lemma

Assume that for each v € U and v € V, we are presented a fractional value, 0 < z,, < 1.
Moreover, let us assume that the values (24 )ucv,vey satisfy the following properties:

(1) For each u € U,
> PupTup <1 (C.7)
veV
(2) For each v € V, there exists a probing algorithm A, for the instance G[{v} U U] which
respects commitment and for which

P[A, probes (u,v)] = y, (C.8)

18We do not consider the full patience LP of Gamlath et al. in this section, as we discuss a generalization of their
LP in Appendix[Al
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for each u € U .

In this case, we get the following lemma:

Lemma C.2. If the values (zyu)ucupey satisfy properties (C) and (C8), then (2yp)uevvey is
a feasible solution to[LP-DP.

Proof. Let us fix v € V. We first observe that
Z P[A, probes (u,v)]

uelU

corresponds to the expected number of probes that A, makes when executing on G[{v} U U].
Thus, since A, makes at most £, probes, we know that

Z Typ = Z P[A, probes (u,v)] < £,.

uelU uelU

Let us now denote M as the matching returned once A, finishes executing on G[{v} UU]. This
is either a single edge including v, or the empty-set. As such, we denote M(v) to indicate which
vertex v is matched to (where M(v) := ) if v remains unmatched).

Observe then that for each u € U, we have that

PM(v) = u] = P[A, probes (u,v) and st(u,v) = 1] (C.9)
= Pu,v Tu,v, (C.lO)

as A, respects commitment by assumption.
As a result, since v is matched to at most one vertex of U,

Z Puv Tuw <1

uelU

It remains to verify that the additional LP constraints present in [LP-DPI hold for v. Let us
define val(M) as the weight of the edge matched to v (which is 0 if v remains unmatched by A,).
Observe that

E[Val(./\/l)] = Z Wy v Pu,w Tuv,
uelU
after applying (C.9) and linearity of expectation. Thus, since A, is a valid probing algorithm

which executes on G[{v} U U], this value can be no larger than what is attained by the committal
benchmark on G[{v} UU]. As such,

Z W Pup Tuw = E[val(M)] < OPT(v,U),
uelU

where OPT(v,U) corresponds to the value of the committal benchmark on G[{v} U U]. More
generally, if we now fix R C U, then observe that

Z Wy,v Puw Tuw = E[Val(M) 1[M(U)€RH7
ueR

where M(v) € R corresponds to the event in which the vertex matched to v lies in R.

Of course, we can also modify the probing algorithm A4, in such a way that it returns () instead
an edge within R x {v}. This alternative probing algorithm (which depends on R) will then return
an edge of expected value

E[val(M) 1jav(v)er)-

191 the terminology of Section 2] we say that the values (u,v)uct,vev can be implemented losslessly.
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As such, for each R C U,
Z Way,p Puyw Tuw = E[val(M) Lpq)er)] < OPT(v, R),
ueER

where OPT (v, R) corresponds to the committal benchmark on G[{v} U R].
Now, the vertex v was arbitrary, so we know that all the constraints on the vertices of [LP-DP]
hold. By assumption, we also know that for each u € U,

Z Pujy Ty v <1l
veV
Thus, (2, )ucvpev is a feasible solution to [LP-DP] thus completing the proof.

With this lemma, we now prove Theorem [C ]l

Proof of Theorem[C 1. Suppose that we are presented an optimum solution to [[P-newl denoted
(20(w)) ey uer (<t - Recall that for each u € U,v € V and we defined the edge variable z,,, where

e g (w*) 7, (u)
Tup =) D :
i=1 ey (o). Puy

ul=u

We first observe that the values (%, )ucvey satisfy property (C.7) by assumption (see (2.8)) of
[LP-newl). Moreover, for each fixed v € V, if we consider the values (Zy)uer, then the VERTEX-
PROBE algorithm applied to the input (G, (z,(w)),crr(<e0), ), satisfies property (C.8), by Lemma
2.3

We may therefore conclude that (%, ,)ucvvey is a feasible solution to [LP-DPl On the other
hand, (2y(w)) ey uer(<e) is an optimum solution to [LP-newl so

LPOPTyew(G) = Y WuwPup Fup < LPOPTHp(G),
ueUveV
thus proving Theorem
]

Combing this theorem with the fact that [LP-newlis a relaxation of the non-committal benchmark
(Theorem [2.2]), this implies the follow corollary:

Corollary C.3. For any arbitrary stochastic graph G = (U, V, E) with patience values (€y)vey, if
a probing algom'thn@ attains an approzimation ratio of 0 < ¢ < 1 against [LP-std or [LP-DD, then
it attains this approximation ratio against the non-committal benchmark.

We conclude the section by observing the following relation between the LPs in the known i.i.d.
stochastic matching setting, namely [LP-newl and [LP-std-iidk

Proposition C.4. If (G,r,n) is a known i.i.d. input, then
LPOPTnew—iid(Gyran) < LPOPTstd—iid(Galryn)'
In fact, [LP-newl and [LP-std-iid are identical when G has unit patience.

This follows via a standard conditioning argument involving the instantiated graph G~ (G,7r,n),
combined with an application of Theorem [C.I], so we omit the argument in this version. Notably,
combined with Lemma [Tl this proposition implies that the competitve ratios of the online probing
algorithms of [4, [7, [8, 2] all hold against the non-committal benchmark.

20T his algorithm need not execute in any sort of online fashion, nor does it need to be committal.
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APPENDIX D. NON-ADAPTIVE PROBING ALGORITHMS AND ADAPTIVITY GAPS

Suppose that G = (U,V, E) is an arbitrary stochastic graph, and we are presented an online
probing algorithm A which is non-adaptive and respects commitment (as defined in Section [2). We
may assume that A operates in the ROM setting, that is the ordering m on V is chosen uniformly at
random, though the definitions we now describe follow identically when 7 is chosen by an adversary,
as well as in the known i.i.d. setting.

We hereby denote A(G) as the matching returned by executing A on G, and val(A(G)) as the
(random) value of this matching.

With this notation, we define the adaptivity gap of a stochastic graph G in the ROM setting as
the ratio,

sup E[val(B(G))]
OPTpon(G)

where the supremum is over all non-adaptive online probing algorithms.

While all of the algorithms we consider throughout the paper are implemented non-adaptivity,
of particular interest to us are Algorithms [3] and [l in which the stochastic graph G is presented
ahead of time. Observe that Theorems [B.I] and B.8 imply the following bounds on the relevant
adaptivity gaps:

Corollary D.1. The known stochastic matching problem with offline vertex weights, arbitrary
patience and adversarial arrivals has an adaptivity gap no worse than 1 —1/e.

Corollary D.2. The known stochastic matching problem with arbitrary patience, edge weights and
ROM arrivals has an adaptivity gap which is no worse than 1 —1/e.

APPENDIX E. PROOF OF THEOREM

Proof of Theorem[3.4. In this setting, the order of online vertices 7w is generated uniformly at
random. As such, we denote the vertices of V' as vy, ..., v,, where v; corresponds to the vertex in
position 1 <t <n of 7 (and n := |V]).

For each u € U and v € V, we once again make use of the edge variables (Z,)uecv,vev associated
to the solution (z,(u)),cy yer o) -

Let us now fix a particular vertex v € V, and a vertex u € U. We say that u is free for v,
provided u is unmatched when v is processed by Algorithm Bl

Observe then that if C(u,v) corresponds to the event in which v commits to u during one of its
£, probes, then

PM(v) = u] = P[C(u,v) and u is free for v]
= P[C(u,v)] - P[u is free for v]
= Duw Ty Plu is free for v,

where the final line follows from Lemma 2.3l
We know however that,

Plu is free for v] = ZIP’[U is free for v| v, = v] - Plvy = ] (E.1)
=1

B 2": Plu is free for v |v; = v] (F.2)

t=1 "
where the last equality follows since 7 is generated uniformly at random.
As such, we may lower bound P[u is free for v |v; = v] for each t = 1,...,n in order to derive a
lower bound on the competitive ratio of the algorithm.
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Let us now fix 1 < ¢ < n and condition on the event in which v; = v. Observe then that

t—1
Plu is not free for vy |v; = v] = PUL_ LM (vg) = u| vy = 0] < ZP[M(vk) =u|v = v,
k=1
as u is not free for v, if and only if one of vq,...,v;_1 matches to u.

On the other hand, using Lemma 2.3 we know that for each k =1,...,t -1

PM(vg) = u|v = v] = Z]P’[M(s):u]{vt:v}ﬂ{vk:s}]-]?[vk:s]vt:v]

seV:
s#v

<Y PC(s,u) [ {vy = v} N {vp = s} - Plog, = s| v, = 0]

seV:
s#v

— Z pu,s Eu,s
n—1"~
seV:
s#v
as once we condition on {v; = v}, vy is uniformly distributed amongst V' \ {v}.

As a result, N
Pu,s Tu,s < t_l’
n—1 " n-—1

Plu is not free for vy | vy = v] < (£ —1)

by the constraints of [LP-newl
Thus, combined with (E.),

=1 t—1
Plu is free for v] > Z— (1— >
= n n—1

D > ()
n(n—1)
= 1/2.

To conclude, for each edge (u,v) € E, we have that

Pu,w 5u,v

2

On the other hand, if we denote val(M) as the value of the matching M, then val(M) =
> ueUvev Wuw LM(w)=y)- Thus,

Wy T.
EfjalM)] = Y wyoPM@) =u]> Y “f“p“
UGU,UGV UEU,UEV
As (7y(4)) ey yep(<e is an optimum solution to [LP-newl this completes the proof. O

PIM(v) = u] = pyp Tuw Plu is free for v] >
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APPENDIX F. EXTENDED RELATED WORKS

Our results pertain to the online stochastic matching problem which (loosely speaking) is online
bipartite matching where edges are associated with their probabilities of existence. There is a
substantial body of research pertaining to the “classical” (i.e. non stochastic) online bipartite model
in the fully adversarial online model, the random order model, and the i.i.d. input model. The ever
growing interest in various online bipartite matching problems is a reflection of the importance
of online advertising but there are many other natural applications. The literature concerning
competitive analysi of online bipartite matching is too extensive to do justice to many important
papers. We refer the reader to the excellent 2013 survey by Mehta [28] with emphasis on online
variants relating to ad-allocation. Given the continuing interest in ad-allocation, the survey is not
current but does describe the basic results.

The seminal result for unweighted online bipartite matching is due to Karp, Vazirani, and Vazi-
rani [24]. They gave the randomized Ranking algorithm that achieves competitive ratio 1 — 1/e
in the adversarial online setting which they show is the best possible ratio for any randomized
algorithm. There have been many proofs of this seminal result, such as the primal-dual approach
due to Devanur et al. [I3]. Any greedy algorithm (i.e., one that always makes a match when
possible) has a 0.5 ratio, and this is the best possible a deterministic algorithm can attain. The
Ranking algorithm can also be viewed as a deterministic algorithm in the ROM input model. In
the ROM model, Madhian and Yan [26] show that the randomized Ranking algorithm achieves
competitive ratio .696. For the case of weighted offline vertices and adversarial input sequences,
Aggarwal et al. [3] were able to achieve a randomized 1 — 1/e competitive ratio by their Perturbed
Ranking algorithm. Huang et al. [2I] show that the Perturbed Ranking algorithm obtains a .6534
competitive ratio in the ROM input model.

Feldman et al. [I6] introduced online bipartite matching in the i.i.d. model in which each online
vertex is independently and identically generated from some known distribution. In this model,
they were able to beat the 1 — 1/e inapproximation for bipartite matching that applies to the fully
adversarial online model. The i.i.d. online bipartite model has been studied for the unweighted
and edge weighted models. The most recent competitive ratios for integral arrival rates are due
to Brubach et al. [7] in which they derive a .7299 ratio for the (offline) vertex weighted case
and a .705 ratio for edge weighted graphs. Karande et al. [23] show that any competitive ratio
for the ROM model applies to the unknown (and therefore known) i.i.d. models. It follows that
any inapproximation for the known i.i.d. model applies to the ROM model. Kesselheim et al.
[25] extend the classical secretary result and established the optimal 1/e ROM ratio for bipartite
matching with edge weights.

An early example of stochastic probing without commitment is the Pandora’s box problem
attributed to Weitzman [33]. In Weitzman’s Pandora’s box problem, a set of boxes is given, where
each box contains a stochastic value from a known distribution and a cost for opening (i.e., probing)
the box. The algorithm has the option at any time of accepting the value of any opened box and
pays the total cost of all opened boxes. This is an offline probing problem in that boxes can be
opened in any order. An online version of the Pandora’s box problem has recently been studied in
Esfandiari et al. [I5]. Stochastic probing with commitment has been studied for various packing
problems, most notably for the knapsack problem, as studied in Dean et al. [II, 12]. In the
stochastic knapsack setting, the stochastic inputs are items whose values are known but whose
sizes are stochastic and not known until the algorithm probes the item. As soon as the knapsack

2llnitially7 competitive analysis refered to the relative performance (i.e., the competitive ratio) of an online algo-
rithm as compared to an optimal solution (in the worst case over all input sequences determined adversarially). We
extend the meaning of the competitive ratio to also refer to input sequences generated in the ROM model as well
as sequences generated i.i.d. from a known or unknown distribution; that is, whenever the algorithm has no control
over the order of input arrivals.
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capacity is exceeded by a probed item, the algorithm terminates. Dean et al. also introduced the
offline issue of measuring the benefit of adaptively choosing probes versus having a fixed order of
probes.

Turning back to matching problems, Chen et al. [9] introduced the stochastic matching problem
assuming a known stochastic graph and algorithms that can probe any edge in any order. They
obtained a 4—approximatio greedy algorithm in the unweighted case for arbitrary patience values.
They conjectured that their greedy algorithm was a 2-approximation. Subsequently, Adamczyk [I]
confirmed that the greedy algorithm is a 2-approximation for the unweighted problem and that this
approximation is tight. Bansal et al. [4] established a 4-approximation for the edge weighted case
with arbitrary patience and a 3-approximation for the special case of bipartite graphs. Adamczyk
et al. [2] improved the Bansal et al. bounds providing an approximation algorithm with a ratio of
2.845 for bipartite graphs and an algorithm with a ratio of 3.709 for general graphs. Baveja et al. [5]
recently improved the analysis of the original algorithm of Bansal et al., yielding an approximation
ratio of 3.224 for general graphs.

Of particular importance to our paper is the known stochastic matching framework with ROM
arrivals, as defined precisely in Section 2l Gamlath et al. [I7] presented a probing algorithm which
isal— %—approximation for the bipartite case in the full patience setting; that is, when there are no
patience restrictions for nodes on either side of the bipartition. The full patience setting is closely
related to the bipartite matching algorithm studied by Ehsani et al. [I4], which they prove is a
1— %—approximation as a corollary of their work in the more general combinatorial auctions prophet
secretary problem. While not explicitly stated in [I4], their bipartite matching algorithm can be
interpreted as an adaptive probing algorithm in the known stochastic matching framework with
ROM arrivals, attaining the same 1 — % non-adaptive approximation ratio as Gamlath et al.. Very
recently, Tang et al. [31] provided an alternative algorithm also attaining the same approximation
ratio of 1— % in the more general oblivious bipartite matching setting, however their algorithm does
not execute in an online fashion, and so is incomparable. See also Tang et al [32] for an online
greedy algorithm achieving a .501 ratio for a known stochastic graph and edge weights.

Mehta and Panigrahi [29] adapted the stochastic matching problem to the online setting prob-
lem with unit patience where the stochastic graph is not known to the algorithm. They specifically
considered the unweighted case for unit patience (for the online nodes) and uniform edge probabil-
ities (i.e,, for every edge e, p. = p for some fixed probability p). They showed that every greedy
algorithm has competitive ratio % In the same online setting they provide a greedy algorithm that
achieves competitive ratio (1 4 (1 — p)*?) which limits to (1 + e2) & .567 as p — 0. They also
show that against a “standard linear programming (LP)” benchmark, that the best possible ratio
is .621 <1 — % However, this does not preclude a 1 — % competitive ratio for a stricter LP bound
on an optimal stochastic probing algorithm. Preceding the Mehta and Panigrahi work is a result
in Bansal et al. [4] where they consider a known stochastic (type) graph with a distribution on the
online nodes. This can be called the stochastic matching problem with known i.i.d. inputs. Bansal
et al. achieve a 7.92 competitive ratio (or approximately, .13 as a fraction) in this stochastic i.i.d.
model. This was improved to .24 by Adamczyk [2] and most recently, by Brubach et al. [§] where
they obtain a .46 competitive ratio and a 1 — % inapproximation against a standard LP.

Returning to the unknown stochastic graph setting, there are recent independent papers by
Goyal and Udwani [20] and Brubach et al. [6]. Goyal and Udwani consider the vertex weighted
unit patience problem and establish a (best possible) 1 — % competitive ratio against an LP that
acts as an upper bound on an online stochastic benchmark under the assumption that the edge
probabilities are decomposable (i.e., py» = py - Py) and a .596 competitive ratio for vanishingly

22Unfortunately7 approximation and competitive bounds for maximization problems are sometimes represented
both as ratios > 1 and as fractions < 1. We shall report these ratios as stated in the relevant papers. Our results
will be stated as fractions.
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small edge probabilities. Our paper is motivated by and most closely follows the Brubach et al. [6]
paper. Brubach et al. use and motivate the “ideal stochastic benchmark” (for arbitrary patience)
and an LP relaxation for that ideal benchmark. They establish a best possible deterministic %
competitive ratio against their LP for the vertex weighted online stochastic matching problem. In
a very recent paper, Huang and Zhang [22] provide a randomized algorithm for unit patience and
offline vertex weights in the online stochastic matching framework. In the limit as edge probabilities
decrease, their algorithm achieves a .572 competitive ratid?.

23The results of Goyal and Udwani [20] do not subsume those of Huang and Zhang [22], as their online stochastic
benchmark is more restricted than the standard benchmark considered by Huang and Zhang.
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