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ON THE DECIDABILITY OF SPARSE
UNIVARIATE POLYNOMIAL
INTERPOLATION

ALLAN BORODIN AND PRASOON TIWARI

Abstract. We consider the problem of determining whether or not
there exists a sparse univariate polynomial that interpolates a given set
S = {{z;,y:)} of points. Several important cases are resolved, e.g., the
case when the z;’s are all positive rational numbers. But the general
problem remains open.
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1. Introduction

In this paper, we study a family of decision problems arising from sparse
univariate polynomial interpolation through a given set of points. We use the
following notion of sparsity throughout the paper.

DEFINITION. A polynomial a(z) = 3%, a;z’ is said to be t-sparse if at most ¢
of its coefficients ao, a4, ..., aq are nonzero.

A typical interpolation problem in this family is of the following form: Given
aset S = {(zi,y) | 1 =1,2,...,m} C E? of m points, is there a t-sparse
polynomial ¢(z) = !, ¢;z% € Flz], such that ¢(z;) = y; for i = 1,2,...,m.
Here, the e;’s are distinct non-negative integers, and E and F are one of Q or
Z. (In this paper, Z and Q denote the set of integers and the set of rational
numbers, respectively.) We note that there is no apparent a priori bound on
€t

Perhaps the best known problem in this family is the case E = F = @,
m = ¢, and we are looking for a degree t — 1 polynomial through the given set
of ¢ points. It appears that the general problem has not been well studied. In
fact, it is not at all clear that, stated in its generality, whether or not the sparse
interpolation problem is a decidable problem; and if it is decidable, whether
it is feasible. Of course, the problem is decidable if an a priori bound on the
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degree is available, but even in this case, it is not clear that the problem is
feasible.

While the problem is of intrinsic mathematical interest, we are also moti-
vated by the question whether there exists an efficient rational method (i.e.,
a method using only the operations +,—, %, /, and >) for sparse polynomial
interpolation. We note that the black-box interpolation method of Ben-Or and
Tiwari [1] requires root-finding (or at least the truncation operation). In con-
trast, the methods of Grigoriev and Karpinski [6] and Tiwari [12] are rational,
but are not as efficient. Moreover, the black-box allows the user to evaluate
the unknown polynomial at arbitrary points; this may not be possible in many
situations. Of course, before constructing an interpolating polynomial, one has
to decide whether such a polynomial exists. Since we do not impose an a pri-
ori bound on the degree of the interpolating polynomial, it is not clear that a
decision procedure exists for the general problem.

Sparse univariate interpolation problems arise naturally in the context of
learnability of sparse univariate polynomials [8]. Learnability of various concept
classes in several models has been extensively studied in recent years, and many
instances of learnable concept classes are known. However, in many cases,
methods for constructing a counsistent hypothesis are not known.

The paper is organized as follows. In Section 2, we state various interpola-
tion problems in the family, and summarize their current status. In Section 3,
we present a decision procedure for the case E = Z, F = Z, and ¢ 2 m.
This procedure is based on a very nice property of the Lagrange interpolation
polynomial (see Theorem 3.1).

In Subsection 4.1, we present a decision procedure for the case E € {Q,Z},
F=12 and #{z; | z; > 1,1 =1,2,...,m} > t. This decision procedure is based
on the fact (proved in Theorem 4.3 and Corollary 4.4) that the degree of any
sparse interpolating integer polynomial is bounded from above. {Furthermore,
this bound depends only on S and can be computed easily.) In Subsection 4.2,
we study the case E = F = Q, and present the main result of this paper. Note
that Lagrange interpolation always provides a solution for the case m < i
In the case m > t, we present a decision procedure for the case #{z; | z; >
0, =1,2,...,m} > t. As in Subsection 4.1, this decision procedure is based
on the fact that the degree of any sparse interpolating integer polynomial is
bounded from above. (Furthermore, this bound depends only on S and can be
computed easily.) These degree bounds are established using a key property of
the generalized Vandermonde matrices.

In contrast, we show in Section 5 that in some cases the sparse interpolating
polynomial must necessarily have large degree. We conclude by listing several
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open problems in Section 6.

We believe that the general sparse polynomial interpolation problem (with-
out any constraints on z;’s) is decidable. However, our methods fall short of
establishing this assertion. We also believe that the case of negative z;’s is more
than just a technicality; in fact, mathematically, it appears to be fundamentally
different.

2. Discussion of some decision problems

We say that a problem is a proper decision problem if both positive and

negative instances of the problem can be constructed. Descartes’s rule of signs,
discussed below, is used in this section to construct negative instances for sev-
eral interpolation problems.
DEFINITION. Let a1, as,...,a, be a sequence of real numbers. This sequence
is said to have a sign variation at position ¢ if a;a;4;y < 0. The total number of
sign variations in a sequence is determined by dropping all the zeros from the
sequence, and then counting the number of positions that have a sign variation.
Descartes’ Rule of Signs [T]: Let ¢(z) = ¥!_; c;z®, where all the ¢;’s are real
and e;’s are distinct non-negative integers. Let n be the number of positive
real roots of ¢(z), counted with multiplicity, and let s be the number of sign
variations in the sequence {c¢1,¢cz,...,¢}. Then s — n is a non-negative even
integer. (Note that this implies that the number of distinct positive real roots
is strictly less than the sparsity t.)

In the following discussion, we establish that the family of decision problems
under consideration contains some proper ones. In all cases, it is easy to con-
struct a positive instance for any values of m and ¢ by picking a ¢-sparse polyno-
mial in E[z], and sampling it at any set of m sample points. Let us begin with
the case when E = F = Z; i.e., given a set S = {(z;,y:) |1 = 1,2,...,m} C Z*
of m integer points, determine if there is a ¢-sparse polynomial which passes
through these points. A negative instance for any value of t > 2 and any m, is
the set {(0,0),(2,1),...}, where the unspecified values can be chosen arbitrar-
ily. A less transparent negative instance for this problem, given by Corollary
3.3, 1s {(0,0),(2,0),(4,4)}.

Next, consider the case when E = Z and F = Q. Every instance of this
problem can be solved in a straightforward manner by Lagrange interpolation,
provided ¢ > m. In the case when ¢ < m, Descartes’ rule of signs implies that
{(1,0),(2,0),...,(¢,0),(t + 1,1)} is a negative instance.

Now consider the case when E = Q and F = Z. When t < m, then
{(21,0), (22,0), ..., (24,0), (z¢41,1)}, for distinct positive z;'s, is a negative
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instance. When ¢ > m, the negative instance for the case E = £ and & = 7
(from the paragraph before last) is also a negative instance for this case. Finally,
we consider the case E = F = Q. This problem is always solvable for ¢ > m
by Lagrange interpolation. When ¢ < m, {(z1,0),(22,0),..., (2 0), (zs41, 1)},
for distinct positive z,’s, is a negative instance.

Table 1 summarizes the current status of the family of decision problems
studied in this paper.

The equivalence beiween P3 and P7 can be established as follows. Let
S = {(zi,yi) | ¢+ = 1,2,...,m} C Q? be an instance of P7. Let A be the
least common multiple of the denominators of z;’s and y;’s. Define &; = Az;
and §; = Ay;, and consider the instance of P3 given by & = {(2;,%:) | i =
1,2,...,m}. Let &(z) = 3%, ¢;z® be a solution for this instance of P3. Then,

c(z) = ¥i, eA%12% is a solution for the above mentioned instance of P7.
Since every instance of P3 is also an instance of P7, P3 and P7 are equivalent
problems.

In a similar manner, one can argue that P4 and P8 are equivalent problems.

3. A decision procedure for integer
polynomials when ¢t > m

In this section, we present an efficient decision procedure for the case when
E =F =7 and t > m (Problem P1). The corresponding problem P5 for E = @
remains open.

3.1. The case t > m and E = F = Z. First consider the case { = m.
Corollary 3.2 below is the key to an efficient decision procedure for this case.

THEOREM 3.1. Given the set S = {(z,y:) | ¢ = 1,2,...,t} C Z?, if there
exists a polynomial with integer coefficients that interpolates all the points of
S, then the degree t — 1 polynomial obtained by Lagrange interpolation has
integer coeflicients.

PROOF. Let f(z) = %, fiz' € Z[z] besuch that f(z;) = yifor i =1,2,...,8,
and let a(z) be the degree t —1 polynomial obtained by Lagrange interpolation.
Define p(z) = [I‘_,(z — z;). Observe that all coefficients of p(z) are integers,
and that its leading coefficient is one. Divide f(z) by p(z) to obtain ¢(z) and
r(z) such that f(z) = ¢(z)p(z)+r(z) where r(z) is a polynomial of degree £ -1
or less. Since the leading coefficient of p(z) is one, all coefficients of ¢{z) and
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Pro-

blem

Type of

sample points

Type of

coeflicients

tvs. m

Status

P1

Integer

Integer

A proper decision problem.
Efficiently decidable.
{See Subsection 3.1.)

P2

Integer

Integer

t<m

A proper decision problem.
Decidable if ¢ of the z;’s are
at least two.

(See Subsection 4.1.)

P3

Integer

Rational

t>m

Equivalent to P7 below.

P4

Integer

Rational

t<m

Equivalent to P8 below.

P5

Rational

Integer

t>m

A proper decision problem.
Decidable if ¢ = m and

z; > 1 for all i. (See
Subsections 3.2 and 4.1.)

P6

Rational

Integer

t<m

A proper decision problem.
Decidable if ¢ of the x;’s are
greater than 1.

(See Subsection 4.1.)

P7

Rational

Rational

Always solvable

by Lagrange interpolation.

P8

Rational

Rational

t<m

A proper decision problem.
Decidable if ¢t + 1 of the z;’s
are positive.

(See Subsection 4.2.)

Table 1: Status of problems considered in this paper.
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r(z) are integers. Furthermore, a{z) and r(z)} are both polynomials of degree
at most ¢ — 1, and they agree on ¢ points. Therefore, a(z) = r(z). O

COROLLARY 3.2. If the degree m — 1 polynomial obtained on Lagrange inter-
polation through a set S = {(z;,y:) |1 =1,2,...,m} C Z? of m integer points
does not have integer coefficients, then no polynomial with integer coefficients
interpolates these points.

This corollary yields a simple decision procedure for the case ¢ > m: Per-
form Lagrange interpolation on the points in the set S. If the resulting polyno-
mial has integer coefficients, then it is a ¢-sparse solution to our interpolation
problem. Otherwise, this instance of the interpolation problem has no solution.
Corollary 3.2 also yields a negative instance to the interpolation problem under
consideration:

COROLLARY 3.3. There is no polynomial with integer coefficients that passes
through the points (0,0), (2,0), and (4,4).

Proor. Lagrange interpolation through these points yields é—az(w -2). O

3.2. Further comments on interpolating an integer polynomial when
t > m. In the following we show that there is a set 5 of integer points with the
following properties: S has m points, there is a 1-sparse rational polynomial
(namely, %:cm) that interpolates S, and there is an m-sparse polynomial with
integer coeflicients that interpolates S, but there is no ¢-sparse polynomial with
integer coefficients that interpolates S, for ¢ < m. Thus the sparsity guaranteed
by Theorem 3.1 is optimal for this set S.

THEOREM 3.4. For ail m, the Lagrange interpolation on the point set S5 =
{(2¢,2m1i™) | i = 1,2,...,m} yields a degree m — 1 polynomial all of whose
coefficients are nonzero integers.

m  gm—i

PROOF.  Fix an arbitrary m for this proof. Let p(z) = Y, 2" fauz’ =
MMZ,(z—2¢). Note that all the a;’s are nonzero integers. In the rest of this proof,
we show that the Lagrange interpolation through the point set S yields the

degree m — 1 polynomial ¢(z) = — Y75 2™z, This is clearly sufficient
in order to establish the theorem.
Define r(z) = ;2™ mod p(z). By comparing coefficients of the leading

terms, it is easy to check that, in fact, r(z) = 12™ ~Lp(z). Since all coefficients
of p(z), except the leading one, are nonzero even integers, all coefficients of
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r(z) are nonzero integers. Finally, since both r(z) and ¢(x) are degree m — 1
polynomials, and they agree on m points, they are in fact the same polynomial.
]

The following theorem asserts that the sparsity given by Theorem 3.4 is the
best possible.

THEOREM 3.5. For all m, and t < m, there is no t-sparse polynomial with
integer coeflicients, that passes through all points in the set S = {(2:,2™"%™) |
i=1,2,...,m}.

PROOF. Suppose that ¢(z) = 35, ¢;z% with ¢; € Z is a t-sparse polynomial
such that ¢(2:) = 2™~1™ for all ;. Then

22 ) fa Q}n
€ e er
(2m)r (2m)®2 ... (2m) ct o

Let A denote the matrix on the left hand side of this equation, and let ¢
and b denote the vectors on the left and the right hand side of this equation,
respectively.

Now, two cases may arise: (1) none of the e;’s equal m; or (2) there exists
¢ such that e; = m. In the first case, by Lemma 4.1 (in Subsection 4.1),
rank A =t < t 4+ 1 = rank [A | b]; and therefore the system Ax = b has no
solution. In the second case, assume that e; = m, and let A be the m x (f — 1)
matrix obtained by deleting the it* column of A. Similarly, let & be the vector
obtained by deleting the i component of ¢. The vector ¢ is a solution to the
linear system Ax = ab, where a = 2"”(-;- - ).

If a # 0, then by an argument similar to that in the first case, this system
has no solution. On the other hand, if @ = 0, then the ** component of ¢ is
not an integer. O

It is worth pointing out that Theorem 3.1 does not hold if we replace the
condition “S C 7?” by “S C Q?". Specifically, consider

f(e) = 52 + Tl - ),

i=1
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where z; = 1/2 and z; = 2 for 2 < ¢ < t. Then f(z) € Z[z], and the points
(i, f(z:)) for 1 < i < ¢ are interpolated by 3z'~' € Q[z]. Therefore, the
methods of this section do not imply a decision procedure for Problem P5.
However, the method of Corollary 4.4 (Subsection 4.1), will provide a (not so
efficient) procedure for the case E = Q, F = 7 when t < m and at least ¢ of
the sample points z1, zs,. .., Ty, are greater than one (or less than —1). Thus,
in particular, Problem P5 is decidable when ¢t = m and all the sample points
satisfy the condition just stated.

4. Decision procedures for integer and rational
polynomials when ¢t <m

In this section, we consider problems P2, P4, P6, and P8. We are able
to provide decision procedures if sufficiently many of the sample points are
positive (or negative). The situation when this condition is not met appears to
be more complex as we discuss in Subsection 4.3.

4.1. A decision procedure for integer polynomials. In this subsection,
we present a decision procedure for the case when E =F =7 and z; > 1, i.e,,
S={(ziu) |t =1,2,...,m} CIy1 xZ, where Iy = {a € Z | a > 1}. We
should also note that while the decidability result of Subsection 4.2 subsumes
the result of this subsection, the results here are still useful for two reasons.
First, our degree bound in the integer polynomial case is substantially better
than the corresponding result for rational polynomials. Second, the degree
bound in the integer polynomial case also applies when ¢t = m (thus providing
a partial result for Problem P5).
Our decision procedure is based on the following two facts:

(i) Given an increasing sequence of non-negative integers 0 < e; < ey < ... <
e;, there is an efficient procedure to check if there exists a polynomial
o(z) = T, ez, ¢; € Z, such that ¢(z;) = y; fori =1,2,...,m.

(i) Given the set S, one can compute an upper bound D on the degree of
any polynomial having at most ¢ nonzero integer coefficients which passes
through the points of S.

Assuming facts (i) and (ii) above, the decision procedure can be stated
easily:

Step 1: Compute the upper bound D;
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Step 2: Try all possible degree sequences 0 < e; < e; < ... < ¢ £ D to
determine if there is a polynomial c(z) = ¥, 2%, ¢; € Z, passing
through all the points of S.

In order to perform the test in (i) above, note that if such a polynomial
exists, then the coefficients ¢;’s are a solution to the following system:

€1 €2 £

Ty Ty PIIE 1 C1 1
€1 €2 €t

Zq To e X Ca _ 2 (4 1)
e € e

Eupt N AN 4 ¢ Ym

Let us denote the matrix on the left hand side of this system of equations
by V. Matrix V is called a generalized Vandermonde matrix [4]. It is known
(see Lemma 4.1 below) that any ¢ x t minor of V is nonsingular provided z; > 0
and z; # z; for ¢ # j. Therefore, the above system has at most one solution.
If there is a solution, it can be easily determined and checked for integrality.
In order to compute the upper bound D of (ii) above, we will restrict our
attention to the first ¢ equalities in (4.1). Let X be the matrix consisting of the
first ¢ rows of V. We will prove that for large enough value of ¢;, the system

€ n

Co Y
x| Tj=1|"

Ct Yi

has no integer solution. Observe that

det Z (4.2)
¢ = .
' det X’
where
I
€1 £2 €t
Ty Ty cee X9 Y2
A (4.3)
it o2 Lot oy

Since ¢; € Z and ¢; # 0, we have |¢;|> 1. We shall determine a bound D
such that e; > D implies |¢;|< 1, thus proving that the degree of ¢(z) is
bounded by D.

Next, we use Lemma 4.1 stated below, in order to prove a lower bound on
the determinant of generalized Vandermonde matrices.
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LEMMA 4.1. [4] There is a nonzero polynomial P(x) in 21, %3,. .., %; with pos-
itive integer coefficients such that
det(X
(X) = P(x).

Hi>j(xi - ;)
COROLLARY 4.2. f0<z; <293 L - < xy, then

det X _
2 ey T
Tisi(zi — ;)

We will use the following lexicographic ordering of the monomiais mn the
proof of Corollary 4.2.
DEFINITION. Let {zitzi7' ...z | i; > 0} be the set of all the monomials
in Ty, Te1,...,21. A monomial zizl7! ... z% is said to be lexicographically
greater than another monomial 2zl ..zl if and only if there exists some i
such that é; = 3¢, ..., 041 = Jig1, and 3; > 3;.
ProOF OF COROLLARY 4.2. In order to prove this corollary, it is sufficient to
prove that zf*~ 1z~ | 22712% is a term in the polynomial P(x) with
coeflicient at least one.

The lexicographically largest monomial in det X is the product of the lexico-
graphically largest monomials in [[;5 ;(z;—z;) and P(x), respectively. The lexi-

i1

cographically largest monomials in det X and [;,;(z; — z;) are a7 ... af*
and zi'zi72 .zl respectively. Therefore, z¢~ 1z 7 227159 is the
lexicographically largest monomial in P(x). Moreover, by comparing coeffi-
cients, it is clear that this monomial appears in P(x) with coefficient 1. o

Returning to the interpolation problem at hand, using Corollary 4.2, now
we prove the existence of an upper bound D on the degree of any interpolating

polynomial. Moreover, D can be computed easily.

€1

82—-1
P A

THEOREM 4.3. If § = {(zs,y:) |1 = 1,2,...,t} C €53 x 1 and ¢(z) is a
t-sparse polynomial in Z[z] that passes through all the points of S, then

degc(z) < D =log, B+ t*logy o + 2,
where o = max; z;, and 3 = max; |yil.

PROOF. Let ¢(z) = ¥i_; c;z®. Consider (4.2) and assume, without loss of

1=

generality, that x; > z;_1 > ... > z; > 1. By the definition of Z in (4.3),

tdetZ | < (t)Bz 'zt .. x5
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Therefore, by (4.2) and Corollary 4.2,

(tHBzy zy ..

1< lcil <
= = es—t+1_et—1—1+2 e2—1_e1
Tisj(zi — )28~ 2, R R
3 (4.4)
— et—efm1 —i+1 _epi—€pp—1+2 ex—e1-1_e :
‘,Et mt—-l .. .'1/'2 331

Here, we have used the fact that, for any ¢ and any set of ¢ increasing integers
z;, () < 3115 ;(zi — z;). Since z; > 2for i =1,2,...,t, we have

1

AN

3Ba"
<
lCt! —— 26: ?
et < log,B+tlog,a+2. O

Forb=0or b=1, we write Qs, = {a € Q | a > b}.

COROLLARY 4.4. Given a set S = {(z;,¥:) |1 =1,2,...,t} C Q51 X Q, there
exists a bound D such that if ¢(z) is a t-sparse polynomial in Z|z] that passes
through all the points of S, then

deg c(z) < D = logg B + t* log; o + logg(t!) — log; {H | z; — x; }} ;
>3
where a = max; ;, f = max; | y; |, and § = min; z;.

Proor. Let c(z) = T, ¢;z%. Instead of (4.4) in the proof of Theorem 4.3,
we have

1< ‘Ctl < (t!)ﬁat L

get ILis; [z — 2|

4.2. A decision procedure for rational polynomials. In this section,
we study the case E = F = Q. Since the case t > m is easily solved using
Lagrange interpolation, we restrict our attention to the case t < m.

We present a decision procedure for the case z; > 0 for i = 1,2,...m (and
t < m). As in Subsection 4.1, this decision procedure is based on an upper
bound on the degree of sparse interpolating polynomials.
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THEOREM 4.5. Given a set S = {(zi,y:) | ¢ = 1,2,...,t +1} C Qs0 x Q,
there exists a bound D such that if ¢(z) is a t-sparse polynomial in Q[z] that
interpolates the set S, then

dege(z) <D = (t + log, [(t')2t+1/\ﬂ(a/\ D (14 iog,Y{a J{)f—xs

where a = max; z;, § = max; |yi|, v = min{z;/z; : x; > z;}, and X is the least
common multiple of the denominator of z;’s and y;’s (in the reduced form).

PROOF. Let ¢(z) = ¥i_; ciz™ € Q[z] where 0 < e; < ey < -+ < &, and
¢ # 0. In this proof, we compute bounds D;, depending only on S and ¢,
such that e; < D; for 1 < ¢ < £. Suppose that we have already computed
bounds Dy, Ds,..., Dy where 1 < k < t. (k = 1 corresponds to the case
when we have not computed any of the bounds.) We now describe a method
for determining Dy such that ex < Dy.

Define
[:4
{ ypoozf 2 e af
€1 €2 €
y2  my xy e Ty .
z_{ S (4.5)
€1 €2 €
Yer1 Typr Ty o0 T

Notice the Z is a (f + 1) x (t + 1) matrix and detZ = 0, since ¢(z;) = y; for
:=1,2,...,t+ 1. Our aim is to find Dy such that e; > D; implies det Z # 0.
For this purpose, we need the following definition.

DEFINITION. Given a sequence 0 < iy < ig < -+ <4 <t 41, let 15,29,...,7
denote the sequence obtained upon deleting 2y,2s,...,7 from the sequence
1,2,...,t+ 1. Given two sequences of integers 0 < ¢; < iy < - <y <t +1
and 0 < jy < j2 < -+ < jy < t+1, and a matrix A, let A"”’ " denote

Ji .72 ]
the submatrix of A consisting of rows ¢,19,...,%; and columns ji, jo,..., 7,
Note that A;llzj; " denotes the submatrix of A consxstlng of rows other than
i1,%2,...,% and columns J15925+ > Jq-

We also make use of the Laplace expansion of the determinant [10]. It states
that:

(k— k . R , e e
det A = (~1)"7" S (=)= det Al det Al

0<iy <t <+ <Log <t+1

for any (t + 1) x (¢ + 1) matrix A. Applying this identity to Z we obtain:

det Z = 3 +det 232 det ZBv L (4.8)

0<iy i << K1
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Returning to the proof, let A denote the least common multiple of the
denominators of the z;’s and the y;’s. Then, for any sequence 0 f lz'l <iger <
ig <t+1, either det ZP52 ™% = 0 or | det Zi2 ™ | > (%)sz=1 D

Without loss of generality, assume that 0 < z; < 23 < -+ < z447. We now
argue that there exists Dy such that if e, > Dy, then there is a term on the
right hand side of (4.6) that dominates the sum of the absolute values of all the
other terms. In fact, this dominant term can be identified as follows: let ro = 0,
and for 7 > 0 let r; be the rank of Z} g -t If ri+1 < k, then the first k columns
of Z are linearly dependent, and the last k 1 are linearly dependent by Lemma,
4.1; therefore, there is a (k — 1)-sparse polynomial, say p(z), with exponents
e1, €z, - -,€k_1, that interpolates the set S. But then ¢; = 0 because c(z)—p(z)
is the zero polynomial. (It is t-sparse, and it has (¢ + 1) positive zeros.) This
contradicts the fact that ¢, # 0, and implies that r,y = k. Next, define u; such
that r,; = j but r,,_y = j — 1. Let W denote the &k x & qubma‘mx g,
By the choice of u;’s, det W 3 0. In the rest of this proof, we estabhsh that
the term corresponding to the sequence uy, ug, ..., uy is the dominant term on
the right hand side of (4.6).

Define vy, vz, . .., vep1-4 to be the sequence Uy, Wz, -7, Us. The term in (4.6),
corresponding to the sequence uy, us, ..., ug, equals
det W det Z;} %574, By Lemma 4.1,

U1y U2y sVt 41—k
det Z1<:+1 k42,41 P(xvl ’ mvzﬁ cevy ‘r‘vr-u-k) H(mv; - 1'1:])7
>3

where P(z1,2s,...,241-k) is a nonzero polynomial with positive integer coef-
ficients. Also note that P(z1,22,...,2111-%) is a homogeneous polynomial of
degree (3%, ;) — (H’l{k), and that all exponents appearing in P(z1,. .., zi11-k)
are at least as large as e, — (¢ — k).

Suppose that det Z7%,""* det Z, 7% 3% 1) is another nonzero term on the

right hand side of (4.6); and let by, bs, . .., b;41_x be the sequence @g; Uz, .., 0%
Observe that if u; > a; for any 1, then det Z“l’”’ " = 0. Since det Za"az' - #
0, u; < a; and therefore, v; > b;. Since (’U,],'LLQ, ug) # (a1, aq,.. ) there

exists ¢ such that u, < a,. Therefore, there ex1sts a § such that v4 > bq.

In order to complete the proof, we now establish that, for sufficiently large
value of ey, the following inequality holds:

t+1
k

k+1,k+2,...,t+1

V1,V Vpp 1k
| det W det Z | > ( k1 ,k42,0 041

vy b1,b2,0ey -
) | det Z757 5 det ZiL 2o ok
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But we can rewrite the last inequality as follows:

P(xvnxvz’ oo a:’:vz+1~k) > <t + 1) Hi>j($5a' - :L'bj) 1 det Z?,}é,l%,kr%

i
Py, Thgye oy Toppyy) ko Jisj(zy — 20,) | det W |
» s 8 — ° XY ]
Consider a monomial ¢ - 27725 - - 2,77 in P(21,22,..., Zs41-4). We establish

the last inequality by showing that, for sufficiently large e, the following holds:

i e (t—{-l) a5 by Mivi(en — 2,

bry1—
bi:i—: k Hi>](mvi - m”])

[ B1 132,00k
[ det Zx,z,,..,k |

--.x

Now Z > « whenever j > i, there exists ¢ such that v, > b,, and s; > ¢ — ¢.

sy f 82 Bt lomis
(I’U]) (.'E'ug) . (:EUH.]—k) > 7{Bk—t}
Ly Thy Thyp1-k

ke
Since | det Z7';"%; "™ |< (t!)(a(z-'-.q1 Di) By, it is sufficient to estabiish

Som > () (t + 1) ya+ 5 by Hivg (2 = 20,) (T D) g),

k

i>7 (xv; — Ly,
Therefore, it is sufficient to choose
{ k-1
Di = t + log, { (1N2H1AB (aX)F L D»f :
1N
This is a recurrence of the form

k-1
Ap = B(Z Ai) + C.
i=1

It is easy to check that Ay = {1 + B)*~1C solves this recurrence. Therelore,

. 2 k=1
Dy = (t+log, [(#)2+'A8(aN)"]) (1 + log, [aA])

is the desired bound. O

Observe that we are unable to establish whether this rational polynomial
interpolation problem is in NP, whereas, by the results of Subsection 4.1, the
corresponding problem for integer polynomials is in NP.

Finally, we observe that although Theorems 4.3 and 4.5 guarantee that
there are only finitely many interpolating polynomials for the cases considered
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(see also Subsection 4.3), it is certainly not the case that there is at most one
t-sparse interpolating polynomial as we shall now observe.

Given positive z1,Z2,...,Tm, €1,€2,...,6, and fi1, fo,..., fi, &i # fj, we
describe a method for constructing y1,y2,. . . , Ym such that there exist two poly-
nomials ¢(z) = T, c;z®, and é(z) = i, &xfi satisfying o(z;) = &z;) = y;.

Define

zy x?
€i i
u; = x2 ; Vi = ac2 € Q™.
The set {vi,va,..., vy uq,uy,...,u;} is linearly dependent when 2t > m.

(When m > 2t, Descartes’ rule of signs shows that there can only be one
solution if all sample points are positive.) Therefore, there exist a; and 3,
:=1,2,...,m, not all zero, satisfying

t {
Sogui+ Y fivi = 0.

=1 =1

Definey = ¥°I_, ayu; = — 35, Bivi. (Note that y is in the intersection of two
t-dimensional subspaces.) Since u;’s (and v;’s) are linearly independent, y # 0.
Choose y; to be the i component of Y, & = a;, & = —f;, and check that the
desired conditions are satisfied. In fact, when m =t + k for any & < ¢~ 1, one
can construct a y such that there exist £ = Lt-;—1-_| + 1 interpolating polynomials
by choosing y to be in the intersection of £ subspaces, each of dimension t.

4.3, Comments on sparse interpolation when the sample points
have mixed signs. The decision procedure of Theorem 4.5 requires that at
least t+ 1 of the sample points be positive. It is also sufficient that at least ¢-+1
of the sample points be negative. This follows since Theorem 4.5 is based on the
singularity of the matrix Z in (4.5), and if 2y, 23, ..., 2441 are all negative, then
we can replace each z; by —z; without changing the absolute value of detZ.
Thus, the singularity is not affected and the degree bound D still applies. A
similar remark applies to the results of Subsection 4.1.

Theorem 4.5 has a purely mathematical (i.e., non-computational) conse-
quence. Namely, when ¢t < m, and at least ¢ + 1 of the sample points are
positive (or negative) then there are only a finite number of t-sparse inter-
polating polynomials. (The degree bound implies that we need to consider
only finitely many exponent sequences. Since the generalized Vandermonde
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matrix is nonsingular, each exponent sequence can yield at most one interpo-
lating polynomial.) In contrast, if ¢ = m and {z;} are positive, then every
exponent sequence again yields a nonsingular generalized Vandermonde matrix
and hence a rational interpolating polynomial, assuming at least one y; is not
equal to zero; that is, there are infinitely many ¢ (=m) sparse interpolating
polynomials.

We now show that the situation is quite different when the positivity (or
negativity) constraint on the sample points is not met. The simplest example
is when m =t + 1, and z; = 0, y; = 0, and all the remaining z,’s are positive
(or negative). This implies e; # 0 but otherwise, any exponent sequence can
be used to interpolate the given set of points.

As another example, we construct a point set S with (say) one negative z;,
such that one can find sparse polynomials of arbitrarily large degree passing
through the points of 5. Again, let m = ¢ + 1. Choose z; € Q such that
z; # 0, z; # zj, and z; # —zx; for ¢ # j, for 4,5 = 1,2,...{. In addition,
choose y; € Q, for ¢ = 1,2,...,¢ such that at least one of them is nonzero.
Set 441 = —%¢ and Y41 = ye. Let S = {(zi,y:) | 2= 1,2,...,t + 1} and let
e1 < €3 < ... < €_3 < e be any sequence of positive even integers. Then the
system in (4.1) has a solution.

Given the previous' example, one might conjecture that there are only
finitely many solutions, as long as at least ¢ + 1 of the sample points have
different absolute values. We now show that even in this case we can construct
a set S such that there are infinitely many integer polynomials that interpolate

S.

Define
(=2)" (=2)* (-2)™*°
A — 3n 3n+2 3n+3
6n 6n+2 6n+3

It is easy to check that det A = 0. This simple example shows that a gener-
alized Vandermonde determinant may be zero even when |z;| # |z;| for ¢ # j.
Moreover, matrix A shows that determinants of this form are singular even for
arbitrarily large values of exponents.

Let z; = =2, 29 = 3, z3 = 6, and y; = y» = y3 = 0. In addition, let
z4 be any positive rational number, choose y4 # 0, and define S = {(z;,y;) |

i = 1,2,3,4}. For any non-negative integer n, set e; = n, e; = n -+ 2, and
es = n+ 3. Then there is a polynomial ¢(z) = 33, ¢;z® that interpolates the
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point set .S because

Y1 Iy Iy Iy
y2 3t 23 2
det ¥s SL‘el .’I)ez .’1763 =0.
3 3 3
€1 €2 €3
Ya Ty T4 T4

In light of these examples, it is not clear whether the degree of some sparse
polynomial interpolating a set S can be bounded from above by an easily
computable function of the coordinates contained in the set S.

5. Sparse interpolating polynomials may
necessarily have large degree

The decision procedures of Section 4 are based on an upper bound on the
degree of the candidate polynomials. As a consequence of Theorem 5.1 and
Corollary 5.4 below, we will establish that in some cases, the degree of the
minimum degree interpolating polynomial is large enough, so that any algo-
rithm based on degree bounds alone (e.g., the algorithms of Section 4) would
require exponential time.

THEOREM 5.1. For any t,d > t+1, and t-sparse polynomial ¢(z) = ¥i_, ¢z
in Q[z] of degree d there exists a point set S = {(z;,c(z;)) |1 =1,2,...,t+ 1}
such that no t-sparse polynomial of degree less than d interpolates S.

Proor. Choose aset S = {(z;,c(z)) |1=1,2,...,t+1} arbitrarily. (Later,
we will need to set the z,’s appropriately.) Suppose that a(z) = Y%, aiz’ is
a t-sparse polynomial of degree less than d that interpolates the point-set S.
(Note that at most t of the a;’s are nonzero and a; = 0.) We will need the
dense representation of ¢(z); let ¢(z) = ©°%, fiz'. Note that ¢, = fy, and that
at most t of the f;’s are nonzero.

As in the proof of Theorem 3.1, ¢(z) — a(z) = (Xl biz') [141 (z — ),
where r = d — ¢t — 1. Recall that [T} (z — z;) = 3143 0441-:2° where o; is the
degree ¢ elementary symmetric function in the z;’s multiplied by (—1)f; with
oo = 1. Equating the coefficients of z* on both sides, we get

min{k,t+1}
fk — A = Z Ut+1—lbk—l; for k = 0, 1, e ,d.

=0
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This set of equations can be written as Ab = f where b is a (r + 1 }-component
column vector given by b; = b1, for i = 1,2,...,r +1; fis a (d + 1)-
component column vector given by f; = fay1-; — agp1-i, fore =1,2,...,d+ 1;
and A is a (d+ 1) x (r + 1) matrix given by

g f0<i—j<t+1,
A,»j={0 i J

otherwise,

wheret=1,2,...,d+1land j=1,2,...,r+ L

Observe that at most ¢ rows (components) of the vector f depend on the
nonzero coefficients of a(z). Let H and ¢ be the matrix and the vector obtained
by deleting these rows from A and f, respectively. (If I < ¢ rows were deleted
in this process, then delete an additional ¢ — I rows from the bottom.) Then H
is an (r +2) x (r + 1) matrix, c is a (r + 2)-component vector, and the vector b
satisfies Hb = ¢. Notice that this system is independent of the actual values of
the coefficients of a{z), but it does depend on the set of exponents that appear
with nonzero coefficients in a(z). Depending on this set, we will end up with
one of ('f) linear systems; the following argument is applicable to any of these

¢ systems.

Notice that the matrix H has a nice structure. In particular, if the &;’s are
such that Hiy1; = oy, then it is easy to see that the matrix H is completely
specified by the sequence 0 < k; < by <--- < kg

The next step in the proof is to show that one can choose the z;’s so that
the linear system Hz = c is inconsistent. In order to prove this last assertion,
it is sufficient to prove that det(G) is a nonzero polynomial in the z,’s, where
G is the (r +2) x (r + 2) matrix obtained by appending the vector ¢ to the
matrix H as the last column.

Define k = 374! k;. Next, we show that the cofactor of the ¢** entry in the
last column of G is a nonzero homogeneous polynomial in the z;’s. We need
the following definition in order to proceed with the proof.

DEFINITION. Given a vector k = [uq,us, ..., u,] of non-negative integers such
that 0 < w3 <wup < --- < uy, <t+1, define the n x n matrix S* by

“ — . .
S8 = Outizje

Continuing the proof, it is now easy to check that the cofactor of the it
entry in the last column of G is given by:

( “1)T+3 det(S[klykz,...,kr%])
E y
Cof(Girs2) = 1 ('—1)r+2+i det(s[o,kl—l,kz—l ..... bia =1k Kig 1 krﬂ})’
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where the top entry is valid for 7 = 1, and the bottom entry for 2 <: < r +1.

Therefore, by Lemma 5.2 below, the cofactor of the i** element in the last

column of G is a nonzero homogeneous polynomial in the z;’s of total degree
kand k— (¢ —2) —k;_y, for i =1 and 2 <7 < r + 1, respectively. Observe
that the top right element of G is ¢; # 0. Therefore, det(G) is a nonzero (not

necessarily homogeneous) polynomial in the z;’s, and its total degree is k.
d

Returning to the main line of argument, each of the ( t)

to one such nonzero polynomial. Consequently, there is a choice of the z;’s (in

‘:) linear

systems gives rise

Q) that makes all these polynomials nonzero, and therefore all the (
systems inconsistent. O

In the following discussion, o; is the elementary symmetric function in
{z1,22,...,2Zm} of degree 7 multiplied by (—1)*; o6 = 1; and ¢; = 0 for i < 0
ori > m.

LEMMA 5.2. Let k = [ky, ks, .. kn), 0 < by < by < -+- <k, < m, and
let S¥ be given by (SX);; = ok4i—; Then det(S¥) is a nonzero homogeneous
polynomial in the ;’s of total degree "7, k;.

Proor. By definition

det(Sk) = Z fl Okitiopis (5.1)

p i=1

where p runs through the permutations of 1,2,...,n. Suppose that the product
corresponding to a particular permutation 7 is nonzero. Then, it is a homoge-
neous polynomial in the ;’s of total degree Yo (ki + ¢ —m) = S, ki = k.
Consequently, all the nonzero terms on the right hand side of (5.1) have the
same total degree. Therefore, if det(Sk) is a nonzero polynomial, then its total
degree in the z;’s is exactly Y&, k. It remains to prove that det(S¥) is a
nonzero polynomial.

Define e; = n — j if k; < i but kj4; > 4. (e; is the number of k’s that are
greater than or equal to ¢.) Observe that e; > ¢y > -+ > ¢,,. We will com-
plete the proof by showing that the coefficient of the monomial &5 - - - z&m

m

in det(S¥) is nonzero. In fact, a stronger assertion is true: the monomial

z7'zy? - - -z appears only in the product corresponding to the identity permu-

tation. We prove this fact by showing that all the other monomials appearing

on the right hand side of (5.1) are lexicographically larger than z$'zg -+ . ztm.
(See Subsection 4.1 for the definition of the lexicographic order on monomials.)

€1 .62

To begin with, note that z{'z5? - -- z& is the lexicographically least mono-
mial appearing in the product corresponding to the identity permutation. Next,
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let # be any permutation other than the identity, such that the correspond-

ing product on the right hand side of (5.1) is nonzero. Suppose that =, =

Ny fpo1=n-—1,...,Tjpz1 =73+1, but 7; < j. Let | = k;+j—m;. It can be eas-

ily verified that for any monomial z}'z)?- - z}m appearing in (ITr—y Okitiom )

Yo A2 Yn eifora> 1, and Y0, A > 30, ei. Therefore, each monomial
€y .,,82

appearing in (T]%; 0kir,) is lexicographically larger than z{'z3* - --zi». O

An upper bound on the z;’s appearing in the statement of Theorem 5.1 can
be obtained using results on the density of zeros of multivariate polynomials:

LEMMA 5.3. ([11], see also [13]) Suppose that Q(z1,z2,...,2m) is a nonzero

multivariate polynomial of degreed; inz;, 1 <t <m. Let I, I5,..., I, be sets
of elements in the domain or the field of coefficients of (). Then ) has at most
dl d2 dm \
LIixLx- - xIpltl——+—"-+ -+
ik (e )

zeros In the set I} x I X -+ x I,.

COROLLARY 5.4. Each of the z;’s in the statement of Theorem 5.1 can be
chosen to be an O(tlogd) bit integers.

PROOF. The z;’s must be chosen so that (z1,z2,...,2x) is not a zero of the
product of the (‘:) polynomials (obtained as the determinant of linear systems)
in the proof of Theorem 5.1. Since each of these polynomials has degree at
most d in each variable, the degree of the product polynomial in each variable
is at most (‘f) d. By Lemma 5.3, each of the z;’s can be chosen in the range

from 0 to 20(tlegd) o

6. Concluding remarks

Clearly our present results provide only a partial picture of the sparse in-
terpolation problem. We enumerate some of the open problems.

1. Is the general interpolation problem (Problems P1-P8) decidable?

(a) Fort < m, is there an easily computable degree bound D, depending
on t,21,Ta, ..., Ty Y1,Y2, - - -, Ym, such that if there is any {-sparse
interpolating polynomial, then there is one of degree at most D?

(b) Can the problem of computing a i-sparse interpolating polynomial
be reduced to the corresponding decision problem?
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2. When there are only finitely many solutions to a sparse interpolation
problem, is there a nice characterization for the number of solutions?

3. What is the complexity of the general interpolation problem or of any of
the subproblems P1-P87 Are all these subproblems in NP? Are any of the
subproblems NP-hard or provably difficult? It is instructive to contrast
Theorem 5.1 and Corollary 5.4 with Theorem 4.3. Namely, the degree
bound of Theorem 4.3 can be made to grow as Q(a%), where a = max 2]

The degree bound can be forced to be at least 2¢ (by choosing « to be
(2t)*). Then, the decision procedure (of Subsection 4.1) tries at least (2:)
exponent sequences. Since the input description is O(mtlogt) bits, the
decision procedure is of exponential cost even for m = t + 1. We ask
whether or not the decision problem of Subsection 4.1 is NP-complete.
(Theorem 4.3 shows that the problem is in NP.) We do not know whether
the decision problem of Subsection 4.2 is in NP.

4. Our sparse interpolation problems are posed relative to the standard basis
1,z,2%.... The same questions could be asked relative to any basis; for
example, the Chebyshev polynomials. Using a simple shift of the z;’s,
sparsity problems with respect to the basis 1,(z — @), (z — @)?,... can
be shown to be equivalent to the to sparsity problems with respect to
the standard basis. It is interesting to ask whether one can compute an
a such that sparsity with respect to the basis 1,(z — a), (z — @)?,... is
minimized. And if S = {(zi,¥:)} is rational, does it follow that such an
optimal « is rational?

3. Is sparse multivariate polynomial interpolation decidable? If so, what is
its complexity? Is sparse rational function interpolation decidable? If so,
what is its complexity?

6. While we have phrased our results in terms of traditional computability
theory, it is also interesting to phrase these problems in the context of
the real (or complex) field computability model of [2]. All of our decision
procedures can clearly be placed within this framework with the possible
exception of Theorem 4.5 which uses the least common multiple A of the
denominators. In this last case, there is still a computable degree bound.
A is only used to place a lower bound on the absolute value of det W.
Instead, such a lower bound (say, for the k** exponent) can be obtained
by computing det W for each W that arises when one fixes the first & — 1
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exponents. However, we do not know whether there is a degree bound
that can be expressed in a closed form.

7. Two natural problems arise in the context of learnability theory {see

Karpinski and Werther [8]).

(a) Given {(zi,4:) | 1 <2 < m}, and an ¢ > 0, does there exist a
t-sparse polynomial p(z), such that |p(z;} — y;| < € for all 7. The
degree bound D, given by Corollary 4.4, requires only an upper
bound on the y,’s. Therefore, the method of Corollary 4.4 can be
used to compute a degree bound in the case when z;,y; € @, z; > 1,
and p(z) € Z[z]. However, the method of Theorem 4.5 does not
readily extend to compute a degree bound for the case when we are
looking for a polynomial p(z) € Q[z]. The reason is that we are
unable to assert a nonzero lower bound on det W in the proof of
Theorem 4.5. Notice that, given a set of { monomials, the problem
of determining if suitable coefficients exist (Step 2 in Section 4.1)
can be formulated as the problem of determining a feasible solution
to a linear program.

(b) Given {(zs,y:,8:) | 8: € {~1,0,1} and 1 < ¢ < m}, does there exist
a t-sparse polynomial p(z), such that sign{p(z;) — v;) = s,.
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