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Abstract: We study the combinatorial auction problem, in which a seilgjécts are to be distributed
amongst selfish bidders with the goal of maximizing socidfave. We consider mechanisms that apply
greedy algorithms, and ask to what extent truthful greedgharisms can find approximate solutions
to the combinatorial auction problem. We associate theonaif greediness with a broad class of algo-
rithms known as priority algorithms. We show that no truthgtiority mechanism obtains a sub-linear
approximation ratio. We also consider a particular typeradrjgy algorithm for use with submodular
bidders, and show that no such algorithm can be made truthful
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1 Introduction well-studied problem. From an algorithmic stand-
point, the state of general CAs is largely resolved.
The goal of mechanism design is the construone can obtain a®(min{n,/m}) approxima-
tion of algorithms for use in situations where intion for CAs with » bidders andn objects with
puts are controlled by selfish agents. The diffi relatively simple greedy algorithm [28]. This is
culty in such a setting is that agents may lie abogssentially the best result possible, since (by a re-
their inputs in order to obtain a more desirablguction from the max clique problem) approximat-
outcome. It is often possible to circumvent thifhg to within a factor of0 (min{n' =<, m2~<}) for
obstacle by using payments to elicit truthful reanye > 0 is known to be hard [18] (subject to the
sponses. Indeed, if the goal of the algorithm is {omplexity assumption thaV P # ZPP) even
maximize the total welfare of all agents, then th@r single minded bidders. The situation changes,
well-known VCG mechanism does precisely thatiowever, when one adds strategic considerations
each agent will maximize their utility by report-to the analysis. The Lehmann, O’Callahan and
ing truthfully. However, the VCG mechanism reShoham [28] greedy algorithm can be made truth-
quires that the underlying optimization problem bl for single-minded bidders, but it is not incen-
solved exactly, and is therefore ill-suited for probtive compatible given even a single bidder with
lems that cannot be solved efficiently. As initiateghore complex demands [28]. We note that no de-
by Nisan and Ronen [34], the field of algorithmigerministic truthful mechanism is known to obtain
mechanism design attempts to bridge the compair approximation ratio better th@l(\/bLT_m) [4].
ing demands of selfish agents with that of algqndeed, even for certain restricted auctions such
rithmic constraints. We consider this fundameny s-CAs (in which desired sets contain at maest

tal issue in the context of conceptually simple abpjects), the same(—-2—) approximation [4]

gorithmic methods (independent of time bound§) the pest deterministic truthful mechanism cur-

rather than in the context of time constrained alg?énﬂy known. A lower bound for the combinato-
rithms. Specifically, we consider how well “greedy;a| o bjic project problem [35] shows that there
or greedy-like” approximation algorithms can bgs 3 gap separating approximation by determinis-
converted into mechanisms for combinatorial auge algorithms and by deterministic truthful mech-

tions. anisms in general; whether such a large gap ex-
The combinatorial auction (CA) problem is a




ists specifically for the CA problem is an importanto the SMCA problem, but that not all are incentive

open question. compatible. The question of whether any such al-
Although the most straightforward greedy algorithm is incentive compatible was left open. We

gorithms for CAs are not incentive compatiblesesolve this question negatively.

the notion of greediness still appears often in the

mechanism design literature (see, for examplel€orem:  Any deterministic algorithm for

[7, 22, 27, 28, 31]). This is not surprising giveﬁ;upmodular com'binatorial agctions that con;idgrs
that simplicity and determinism are important cri?Pi€Cts and assigns them in order to maximize
teria in mechanism design, since straightforwafgar9inal utility cannot obtain a bounded approx-
and transparent algorithms are easy for bidders'fation to the optimal social welfare.

understand and trust. We therefore ask whether,

any deterministic greedy-likeruthful mechanism 1.1 Related Work

for the CA problem can obtain an approximation Following the Lehmann et al [28] truth-
ratio close to the best-possihiein{n, ,/m}. We ful greedy mechanism for single minded CAs,
pursue this question by defining the notion of Blu'alem and Nisan [31] showed that anyono-
“greedy-like” algorithm for the combinatorial auctonegreedy algorithm for single minded bidders is
tion problem, which we associate with the claggcentive compatible using critical prices. How-
of priority algorithms [6]. We define priority al- ever, as previously noted, these results are prov-
gorithms in Sections 2.3 and 3. We show that &bly limited to single minded bidders. For arbi-
an incentive compatible mechanism makes allod&ary CAs, there exists a randomized mechanism
tions in a “greedy-like” way, then it cannot per{based on randomized rounding of LP solutions)
form much better than the trivial algorithm that althat obtains an approximation ratio©f/m) and

locates all objects to a single bidder. is truthful in expectation [26], and also@(/m)
approximate randomized mechanism (based on

ampling the values of some agents in order to fix

rices for other agents) that satisfies the stronger

otion of universal truthfulness [10]. These papers
motivated our interest in trying to understand when
greedy algorithms can be made into determinis-

The class of algorithms we consider is indepetic truthful mechanisms for auctions which are not
dent of the manner in which valuation functionsingle minded.
are accessed. In particular, our results apply to al-Various alternatives to truthfulness have been
gorithms in the demand query model and the geeensidered previously for auction problems (see
eral query model, as well as to auctions in whicl®]). These include the concepts etruthfulness
bids are explicitly represented. Also, in addition tf21] and truthfulness in undominated strategies
greedy algorithms, our class captures some tydés
of online algorithms. We note, however, that the In contrast to the negative results of this paper,
priority algorithm framework is considerably moregreedy algorithms can provide good approxima-
general than many online mechanism design s&bns in the context of Nash equilibria. In particu-
tings that have been studied previously [25, 32], &, the Nash equilibrium solution concept has been
discussed in Section 1.1. applied to submodular combinatorial auctions [8].
We also consider the combinatorial auctioRecently, we have shown [30] that in a wide va-

problem for submodular bidders (SMCA), whiclriety of contextsc-approximate monotone greedy
has been the focus of much study [11, 12, 20, 2llocations can be made into mechanisms whose
We study a class of greedy algorithms that is eltash equilibria all enjoy (nearly} approxima-
pecially well-suited to the SMCA problem. Suchions; that is, monotone greedy allocations with
algorithms consider the objects of the auction orappropriate payment rules yield price of anarchy
at a time and greedily assign them to bidders tesults close to or equal to the greedy allocation
maximize marginal utilities. It was shown in [27]approximation bound. Performance at pure Nash
that any such algorithm attains a 2-approximaticquilibria has also been previously considered for

Theorem: Any deterministic incentive compati-
ble priority algorithm (of a certain type describe
in the text) for the combinatorial auction proble

cannot obtain a(min{m,n})-approximation to

the optimal social welfare.



other types of auctions, most notably related to Isults and the lower bounds we present for priority
ternet advertising slots [14, 36]. In that line o&lgorithms is that a priority algorithm has a great
work the goal is revenue maximization, rather thagteal of control over the order in which input items
social welfare maximization, and the auctions coare considered, whereas in an online setting this
sidered are special cases of the more general carder can be chosen adversarily. Thus our lower
binatorial auctions. The weaker notion of “Setbounds demonstrate that truthful mechanisms with
Nash” equilibrium has been used to analyze onlimon-trivial approximation ratios cannot proceed by
mechanisms [25], though this is a very differerdonsidering bidders or bids for sets one at a time,
setting than that of a general CA mechanism. even if they have adaptive control over the order
We are not the first to prove lower bounds foin which the bidders (or sets, or objects, depend-
allocation problems relating to CA mechanisméng on the model) are considered, as long as each
Gonen and Lehmann [17] showed that no algo+dering can be expressed as a total order over the
rithm that considers bids for sets one at a tinset of all possible input items.
and accepts them greedily can guarantee an ap-

proximation better than/m. A similar bound . e
was derived by Krysta [22], who showed that ng Defintions and Preliminary Results

oblivious greedy algorithm (in our terminology:2.1 Combinatorial Auctions
fixed order greedy priority algorithm) can obtain A combinatorial auctiorconsists of a sel of

an approximation ratio better thagim. (In fact, bidders and a set/ of objects. Letn — |M| and

Krysta derives th.'s bound for amore general cla%s: |N|. Each biddei has a value for each subset
of problems that includes multi-unit CAs.) In con- :

. of pbjectsS C M, sayv;(S). These values have
trast to these results, we consider the more gene[rha

o . . e following propertiesv; (0) = 0, v;(S) > 0 for
plass Qf priority a!gonthms but.restrlct them to be |'S C M, andui(S) < vs(T) forall S € T C
incentive-compatible, and obtain a stronger boun We will think of o as a valuation function
Theorem 5 of [23] shows that any truthful CA ™" §

) ) T v; - 2M — R. We denote byl; the space of all
_mechar_ns_m that uses a swtable_ b'.ddmg I?nguae%%'ssible valuation functions for agenfThe entire
is unanimity-respecting, and satisfies the indep

Valuation space is denotétl= Vi x Vo x - - - x V/
dence of irrelevant alternatives property (l11A) cans; ) P RN w
. . S . iveni € N andv € V, we will often writev_; =
not attain a polynomial approximation ratio. Ou
.. .. . Eé/l,...,’Ui,l,’()zqu,...,’Un),sotha.tl}:(’U“U,i).
result is incomparable, as priority algorithms nee A valuation funci is single-mindedf th
not be unanimity-respecting or satisfy fiAit has valuation functionv1s singie-minde ere

also been shown that, roughly speaking, no truthll‘?<ISIS aset C M and a valuer > 0 such that,

polytime subadditive combinatorial auction mec orallT ¢ M,

anism that isstablé can obtain an approximation ,

ratio better than 2 [13]. This is incomparable to our o(T) = x ifSC T
results, as priority algorithms need not be stable. 0 otherwise.

The class of priority algorithms is loosely re- _ _ _ _ -
lated to the notion of online algorithms. MechaA valuation functionv is k-mindedif it is the
nism design has been studied in a number of onlifg@ximum ofk single-minded functions. That is,
settings, and lower bounds are known for the pghere existk setsS,..., S, such thatv(S;) is
formance of truthful algorithms in these settinggiven for eachS;, and for all subsetd” C M
[25, 32]. The critical difference between these rave havev(T') = max{v(5;)|S; € T'}. An ad-
= A Tas b A with | ditive valuation functionv is specified bym val-

The notion of IIA has been associated with priority algo- _ )
rithms, but in a different context than in [23]. In mechanis WSz, . -+ Im < RZO S.O thaty(T') = Z‘PET i
design IIA is a property of the mapping between input valu® valuation functionv is submodularif it satis-
ations and output allocations, whereas for priority altonis  fiesv(T") + v(S) > v(SUT) + v(SNT) for all
the term IIA describes restrictions on the order in whichuinp S, T C M. The submodular valuation functions

ftems can be considered. re also characterized by the property of decreas-
In a stable mechanism, no player can alter the outcome (je

by changing his declaration) without causing his own alleda ng marginal utilities: for allS C T"andz € M,
set to change. v(SU{z}) —v(S) > o(TU{z}) —o(T).




A direct revelation mechanispv for a combi- possible allocationS to bidderj, and when-
natorial auction is composed of two parts: a@n ever bidder; is allocatedS his payment is
location algorithmG and apayment algorithmP. p;(S,v_;) (note thatp, (S, v_,) does not de-
Givenv € V, G(v) returns an allocation of objects pend orv;), and
to bidders, andP(v) returns the payment extracted 2. allocates tgj a setS that maximizes the value
from each agent for the set of objects they receive. of v;(S) — p;(S,v—;) over all .S that can be
For eachi € N we write G;(v) and P;(v) for the allocated toj (for any choice ob;).
set given to and payment taken from biddewWe

require that the allocation given byt is valid for o
orem 2.1 need not be finite: if;(S,v_;) = oo

allv € V, meaning tha&; (v) N G, (v) = 0 for all ) k ,
i + j. We will refer to a direct revelation mechathen the mechanism will not allocateto bidder

nism as anechanisnfdue to the well-known reve-J for any reported valuatiom;. However, it is
lation principle) easy to show that one can assume critical prices

Fix a mechanismoM and valuationg € V rep- are monotonic.

resenting the true types of the agents. Then fglaim 2.2. Suppose that a mechanism satisfies the
anyS C M, t;(S) represents thealueof setS to  conditions of Theorem 2.1. Then one can assume
bidderi. Given anyv € V, theutility of bidderi \yithout loss of generality that for alj € N, all
given bidsv is given byu, (v) = t;(G;(v))—F;(v). v_j eV andalS CT C M,p;(S,v_;) <
That is, the utility of biddet is the value she place?jj (T, v_j).

on the set she receives, minus the amount she

Note thatp; (.S, v_;) from the statement of The-

ad

to pay for it. Thesocial welfareobtained bydM 2.3 Priority Algorithms

given bidsv is ),y t:(Gi(v)). Theoptimal so-  We now provide the definition of a priority al-

cial welfareis the maximum o, _ - ;(S;) over gorithm [6]. We view an input instance to an al-

all valid allocations(Ss, ..., S,). The goal of a gorithm as a set dhput itemsfrom a known input

mechanism for the combinatorial auction problegpacez. It is important to note thaf is the set of

is to maximize the social welfare. all possible input items; an input instance is a finite
A mechanismM is truthful if for everyi € N, subset ofZ. The definition of the sef will depend

vy € Vo4, andt;,v; € V;, t;(Gi(ti,v—i)) — on the context of the problem being considered.

Pi(ti,v—i) > ti(Gi(vj,v—;)) — P;(vi,v—;). That The problem definition may also place restrictions

is, if agenti’s true valuation ist;, she would not on the nature of an input instance; we will say that

obtain more utility by instead reporting a differen&n input instancd C 7 is valid if it satisfies all

valuationv;. An allocation functionG is incen- such restrictions.

tive compatiblef there exists a payment function Once the input to an algorithm has been speci-

P such that the mechanisftr, P) is truthful. fied in the above way, one can view the output of
» ) the algorithm as a decision made for each input
2.2 Critical Prices item. For example, these decisions may be of the

An allocation algorithm G defines critical form “accept/reject”, schedule jabon machinej,
pricesp; (S, v_;) for any ageny and setS where allocate setS to agenti, etc. For an optimization
p;(S,v_;) is the minimum amount that agefit problem the goal of the algorithm is to optimize
could bid on setS and still win S assuming the some function of the output space. As with input
other agents bid according ta_;. From Bartal, instances, the problem definition may place restric-
Gonen and Nisan [3], we have the following chations on the nature of the decisions made by the
acterization of truthful mechanisms for combinaalgorithm; we say that the output of the algorithm
torial auctions, which we will use throughout ours valid if it satisfies all such restrictions. We then
proofs. define the class of priority algorithms as follows:

Theorem 2.1. A mechanism is truthful if and onlyADAPTIVE PRIORITY
if for every bidder; and every vector of bids of thelnput: A setI of items,] C Z
other biddersv_; it: while not empty()
1. fixes the critical pricep;(S,v_;) for every  Ordering: Choose, without looking at,

4



a total orderindgl” overZ can be both incentive compatible and provide a
next:=firstitem in7 according to ordering  “good” approximation to the social welfare. In

Decision: make a decision for itemext order to apply the concept of priority algorithms
removenextfrom I; to combinatorial auctions we must define the set
remove fromZ any items 7 of possible input items and the nature of the

precedingnextin 7 decisions. We will show that for two natural in-
end while put formulations, no mechanism using a priority

algorithm allocation can approximate the optimal

We emphasize the importance of the orderirgpcial welfare significantly better than the trivial
step in this framework: an adaptive priority algomechanism that allocates all objects to a single
rithm is free to choosanytotal ordering over the bidder. We can assume thatthe number of bid-
space of possible input items, and moreover caers, andn, the number of objects are known to
change this ordering adaptively after each inpthe mechanism and lét= min{m,n}.
item is considered. When an input item is con-
sidered, the priority algorithm must then make a®.1 Bidders as Iltems
irrovable decision for this item. Once an item has Under this modelZ consists of all pairgi, v;)
been processed, the algorithm is not permitted § cei ¢ N andwv, € V.. A valid ianjt ;n,-
revisit that item and modify its decision. Note aISgtance contains oné item ;‘or each bidder. In this
that on each iteration a priority algorithm Iearn§ase processing an itefd, v;) involves choos-
what (higher-priority) items areot in the input. ing a’setS c Mto assign’ to biddef. We note

A sp_ecial case Of. (gdaptive)_ priori.ty algorithmfhat the truthful CA mechanism for single-minded
are fixed qrde.r priority algorithms in Wh'Ch ON&idders falls within this model, as does its (non-
fixed ordering is chosen before the while loop ("Gt’ruthful) generalization to complex bidders [28].

the “ordering” and “while” statements are inter_, . primal-dual schema algorithm of [7] and the

changed)._ Our inapproximation results for trUtlEeneric algorithm of [3] for multi unit CAs also
ful CAs will hold for the more general class o all within this model.

adaptive priority algorithms but we note that many Let us recall the greedy mechanism in [28] and

greedy CA algorithms are fixed order. how it becomes a priority algorithm with bidders

The term “greedy” implies a more opportunls_-as items. In this algorithm, sets are allocated

tic” aspect (i.e. restrcition) than is mandated (']Breedily according to their rank, where the rank

the d_ef|n|t|o_n pf priority algorithms and indee L.(S) of sets for bidderi is defined a&:(%) . The
we view priority algorithms more generally as El

“greedy-like”. A greedypriority algorithm satis- algorithm begins by ordering the bidders by maxi-
fies an additional property: the choice made fénum rank over all sets. The algorithm is then pre-
each input item must optimize the objective of theented with the first bidder in this ordering; it will
algorithm as though that item were the last item i@llocate to that bidder the set with the largest rank.
the input. In Section 3.2 we will consider greedy he algorithm then adaptively reorders the remain-
priority algorithms when we consider “sets” (beindgng bidders by maximum rank for any subséthe
bid upon) as input items. remaining items The first bidder in this ordering
is considered and given the subset of the remaining
L . items with the largest rank. The algorithm contin-
3 Truthful Priority Algorithms ues in this way until either all objects are allocated
As we already noted, Lehmann, O’Callahan ar@t each bidder has been considered.
Shoham show that &(./m)-approximation for  We now establish an inapproximation bound for
combinatorial auctions can be made truthful (usruthful priority allocations using bidders as items.
ing critical pricing) for single-minded bidders bufThe approach to proving such a result is to con-
is not incentive compatible (i.e. cannot be madsder two types of bidders: the first type (a “poor”
truthful for any payment rule) for more generabidder) has a low value for any set, and the second
bidders. We wish to show that no greedy-likeype (a “wealthy” bidder) has a very high value for
mechanism (i.e. within the priority framework)some singleton and a slightly higher value for the



set of all objects . We tailor the wealthy valuationBefinex € R as follows:

so that, if all bidders are poor except one, then the

single wealthy bidder must be given all objects due @ := 1 + max max {pi(M,v_;)}.

to incentive compatibility. On the other hand, if a e

linear number of bidders are wealthy, then the afy,5¢ is, = is a value greater than the maximum

gorithm must give singletons to many wealthy bidst the critical price forM for bidderi, over all

ders to obtain a good approximation to the socighgices ofi and desires of singletons with valiie
welfare. The algorithm is forced to make an aIIo(—Jy other bidders. Set:= x5!

cation to some bidder before being able to distin- £ aachl < i < k. define valuation function
guish between these two cases. - =

fias
Theorem 3.1. Any incentive compatible priority )
algorithm that uses bidders as items cannot obtain Y if {a;} CSCM
a U2k _approximation to the optimal social wel- fi(S)=qy+az fS=M
fare for anyd > 0. This inapproximation applies 0 otherwise.
even if all bidders have 2-minded valuation func-
tions. Then f;(S) is a 2-minded valuation function. We

. now consider the following subs&t C 7 of pos-
Proof. Chooses > 0 and suppose for Comrad'c.'sible input items:Z’ contains all bidder-valuation

t'cr)i? thi’:ltflri[[i%ntlr?(:tentlr\]/ie\c/:omp:tlbleragi’crlrp]) t'genp:g)airs of the form(i,v;) wherel < ¢ < n and
00 ,( - 9)/2. We 11l denote an 1lem as ay,,:77is not a valid input instance; we think @f
tuple (¢,v;), wherel < ¢ < n is a bidder and

v; : 2M — Ris a valuation function. simply as a ;ubset df . : .
‘ . . . The following claim exploits the incentive com-
We will construct a set of input instances for.

which A is forced to make a particular aIIoca-Ioatlblllty of A.

tion, due to incentive compatibility. We defineClaim 3.3. Supposd = {(1,v1),..., (n,v,)} is

two sets of valuation funCtiOﬂS{_g1, . ,gz?} and a valid input instance, in which there existse
{f1,--., fx}, that will be used in these input in-N such thatv; € {fi,..., fr}, and for all j #
stances. The functiong, ..., g are straightfor- vj € {g1,...,9x}. Then on input/, A must

ward: for eachl < i < k, define valuation func- allocate M to bidderi and( to all other bidders.
tion g; by
Our next step is to construct an input instance
1 if a; € S I C 7’ on which A obtains a poor approxima-
9i(8) = 0 otherwise. tion ratio. To do this we will rely on the following
claim which will be proven by induction ohn

Then g; is a single-minded valuation function, . _ . :
where the desired set s} with valuel. Claim 3.4. There exists a labelling of bidders and

The definition of valuation functiong,, ..., objects such that the following is true for &l <

is more involved. Fixi € N and definev”, = ¢ < k/2. Definel; := {(j,g;)|j < i}. Then for
{g1,...,g:)""1. Consider an instancej'_;p») any valid input instancd such thatl; C I C 7/,

of the combinatorial auction problem in Whin‘A will consider all the items if; before all other
v_; € V'.. Thatis, each biddej # i is single- items in, and will choose to assigh for each of

minded, and desires a singleton with valueBy € items inf;.
the critical price property, there is a critical price pow supposdy, »_; is the set from Claim 3.4

pi(M,v_;) for setM given thisv_;. with i = k/2 — 1. Define input instancé by
Claim 3.2. Under the above definitions, ) )
pi(M,v_;) < kn. L= Iiyo1 U{(J, gry2)|k/2 < j < K}

We are now ready to define the valuationNote that! is a valid input instance antl,»_; C
fi,---, fx. They are based on valuesy € R. I C Z’. Then by Claim 3.4, algorithrdl must



assign) to each of bidders, ..., k/2 — 1. There- only explicit bids(i, S.v(S) can be considered by
fore A can obtain a social welfare of at mastby the algorithm. In such a model, we will assume
assigning{ay;/» } to some biddej > k/2. How- that the mechanism is not “wasteful” and will not
ever, the optimal social welfare is/2, by assign- allocate a larger set when a smaller set will achieve
ing {a;} to bidderi for all 1 < ¢ < k/2. Hence the same value. We consider inapproximations in
A obtains an approximation no better thap2, both of these models.
which is a contradiction. This completes the proof The decision to be made for iteffi, S,t) is
of Theorem 3.1. whether or not the objects i should be added
O to the set of objects to be allocated to biddefFor
) example, an allocation algorithm may consider an
3.2 Sets and Bids as Items item (i, S1,t;) and decide to allocaté; to bid-
Although the use of bidders as items gives thger i, then later consider another itefy So, to)
mechanism access to the entire bid vector of a bigivhereS, andS; are not necessarily disjoint) and
der, this input model can be restrictive, as the degi-feasible decide to allocaté&, to bidder: as
sions made by the mechanism must be made abadl, and so on. If/ items are assigned to bid-
players without being able to gain any knowledgger i, then the final allocation to bidderwould
of other players (beyond knowing they have lowdse S := S; U S, U ... U S,. Note that biddei’s
priority) not yet considered. An (incomparable) alvalue for setS is unambiguous, since a valid input
ternative is to associate items with more “elemeinstance would also contain an item of the form
tary bids”. Namely, an item would consist of g;, S, ¢).
bidder i, a setS, andv;(S), the value that bid- A greedy algorithmin the sets or bids as items
deri has for setS. In this caseZ consists of all model must accept any feasible itef S,¢) it
triples (4, 5,t) such thati € N, S C M, and considers; that is, as long as no objectsSihave
t € R>o. A valid input instance/ C 7 contains already been allocated to another bidder ando.
at most one tuplé¢i, S, v;(S)) for eachi € N and A priority algorithm in the sets or bids as items
S C M and for every pair of tuple§i, S,v) and model does not allow incremental updatéfsit
(i',8',v") in I such thati = " andS C S’, it can accept at most one set for any given bidder.
must be thaty < »’. We note that as describedrhe Lehmann et al [28] greedy allocation can be
a valid input instance may contain an exponeRiewed as a fixed order greedy priority algorithm
tial number of items, and hence this model agusing sets or bids as items) that does not allow
plies most directly to algorithms that use oracléacremental updates.
to query input valuations, such as demand ora
cles’. However, the model can also apply to suc-
cinctly represented auctions. For succinctly (arpff‘ : .
e . . .ltems. TherdA cannot approximate the optimal so-
explicitly) represented auctions, there is a choice (1-8)k
as to whether or not the priority algorithm has a&@! Welfare by a factor of—== for any s > 0.

cess to non specified implied bids; that is, whenT{liS inapproximation applies to 3-minded auctions
valuew(s’) is implied bymax{v(S) : § C S'}. where there are at most three sets of value for each

We say that the priority model usests as items bidder.
when any(i, S,v(S)), whether or not explicity — Consider the intuition as to why such an algo-
bid upon, will be considered if it is given high-rithm A cannot exist. Suppose some bidder has a
est priority by the algorithm. In contrast, we sayelatively very large value for each of two single-
that the priority algorithm usdsids as itemsvhen tons. A good approximation algorithmd would
. : . _ . surely allocate one of these singletons to this bid-
It is tempting to assume that this model is equivalent toa . . . . .
value query model, where the mechanism queries bidders - Smc;eA 1S greedy, it must do so WlthOUt first
their values for given sets. The priority algorithm model i€onsidering the values held by other bidders for
actually more general, as the mechanism is free to choosetifbse singletons. However, a truthful algoriti

arbitrary ordering over the space of possible set/value tom'f‘nust also maximize utility so it must allocate the
nations. In particular, the mechanism could order the deva . !

pairs by the utility they would generate under a given set Gingleton Whif:h ha_s the smaller price: This implies
additive prices, simulating a demand query oracle. that the relationship between the prices for these

heorem 3.5. SupposeA is an incentive com-
tible greedypriority algorithm that uses sets as




singletons must be independent of their value foom the definition off;(a). Sincev;(a) > v;(.5),
other bidders! This is inconsistent, since a singléiis implies thaw; (a) — p;(a) > v;(S) —p;(S), SO
ton desired at a high value by many players musy Theorem 2.1 biddercannot be allocated sét
have a higher price than a singleton not desired hg required. O

any other players, in order to guarantee a good ap- ) _
proximation ratio. Claim 3.7 is strongest whef; (a) is large; that

is, whena is “small” in the ordering=<;. We there-

Proof. Chooses > 0 and suppose for contradic-fore Wi'Sh to find an object of\/ t.hat is.small
tion that A does obtain &1 — )k/2 approxima- according to many of these orderings, simultane-

tion to the social welfare. For eache N, let Ously. LetS(a) = {i € N : |Ti(a)| > k/2}.
V. C V. be the set of valuations with the prop_ThenS(a) is th_e set of players for which there are
erty thatv; (S) > 0 forall j # ¢ and all non-empty at Ifaasﬂc/Q objects gregter tham. The foI_Iowmg

S C M. The heart of our proof is the folIowingCIa'm follows by a straightforward counting argu-
claim, which shows that the relationship betweeR€nt:

critical prices for singletons for one bidder is indeg|aim 3.8. There existsa®* € M such that
pendent of the valuations of other bidders. Recq@(a*ﬂ > k/2.

thatp; (S, v_;) is the critical value for sef for bid- )
der, given that other bidders declare valuations Y aré now ready to proceed with the proof of
Theorem 3.5. Let* € M be the object from

Claim 3.8. Lete > 0 be a sufficiently small value
Claim 3.6. Forall i € N, and for alla,b € M, to be defined later. We now define a particular in-
eitherp;({a},v_;) > pi({b},v_;) forall v_; € putinstance to algorithml. For eachi € S(a*),
V¥, orpi({a},v_;) < pi({b},v_;) for all v_; € bidder: will declare the following valuation func-
vt tion, v;:

V_j.

We can think of Claim 3.6 as defining, for each 1 if a* €8
i € N, an ordering over the elements of. v;(S)=<¢1-6/2 ifa*¢SandSn (T;(a*)) # 0
Specifically, for eaci € N we define ordering c otherwise.
=<; overM by a =; bif and only if p;(a,v_;) <
pi(b,v—;) for all v_; € V;. Note that this order- Each biddet ¢ S(a*) will declare a value of for
ing may be different for eache N. every set.

Foralli € N anda € M, defineT;(a) =  For eachi € S(a*), bidderi obtains a value of
{a; : a =i a;}. Thatis,T;(a) is the set of objects at leastl — §/2 on set{a,} for everya; € T(a*)
that are greater or equal toin ordering=;. Our (includinga*). SinceS(a*) > k/2 andT;(a*) >
next claim shows the strong relationship betwegry2, we have at least/2 bidders obtaining a value
whetherq is allocated to biddeir and whether any of at |easﬂf5/2 on each of at |ea$t/2 sing|etons_
object inT;(a) is allocated to bidder. It is therefore possible to obtain a social welfare of

) _ at least(1 — §/2)k/2 by allocating singletons to
Claim 3.7. Choosea € M, i € N, andS C bidders inS(a*).

M, and supposes N T;(a) # (. Choose some
v; € V; and suppose that;(a) > v;(S). Then if
v_; € V7, bidderi cannot be allocated se&f by
algorithm A given inputv.

Now consider the social welfare obtained by al-
gorithm A. The algorithm can allocate objegt
to at most one bidder, say biddgrwho will ob-
tain a social welfare of at modt For any bidder
1€ S(a*),i # j,v(S) =1-4/2 < 1forany
Proof. We know thap; (S, v—;) > pi(aj,v—) for g containing elements df;(a*) but nota*. Thus,
anya; € S since by Claim 2.2 we can assumg,, cjaim 3.7, no bidder it (a*) can be allocated
critical payments are monotone. Thus, regardleéﬁy setS that contains an element @ (a*) but

of the choice ob—;, nota*. Therefore every bidder other than bidder
4 can obtain a value of at mostfor a total social
pi(S) = ajgggﬁ(a)@i(%)) 2 pi(a) welfare of at most + ke.



We conclude that algorithml has an approx- Case 2: (3, 5,1), S # M. Consider the de-
imation factor of at Ieast’;((lljfk/ff. Choosing cision made byA for this item. Suppose! does
€ < 72(1%% yields an approximation greater thafot _allocateS to b'?'d,efﬂ- Let /s .g Illbe the in-
K(1-6/2 _ o put instance consisting only of itentg, 7', 1) for
——5~=, giving the desired contradiction to comy > S that is, playerj has a single-minded
plete the proof of Theorem 3.5. L valuation for sefS. SinceA cannot distinguish be-

. . .__tweenl; andIs when considering itenfy, .S, 1), it
We conjecture that the greediness assumpuonan:"St be thatd does not allocaté to bidder; on

Theorem 3.5 can be removed. What we will shovylgut Is. SinceA does not allocate any s@t to

. . : |
is that the greediness assumption can be remov Syer; other than seB (by assumption), it must

for priority algorlthms in the bids as _|tems mOdeEot allocate anything to playgr Thus A obtains
that do not allow incremental allocations. We be- . .
. . . a social welfare of) when1 was possible, contra-
lieve that this restriction can be removed.

dicting the supposed approximation ratioAf

Theorem 3.9. Suppose is an incentive compat-  Thus A must allocates' to bidder; on inputZ.
ible priority algorithm that uses bids as items an&€t Zs C I, be the input instance consisting of
does not allow incremental updates. This inaptems(j,5,1) and(j, M, 1 + ¢). ThenA will al-

proximation applies in the case of 2-minded audocatesS to bidder; in instancely, but this contra-
tions. dicts Theorem 2.1 (which requires thatallocate

M to biddery). O

Proof. Supposé is a truthful adaptive priority al-
gorithm, where the items to be considered are as
ciated with bids. That is, an item is a tugle S, ¢)
wherew;(S) = t. On processing each item, the
algorithm must decide wheth&t will be the set  In [27] a class of greedy algorithms was pro-
allocated to biddef and if S is allocated ta then posed that is well-suited to submodular bidders.
that will be the final allocation to biddér Suppose In such an algorithm, objects are considered one
for contradiction thatd obtains an approximationby one, and each object is assigned to the bidder
ratio of (1 — &)k for somed > 0. with the highest marginal utility for it, with re-

We first observe that if only biddéplaces bids, spect to the partial allocations already assigned.
thenp,(M) = 0. Now letI; be an input instancelt was shown in that paper that any ordering of
containing itemgi, M, 1 + ¢) and (4, .S,1) for all the items leads to a 2-approximation algorithm,
S # M, foreachl < i < N. Thatis, each bidder but not every ordering of items leads to an algo-
is (m + 1)-minded, with a value of for each sin- rithm that can be made truthful. However, this
gleton andl + § for the set of all objects. TheA did not preclude the possibility of some particu-
must consider some input item first given ingut larly clever and adaptive method for ordering the
suppose the first item has corresponding bidderobjects, which would lead to truthfulness.

Now consider cases based on the nature of the firsiVe introduce a model of priority algorithms that
item. is motivated by the above greedy algorithm, which
Case 1: (j,M,1 + §). Consider the decisionwe call theobjects as itemmodel. In this model,

made byA for this item. If A allocatesM to j, items are associated with theobjects for the auc-
then for input instancé; A obtains a social wel- tion. An item will contain an object index, plus
fare of 1 + §, whereas the optimal welfare is the valuev;(5|S) forall: € N andS C M (where
Thus A has an approximation ratio no better thaw; (z|S) = v;(S U {z}) — v;(S) is the marginal
(14 6)~'k > (1 — &)k, a contradiction. Next utility of bidderi for item z, given setS). We note
supposeA does not allocatéV/ to ;5. Consider that the online greedy algorithm described above
input instancel, C I; that contains only item falls into this model. We show that no greedy pri-
(j, M, 1+ 6). ThenA cannot distinguish betweenority algorithm in this model can be truthful. By
I, and I> when considering itenfj, M,1 + §). contrast, the same online greedy algorithm [27]
Thus A will not allocate M to bidder;j on input that allocates each object to the bidder with highest
15, which contradicts Theorem 2.1. marginal value is an optimal allocation (and hence

#” Truthful Submodular Priority Auc-
tions



incentive compatible by VCG pricing) for additivehave (simply computed) prior global knowledge
bidders. (for example, the average over all bidders of the

o ) minimum and maximum values that bidders claim
Theorem 4.1. Any greedy priority algorithm for o sets). A more substantial extension would be

the combinatorial auction problem that uses oy, consider randomized priority algorithms. Going
jects as items is not incentive compatible. Thig.yond priority algorithms, there are other concep-
holds even if the bidders are assumed to be syfiz|y simple algorithmic models, some of which
modular. can also be considered “greedy-like”. For pack-
ing problems (such as the underlying allocation
5 Future Work problem in combinatorial auctions), priority algo-
{ithms can be generalized to allow “revocable ac-

As indicated, the fundamental issue of algorit eptances” (see [19]). That is, an algorithm may
i hani i tt ts t idge th - T )
mic mechanism design attempts to bridge eCOlﬁ;clje-allocate“ sets or objects that have been pre-

peting demands of selfish agents with that of algo-

rithmic constraints. We have considered this i%/_IOUS|y allocated. That is, in terms of the prior-

sue in the context of truthful greedy algorithms fo'lty m(_)del, the acceptance of an input |te_m (eg.
ranting a set to a bidder) can later be rejected to

CAs. Because of the importance of greedy alg§- i .
rithms in many current rﬂechanismsg our Br/esglggake a subsequent allocation feasible but all re-
. o : ’ ctions of input items are irrevocable and feasi-
concerning priority algorithms (as a general mod ltity must aIvSays be maintained. A somewhat re-
for greedy mechanisms) is a natural beginning t(i . . : . )
more general study of the power and limitations e? medeI IS r;otlvateg by :\;]e Iocal-ra_tf|_o/ ﬂnmal-
conceptually simple mechanisms. While the prio -;2 cgir:g\grorr'é??es[ta]g.k al O;?tﬁrri]esm |§a y’h\(lavri
ity framework represents a restricted algorithmi ms (e; bi?j(;erlsyor bids) ﬁ]']itilall ac(c[:e]p))t\:av d are
approach, it models many existing algorithms an Ao y

there are still many unresolved questions for R aced in a stack and then the stack is popped to

most basic mechanism design questions. In pgrr]sure feasibility. We note that both of these exten-

ticular, we believe that the results of Section 3. ons pe_rm|t noq-monotone aIIocatm_ns even when
can be unified removing the greediness and no | e priority rule is monotone (as defined in [31]).

cremental updates assumptions. Furthermore, we tsre d”;a;l;ttgastsﬁrl:]rept?]%rt't{h;napr)i%';?tx"Efé'é)r?nregs
conjecture that truthful priority mechanisms can- P y ordenng
onotone and we leave open the question as to

not achieve an approximation ratio that (substaﬂl . .
tially) improves upon thenin{m, n} approxima- whether or not such algorithms (and extensions)

tion achieved by the “trivial greedy algorithm”“3" be made monotone when say the algorithms

(that only allocates objects to the bidder with threJeCt high priority bids.  One extension that re-

highest bid) for the-CA problem where each bid_ﬁects some current algorithms is to consider algo-
der only desires sets of at maspbjects. This is in rithms that chose an allocation amongst a small set

contrast to the non truthfik + 1)-approximation qf (say) priority algorithms. In particular, we be-

achieved by the “standard greedy algorithm” thg{evceht:ﬁtsﬁ]urt'geosutl_t;_caenbbeet e:;enn:ed_ tgnall?y(\)/rtthe
considers and greedily accepts items (bidders \9 i ' q P 'Z” bi Wt : g“ﬁ)'ddp orty
sets) as prioritized by non-increasing bid valued 0cation and giving afl objects to one bidder.

We also ask whether or not the greediness assumP--rh((je r?:s: Itsb'rl[ tthh's pl;apgr have tp een rels_,trlcied tI(I)
tion can be eliminated in Theorem 4.1. greedy LAS bul the basic question applies 1o a

The given definition of priority algorithms Canmechanlsm design problems. Namely, when can a

be extended in many ways. The simplest extensiﬁ]ﬂngegxsgiEwﬁfb?gﬁ]rg):g]o";t\'/%?éo dtir:ﬁoug?rirtlr):
would allow the priority mechanism algorithm tg 9gop i P .
ful mechanism that achieves (nearly) the same ap-
4By contrast, the greedy algorithm in [27] will find the op-proximation? For example, what is the best truth-
timal solution foradditive bidders and can therefore be madegy| priority approximation for the celebrated ma-

truthful with VCG payments. On the other hand, itis not hard tq,. . : ; ; ;
show that truthful priority algorithms that use bidders asris mae schedullng prOblem introduced in Nisan and

cannot obtain even a sublinear approximation for additide biRONeN [34].
ders.
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nen and Silvio Micali for helpful discussions. not allocate) to bidder:, and hence biddeirob-
tains a value 0. Now consider the social welfare

. .. obtained byA: it can be at most — 1, since bid-
Appendix: Missing Proofs deri obtains a welfare off and each other bidder
Claim 2.2: Suppose that a mechanism sati§as value at most for any set. The optimal social

fies the conditions of Theorem 2.1. Then oneelfare iskn, obtained by allocating/ to bid-
can assume without loss of generality that for afler:. HenceA obtalns an appr0X|mat|on ratio of
jeNalv eV, adals CTC M, 2%
pi(S,v—;) < pi(T,v—;). diction. =

Proof. The if direction follows immediately from Claim 3.3: Supposd = {(1,v1),...,(n,v,)}
Theorem 2.1. For the other direction, suppose thata valid input instance, in which there exists
M = (G, P) is an incentive compatible mecha#V such thatv; € {fi,..., fx}, and for allj #
nism; thenM satisfies the critical pricing property;i, v; € {g1,...,9%}. Then on input/, A must
say with pricesp;(S). We will construct a new allocate)/ to bidderi and( to all other bidders.
set of critical prices that satisfies the conditions of

Theorem 2.1 while also satisfying the condition8r0of. For this input instance we have that; €

of our claim. V', Thenz > p;(M,v_;) from the defini-
Forallj € N,v_; € V_;, andS C M, define tion of 2. But now, from the definition off;,
P;(S) by vi(M) —pi(M,v—;) > (y+z)—z=y >
v (S) > v (S) — pi(S,v_;) for all S # M.
p;(S) = min{p;(T)|T 2 S}. Therefore, by the critical pricing property (The-
orem 2.1),A must allocateM to bidder: as re-
Notice thaty;(S) < p(T') wheneverS C T'. Fur- quired. O

thermorep’(S) < p;(S) forall S C M.
We claim thaty) satisfies the conditions of The- Claim 3.4: There exists a labelling of bidders
orem 2.1 for the mechanissM. Choose any and objects such that the following is true for all
j € N and (vj,v_;) € V and suppose that0 < i < k/2. Definel; := {(j,g;)|j < i}. Then
G; (vj,v—_;) = S. Then, by the critical pric- for any valid input instancé such that/; C I C
ing property (for pricesp;), v;(S) — p;(S) > 7', A will consider all the items in/; before all
v;(T) — p;(T) for all T C M, and furthermore other items in/, and will choose to assigh for
Pj(vj,v_j) = p;(9). each of the items id;.
Suppose thap; (S) > p,;(T) for someS C T. ] ) _
This would implyv; (S)—p; (S) < v;(T)—p;(T), Proof. We proceegl by induction oh The base
which is a contradiction since we assumed that tf@S€ holds by taking, = 9', For generai > 1,
pricesp; were critical prices. We can therefore as2UPPOS€ the claim is true for— 1. ThenIZ-,} =
sume thap;(S) < p;(T) forall S € T. Then, {(Lg1),.... (i = 1,gi-1)}. DefineZ; C ' as
from the definition ofp}, p/(S) = p;(S). This follows:
implies that for anyl’ C M, v;(S) — p’(S) = Ty vy ;o
0;(S)=p;(8) = v;(T)—p;(T) > v;(T) ]pJ(T) Zi ={0,vj) : (G,vj) €T',j = i}.
We therefore have that the prlcp§. are critical

That is,Z; contains items off’ corresponding to
prices for the mechanism, as required.

bidders that are not presentin ;. Then note that
Claim 3.2 Under the above definitions,if 1 is a valid input instance such that , C I,
pi(M> ’U,i) < kn. thenr’ g I,_1UZ;. ' o
Consider the execution of on any valid input
Proof. Suppose otherwise that(M,v_;) > kn. instancel C I;_; UZ;_;. The algorithm will first
Suppose further that bidders single-minded with consider the items of;_; and allocate) to each
desired setM, and withv;(M) = kn. Then bidderl,... i — 1 (by assumption). Once this is
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done, the algorithm will choose an orderifigover Claim 3.6: For all: € N, and for alla,b € M,

7, and examine the next item ihaccording to7.  eitherp;({a},v_;) > p;({b},v_;) forall v_; €
Some item(j, v;) € Z; must come first under V=5, or p;({a},v—;) < pi({b},v—;) forall v_; €

this orderingZ. Without loss of generality (by re-V .

labeling indices) this item i§i, f;) or (i,¢9;). We

consider these two cases separately. Proof. Choose € N, a,b € M, andv;,v; € V.
Case 1: The first item is(i, f;). In this case SuPPOse for contradiction thati ({a}, v—;) >

. . . / . /
we will choosel so that(i, f;) € I. ThenA must pl_({b}’v.ﬂ) butp; ({b}, v";) > pZ({a}’U—?)' we
consider this item next when processing input i|¥\-"" consider a number of possible valuations to be

stancel, andA must assign some s&ftto bidderi. def'jref' Ey (t)#r b'dd‘?rs- | ianed t
If S = M, then we will choosé to contain(j, f;) etv” be the maximum value assigned to any

forall j > ¢; notethatl C I;_;UZ;_; asrequired. set by any playey + < with valuations inv_; or

) . .
SinceA allocated)M to bidder, it obtains a social fh_lt Thebn n(;ie'thaat the 1mix!;r;)g£ sqt;al welf?re
welfare ofz + y on inputI. However, the opti- - & can beobtaine i&—1)v” if bidder: does no

mum welfare is at leagt — i + 1)y, since this can participate and other bidders declare valuesor

12 1.2, .% : s H
be attained by allocatinga;} to bidder; for all '~ Letz = £%v*. We will define three different

i < j < k. Thus the approximation ratio obtaine&oss'ble valuation functions for biddér f, g, and

by A is at least v ifaes
h.f(S)=¢z ifbes
(k—i+1)y S (k/2)y S (1-90)k 0 otherwise.
z+y y(1+9) 2 7 e ifacs
ifbe S
a contradiction. g(5)=1{° 6 — 0

If, on the other handS # M, we choosd to “ h -

contain(j, g;) for all j > 4. ThenI satisfies the 0 otherwise.
requirements of Claim 3.3, sé must allocate\/ e faes

to bidderi. This is a contradiction. We concluden(S) =< e ifbec S
that this first case cannot occur. 0 otherwise.

Case 2: The item is(i,g;). In this case we We are now ready to discuss the behaviour of
will choose! so that(i,g;) € I. Asin the pre- algorithm A. Consider the subséf, c 7 that
vious case,A must consider this item next if, contains the following input items(, S, f(S)),
and assign some s&tto bidder:. Supposes # (). (1,5, 9(S), and(i, S, h(S) for everyS C M; and
Then we will choosel to contain(i + 1, fi+1), (5,5, v;(S)), (4, S,04(5)), (4, S, €), and (4, S, v*)
and also(j, g;) for all j > i + 1. Note that then for all j + i andS C M. In other words,Z;

I €1;_1UZ;_, asrequired. Also, in this instanceontains all of the input items consistent with the
of a combinatorial auction;_ ;1) contains only valuation functions we defined above, plus values
single-minded valuations for singletons with valugf ¢ andv* for each set and each biddge .

1. Thus, by the same argument used in Case 1, itne know thatd must have some initial ordering
must be that biddei + 1 is allocatedM. How- overZ, and hence ovef;. Consider the first item
ever, this is not possible, since biddes assigned in 7, under this ordering. We consider different
S # 0. This is a contradiction. We conclude thagases for the nature of this item.

in this case, bidder must be assignel Case 1. (4,5,t), 7 # 4. Thent ¢

This ends our case analysis. We conclude th@t;(S), v;(S),e,0*}.  Suppose first that =
item (4, g;) must occur firstirZ;_; in orderingZ, wv;(S), and consider the input instande corre-
and furthermore ifi, g;) € I thenA will consider sponding to a declaration of valuatignby bid-
(1, g;) next after processing the items I, and der i and valuationv; for each bidder; # i.
will assign{ to bidderi. We can therefore sét = ThenI; C Z; and (j, S,v;(S)) € Iy, so item
I,_1 U {(i,9;)} to satisfy the requirements of thgj, S, v;(S)) will be considered first by algorithm
claim. O Aoninputl;.

12



Sincev_; € V7, it must be thav;(S) > 0 and We note that valuatiorfs defines the value of any
hence, sinced is greedy,A will allocate setS to set to be eithee or v*, so in particularls C Z;.
bidderj. Then it must be that, in the final allo-Since (i, .S,0) € I3, this item will be considered
cation, bidderi is not allocatedV/. Thus bidder first by A on input /s, andS will be allocated to
obtains a value of at most and all other bidders playeri. But then in the final allocation each bid-
can obtain a total welfare of at mggt — 1)v*, for der can obtain a welfare of at mostfor a total
a total social welfare of at mosk — 1)v* +¢. On welfare of at moske. On the other hand, a welfare
the other hand, a total af = k2v* is possible by of v* was possible by allocating to any bidder
allocatingM to bidderi. Then as long as < v* other than biddei. Thus, if we choose < v* /k?
the approximation ratio obtained byis at leas&, we conclude thatd has an approximation ratio of
a contradiction. at leastk, a contradiction.

The other cases farare handled similarly.
Case 2:(i, S, f(S)),a € Sorb € S. By sym- We have shown that every case leads to a con-

metry we can assume € 5. Consider the input tradiction, completing the proof of Claim 3.6.0

instancel, in which bidder: declares valuation ) ,

f, and every other biddej # i declares valua- leum 3.8 There existsa® € M such that
tion v;. Then(i, S, f(S)) € I» C Ty, so A will 15(@”)l = k/2.

consider item(i, S, f(S)) first on inputl,. Since

£(S) = = > 0 andA is greedy, the algorithm will Proof. We note that

assign sefb to bidder;.

Suppose that in the final allocation, bidder Z Z 1= Z(m—k‘/Q) =n(m—k/2).
is allocated some séf O S. Then sincea € €N 2
T, we know thatp,(T,v_;) > p;({a},v_;) >
pi({b},v_;). Butnotef(T) = f({ar}) = x, SO Rearranging order of summation, we also have
that £(T) — pi(T) < f({b}) — pi({b}). In other
words, A does not maximize the utility of player 1= 1= S(a)l.
so by Theorem 2.4 is not incentive compatible,gv a%; agj g\, GGZI;[' (@)
a contradiction. |Ti(a)|2k/2 Ti(a)|2k/2

Case 3:(4,5,9(S)),a € Sorb € S. This case
leads to a contradiction in the same way as Case' 5 conclude thal ¢, [S(a)| = n(m—k/2
a

)y

Case 4:(i,5,h(S)), a € Sorb e S. This case therek%l;st exist some* € M such thatS(a*)|

leads to a contradiction in the same way as Case’2. - We know that eithen. > m = k
Case 5:(i,S,t),a ¢ Sandb ¢ S. Then from ™ = n = ki in either case we obtaifb(a")|

the definitions off, g, andh, we must have = 0. W > k/2 as required.

Thus when processing this iter, is free to allo-

cateS to bidderi or not. If A does not allocaté Theorem 4.1 Any greedy priority algorithm for

to 4, then we will consider thaextitem considered the combinatorial auction problem that uses ob-

by the algorithmA, and repeat our case analysigects as items is not incentive compatible. This

The case analysis proceeds in the same way, sifigéds even if the bidders are assumed to be sub-

no objects would have been allocated. This preiodular.

cess must terminate, as algorithtnmust eventu-

ally consider some sef that contains eithes or Proof. Suppose for contradiction that is an in-

b. centive compatible truthful greedy priority algo-
Suppose, on the other hand, thatdoes allo- rithm. Consider an instance of the combinatorial

cateS to i. Then consider the input instanégin auction with M = {a1,a2,a3}. Suppose that

which bidder; declares valuatiot and all other bidder1 declares the following valuation function:

acEM
|Ti(a)|=k/2

gwvewnvg

bidders declare the following valuatigfy: v1(S) = 9+ |S| forall S # (. Itis easy to ver-
. ify that this is indeed submodular. Then by Theo-
fo(T) = {v* ifSCT rem 2.1 this valuation defines a critical priggS)
€ otherwise. for each subses C M. Consider the critical
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