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O N  T H E  D E C I D A B I L I T Y  O F  S P A R S E  
U N I V A R I A T E  P O L Y N O M I A L  

I N T E R P O L A T I O N  

A L L A N  B O R O D I N  AND P R A S O O N  T I W A R I  

Abs t r ac t .  We consider the problem of determining whether or not 
there exists a sparse univariate polynomial that interpolates a given set 
S = {(xi, Yi)} of points. Several important cases are resolved, e.g., the 
case when the xi's are all positive rational numbers. But the general 
problem remains open. 
K e y  words .  Algorithm, decidability, interpolation, sparse polynomial, 
complexity. 
Sub jec t  classifications. 68Q40. 

1. I n t r o d u c t i o n  

In this paper, we study a family of decision problems arising from sparse 
univariate polynomial interpolation through a given set of points. We use the 
following notion of sparsity throughout the paper. 
DEFINITION. A polynomial a(x)  = ~d=o aix i is said to be t-sparse if at most t 
of its coefficients ao, a l , . . . ,  ad are nonzero. 

A typical interpolation problem in this family is of the following form: Given 
a set S = {(xi, yl) I i = 1 , 2 , . . . , m }  C E 2 of m points, is there a t-sparse 
polynomial c(x)  = ~ = 1  ci z~  E F[x], such that c(xi) = yi for i = 1, 2 , .~  m. 
Here, the ei's are distinct non-negative integers, and E and F are one of Q or 
Z. (In this paper, Z and Q denote the set of integers and the set of rational 
numbers, respectively.) We note that there is no apparent a priori bound on 
Or. 

Perhaps the best known problem in this family is the case E = F = Q, 
m = t, and we are looking for a degree t - 1 polynomial through the given set 
of t points. It appears that the general problem has not been well studied. In 
fact, it is not at all clear that,  stated in its generality, whether or not the sparse 
interpolation problem is a decidable problem; and if it is decidable, whether 
it is feasible. Of course, the problem is decidable if an a priori  bound on the 
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degree is available, but even in this case, it is not clear that the problem is 
feasible. 

While the problem is of intrinsic mathematical interest, we are also moti- 
vated by the question whether there exists an emcient rational method (i.e., 
a method using only the operations + , - , * , / ,  and >) for sparse polynomial 
interpolation. We note that the black-box interpolation method of Ben-Or and 
Tiwari [1] requires root-finding (or at least the truncation operation). In con- 
trast, the methods of Grigoriev and Karpinski [6] and Tiwari [12] are rational, 
but are not as efficient. Moreover, the black-box allows the user to evaluate 
the unknown polynomial at arbitrary points; this may not be possible in many 
situations. Of course, before constructing an interpolating polynomial, one has 
to decide whether such a polynomial exists. Since we do not impose an a pri- 

ori bound on the degree of the interpolating polynomial, it is not clear that a 
decision procedure exists for the general problem. 

Sparse univariate interpolation problems arise naturally in the context of 
learnability of sparse univariate polynomials [8]. Learnability of various concept 
classes in several models has been extensively studied in recent years, and many 
instances of learnable concept classes are known. However, in many cases, 
methods for constructing a consistent hypothesis are not known. 

The paper is organized as follows. In Section 2, we state various interpola- 
tion problems in the family, and summarize their current status. In Section 3, 
we present a decision procedure for the case E = Z, F = Z, and t > m. 
This procedure is based on a very nice property of the Lagrange interpolation 
polynomial (see Theorem 3.1). 

In Subsection 4.1, we present a decision procedure for the case K E {Q, Z}, 
F = Z, and #{xi  i xi > 1, i = 1, 2 , . . . ,  m} > t. This decision procedure is based 
on the fact (proved in Theorem 4.3 and Corollary 4.4) that the degree of any 

sparse interpolating integer polynomial is bounded from above. (Furthermore, 
this bound depends only on S and can be computed easily.) In Subsection 4.2, 
we study the case E = F = Q, and present the main result of this paper. Note 
that Lagrange interpolation always provides a solution for the case m < t. 
In the case m > t, we present a decision procedure for the case #{xl  I zl > 
0, i = 1 ,2 , . . .  ,m} > t. As in Subsection 4.1, this decision procedure is based 
on the fact that the degree of any sparse interpolating integer polynomial is 
bounded from above. (Furthermore, this bound depends only on S and can be 
computed easily.) These degree bounds are established using a key property of 
the generalized Vandermonde matrices. 

In contrast, we show in Section 5 that in some cases the sparse interpolating 
polynomial must necessarily have large degree. We conclude by listing several 
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open problems in Section 6. 
We believe that  the general sparse polynomial interpolation problem (with- 

out any constraints on xi's) is decidable. However, our methods fall short of 
establishing this assertion. We also believe that  the case of negative xi's is more 
than just a technicality; in fact, mathematically,  it appears to be fundamental ly 
different. 

2. D i s c u s s i o n  of  s o m e  dec i s ion  p r o b l e m s  

We say that  a problem is a proper decision problem if both positive and 
negative instances of the problem can be constructed. Descartes's rule of signs, 
discussed below, is used in this section to construct negative instances for sev- 
eral interpolation problems. 
DEFINITION. Let al, a2 , . . .  ,am be a sequence of real numbers. This sequence 
is said to have a sign variation at position i if aiai+l < 0. The total number  of 
sign variations in a sequence is determined by dropping all the zeros from the 
sequence, and then counting the number  of positions that  have a sign variation. 
Descartes'  Rule of  Signs [7]: Let c(x) = E t i=1 ci x~,  where all the c4's are real 
and ei's are distinct non-negative integers. Let n be the number  of positive 
real roots of c(x), counted with multiplicity, and let s be the number  of sign 
variations in the sequence {Cl,C2,. . . ,  c~}. Then s - n  is a non-negative even 
integer. (Note that  this implies that  the number  of distinct positive real roots 
is strictly less than the sparsity t.) 

In the following discussion, we establish that  the family of decision problems 
under consideration contains some proper ones. In all cases, it is easy to con- 
struct a positive instance for any values of m and t by picking a t-sparse polyno- 
mial in E[x], and sampling it at any set of m sample points. Let us begin with 
the case when E = F = Z; i.e., given a set S = {(xi, yi) l i = 1 , 2 , . . . , m }  C Z 2 
of m integer points, determine if there is a t-sparse polynomial which passes 
through these points. A negative instance for any value of t _> 2 and any m, is 
the set {(0, 0), (2, 1) , . . .} ,  where the unspecified values can be chosen arbitrar- 
ily. A less transparent  negative instance for this problem, given by Corollary 
3.3, is {(0,0), (2,0), (4,4)}. 

Next, consider the case when E = Z and F = Q. Every instance of this 
problem can be solved in a straightforward manner  by Lagrange interpolation, 
provided t _> m. In the case when t < m, Descartes' rule of signs implies that  
{(1, 0), (2, 0 ) , . . . ,  (t, 0), (t -t- 1, 1)} is a negative instance. 

Now consider the case when E = Q and F = Z. When t < m, then 
{(x~, 0), (x2, 0), . . . ,  (xt, 0), (xt+~, 1)}, for distinct positive xi's, is a negative 
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instance. When t > m, the negative instance for the case E = Z and F = Z 
(from the paragraph before last) is also a negative instance for this case. Finally, 
we consider the case E = F = Q. This problem is always solvable for t ~ m 
by Lagrange interpolation. When t < m, {(xl, 0), (z2, 0) , . . . ,  (xt, 0), (xt+~, 1)}, 
for distinct positive x~'s, is a negative instance. 

Table 1 summarizes the current status of the family of decision problems 
studied in this paper. 

The equivalence between P3 and P7 can be established as follows. Let 
S = {(x,,y,) t i = 1 , 2 , . . . , m }  C Q2 be an instance of P7. Let A be the 
least common multiple of the denominators of xi's and y~'s. Define xi = Axi 
and /), -- AB~, and consider the instance of P3 given by S = { ( ~ , ~ )  ! i =- 
1, 2 , . . . ,  m}. Let ~(x) = ~=~ c~x ~' be a solution for this instance of P3. Then, 
c(x) = ~=1 c4 A~'-lxr is a solution for the above mentioned instance of P7. 
Since every instance of P3 is also an instance of P7, P3 and P7 are equivalent 
problems. 

In a similar manner, one can argue that P4 and P8 are equivalent problems. 

. A d e c i s i o n  p r o c e d u r e  f o r  i n t e g e r  
p o l y n o m i a l s  w h e n  t > m 

In this section, we present an efficient decision procedure for the case when 
E = F = I and t >_ m (Problem P1). The corresponding problem P5 for E = Q 
remains open. 

3.1. T h e  case  t > m and  E = F = Z. First consider the case t = m. 
Corollary 3.2 below is the key to an efficient decision procedure for tins case. 

THEOREM 3.1. Given the set S = {(xi, y~) i i = 1 ,2 , . . .  ,t} C Z 2, if there 
exists a polynomial with integer coellJcients that interpolates all the points of 
S, then the degree t - 1 polynomial obtained by Lagrange interpolation has 
integer coettlcients. 

PROOF. Let f ( x )  = Ei~=o f ix  ~ E Z[x] be such tha t / (x~)  = y~ for i = 1 , 2 , . . . ,  ~, 
and let a(x) be the degree t -  1 polynomial obtained by Lagrange interpolation. 
Define p(x) = [I~=,(x - xi). Observe that all coefficients of p(x) are integers, 
and that its leading coefficient is one. Divide f ( x )  by p(x) to obtain q(x) and 
r(x) such that f ( x )  = q(x)p(x) + r(x) where r(x) is a polynomial of degree t -  1 
or less. Since the leading coefficient of p(x) is one, all coefficients of q(x) and 
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Pro- Type of 

blem sample points 

P1 Integer 

P2 Integer 

P3 

P4 

P5 

P6 

P7 

P8 

Type of 

coefficients 

Integer 

Integer 

~VS. m 

t>_m 

t < m  

Status 

Integer 

A proper decision problem. 

Efficiently decidable. 

(See Subsection 3.1.) 
A proper decision problem. 

Decidable if t of the xi's are 

at least two. 

(See Subsection 4.1.) 

Integer Rational t _> m Equivalent to P7 below. 

Integer Rational t < m Equivalent to P8 below. 

Rational 

Rational 

Rational 

Rational 

t>_m 

t < m  

t>_m 

t < r n  

Integer 

Rational 

Rational 

A proper decision problem. 

Decidable if t = m and 

xi > 1 for all i. (See 

Subsections 3.2 and 4.1.) 

A proper decision problem. 

Decidable if t of the xi ' s  are 

greater than 1. 

(See Subsection 4.1.) 

Always solvable 

by Lagrange interpolation. 

A proper decision problem. 

Decidable if t + 1 of the xi's 

are positive. 

(See Subsection 4.2.) 

Table 1: Status of problems considered in this paper. 
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r(z) are integers. Furthermore, a(x)  and r (x )  are both polynomials of degree 
at most t - 1, and they agree on t points. Therefore, a(x)  = r(z). o 

COROLLARY 3.2. t f  the degree m - 1 po tynomiM obtained on Lagre~nge inter- 
p d a t i o n  through a set S = {(xi, yi) I i = 1, 2 , .o . ,  m }  C Z ~ of  m integer points  
does not  have integer coefficients, then no polynomial  with integer coeNcients  
interpolates these points. 

This corollary yields a simple decision procedure for the case t _> ~.~: Per- 
form Lagrange interpolation on the points in the set S. If the resulting polyno- 
mial has integer coefficients, then it is a t-sparse solution to our interpolation 
problem. Otherwise, this instance of the interpolation problem has no solution. 
Corollary 3.2 also yields a negative instance to the interpolation problem under 
consideration: 

COROLLARY 3.3. There is no polynomial  with integer coet~cients that passes 
through the points  (0, 0), (2, 0), and (4, 4). 

PROOF. Lagrange interpolation through these points yields } x ( x  - 2). [] 

3.2. F u r t h e r  c o m m e n t s  on  i n t e r p o l a t i n g  an  i n t e g e r  p o l y n o m i a l  w h e n  
t > m. In the following we show that  there is a set $ of integer points with the 
following properties: S has m points, there is a 1-sparse rational polynomial 
(namely, �89 m) that  interpolates S, and there is an m-sparse polynomial with 
integer coefficients that  interpolates S, but  there is no t-sparse polynomial with 
integer coefficients that  interpolates S, for t < m. Thus the sparsity guaranteed 
by Theorem 3.1 is optimal for this set S. 

THEOREM 3.4. For Mi m, the Lagrange interpolation on the point  set S = 
{(2i, 2m-~i TM) [ i = 1, 2 , . . . ,  m }  yields a degree m - 1 po lynomiM alt o f  whose 
coetlicients are nonzero integers. 

PROOF. Fix an arbitrary m for this proof. Let p(x)  = ~i~_oY"~-~aix ~ = 
I-li~=l(x-2i). Note that  all the ai 's are nonzero integers. In the rest of this proof, 
we show that  the Lagrange interpolation through the point set S yields the 
degree m - 1 polynomial q(x)  = - ~i=0m-1 2m- i - l a ,  x i .  . This is clearly sufficient 
in order to establish the theorem. 

Define r (x )  = 7xl ,~ mod p(x) .  By comparing coefficients of the leading 
terms, it is easy to check that ,  in fact, r (x )  = 1 m -ix - 7p(x) .  Since all coefficients 
of p(x) ,  except the leading one, are nonzero even integers, all coefficients of 
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r(x) are nonzero integers. Finally, since both  r(x) and q(x) are degree m - 1 
polynomials ,  and they  agree on m points, they are in fact the same polynomial .  
D 

The following theorem asserts that  the  sparsi ty given by Theorem 3.4 is the 
best  possible. 

THEOREM 3.5.  For atl m, and t < rn, there is no t-sparse polynomial with 
integer eoet~cients, that passes through all points in the set S = {(2i, 2m-l i  m) i 
i = l , 2 , . . . , m } .  

PROOF. Suppose that  c(x) = ~j=l cJ xej with cj C 7 is a t-sparse polynomial  
such that  c(2i) = 2m-xi "~ for all i. Then 

2el 2e2 . . .  2 e' 
4e1 4e~ , . .  4 e t  

: : : : 

. . .  

C1 

C2 

et 

= 2 "~-1  

/21/ 
3 m . 

r y t  TM 

Let A denote  the mat r ix  on the left hand side of this equation,  and let c 
and b denote  the  vectors on the left and the right hand side of this equation,  
respectively. 

Now, two cases may  arise: (1) none of the e~'s equal m; or (2) there exists 
i such tha t  ei = m. In the first case, by Lemma 4.1 (in Subsect ion 4.1), 
rank A = t < t + 1 = rank [A ] b]; and therefore the sys tem A x  = b has no 
solution. In the  second case, assume that  el = rn, and let A be the m x (t - 1) 
matr ix  ob ta ined  by deleting the i *h column of A. Similarly, let ~: be the  vector  
ob ta ined  by deleting the i th component  of c. The vector  ~: is a solution to the 
linear sys tem A x  = o~b, where a = 2m(�89 - ci). 

If a ~ 0, then by an argument  similar to that  in the first case, this sys tem 
has no solution. On the other  hand, if a = 0, then the i th component  of c is 
not an integer. [] 

It is worth point ing out  tha t  Theorem 3.1 does not hold if we replace the  
condit ion "S C Z 2" by "S C Q2,,. Specifically, consider 

1 t 1 t 
f ( x )  = -~x - + l - I ( x -  x~), 

i = 1  
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where xl = 1/2 and x~ = 2i for 2 < i < t. Then f ( x )  E Z[x], and the points 
(xi, Z(xi)) for 1 _< i _< t are interpolated by �89 t-1 E Q[x]. Therefore, the 
methods of this section do not imply a decision procedure for Problem P5~ 
However, the method of Corollary 4.4 (Subsection 4.1), will provide a (not so 
efficient) procedure for the case E = Q, F = I when t _< m and at least t of 
the sample points xl, x2 , . . . ,  x,~ are greater than one (or less than - ! ) ,  Thus, 
in particular, Problem P5 is decidable when t = m and all the sample points 
satisfy the condition just stated. 

. D e c i s i o n  p r o c e d u r e s  for i n t e g e r  and  r a t l o n m  
p o l y n o m i a l s  w h e n  t < m 

In this section, we consider problems P2, P4, P6, and P8. We are able 
to provide decision procedures if sufficiently many of the sample points are 
positive (or negative). The situation when this condition is not met appears to 
be more complex as we discuss in Subsection 4.3. 

4.1. A decision procedure for integer po l ynom i a l s .  In this subsection, 
we present a decision procedure for the case when E = F = l and xi _> 1, i.e., 
S = {(xi, y~ ) l i  = 1 ,2 , . . .  ,m} C l>_1 x l ,  where l>1 = {a E Z t a > 1}. We 
should also note that while the decidability result of Subsection 4.2 subsumes 
the result of this subsection, the results here are still useful for two reasons. 
First, our degree bound in the integer polynomial case is substantially better 
than the corresponding result for rational polynomials. Second, the degree 
bound in the integer polynomial case also applies when t = m (thus providing 
a partial result for Problem P5). 

Our decision procedure is based on the following two facts: 

(i) Given an increasing sequence of non-negative integers 0 < el < e2 < �9 .. < 
et, there is an efficient procedure to check if there exists a polynomial 
c(x) = ~/=1 cixei' Ci E 1, such that c(xj) = yj for i = 1 ,2 , . . . ,  m. 

(ii) Given the set S, one can compute an upper bound D on the degree of 
any polynomial having at most t nonzero integer coefficients which passes 
through the points of S. 

Assuming facts (i) and (ii) above, the decision procedure can be stated 
easily: 

Step 1: Compute the upper bound D; 
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Step 2: Try all possible degree sequences 0 _< el < e2 < . . .  < et _< D to 
determine if there is a polynomial c(x) t = ~i=I ci x~ ,  ci C 7, passing 
through all the points of S. 

In order to perform the test in (i) above, note that if such a polynomial 
exists~ then the coefficients ci's are a solution to the following system: 

X ~  1 X l  �9 �9 �9 X l  e l  Yl 

~2 x~' c2 = Y2 
"'"  ( 4 . 1 )  : : : : ! ! 

~t x ~  x~  . . .  x m ct ym 

Let us denote the matrix on the left hand side of this system of equations 
by V. Matrix V is called a generalized Vandermonde matrix [4J. It is known 
(see Lemma 4.1 below) that any t x t minor of V is nonsingular provided xi > 0 
and xi r xj for i r j .  Therefore, the above system has at most one solution. 
If there is a solution, it can be easily determined and checked for integrality. 

In order to compute the upper bound D of (ii) above, we will restrict our 
attention to the first t equalities in (4.1). Let X be the matrix consisting of the 
first t rows of V. We will prove that for large enough value of et, the system 1) / 

c2 Y2 
x ~ 

ct yt 

has no integer solution. Observe that 

C t _ _  - -  

det Z 

det X ' 
(4.2) 

where 

I el e2 et--I 1 X l  X l  . . .  X l  Yl ~1 e2 et~l 
x2 x2 . . .  x2 Y2 (~o)~*."' 

Z =  : �9 . : : " 

el  e2 et--1 
xt xt . . .  xt yt 

Since c, E l and ct r 0, we have let[>__ 1. We shall determine a bound D 
such that et > D implies I c t l <  1, thus proving that the degree of c(x) is 
bounded by D. 

Next, we use Lemma 4.1 stated below, in order to prove a lower bound on 
the determinant of generalized Vandermonde matrices. 
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LEMMA 4.1. [4] There is a nonzero poIynomiM P(x)  in x l ,  x2, .... ~ z t  wit~] pos- 
itive integer  coettlcients such that  

det(X) = p(•  

COROLLARY 4.2. [f O <_ Xl <_ X2 <_ "'" <_ Xt, then 

det X 
_ a, t ~ c t _  1 

We will use the following lexicographic ordering of the monomiais in the 
proof of Corollary 4.2. 

i t  i t - 1  i x  DEFINITION. Let {xt  x~_~ . . . x ~  ! ij >_ 0} be the set of all the monomials 

in zt ,  x t _ l , . .  �9 ,Xl. A monomial xti'Xt_l't-1.., xlil is said to be lexicographically 

greater than another monomial xti'xt_lJ'-~.., x{l if and only if there exists some i 
such that it = j t , . . . , i l + l  = jr+l, and il > jr- 
PROOF OF COROLLARY 4.2. In order to prove this corollary, it is sufficient to 
Drove that e t - t + l  e t - l - t + 2  e 2 - 1  el at x t_l  . . . x  2 x 1 is a term in the polynomial P(x)  with 
coefficient at least one. 

The lexicographically largest monomial in det X is the product of the lexico- 
graphically largest monomials in l-I~>j ( x ~ - x j )  and P(x) ,  respectively. The lexi- 

et et--1 ei cographically largest monomials in det X and 1-Ii>j(xi - x j) are x,  xt_ 1 o.. x 1 
a n d  t - 1  t - 2  x t xt_ 1 . . .  x~ respectively. Therefore, ~c t-~'-t+l Jct-l~'-~-t+2 . . .  x2~2-1xiel is the 
lexicographically largest monomial in P(x) .  Moreover, by comparing coeffi- 
cients, it is clear that this monomial appears in P(x)  with coefficient 1. [] 

Returning to the interpolation problem at hand, using Corollary 4.2, now 
we prove the existence of an upper bound D on the degree of any interpolating 
polynomial. Moreover, D can be computed easily. 

THEOREM 4.3. K S = {(x i ,  Yi)' i i = 1,2, . . . , t /~ C Z>2_ x Z and c(x)l, is a 
l-sparse po lynomia l  in l[x] that  passes through a11 tlhe poin ts  of  S ,  then 

deg c(x)  < D = log~ fl + t 2 log2 c~ + 2, 

where c~ = maxi xi, and • = maxi lYit. 

PROOF. Let c ( z )  = E~=I ci z~'. Consider (4.2) and assume, without; loss of 
generality, that xt > x t - i  > . . .  > xl > 1. By the definition of Z in (4.3), 

- -  l . I ' ~  /') e t - - I  e t - - 2  . o . X ~  I . F de tZ  I < (~.jpxt  xt_1 
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Therefore,  by (4.2) and Corollary 4.2, 

C t - - I  e t - - ]  e 1 
X t - 1  X 2  

- -  i~i>j(Xi_ a~.~ e t - t + l  e t - l - t + 2  e2 -1  el 
- -  " ~ 3 } X t  " ~ t - 1  �9 �9 �9 X 2  X l  

3fl 
<_ [ A  A~ 

X t  X t _ l  �9 . .  X 2 X l  

Here, we have used the fact that ,  for any t and any set of t increasing integers 
x~, (tI) < 3 l-L>j(xi - xj) .  Since xi _> 2 for i = 1, 2 , . . . ,  t, we have 

3 fl a t2 
1 < I6l<_ 2~---;-' 

et < log 2 ~ + t  2log 2 a + 2 .  [] 

For b = 0 or b = 1, we write Q>b = {a E Q l a > b}. 

COROLLARY 4.4.  Given a set S = {(xl, Yi) ] i = 1, 2 , . . . ,  t} C Q>I • Q, there 
exists a bound D such that i f  c(x) is a t-sparse polynomial in Z[x] that passes 
through all the points of  S, then 

where a = max/x i ,  ~ = maxi I Yi [, and 5 = mini xi. 

PROOF. Let c(x) t = ~ i=]  ci z~.  Instead of (4.4) in the proof of Theorem 4.3, 
we have 

1 _< Ic~l < ( t ! )Z"'2 [] 
- ~ '  l-I~>j I x~ - xj  I" 

4.2.  A d e c i s i o n  p r o c e d u r e  fo r  r a t i o n a l  p o l y n o m i a l s .  In this section, 
we s tudy  the case E = F = Q. Since the case t >__ m is easily solved using 
Lagrange interpolat ion,  we restrict  our a t tent ion to the case t < m. 

We present  a decision procedure  for the case xi > 0 for i = 1 , 2 , . . .  m (and 
t < m).  As in Subsect ion 4.1, this decision procedure  is based on an upper  
bound  on the degree of sparse interpolat ing polynomials.  
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TtIEOREM 4.5.  Given a set S = {(xi, yi) i i = 1 , 2 , . . . , t  + !} C Q>0 x Q, 
there exists a bound D such that i f  c(x) is a t-sparse po;ynomial in Q[x] that 
interpolates the set S, then 

deg c(x) __ D = (t + log~ [(t!)2t+~A~(a~)t~])(1 + logw[c~A]) ' '~ , 

where c~ = maxi xi, ~ = max.: Iyih 7 = min{x j / x i  : xj > xi}, and A is the/east  
common multiple of the denominator of xi's and yi's (in the reduced form). 

PROOF. Let c(x) = E ~ i=lci x~ C Q[xj where 0 ___ ei < e2 < ~" < e~, and 
ct r 0. In this proof, we compute  bounds Di, depending only on S and *, 
such that  ei <_ Di for 1 < i <_ t. Suppose that  we have already computed  
bounds  D1,D2, . . . ,Dk_~  where 1 _< k _< t. (k = 1 corresponds to the case 
when we have not computed  any of the  bounds.)  We now describe a method  
for determining Dk such that  ek _< Dk. 

Define el Yl xl 
el 

Y2 x2 
Z =  : 

el 
y t + ~  X t + l  

e2 et / 
X 1 �9 . . X 1 

~2 Ct 
X t +  1 � 9  Z t +  1 

(4.5) 

Notice the Z is a (t + 1) x (t + 1) matr ix and det Z = 0, since c(x~) = y~ for 
i = 1 , 2 , . . .  , t  + 1. Our aim is to find Dk such that  ek > D~ implies det Z 7t 0. 
For this purpose,  we need the following definition. 
D E F I N I T I O N .  Given a sequence 0 < i~ < i2 < . . .  < i~ <_ t + 1, !et i~,i~, . . .  ,i~ 
denote  the  sequence obta ined upon deleting i l , i 2 , . . . , i l  from ~he sequence 
t, 2 , . . . , t  + 1. Given two sequences of integers 0 < il < i2 < - . .  < il _< t + 1 

i~,is,...,~ denote  and 0 < j~ < j2 < "'" < jq _< t + 1, and a matr ix  A, let Ajl,js,...,j~ 
the submatr ix  of A consisting of rows i l , i 2 , . . .  ,it and columns j l , j 2 , . . .  ,jq. 
Note that  A') ' i? '"i! denotes the submatr ix  of A consisting of rows other than 
il, i 2 , . . . ,  i, and columns j l , j 2 , . . .  ,jq. 

We also make use of the Laplace expansion of the de terminant  [10]. tt s tates 
that:  

d e t A  ( - 1 )  ~(71~ ~ ( - 1 ) ~  = ~  il , ls , . . . , i~ a~,,is,...A = det A1,2,..., k det ~k+~,k+2,...,t+~, 
0<il <12 <-'-<ik ~t+ 1 

for any (t + 1) x (t + 1) matr ix  A. Applying this identi ty to Z we obtain: 

de tZ  ~ =L A I" ~i l ' i s '"" ik  7i1'i2'""ik = ~eo ~1,2,... ,k det L~k+l,k+2,. . . , t+ 1. 
0 < i l  < i s  < . - .< ik  < t + l  

(4.6t 
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Returning to the proof, let ~ denote the least common multiple of the 
denominators of the zi's and the yi's. Then, for any sequence 0 < il < i2 . . .  < 

�9 . - det Zi~,i2,...,ik (1)1+~:-: Dj ik < t + 1, either det ~l,2,...,kT"l"2'""'k = 0 or ] 1,2,...,k ] -- > 

Without  loss of generality, assume that 0 < zl < x2 < . . .  < Xt-l-1. We now 
argue that there exists Dk such that if ek > Dk, then there is a term on the 
right hand side of (4.6) that dominates the sum of the absolute values of all the 
other terms. In fact, this dominant term can be identified as follows: let r0 = 0, 
and for i > 0 let ri be the rank of 7.~,2,...,i If rt+l < k, then the first k columns L~l,2,...,k" 
of Z are linearly dependent, and the last k -  1 are linearly dependent by Lemma 
4.1; therefore, there is a (k - 1)-sparse polynomial, say p(x),  with exponents 
e~, e2 , . . . ,  ek_l, that interpolates the set S. But then ct = 0 because c(z) - p ( x )  
is the zero polynomial. (It is t-sparse, and it has (t + 1) positive zeros.) This 
contradicts the fact that ct 7 t O, and implies that rt+l = k. Next, define uj such 
that r~i = j but  r~r = j - 1. Let W denote the k x k submatrix ~ ' ~ 2 ' " " ~  L'1,2,..., k �9 

By the choice of uj 's, d e t W  r 0. In the rest of this proof, we establish that 
the term corresponding to the sequence ua, u~ , . . . ,  u~ is the dominant term on 
the right hand side of (4.6). 

Define v~, v ~ , . . . ,  vt+~_~ to be the sequence u~, u~ , . . . ,  u~. The term in (4.6), 
corresponding to the sequence u~, u~ , . . . ,  u~, equals 
det W det 7.~ '~ ...... *+~-~ By Lemma 4.1, 

~ k + l , k + 2 , . . . , t + l "  

det ~-1,~ ...... ,+l-k _ P ( z ~ , z , ~ , .  xv,+l_k)I~(z~, z~)  " - ' k + l , k - t - 2 , . . . , t + l  - -  �9 � 9  - -  , 

i > j  

where P(Zl ,  z 2 , . . . ,  zt+l-k) is a nonzero polynomial with positive integer coef- 
ficients. Also note that P ( z l , z 2 , . . . , z t + l _ k )  is a homogeneous polynomial of 

degree ( ~ = k  e i ) -  (t+12-~), and that all exponents appearing in P ( z l , . . . ,  z~+l-k) 

are at least as large as ek - ( t -  k). 

Suppose that a~,~2,...,~k ~,~2 ...... k det Z1,2,..., k det Zk+l,k+2,...,t+ 1 is another nonzero term on the 
right hand side of (4.6); and let bl, b2 , . . . ,  bt+l-k be the sequence al, a2 , . . . ,  a~. 

a l  10,2,...90,k Observe that if ui > ai for any i, then det "~l,2,...,k~l'~'""ak = 0. Since det Z1,2,..., k # 
0, ui _< ai and therefore, vj >_ bj. Since (u~ ,u2 , . . . , uk)  # (a~ ,a2 , . . . , ak) ,  there 
exists q such that uq < aq. Therefore, there exists a ~ such that 'vq > b 4. 

In order to complete the proof, we now establish that, for sufficiently large 
value of ek, the following inequality holds: 

[ det W det 7~1,v~ ,§ ...... ( t + l )  ~k+l,k+2,...,t+l t > k I det ~al,a2 ...... ~ det ~bl,b2,...,bt+~_k - -  ~ 1 , 2 , . . , k  *~k+l,k+2,.. . , t+l [ -  
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But we can rewrite the last inequality as follows: 

P(x~l,x~2,.~ > (t + l )  [Ii>j(xb~ -- xbj) ] detZ~i~,~'.',~ "'~k 
P(x~l,x~, -.-,x~,+l-~) - k ri,>j(x~, x~,) i ~ V - [  

.1 82 ,,+l-k in P(zl, .o., zt+i-~). We establish Consider a monomial c . z  1 z 2 . . .z t+l_ k z2, 
the last inequality by showing that, for sufficiently large ek, the following holds: 

X;llX;22*''XSt+l--k ( t + l ~  ]'I'>j(Xb'_U____~) ~ , ~ 2 k  ...... 
-.,+,-k > ~(I+E~- ~D,) i det Z1,2,..., k 1 

zb,*' xb~'~'" x? ~*l-~b~+~_~ - \ IIi>j(x~, - ~,) 

Now 2x > 3' whenever j > i, there exists q such that vq > bq, and s~ > ek - t. :gl -- 
Hence 

\ x h ]  \xb2] \Xb,+~_k/ 

Since I det Z~,2,..., k I<_ (t!)(a~,=, ') fl), it is sufficient to establish 

7 (~-`) > ( t ! ) t +  ~-~ 
- k I ] ~ . j ( ~ . ,  - z ~ , )  

Therefore, it is sufficient to choose 

Dk=t+log.yi( t!)2t+lAfl  ( 2; ~D'~ 

This is a recurrence of the form 

k-1 
a~. = B(~_, ai) + C. 

i=1 

It is easy to check that A.e = (1 + B)k-IC solves this recurrence. Therefore, 

D k ~-- ( ,  -+ log ,  [(t!)2t+l/~fl(Ot/~)t2])(1 + log.~[c~A]) ~-~ 

is the desired bound. 

Observe that we are unable to establish whether this rationa! poiynorniai 
interpolation problem is in NP, whereas, by the results of Subsection 4.!, the 
corresponding problem for integer polynomials is in NP. 

Finally, we observe that although Theorems 4.3 and 4.5 guarantee that 
there are only finitely many interpolating polynomials for the cases considered 
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(see also Subsection 4.3), it is certainly not the case that there is at most one 
t-sparse interpolating polynomial as we shall now observe. 

Given positive x l , x 2 , . . . , x m ,  el, e2 , . . . , e t ,  and f l , f 2 , . . . , f t ,  ei r f j ,  we 
describe a method for constructing yl, Y2,. �9 �9 Y,~ such that there exist two poly- 
nomials c(x)  = ~{=1 ci x ~ ,  and ~(x) = ~ = 1  cl x]~ satisfying c(xi)  = a(xi)  = yi. 
Define 

U i ---- 

ei 
X l  

el 
X2 

x;; 

, V i  -~-- 

x~ ~ 

qm E . 

The set { v l , v 2 , . . . , v t ,  u l , u 2 , . . . , u t }  is linearly dependent when 2t > m. 
(When m >__ 2t, Descartes' rule of signs shows that there can only be one 
solution if all sample points are positive.) Therefore, there exist ai and /3i, 
i = 1, 2 , . . . ,  m, not all zero, satisfying 

t 

+ Z Ziv  = 0. 
i = 1  i = I  

t t Define y = ~i=1 aiui = - ~i=1 flivi. (Note that y is in the intersection of two 
t-dimensionM subspaces.) Since ui's (and v~'s) are linearly independent, y r 0. 
Choose yi to be the i ~h component of y, ci = ai, ~ = -fl i ,  and check that the 
desired conditions are satisfied. In fact, when m = t + k for any k _< t - 1, one 
can construct a y such that there exist g = [~.xj + 1 interpolating polynomials 
by choosing y to be in the intersection of g subspaces, each of dimension t. 

4.3. C o m m e n t s  on spa rse  i n t e r p o l a t i o n  w h e n  t h e  s a m p l e  po in t s  
have  m i x e d  signs. The decision procedure of Theorem 4.5 requires that at 
least t + 1 of the sample points be positive. It is also sufficient that at least t + 1 
of the sample points be negative. This follows since Theorem 4.5 is based on the 
singularity of the matrix Z in (4.5), and if Xh x 2 , . . . ,  xt+l are all negative, then 
we can replace each xi by - x i  without changing the absolute value of det Z. 
Thus, the singularity is not affected and the degree bound D still applies. A 
similar remark applies to the results of Subsection 4.1. 

Theorem 405 has a purely mathematical (i.e., non-computational) conse- 
quence. Namely, when t < m, and at least t + 1 of the sample points are 
positive (or negative) then there are only a finite number of t-sparse inter- 
polating polynomials. (The degree bound implies that we need to consider 
only finitely many exponent sequences. Since the generalized Vandermonde 
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matrix is nonsingular, each exponent sequence can yield at most one interpo- 
lating polynomial.) In contrast, if t = m and {xi} are positive, then every 
exponent sequence again yields a nonsingular generalized Vandermonde matrix 
and hence a rationM interpolating polynomial, assuming at least one y~ is not 
equal to zero; that is, there are infinitely many t ( = m )  sparse interpolating 
polynomials. 

We now show that the situation is quite different when the positivity (or 
negativity) constraint on the sample points is not met. The simplest example 
is when m = t + 1, and xl = 0, yl = 0, and all the remaining xi's are positive 
(or negative). This implies el # 0 but otherwise, any exponent sequence can 
be used to interpolate the given set of points. 

As another example, we construct a point set S with (say) one negative xi, 
such that one can find sparse  polynomials of arbitrarily large degree passing 
through the points of S. Again, let m = t + 1. Choose xi E Q such that 
xi  # O, xi  # x j ,  and x~ # - x j  for i # j ,  for i , j  = 1 , 2 , . . . L  In addition, 
choose yl E Q, for i = 1 ,2 , . . .  , t  such that at least one of them is nonzero. 
Set xt+l  = - x t  and yt+l = yr. Let S = {(xi, yi) ] i = 1 , 2 , . . . , t  + 1} and let 
el < e2 < . . .  < et-1 < e, be any sequence of positive even integers. Then the 
system in (4.1) has a solution. 

Given the previous: example, one might conjecture that there are only 
finitely many solutions, as long as at least t + 1 of the sample points have 
different absolute values. We now show that even in this case we can construct 
a set S such that there are infinitely many integer polynomials that interpolate 
S. 

Define 

A = ( ( - 2 )  ( -2 ) -+  
3 n 3n+ 2 3n+3 . 

6 ~ 6~+2 6~+3 

It is easy to check that det A = 0. This simple example shows that a gener- 
alized Vandermonde determinant may be zero even when lxii # Ixjl  for i # j ,  
Moreover, matrix A shows that determinants of this form are singular even for 
arbitrarily large values of exponents. 

Let xl = - 2 ,  x2 = 3, x3 = 6, and yl = y2 = ya = 0. In addition, let 
x4 be any positive rational number, choose y4 # 0, and define S = {(x~,y~) ! 
i = 1,2,3,4}.  For any non-negative integer n, set el = n, e2 = n + 2, and 
e3 = n + 3. Then there is a polynomial c(x )  a = ~i=1 ci x ~  that interpolates the 
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point set S because 

det 

Yl X~ 1 Xl  2 X~ 3 

w x? x;2 xi3 
el e2 e3 

Y3 X3 X3 X3 
el X~ 2 e3 Y4 x4 x4 

= 0 .  

In light of these examples, it is not clear whether the degree of some sparse 
polynomial interpolating a set S can be bounded from above by an easily 
computable function of the coordinates contained in the set S. 

5. Sparse interpolating polynomials may 
necessarily have large degree 

The decision procedures of Section 4 are based on an upper bound on the 
degree of the candidate polynomials. As a consequence of Theorem 5.1 and 
Corollary 5.4 below, we will establish that in some cases, the degree of the 
minimum degree interpolating polynomial is large enough, so that any algo- 
r i thm based on degree bounds alone (e.g., the algorithms of Section 4) would 
require exponential time. 

THEOREM 5.1. For any t, d >__ t + 1, and t-sparse polynomial  c(x) = E~=I ci xe' 
in Q[x] of degree d there exists a point  set S = {(xi, c(xl)) I i = 1, 2 , . . . ,  t + 1} 
such that  no t-sparse po lynomiM of degree less than d interpolates S. 

PROOF. Choose a set S = {(xi, c(xi)) I i = 1, 2 , . . . ,  t + 1} arbitrarily. (Later, 
we will need to set the xi's appropriately.) Suppose that a(x) = ~=0~ aix" is 
a t-sparse polynomial of degree less than d that interpolates the point-set S. 
(Note that at most t of the ai's are nonzero and ad = 0.) We will need the 
dense representation of c(x); let c(x) d i = ~i=0 f i x  . Note that ct = f d ,  and that 
at most t of the fi 's are nonzero. 

As in the proof of Theorem 3.1, c(x) - a(x) = (F,~o bi zi) lnt+l( - x~), 
where r = d t - 1. Recall that l i t+ l / -  - -  Xi) X't+l i - -  l i i = l k  x = z..,i=O O't+l-iX where cr i is the 
degree i elementary symmetric function in the xj 's  multiplied by (-1) i ;  with 
a0 = 1. Equating the coefficients of x k on both sides, we get 

f k - - a k  = 

min{k , t+ l}  

ot+l-lbk_~; for k = O, 1 , . . . ,  d. 
l=0 
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This set of equations can be written as A b  = f where b is a (r + ?)-componen~ 
column vector given by b i  = br+l- i ,  for i = 1 , 2 , . . . , r  + 1; f is a ( d +  1)- 
component column vector given by fi = fe+x-i - an+l-i, for i = 1 ,2 , , .~  d + 1; 
and A is a (d + 1) x (r + 1) matrix given by 

{ a~_j i f O < _ i - j < _ t + l ,  
A~j = 0 otherwise, 

where i = 1 , 2 , . . . , d +  1 and j = 1 , 2 , . . . , r  + 1. 
Observe that at most t rows (components) of the vector f depend on the 

nonzero coefficients of a(x). Let H and c be the matrix and the vector obtained 
by deleting these rows from A and f, respectively. (If I < t rows were deleted 
in this process, then delete an additional t - l rows from the bottom.) Then H 
is an (r + 2) x (r + 1) matrix, e is a (r + 2)-component vector, and the vector b 
satisfies H b  = c. Notice that this system is independent of the actual values of 
the coefficients of a(x), but it does depend on the set of exponents that appear 
with nonzero coefficients in a(x). Depending on this set, we wil! end up with 

of (~) linear systems; the following argument is applicable to any of these one 

(~) systems. 
Notice that the matrix H has a nice structure. In particular, if the ki's are 

such that H i + l , i  = ~rki, then it is easy to see that the matrix H is completely 
specified by the sequence 0 < kl _< ks _< ..- _< kT+l. 

The next step in the proof is to show that one can choose the xi's so that 
the linear system H z  = e is inconsistent. In order to prove this last assertion, 
it is sufficient to prove that det(G) is a nonzero polynomial in the xi's, where 
G is the (r + 2) x (r + 2) matrix obtained by appending the vector e to the 
matrix H as the last column. 

v.r+l ki. Next, we show that the cofactor of the i th entry in the Define k = z~i=l 
last column of G is a nonzero homogeneous polynomial in the xi's. We need 
the following definition in order to proceed with the proof. 
DEFINITION. Given a vector k = [ul, u2 , . . . ,  us] of non-negative integers such 
that 0 _< ul _< u2 _< "'" _< us _< t + 1, define the n x n matrix S u by 

S. u. = ~3 O'ui+i-j. 

Continuing the proof, it is now easy to check that the cofactor of the i th 
entry in the last column of G is given by: 

(--1) r'{-3 d e t ( S  [ki ,]r162 
Cof(Gi#+2) = (_1)~+~+~ det(S[O,k~_l,k=_l,...,k~_~_l,k,,<+ ...... ~+,]), 
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where the top entry is valid for i = 1, and the bo t tom entry for 2 < i < r + 1. 
Therefore, by Lemma 5.2 below, the eofactor of the i th element in the last 
column of G is a nonzero homogeneous polynomial in the xi's of total degree 
k and k - ( i - 2 ) - k i _ l ,  f o r i  = l a n d  2 < i  < r + l ,  respectively. Observe 
that  the top right element of G is ct 5r 0. Therefore, det(G) is a nonzero (not 
necessarily homogeneous) polynomial in the xi's, and its total degree is k. 

Returning to the main line of argument,  each of the (d) systems gives rise 
to one such nonzero polynomial. Consequently, there is a choice of the xi's (in 
Q) that  makes all these polynomials nonzero, and therefore all the (t d) linear 
systems inconsistent. [] 

In the following discussion, ai is the elementary symmetric  function in 
{xl, x 2 , . . . ,  xm} of degree i multiplied by ( -1) i ;  ~0 = 1; and cri = 0 for i < 0 
o r i > m .  

LEMMA 5.2. Let k = [kl, k2 , . . .  ,kn], 0 < kl < k2 <_ "'" <_ kn <_ m,  and 
let S k be given by ( S k ) i j  = O'ki+i_ j Then det(S k) is a nonzero homogeneous 
p o l y n o m i d  in the xi's of  total degree ~i~___1 kl. 

PROOF. By definition 

det(S k) = ~ f l  o'k,+i-p,, (5.1) 
P i = l  

where p runs through the permutat ions of 1, 2 , . . . ,  n. Suppose that  the product  
corresponding to a particular permutat ion ~r is nonzero. Then, it is a homoge- 
neous polynomial in the xi's of total degree ~iC_a(ki + i - 7ri) = ~i~=1 ki = k. 
Consequently, all the nonzero terms on the right hand side of (5.1) have the 
same total degree. Therefore, i fdet (S  k) is a nonzero polynomial, then its total 
degree in the xi's is exactly ~i~__1 ki. It remains to prove that  det(S k) is a 
nonzero polynomial. 

Define ei = n - j if kj < i but kj+l _>__ i. (ei is the number  of k~'s that  are 
greater than or equal to i.) Observe that  el _> e~ _> -. .  >_ era. We will com- 
plete the proof by showing that  the coefficient of the monomial z 1~1x2~2 . . .  x~" 
in det(S k) is nonzero. In fact, a stronger assertion is true: the monomial  

~1 e2. . .  x~m appears only in the product  corresponding to the identity permu- x 1 x 2 

tation. We prove this fact by showing that  all the other monomials appearing 
on the right hand side of (5.1) are lexicographically larger than x 1~ x2~2.., z~,~. 
(See Subsection 4.1 for the definition of the lexicographic order on monomials.) 

To begin with, note that  x 1~x2"2 . . .  x~m is the lexicographically least mono- 
mial appearing in the product  corresponding to the identity permutat ion.  Next, 
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let ~r be any permutat ion other than the identity, such that  the correspond- 
ing product  on the right hand side of (5.1) is nonzero. Suppose that  ~r,~ = 
n,~rn_l = n - 1 , . . . , ~ r j + l  = j + l ,  but ~rj < j .  Let l = kj+j- -rc j .  It can be eas- 
ily verified that  for any monomial ~1-:~1-~2~2 "'" x~" appearing in (I-Pi=l c%+i-,~i), 
~i~__~ Ai >_ ~im=~ ei for a > I, and ~i~__l Ai > ~i~__~ ei. Therefore, each monomial 
appearing in (Ili=~ ~ c%+i__,~) is lexicographieally larger than 2:1elx2e2 . . o  X e r n  [] 

An upper bound on the xi's appearing in the s tatement  of Theorem 5.1 can 
be obtained using results on the density of zeros of multivariate polynomials: 

LEMMA 5.3. ([11J, see also [13]) Suppose that Q(x l , x2 , .~  ,zm) is a nonzero 
multivariate polynomial of degree di in xi, 1 < i < m. Let I1, 12, . . . ,  I~, be sets 
of dements  in the domain or the field of coeNcients of Q. Then Q has at most 

dl d2 d~ "~ • +l- ml) 

z e r o s  i n  t h e  se t  ]1 x [2 • "'" x Ira, 

COROLLARY 5.4. Each of the xi's in the statement of Theorem 5.1 can be 
chosen to be an O( t log d) bit integers. 

PROOF. The xi's must be chosen so that  (Xl, x2 , . . . ,  xm) is not a zero of the 
product of the (t ~) polynomials (obtained as the determinant  of linear systems) 
in the proof of Theorem 5.1. Since each of these polynomials has degree at 
most d in each variable, the degree of the product  polynomial in each variable 
is at most (d~)d. By Lemma 5.3, each of the xi's can be chosen in the range 

from 0 to 2 ~176 [] 

6. Concluding remarks 

Clearly our present results provide only a partial picture of the sparse in- 
terpolation problem. We enumerate some of the open problems. 

1. Is the general interpolation problem (Problems P1-PS) decidable? 

(a) For t < m, is there an easily computable degree bound D, depending 
on t, xl, x2 , . . . ,  xm,y l , y2 , . . . ,  ym, such that  if there is any t-sparse 
interpolating polynomial, then there is one of degree at most D? 

(b) Can the problem of computing a t-sparse interpolating polynomial 
be reduced to the corresponding decision problem? 
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2. When there are only finitely many solutions to a sparse interpolation 
problem, is there a nice characterization for the number of solutions? 

. What  is the complexity of the general interpolation problem or of any of 
the subproblems P1-P8? Are all these subproblems in NP? Are any of the 
subproblems NP-hard or provably difficult? It is instructive to contrast 
Theorem 5.1 and Corollary 5.4 with Theorem 4.3. Namely, the degree 
bound of Theorem 4.3 can be made to grow as f~(a~), where a = max [xi]. 

The degree bound can be forced to be at least 2t (by choosing a to be 

(2t)*). Then, the decision procedure (of Subsection 4.t) tries at least (2/) 

exponent sequences. Since the input description is O(mt log t) bits, the 
decision procedure is of exponential cost even for m = t + 1. We ask 
whether or not the decision problem of Subsection 4.1 is NP-complete. 
(Theorem 4.3 shows that the problem is in NP.) We do not know whether 
the decision problem of Subsection 4.2 is in NP. 

. Our sparse interpolation problems are posed relative to the standard basis 
1, x, x 2, . . . .  The same questions could be asked relative to any basis; for 
example, the Chebyshev polynomials. Using a simple shift of the x;'s, 
sparsity problems with respect to the basis 1, (x - a),  (x - a )2 , . . ,  can 
be shown to be equivalent to the to sparsity problems with respect to 
the standard basis. It is interesting to ask whether one can compute an 

such that sparsity with respect to the basis 1, (x - a), (x - a )2 , . . ,  is 
minimized. And if S = {(x ,  y~)} is rational, does it follow that such an 
optimal c~ is rational? 

. Is sparse multivariate polynomial interpolation decidable? If so, what is 
its complexity? Is sparse rational function interpolation decidable? If so, 
what is its complexity? 

. While we have phrased our results in terms of traditional computability 
theory, it is also interesting to phrase these problems in the context of 
the real (or complex) field computability model of [2]. All of our decision 
procedures can clearly be placed within this framework with the possible 
exception of Theorem 4.5 which uses the least common multiple A of the 
denominators. In this last case, there is still a computable degree bound. 

is only used to place a lower bound on the absolute value of det W.  
Instead, such a lower bound (say, for the k th exponent) can be obtained 
by computing det W for each W that arises when one fixes the first k - 1 
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exponents. However, we do not know whether there is a degree bound 
that can be expressed in a closed form. 

7. Two natural problems arise in the context of !earnabiiity theory (see 
Karpinski and Werther [8]). 

(a) Given {(xi, yi) I t _< i _< m}, and an e > 0, does there exist a 
/ \ 

t-sparse polynomial p(x),  such that Ipixij  - yil<_ e for all i. The 
degree bound D, given by Corollary 4.4, requires only an -upper 
bound on the yi's. Therefore, the method of Corollary 4.4 can be 
used to compute a degree bound in the case when xi, yi C Q, xi > 1, 
and p(x) C Z[x]. However, the method of Theorem 4.5 does not 
readily extend to compute a degree bound for the case when we are 
looking for a polynomial p(x) C Q[x]. The reason is that we are 
unable to assert a nonzero lower bound on det W in the proof of 
Theorem 4.5. Notice that,  given a set of t monomials, the problem 
of determining if suitable coefficients exist (Step 2 in Section 4.1) 
can be formulated as the problem of determining a feasible solution 
to a linear program. 

(b) Given {(xi,  y i , s i ) [ s i  E {-1 ,0 ,1}  and 1 _< i _< m}, does there exist 
a t-sparse polynomial p(x),  such that sign(p(xi) - yi) = si. 
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