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Abstract: We study the combinatorial auction problem, in which a set ofobjects are to be distributed
amongst selfish bidders with the goal of maximizing social welfare. We consider mechanisms that apply
greedy algorithms, and ask to what extent truthful greedy mechanisms can find approximate solutions
to the combinatorial auction problem. We associate the notion of greediness with a broad class of algo-
rithms known as priority algorithms. We show that no truthful priority mechanism obtains a sub-linear
approximation ratio. We also consider a particular type of priority algorithm for use with submodular
bidders, and show that no such algorithm can be made truthful.
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1 Introduction

The goal of mechanism design is the construc-
tion of algorithms for use in situations where in-
puts are controlled by selfish agents. The diffi-
culty in such a setting is that agents may lie about
their inputs in order to obtain a more desirable
outcome. It is often possible to circumvent this
obstacle by using payments to elicit truthful re-
sponses. Indeed, if the goal of the algorithm is to
maximize the total welfare of all agents, then the
well-known VCG mechanism does precisely that:
each agent will maximize their utility by report-
ing truthfully. However, the VCG mechanism re-
quires that the underlying optimization problem be
solved exactly, and is therefore ill-suited for prob-
lems that cannot be solved efficiently. As initiated
by Nisan and Ronen [34], the field of algorithmic
mechanism design attempts to bridge the compet-
ing demands of selfish agents with that of algo-
rithmic constraints. We consider this fundamen-
tal issue in the context of conceptually simple al-
gorithmic methods (independent of time bounds)
rather than in the context of time constrained algo-
rithms. Specifically, we consider how well “greedy
or greedy-like” approximation algorithms can be
converted into mechanisms for combinatorial auc-
tions.

The combinatorial auction (CA) problem is a

well-studied problem. From an algorithmic stand-
point, the state of general CAs is largely resolved.
One can obtain anO(min{n,

√
m}) approxima-

tion for CAs with n bidders andm objects with
a relatively simple greedy algorithm [28]. This is
essentially the best result possible, since (by a re-
duction from the max clique problem) approximat-
ing to within a factor ofO(min{n1−ǫ,m

1

2
−ǫ}) for

anyǫ > 0 is known to be hard [18] (subject to the
complexity assumption thatNP 6= ZPP ) even
for single minded bidders. The situation changes,
however, when one adds strategic considerations
to the analysis. The Lehmann, O’Callahan and
Shoham [28] greedy algorithm can be made truth-
ful for single-minded bidders, but it is not incen-
tive compatible given even a single bidder with
more complex demands [28]. We note that no de-
terministic truthful mechanism is known to obtain
an approximation ratio better thanO( m√

log m
) [4].

Indeed, even for certain restricted auctions such
a s-CAs (in which desired sets contain at mosts
objects), the sameO( m√

log m
) approximation [4]

is the best deterministic truthful mechanism cur-
rently known. A lower bound for the combinato-
rial public project problem [35] shows that there
is a gap separating approximation by determinis-
tic algorithms and by deterministic truthful mech-
anisms in general; whether such a large gap ex-

1



ists specifically for the CA problem is an important
open question.

Although the most straightforward greedy al-
gorithms for CAs are not incentive compatible,
the notion of greediness still appears often in the
mechanism design literature (see, for example,
[7, 22, 27, 28, 31]). This is not surprising given
that simplicity and determinism are important cri-
teria in mechanism design, since straightforward
and transparent algorithms are easy for bidders to
understand and trust. We therefore ask whether
any deterministic greedy-liketruthful mechanism
for the CA problem can obtain an approximation
ratio close to the best-possiblemin{n,

√
m}. We

pursue this question by defining the notion of a
“greedy-like” algorithm for the combinatorial auc-
tion problem, which we associate with the class
of priority algorithms [6]. We define priority al-
gorithms in Sections 2.3 and 3. We show that if
an incentive compatible mechanism makes alloca-
tions in a “greedy-like” way, then it cannot per-
form much better than the trivial algorithm that al-
locates all objects to a single bidder.

Theorem: Any deterministic incentive compati-
ble priority algorithm (of a certain type described
in the text) for the combinatorial auction problem
cannot obtain ao(min{m,n})-approximation to
the optimal social welfare.

The class of algorithms we consider is indepen-
dent of the manner in which valuation functions
are accessed. In particular, our results apply to al-
gorithms in the demand query model and the gen-
eral query model, as well as to auctions in which
bids are explicitly represented. Also, in addition to
greedy algorithms, our class captures some types
of online algorithms. We note, however, that the
priority algorithm framework is considerably more
general than many online mechanism design set-
tings that have been studied previously [25, 32], as
discussed in Section 1.1.

We also consider the combinatorial auction
problem for submodular bidders (SMCA), which
has been the focus of much study [11, 12, 20, 27].
We study a class of greedy algorithms that is es-
pecially well-suited to the SMCA problem. Such
algorithms consider the objects of the auction one
at a time and greedily assign them to bidders to
maximize marginal utilities. It was shown in [27]
that any such algorithm attains a 2-approximation

to the SMCA problem, but that not all are incentive
compatible. The question of whether any such al-
gorithm is incentive compatible was left open. We
resolve this question negatively.

Theorem: Any deterministic algorithm for
submodular combinatorial auctions that considers
objects and assigns them in order to maximize
marginal utility cannot obtain a bounded approx-
imation to the optimal social welfare.

1.1 Related Work

Following the Lehmann et al [28] truth-
ful greedy mechanism for single minded CAs,
Mu’alem and Nisan [31] showed that anymono-
tonegreedy algorithm for single minded bidders is
incentive compatible using critical prices. How-
ever, as previously noted, these results are prov-
ably limited to single minded bidders. For arbi-
trary CAs, there exists a randomized mechanism
(based on randomized rounding of LP solutions)
that obtains an approximation ratio ofO(

√
m) and

is truthful in expectation [26], and also aO(
√

m)
approximate randomized mechanism (based on
sampling the values of some agents in order to fix
prices for other agents) that satisfies the stronger
notion of universal truthfulness [10]. These papers
motivated our interest in trying to understand when
greedy algorithms can be made into determinis-
tic truthful mechanisms for auctions which are not
single minded.

Various alternatives to truthfulness have been
considered previously for auction problems (see
[9]). These include the concepts ofǫ-truthfulness
[21] and truthfulness in undominated strategies
[1].

In contrast to the negative results of this paper,
greedy algorithms can provide good approxima-
tions in the context of Nash equilibria. In particu-
lar, the Nash equilibrium solution concept has been
applied to submodular combinatorial auctions [8].
Recently, we have shown [30] that in a wide va-
riety of contexts,c-approximate monotone greedy
allocations can be made into mechanisms whose
Nash equilibria all enjoy (nearly)c approxima-
tions; that is, monotone greedy allocations with
appropriate payment rules yield price of anarchy
results close to or equal to the greedy allocation
approximation bound. Performance at pure Nash
equilibria has also been previously considered for
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other types of auctions, most notably related to In-
ternet advertising slots [14, 36]. In that line of
work the goal is revenue maximization, rather than
social welfare maximization, and the auctions con-
sidered are special cases of the more general com-
binatorial auctions. The weaker notion of “Set-
Nash” equilibrium has been used to analyze online
mechanisms [25], though this is a very different
setting than that of a general CA mechanism.

We are not the first to prove lower bounds for
allocation problems relating to CA mechanisms.
Gonen and Lehmann [17] showed that no algo-
rithm that considers bids for sets one at a time
and accepts them greedily can guarantee an ap-
proximation better than

√
m. A similar bound

was derived by Krysta [22], who showed that no
oblivious greedy algorithm (in our terminology:
fixed order greedy priority algorithm) can obtain
an approximation ratio better than

√
m. (In fact,

Krysta derives this bound for a more general class
of problems that includes multi-unit CAs.) In con-
trast to these results, we consider the more general
class of priority algorithms but restrict them to be
incentive-compatible, and obtain a stronger bound.

Theorem 5 of [23] shows that any truthful CA
mechanism that uses a suitable bidding language,
is unanimity-respecting, and satisfies the indepen-
dence of irrelevant alternatives property (IIA) can-
not attain a polynomial approximation ratio. Our
result is incomparable, as priority algorithms need
not be unanimity-respecting or satisfy IIA1. It has
also been shown that, roughly speaking, no truthful
polytime subadditive combinatorial auction mech-
anism that isstable2 can obtain an approximation
ratio better than 2 [13]. This is incomparable to our
results, as priority algorithms need not be stable.

The class of priority algorithms is loosely re-
lated to the notion of online algorithms. Mecha-
nism design has been studied in a number of online
settings, and lower bounds are known for the per-
formance of truthful algorithms in these settings
[25, 32]. The critical difference between these re-

1The notion of IIA has been associated with priority algo-
rithms, but in a different context than in [23]. In mechanism
design IIA is a property of the mapping between input valu-
ations and output allocations, whereas for priority algorithms
the term IIA describes restrictions on the order in which input
items can be considered.

2In a stable mechanism, no player can alter the outcome (ie.
by changing his declaration) without causing his own allocated
set to change.

sults and the lower bounds we present for priority
algorithms is that a priority algorithm has a great
deal of control over the order in which input items
are considered, whereas in an online setting this
order can be chosen adversarily. Thus our lower
bounds demonstrate that truthful mechanisms with
non-trivial approximation ratios cannot proceed by
considering bidders or bids for sets one at a time,
even if they have adaptive control over the order
in which the bidders (or sets, or objects, depend-
ing on the model) are considered, as long as each
ordering can be expressed as a total order over the
set of all possible input items.

2 Defintions and Preliminary Results
2.1 Combinatorial Auctions

A combinatorial auctionconsists of a setN of
bidders and a setM of objects. Letm = |M | and
n = |N |. Each bidderi has a value for each subset
of objectsS ⊆ M , sayvi(S). These values have
the following properties:vi(∅) = 0, vi(S) ≥ 0 for
all S ⊆ M , andvi(S) ≤ vi(T ) for all S ⊆ T ⊆
M . We will think of vi as a valuation function
vi : 2M → R. We denote byVi the space of all
possible valuation functions for agenti. The entire
valuation space is denotedV = V1×V2×· · ·×Vn.
Giveni ∈ N andv ∈ V , we will often writev−i =
(v1, . . . , vi−1, vi+1, . . . , vn), so thatv = (vi, v−i).

A valuation functionv is single-mindedif there
exists a setS ⊆ M and a valuex ≥ 0 such that,
for all T ⊆ M ,

v(T ) =

{

x if S ⊆ T

0 otherwise.

A valuation functionv is k-minded if it is the
maximum ofk single-minded functions. That is,
there existk setsS1, . . . , Sk such thatv(Si) is
given for eachSi, and for all subsetsT ⊆ M
we havev(T ) = max{v(Si)|Si ⊆ T}. An ad-
ditive valuation functionv is specified bym val-
uesx1, . . . , xm ∈ R≥0 so thatv(T ) =

∑

ai∈T xi.
A valuation functionv is submodularif it satis-
fiesv(T ) + v(S) ≥ v(S ∪ T ) + v(S ∩ T ) for all
S, T ⊆ M . The submodular valuation functions
are also characterized by the property of decreas-
ing marginal utilities: for allS ⊆ T andx ∈ M ,
v(S ∪ {x}) − v(S) ≥ v(T ∪ {x}) − v(T ).
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A direct revelation mechanismM for a combi-
natorial auction is composed of two parts: anal-
location algorithmG and apayment algorithmP .
Givenv ∈ V , G(v) returns an allocation of objects
to bidders, andP (v) returns the payment extracted
from each agent for the set of objects they receive.
For eachi ∈ N we writeGi(v) andPi(v) for the
set given to and payment taken from bidderi. We
require that the allocation given byM is valid for
all v ∈ V , meaning thatGi(v)∩Gj(v) = ∅ for all
i 6= j. We will refer to a direct revelation mecha-
nism as amechanism(due to the well-known reve-
lation principle).

Fix a mechanismM and valuationst ∈ V rep-
resenting the true types of the agents. Then for
anyS ⊆ M , ti(S) represents thevalueof setS to
bidderi. Given anyv ∈ V , theutility of bidderi
given bidsv is given byui(v) = ti(Gi(v))−Pi(v).
That is, the utility of bidderi is the value she places
on the set she receives, minus the amount she had
to pay for it. Thesocial welfareobtained byM
given bidsv is

∑

i∈N ti(Gi(v)). Theoptimal so-
cial welfareis the maximum of

∑

i∈N ti(Si) over
all valid allocations(S1, . . . , Sn). The goal of a
mechanism for the combinatorial auction problem
is to maximize the social welfare.

A mechanismM is truthful if for every i ∈ N ,
v−i ∈ V−i, and ti, v

′
i ∈ Vi, ti(Gi(ti, v−i)) −

Pi(ti, v−i) ≥ ti(Gi(v
′
i, v−i)) − Pi(v

′
i, v−i). That

is, if agenti’s true valuation isti, she would not
obtain more utility by instead reporting a different
valuationv′

i. An allocation functionG is incen-
tive compatibleif there exists a payment function
P such that the mechanism(G,P ) is truthful.

2.2 Critical Prices
An allocation algorithm G defines critical

pricespj(S, v−j) for any agentj and setS where
pj(S, v−j) is the minimum amount that agentj
could bid on setS and still win S assuming the
other agents bid according tov−j . From Bartal,
Gonen and Nisan [3], we have the following char-
acterization of truthful mechanisms for combina-
torial auctions, which we will use throughout our
proofs.

Theorem 2.1. A mechanism is truthful if and only
if for every bidderj and every vector of bids of the
other biddersv−j it:

1. fixes the critical pricepj(S, v−j) for every

possible allocationS to bidderj, and when-
ever bidderj is allocatedS his payment is
pj(S, v−j) (note thatpj(S, v−j) does not de-
pend onvj), and

2. allocates toj a setS that maximizes the value
of vj(S) − pj(S, v−j) over all S that can be
allocated toj (for any choice ofvj).

Note thatpj(S, v−j) from the statement of The-
orem 2.1 need not be finite: ifpj(S, v−j) = ∞
then the mechanism will not allocateS to bidder
j for any reported valuationvj . However, it is
easy to show that one can assume critical prices
are monotonic.

Claim 2.2. Suppose that a mechanism satisfies the
conditions of Theorem 2.1. Then one can assume
without loss of generality that for allj ∈ N , all
v−j ∈ V−j , and all S ⊆ T ⊆ M , pj(S, v−j) ≤
pj(T, v−j).

2.3 Priority Algorithms
We now provide the definition of a priority al-

gorithm [6]. We view an input instance to an al-
gorithm as a set ofinput itemsfrom a known input
spaceI. It is important to note thatI is the set of
all possible input items; an input instance is a finite
subset ofI. The definition of the setI will depend
on the context of the problem being considered.
The problem definition may also place restrictions
on the nature of an input instance; we will say that
an input instanceI ⊆ I is valid if it satisfies all
such restrictions.

Once the input to an algorithm has been speci-
fied in the above way, one can view the output of
the algorithm as a decision made for each input
item. For example, these decisions may be of the
form “accept/reject”, schedule jobi on machinej,
allocate setS to agenti, etc. For an optimization
problem the goal of the algorithm is to optimize
some function of the output space. As with input
instances, the problem definition may place restric-
tions on the nature of the decisions made by the
algorithm; we say that the output of the algorithm
is valid if it satisfies all such restrictions. We then
define the class of priority algorithms as follows:

ADAPTIVE PRIORITY

Input: A setI of items,I ⊆ I
while not empty(I)

Ordering: Choose, without looking atI,
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a total orderingT overI
next:= first item inI according to orderingT
Decision: make a decision for itemnext;
removenextfrom I;
remove fromI any items

precedingnextin T
end while

We emphasize the importance of the ordering
step in this framework: an adaptive priority algo-
rithm is free to chooseany total ordering over the
space of possible input items, and moreover can
change this ordering adaptively after each input
item is considered. When an input item is con-
sidered, the priority algorithm must then make an
irrovable decision for this item. Once an item has
been processed, the algorithm is not permitted to
revisit that item and modify its decision. Note also
that on each iteration a priority algorithm learns
what (higher-priority) items arenot in the input.
A special case of (adaptive) priority algorithms
are fixed order priority algorithms in which one
fixed ordering is chosen before the while loop (i.e.
the “ordering” and “while” statements are inter-
changed). Our inapproximation results for truth-
ful CAs will hold for the more general class of
adaptive priority algorithms but we note that many
greedy CA algorithms are fixed order.

The term “greedy” implies a more “opportunis-
tic” aspect (i.e. restrcition) than is mandated in
the definition of priority algorithms and indeed
we view priority algorithms more generally as
“greedy-like”. A greedypriority algorithm satis-
fies an additional property: the choice made for
each input item must optimize the objective of the
algorithm as though that item were the last item in
the input. In Section 3.2 we will consider greedy
priority algorithms when we consider “sets” (being
bid upon) as input items.

3 Truthful Priority Algorithms
As we already noted, Lehmann, O’Callahan and

Shoham show that aO(
√

m)-approximation for
combinatorial auctions can be made truthful (us-
ing critical pricing) for single-minded bidders but
is not incentive compatible (i.e. cannot be made
truthful for any payment rule) for more general
bidders. We wish to show that no greedy-like
mechanism (i.e. within the priority framework)

can be both incentive compatible and provide a
“good” approximation to the social welfare. In
order to apply the concept of priority algorithms
to combinatorial auctions we must define the set
I of possible input items and the nature of the
decisions. We will show that for two natural in-
put formulations, no mechanism using a priority
algorithm allocation can approximate the optimal
social welfare significantly better than the trivial
mechanism that allocates all objects to a single
bidder. We can assume thatn, the number of bid-
ders, andm, the number of objects are known to
the mechanism and letk = min{m,n}.

3.1 Bidders as Items

Under this model,I consists of all pairs(i, vi),
where i ∈ N and vi ∈ Vi. A valid input in-
stance contains one item for each bidder. In this
case, processing an item(i, vi) involves choos-
ing a setS ⊆ M to assign to bidderi. We note
that the truthful CA mechanism for single-minded
bidders falls within this model, as does its (non-
truthful) generalization to complex bidders [28].
The primal-dual schema algorithm of [7] and the
generic algorithm of [3] for multi unit CAs also
fall within this model.

Let us recall the greedy mechanism in [28] and
how it becomes a priority algorithm with bidders
as items. In this algorithm, sets are allocated
greedily according to their rank, where the rank
ri(S) of setS for bidderi is defined asvi(S)√

|S|
. The

algorithm begins by ordering the bidders by maxi-
mum rank over all sets. The algorithm is then pre-
sented with the first bidder in this ordering; it will
allocate to that bidder the set with the largest rank.
The algorithm then adaptively reorders the remain-
ing bidders by maximum rank for any subsetof the
remaining items. The first bidder in this ordering
is considered and given the subset of the remaining
items with the largest rank. The algorithm contin-
ues in this way until either all objects are allocated
or each bidder has been considered.

We now establish an inapproximation bound for
truthful priority allocations using bidders as items.
The approach to proving such a result is to con-
sider two types of bidders: the first type (a “poor”
bidder) has a low value for any set, and the second
type (a “wealthy” bidder) has a very high value for
some singleton and a slightly higher value for the
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set of all objects . We tailor the wealthy valuations
so that, if all bidders are poor except one, then the
single wealthy bidder must be given all objects due
to incentive compatibility. On the other hand, if a
linear number of bidders are wealthy, then the al-
gorithm must give singletons to many wealthy bid-
ders to obtain a good approximation to the social
welfare. The algorithm is forced to make an allo-
cation to some bidder before being able to distin-
guish between these two cases.

Theorem 3.1. Any incentive compatible priority
algorithm that uses bidders as items cannot obtain
a (1−δ)k

2 -approximation to the optimal social wel-
fare for anyδ > 0. This inapproximation applies
even if all bidders have 2-minded valuation func-
tions.

Proof. Chooseδ > 0 and suppose for contradic-
tion thatA is an incentive compatible adaptive pri-
ority algorithm that achieves an approximation ra-
tio of k(1 − δ)/2. We will denote an item as a
tuple (i, vi), where1 ≤ i ≤ n is a bidder and
vi : 2M → R is a valuation function.

We will construct a set of input instances for
which A is forced to make a particular alloca-
tion, due to incentive compatibility. We define
two sets of valuation functions,{g1, . . . , gk} and
{f1, . . . , fk}, that will be used in these input in-
stances. The functionsg1, . . . , gk are straightfor-
ward: for each1 ≤ i ≤ k, define valuation func-
tion gi by

gi(S) =

{

1 if ai ∈ S

0 otherwise.

Then gi is a single-minded valuation function,
where the desired set is{ai} with value1.

The definition of valuation functionsf1, . . . , fk

is more involved. Fixi ∈ N and defineV ′
−i :=

{g1, . . . , gk}n−1. Consider an instance(vi, v−i)
of the combinatorial auction problem in which
v−i ∈ V ′

−i. That is, each bidderj 6= i is single-
minded, and desires a singleton with value1. By
the critical price property, there is a critical price
pi(M,v−i) for setM given thisv−i.

Claim 3.2. Under the above definitions,
pi(M,v−i) ≤ kn.

We are now ready to define the valuations
f1, . . . , fk. They are based on valuesx, y ∈ R.

Definex ∈ R as follows:

x := 1 + max
i∈N

max
v−i∈V ′

−i

{pi(M,v−i)}.

That is, x is a value greater than the maximum
of the critical price forM for bidder i, over all
choices ofi and desires of singletons with value1
by other bidders. Sety := xδ−1.

For each1 ≤ i ≤ k, define valuation function
fi as

fi(S) =











y if {ai} ⊆ S ⊂ M

y + x if S = M

0 otherwise.

Thenfi(S) is a 2-minded valuation function. We
now consider the following subsetI ′ ⊆ I of pos-
sible input items:I ′ contains all bidder-valuation
pairs of the form(i, vi) where1 ≤ i ≤ n and
vi = fj or vi = gj for some1 ≤ j ≤ k. Note
thatI ′ is not a valid input instance; we think ofI ′

simply as a subset ofI.
The following claim exploits the incentive com-

patibility of A.

Claim 3.3. SupposeI = {(1, v1), . . . , (n, vn)} is
a valid input instance, in which there existsi ∈
N such thatvi ∈ {f1, . . . , fk}, and for all j 6=
i, vj ∈ {g1, . . . , gk}. Then on inputI, A must
allocateM to bidderi and∅ to all other bidders.

Our next step is to construct an input instance
I ⊆ I ′ on which A obtains a poor approxima-
tion ratio. To do this we will rely on the following
claim which will be proven by induction oni.

Claim 3.4. There exists a labelling of bidders and
objects such that the following is true for all0 ≤
i < k/2. DefineIi := {(j, gj)|j ≤ i}. Then for
any valid input instanceI such thatIi ⊆ I ⊆ I ′,
A will consider all the items inIi before all other
items inI, and will choose to assign∅ for each of
the items inIi.

Now supposeIk/2−1 is the set from Claim 3.4
with i = k/2 − 1. Define input instanceI by

I := Ik/2−1 ∪ {(j, gk/2)|k/2 ≤ j ≤ k}.

Note thatI is a valid input instance andIk/2−1 ⊆
I ⊆ I ′. Then by Claim 3.4, algorithmA must
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assign∅ to each of bidders1, . . . , k/2 − 1. There-
foreA can obtain a social welfare of at most1, by
assigning{ak/2} to some bidderj ≥ k/2. How-
ever, the optimal social welfare isk/2, by assign-
ing {ai} to bidderi for all 1 ≤ i ≤ k/2. Hence
A obtains an approximation no better thank/2,
which is a contradiction. This completes the proof
of Theorem 3.1.

3.2 Sets and Bids as Items
Although the use of bidders as items gives the

mechanism access to the entire bid vector of a bid-
der, this input model can be restrictive, as the deci-
sions made by the mechanism must be made about
players without being able to gain any knowledge
of other players (beyond knowing they have lower
priority) not yet considered. An (incomparable) al-
ternative is to associate items with more “elemen-
tary bids”. Namely, an item would consist of a
bidder i, a setS, andvi(S), the value that bid-
der i has for setS. In this caseI consists of all
triples (i, S, t) such thati ∈ N , S ⊆ M , and
t ∈ R≥0. A valid input instanceI ⊂ I contains
at most one tuple(i, S, vi(S)) for eachi ∈ N and
S ⊆ M and for every pair of tuples(i, S, v) and
(i′, S′, v′) in I such thati = i′ andS ⊆ S′, it
must be thatv ≤ v′. We note that as described
a valid input instance may contain an exponen-
tial number of items, and hence this model ap-
plies most directly to algorithms that use oracles
to query input valuations, such as demand ora-
cles3. However, the model can also apply to suc-
cinctly represented auctions. For succinctly (and
explicitly) represented auctions, there is a choice
as to whether or not the priority algorithm has ac-
cess to non specified implied bids; that is, when a
valuev(S′) is implied bymax{v(S) : S ⊆ S′}.
We say that the priority model usessets as items
when any(i, S, v(S)), whether or not explicitly
bid upon, will be considered if it is given high-
est priority by the algorithm. In contrast, we say
that the priority algorithm usesbids as itemswhen

3It is tempting to assume that this model is equivalent to a
value query model, where the mechanism queries bidders for
their values for given sets. The priority algorithm model is
actually more general, as the mechanism is free to choose an
arbitrary ordering over the space of possible set/value combi-
nations. In particular, the mechanism could order the set/value
pairs by the utility they would generate under a given set of
additive prices, simulating a demand query oracle.

only explicit bids(i, S.v(S) can be considered by
the algorithm. In such a model, we will assume
that the mechanism is not “wasteful” and will not
allocate a larger set when a smaller set will achieve
the same value. We consider inapproximations in
both of these models.

The decision to be made for item(i, S, t) is
whether or not the objects inS should be added
to the set of objects to be allocated to bidderi. For
example, an allocation algorithm may consider an
item (i, S1, t1) and decide to allocateS1 to bid-
der i, then later consider another item(i, S2, t2)
(whereS2 andS1 are not necessarily disjoint) and
if feasible decide to allocateS2 to bidder i as
well, and so on. Ifℓ items are assigned to bid-
der i, then the final allocation to bidderi would
beS := S1 ∪ S2 ∪ . . . ∪ Sℓ. Note that bidderi’s
value for setS is unambiguous, since a valid input
instance would also contain an item of the form
(i, S, t).

A greedy algorithmin the sets or bids as items
model must accept any feasible item(i, S, t) it
considers; that is, as long as no objects inS have
already been allocated to another bidder andt > 0.
A priority algorithm in the sets or bids as items
model does not allow incremental updatesif it
can accept at most one set for any given bidder.
The Lehmann et al [28] greedy allocation can be
viewed as a fixed order greedy priority algorithm
(using sets or bids as items) that does not allow
incremental updates.

Theorem 3.5. SupposeA is an incentive com-
patiblegreedypriority algorithm that uses sets as
items. ThenA cannot approximate the optimal so-
cial welfare by a factor of(1−δ)k

2 for any δ > 0.
This inapproximation applies to 3-minded auctions
where there are at most three sets of value for each
bidder.

Consider the intuition as to why such an algo-
rithm A cannot exist. Suppose some bidder has a
relatively very large value for each of two single-
tons. A good approximation algorithmA would
surely allocate one of these singletons to this bid-
der. SinceA is greedy, it must do so without first
considering the values held by other bidders for
those singletons. However, a truthful algorithmA
must also maximize utility, so it must allocate the
singleton which has the smaller price. This implies
that the relationship between the prices for these
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singletons must be independent of their value to
other bidders! This is inconsistent, since a single-
ton desired at a high value by many players must
have a higher price than a singleton not desired by
any other players, in order to guarantee a good ap-
proximation ratio.

Proof. Chooseδ > 0 and suppose for contradic-
tion thatA does obtain a(1 − δ)k/2 approxima-
tion to the social welfare. For eachi ∈ N , let
V +
−i ⊆ V−i be the set of valuations with the prop-

erty thatvj(S) > 0 for all j 6= i and all non-empty
S ⊆ M . The heart of our proof is the following
claim, which shows that the relationship between
critical prices for singletons for one bidder is inde-
pendent of the valuations of other bidders. Recall
thatpi(S, v−i) is the critical value for setS for bid-
der i, given that other bidders declare valuations
v−i.

Claim 3.6. For all i ∈ N , and for all a, b ∈ M ,
either pi({a}, v−i) ≥ pi({b}, v−i) for all v−i ∈
V +
−i, or pi({a}, v−i) ≤ pi({b}, v−i) for all v−i ∈

V +
−i.

We can think of Claim 3.6 as defining, for each
i ∈ N , an ordering over the elements ofM .
Specifically, for eachi ∈ N we define ordering
�i overM by a �i b if and only if pi(a, v−i) ≤
pi(b, v−i) for all v−i ∈ V +

−1. Note that this order-
ing may be different for eachi ∈ N .

For all i ∈ N and a ∈ M , defineTi(a) =
{aj : a �i aj}. That is,Ti(a) is the set of objects
that are greater or equal toa in ordering�i. Our
next claim shows the strong relationship between
whethera is allocated to bidderi and whether any
object inTi(a) is allocated to bidderi.

Claim 3.7. Choosea ∈ M , i ∈ N , and S ⊆
M , and supposeS ∩ Ti(a) 6= ∅. Choose some
vi ∈ Vi and suppose thatvi(a) > vi(S). Then if
v−i ∈ V +

−i, bidder i cannot be allocated setS by
algorithmA given inputv.

Proof. We know thatpi(S, v−i) ≥ pi(aj , v−i) for
any aj ∈ S since by Claim 2.2 we can assume
critical payments are monotone. Thus, regardless
of the choice ofv−i,

pi(S) ≥ max
aj∈S∩Ti(a)

(pi(aj)) ≥ pi(a)

from the definition ofTi(a). Sincevi(a) > vi(S),
this implies thatvi(a)−pi(a) > vi(S)−pi(S), so
by Theorem 2.1 bidderi cannot be allocated setS,
as required.

Claim 3.7 is strongest whenTi(a) is large; that
is, whena is “small” in the ordering�i. We there-
fore wish to find an object ofM that is small
according to many of these orderings, simultane-
ously. LetS(a) = {i ∈ N : |Ti(a)| ≥ k/2}.
ThenS(a) is the set of players for which there are
at leastk/2 objects greater thana. The following
claim follows by a straightforward counting argu-
ment.

Claim 3.8. There existsa∗ ∈ M such that
|S(a∗)| ≥ k/2.

We are now ready to proceed with the proof of
Theorem 3.5. Leta∗ ∈ M be the object from
Claim 3.8. Letǫ > 0 be a sufficiently small value
to be defined later. We now define a particular in-
put instance to algorithmA. For eachi ∈ S(a∗),
bidderi will declare the following valuation func-
tion, vi:

vi(S) =











1 if a∗ ∈ S

1 − δ/2 if a∗ 6∈ S andS ∩ (Ti(a
∗)) 6= ∅

ǫ otherwise.

Each bidderi 6∈ S(a∗) will declare a value ofǫ for
every set.

For eachi ∈ S(a∗), bidderi obtains a value of
at least1 − δ/2 on set{aj} for everyaj ∈ Ti(a

∗)
(includinga∗). SinceS(a∗) ≥ k/2 andTi(a

∗) ≥
k/2, we have at leastk/2 bidders obtaining a value
of at least1−δ/2 on each of at leastk/2 singletons.
It is therefore possible to obtain a social welfare of
at least(1 − δ/2)k/2 by allocating singletons to
bidders inS(a∗).

Now consider the social welfare obtained by al-
gorithm A. The algorithm can allocate objecta∗

to at most one bidder, say bidderj, who will ob-
tain a social welfare of at most1. For any bidder
i ∈ S(a∗), i 6= j, vi(S) = 1 − δ/2 < 1 for any
S containing elements ofTi(a

∗) but nota∗. Thus,
by Claim 3.7, no bidder inS(a∗) can be allocated
any setS that contains an element ofTi(a

∗) but
not a∗. Therefore every bidder other than bidder
j can obtain a value of at mostǫ, for a total social
welfare of at most1 + kǫ.
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We conclude that algorithmA has an approx-
imation factor of at leastk(1−δ/2)

2(1+kǫ) . Choosing

ǫ < δ
2(1−δ)k yields an approximation greater than

k(1−δ/2
2 , giving the desired contradiction to com-

plete the proof of Theorem 3.5.

We conjecture that the greediness assumption of
Theorem 3.5 can be removed. What we will show
is that the greediness assumption can be removed
for priority algorithms in the bids as items model
that do not allow incremental allocations. We be-
lieve that this restriction can be removed.

Theorem 3.9. SupposeA is an incentive compat-
ible priority algorithm that uses bids as items and
does not allow incremental updates. This inap-
proximation applies in the case of 2-minded auc-
tions.

Proof. SupposeA is a truthful adaptive priority al-
gorithm, where the items to be considered are asso-
ciated with bids. That is, an item is a tuple(i, S, t)
wherevi(S) = t. On processing each item, the
algorithm must decide whetherS will be the set
allocated to bidderi and if S is allocated toi then
that will be the final allocation to bidderi. Suppose
for contradiction thatA obtains an approximation
ratio of (1 − δ)k for someδ > 0.

We first observe that if only bidderi places bids,
thenpi(M) = 0. Now let I1 be an input instance
containing items(i,M, 1 + δ) and(i, S, 1) for all
S 6= M , for each1 ≤ i ≤ N . That is, each bidder
is (m + 1)-minded, with a value of1 for each sin-
gleton and1 + δ for the set of all objects. ThenA
must consider some input item first given inputI1;
suppose the first item has corresponding bidderj.
Now consider cases based on the nature of the first
item.

Case 1: (j,M, 1 + δ). Consider the decision
made byA for this item. If A allocatesM to j,
then for input instanceI1 A obtains a social wel-
fare of 1 + δ, whereas the optimal welfare isk.
ThusA has an approximation ratio no better than
(1 + δ)−1k > (1 − δ)k, a contradiction. Next
supposeA does not allocateM to j. Consider
input instanceI2 ⊂ I1 that contains only item
(j,M, 1 + δ). ThenA cannot distinguish between
I1 and I2 when considering item(j,M, 1 + δ).
ThusA will not allocateM to bidderj on input
I2, which contradicts Theorem 2.1.

Case 2: (j, S, 1), S 6= M . Consider the de-
cision made byA for this item. SupposeA does
not allocateS to bidderj. Let I3 ⊆ I1 be the in-
put instance consisting only of items(j, T, 1) for
all T ⊇ S; that is, playerj has a single-minded
valuation for setS. SinceA cannot distinguish be-
tweenI1 andI3 when considering item(j, S, 1), it
must be thatA does not allocateS to bidderj on
input I3. SinceA does not allocate any setT to
playerj other than setS (by assumption), it must
not allocate anything to playerj. ThusA obtains
a social welfare of0 when1 was possible, contra-
dicting the supposed approximation ratio ofA.

ThusA must allocateS to bidderj on inputI3.
Let I4 ⊆ I1 be the input instance consisting of
items(j, S, 1) and(j,M, 1 + ǫ). ThenA will al-
locateS to bidderj in instanceI4, but this contra-
dicts Theorem 2.1 (which requires thatA allocate
M to bidderj).

4 Truthful Submodular Priority Auc-
tions

In [27] a class of greedy algorithms was pro-
posed that is well-suited to submodular bidders.
In such an algorithm, objects are considered one
by one, and each object is assigned to the bidder
with the highest marginal utility for it, with re-
spect to the partial allocations already assigned.
It was shown in that paper that any ordering of
the items leads to a 2-approximation algorithm,
but not every ordering of items leads to an algo-
rithm that can be made truthful. However, this
did not preclude the possibility of some particu-
larly clever and adaptive method for ordering the
objects, which would lead to truthfulness.

We introduce a model of priority algorithms that
is motivated by the above greedy algorithm, which
we call theobjects as itemsmodel. In this model,
items are associated with them objects for the auc-
tion. An item will contain an object indexj, plus
the valuevi(j|S) for all i ∈ N andS ⊆ M (where
vi(x|S) := vi(S ∪ {x}) − vi(S) is the marginal
utility of bidder i for itemx, given setS). We note
that the online greedy algorithm described above
falls into this model. We show that no greedy pri-
ority algorithm in this model can be truthful. By
contrast, the same online greedy algorithm [27]
that allocates each object to the bidder with highest
marginal value is an optimal allocation (and hence
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incentive compatible by VCG pricing) for additive
bidders.

Theorem 4.1. Any greedy priority algorithm for
the combinatorial auction problem that uses ob-
jects as items is not incentive compatible. This
holds even if the bidders are assumed to be sub-
modular.4

5 Future Work
As indicated, the fundamental issue of algorith-

mic mechanism design attempts to bridge the com-
peting demands of selfish agents with that of algo-
rithmic constraints. We have considered this is-
sue in the context of truthful greedy algorithms for
CAs. Because of the importance of greedy algo-
rithms in many current mechanisms, our results
concerning priority algorithms (as a general model
for greedy mechanisms) is a natural beginning to a
more general study of the power and limitations of
conceptually simple mechanisms. While the prior-
ity framework represents a restricted algorithmic
approach, it models many existing algorithms and
there are still many unresolved questions for the
most basic mechanism design questions. In par-
ticular, we believe that the results of Section 3.2
can be unified removing the greediness and no in-
cremental updates assumptions. Furthermore, we
conjecture that truthful priority mechanisms can-
not achieve an approximation ratio that (substan-
tially) improves upon themin{m,n} approxima-
tion achieved by the “trivial greedy algorithm”
(that only allocates objects to the bidder with the
highest bid) for thes-CA problem where each bid-
der only desires sets of at mosts objects. This is in
contrast to the non truthful(s + 1)-approximation
achieved by the “standard greedy algorithm” that
considers and greedily accepts items (bidders or
sets) as prioritized by non-increasing bid values.
We also ask whether or not the greediness assump-
tion can be eliminated in Theorem 4.1.

The given definition of priority algorithms can
be extended in many ways. The simplest extension
would allow the priority mechanism algorithm to

4By contrast, the greedy algorithm in [27] will find the op-
timal solution foradditivebidders and can therefore be made
truthful with VCG payments. On the other hand, it is not hard to
show that truthful priority algorithms that use bidders as items
cannot obtain even a sublinear approximation for additive bid-
ders.

have (simply computed) prior global knowledge
(for example, the average over all bidders of the
minimum and maximum values that bidders claim
for sets). A more substantial extension would be
to consider randomized priority algorithms. Going
beyond priority algorithms, there are other concep-
tually simple algorithmic models, some of which
can also be considered “greedy-like”. For pack-
ing problems (such as the underlying allocation
problem in combinatorial auctions), priority algo-
rithms can be generalized to allow “revocable ac-
ceptances” (see [19]). That is, an algorithm may
“de-allocate” sets or objects that have been pre-
viously allocated. That is, in terms of the prior-
ity model, the “acceptance” of an input item (e.g.
granting a set to a bidder) can later be rejected to
make a subsequent allocation feasible but all re-
jections of input items are irrevocable and feasi-
bility must always be maintained. A somewhat re-
lated model is motivated by the local-ratio/ primal-
dual framework (see [2]). More specifically, we
can consider priority stack algorithms ([5]) where
items (e.g. bidders or bids) initially accepted are
placed in a stack and then the stack is popped to
ensure feasibility. We note that both of these exten-
sions permit non-monotone allocations even when
the priority rule is monotone (as defined in [31]).
We remark that our priority inapproximation re-
sults do not assume that the priority ordering is
monotone and we leave open the question as to
whether or not such algorithms (and extensions)
can be made monotone when say the algorithms
reject high priority bids. One extension that re-
flects some current algorithms is to consider algo-
rithms that chose an allocation amongst a small set
of (say) priority algorithms. In particular, we be-
lieve that our results can be extended to allow the
mechanism to optimize between a given priority
allocation and giving all objects to one bidder.

The results in this paper have been restricted to
greedy CAs but the basic question applies to all
mechanism design problems. Namely, when can a
conceptually simple approximation to the underly-
ing optimization problem be converted into a truth-
ful mechanism that achieves (nearly) the same ap-
proximation? For example, what is the best truth-
ful priority approximation for the celebrated ma-
chine scheduling problem introduced in Nisan and
Ronen [34].
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Appendix: Missing Proofs
Claim 2.2: Suppose that a mechanism satis-

fies the conditions of Theorem 2.1. Then one
can assume without loss of generality that for all
j ∈ N , all v−j ∈ V−j , and allS ⊆ T ⊆ M ,
pj(S, v−j) ≤ pj(T, v−j).

Proof. The if direction follows immediately from
Theorem 2.1. For the other direction, suppose that
M = (G,P ) is an incentive compatible mecha-
nism; thenM satisfies the critical pricing property,
say with pricespj(S). We will construct a new
set of critical prices that satisfies the conditions of
Theorem 2.1 while also satisfying the conditions
of our claim.

For all j ∈ N , v−j ∈ V−j , andS ⊆ M , define
p′j(S) by

p′j(S) = min{pj(T )|T ⊇ S}.

Notice thatp′j(S) ≤ p′j(T ) wheneverS ⊆ T . Fur-
thermore,p′j(S) ≤ pj(S) for all S ⊆ M .

We claim thatp′j satisfies the conditions of The-
orem 2.1 for the mechanismM. Choose any
j ∈ N and (vj , v−j) ∈ V and suppose that
Gj(vj , v−j) = S. Then, by the critical pric-
ing property (for pricespj), vj(S) − pj(S) ≥
vj(T ) − pj(T ) for all T ⊆ M , and furthermore
Pj(vj , v−j) = pj(S).

Suppose thatpj(S) > pj(T ) for someS ⊆ T .
This would implyvj(S)−pj(S) < vj(T )−pj(T ),
which is a contradiction since we assumed that the
pricespj were critical prices. We can therefore as-
sume thatpj(S) ≤ pj(T ) for all S ⊆ T . Then,
from the definition ofp′j , p′j(S) = pj(S). This
implies that for anyT ⊆ M , vj(S) − p′j(S) =
vj(S)−pj(S) ≥ vj(T )−pj(T ) ≥ vj(T )−p′j(T ).
We therefore have that the pricesp′j are critical
prices for the mechanism, as required.

Claim 3.2: Under the above definitions,
pi(M,v−i) ≤ kn.

Proof. Suppose otherwise thatpi(M,v−i) > kn.
Suppose further that bidderi is single-minded with
desired setM , and with vi(M) = kn. Then

vi(M) − pi(M,v−i) < 0 = vi(∅) − pi(∅, v−i).
Therefore, by the critical pricing property,A can-
not allocateM to bidderi, and hence bidderi ob-
tains a value of0. Now consider the social welfare
obtained byA: it can be at mostn − 1, since bid-
der i obtains a welfare of0 and each other bidder
has value at most1 for any set. The optimal social
welfare iskn, obtained by allocatingM to bid-
der i. HenceA obtains an approximation ratio of
kn

n−1 > k for this input instance, which is a contra-
diction.

Claim 3.3: SupposeI = {(1, v1), . . . , (n, vn)}
is a valid input instance, in which there existsi ∈
N such thatvi ∈ {f1, . . . , fk}, and for allj 6=
i, vj ∈ {g1, . . . , gk}. Then on inputI, A must
allocateM to bidderi and∅ to all other bidders.

Proof. For this input instance we have thatv−i ∈
V ′
−i. Then x > pi(M,v−i) from the defini-

tion of x. But now, from the definition offi,
vi(M) − pi(M,v−i) > (y + x) − x = y ≥

vi(S) ≥ vi(S) − pi(S, v−i) for all S 6= M .
Therefore, by the critical pricing property (The-
orem 2.1),A must allocateM to bidderi as re-
quired.

Claim 3.4: There exists a labelling of bidders
and objects such that the following is true for all
0 ≤ i < k/2. DefineIi := {(j, gj)|j ≤ i}. Then
for any valid input instanceI such thatIi ⊆ I ⊆
I ′, A will consider all the items inIi before all
other items inI, and will choose to assign∅ for
each of the items inIi.

Proof. We proceed by induction oni. The base
case holds by takingI0 = ∅. For generali ≥ 1,
suppose the claim is true fori − 1. ThenIi−1 =
{(1, g1), . . . , (i − 1, gi−1)}. DefineIi ⊆ I ′ as
follows:

Ii := {(j, vj) : (j, vj) ∈ I ′, j ≥ i}.

That is,Ii contains items ofI ′ corresponding to
bidders that are not present inIi−1. Then note that
if I is a valid input instance such thatIi−1 ⊆ I,
thenI ⊆ Ii−1 ∪ Ii.

Consider the execution ofA on any valid input
instanceI ⊆ Ii−1 ∪ Ii−1. The algorithm will first
consider the items ofIi−1 and allocate∅ to each
bidder1, . . . , i − 1 (by assumption). Once this is
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done, the algorithm will choose an orderingT over
Ii and examine the next item inI according toT .

Some item(j, vj) ∈ Ii must come first under
this orderingT . Without loss of generality (by re-
labeling indices) this item is(i, fi) or (i, gi). We
consider these two cases separately.

Case 1: The first item is(i, fi). In this case
we will chooseI so that(i, fi) ∈ I. ThenA must
consider this item next when processing input in-
stanceI, andA must assign some setS to bidderi.
If S = M , then we will chooseI to contain(j, fj)
for all j > i; note thatI ⊆ Ii−1∪Ii−1 as required.
SinceA allocatedM to bidderi, it obtains a social
welfare ofx + y on inputI. However, the opti-
mum welfare is at least(k− i+1)y, since this can
be attained by allocating{aj} to bidderj for all
i ≤ j ≤ k. Thus the approximation ratio obtained
by A is at least

(k − i + 1)y

x + y
>

(k/2)y

y(1 + δ)
>

(1 − δ)k

2
,

a contradiction.
If, on the other hand,S 6= M , we chooseI to

contain(j, gj) for all j > i. ThenI satisfies the
requirements of Claim 3.3, soA must allocateM
to bidderi. This is a contradiction. We conclude
that this first case cannot occur.

Case 2: The item is(i, gi). In this case we
will chooseI so that(i, gi) ∈ I. As in the pre-
vious case,A must consider this item next inI,
and assign some setS to bidderi. SupposeS 6= ∅.
Then we will chooseI to contain(i + 1, fi+1),
and also(j, gj) for all j > i + 1. Note that then
I ∈ Ii−1 ∪ Ii−1 as required. Also, in this instance
of a combinatorial auction,v−(i+1) contains only
single-minded valuations for singletons with value
1. Thus, by the same argument used in Case 1, it
must be that bidderi + 1 is allocatedM . How-
ever, this is not possible, since bidderi is assigned
S 6= ∅. This is a contradiction. We conclude that
in this case, bidderi must be assigned∅.

This ends our case analysis. We conclude that
item (i, gi) must occur first inIi−1 in orderingT ,
and furthermore if(i, gi) ∈ I thenA will consider
(i, gi) next after processing the items inIi−1 and
will assign∅ to bidderi. We can therefore setIi =
Ii−1 ∪ {(i, gi)} to satisfy the requirements of the
claim.

Claim 3.6: For all i ∈ N , and for alla, b ∈ M ,
eitherpi({a}, v−i) ≥ pi({b}, v−i) for all v−i ∈
V +
−i, or pi({a}, v−i) ≤ pi({b}, v−i) for all v−i ∈

V +
−i.

Proof. Choosei ∈ N , a, b ∈ M , andvi, v
′
i ∈ V +

−i.
Suppose for contradiction thatpi({a}, v−i) >
pi({b}, v−i) but pi({b}, v′

−i) > pi({a}, v′
−i). We

will consider a number of possible valuations to be
declared by our bidders.

Let v∗ be the maximum value assigned to any
set by any playerj 6= i with valuations inv−i or
v′
−i. Then note that the maximum social welfare

that can be obtained is(k−1)v∗ if bidderi does not
participate and other bidders declare valuesv−i or
v′
−i. Let x = k2v∗. We will define three different

possible valuation functions for bidderi: f , g, and

h. f(S) =











x if a ∈ S

x if b ∈ S

0 otherwise.

g(S) =



















ǫ if a ∈ S

ǫ if b ∈ S

x if S = M

0 otherwise.

h(S) =











ǫ if a ∈ S

ǫ if b ∈ S

0 otherwise.
We are now ready to discuss the behaviour of

algorithm A. Consider the subsetI1 ⊂ I that
contains the following input items:(i, S, f(S)),
(i, S, g(S), and(i, S, h(S) for everyS ⊆ M ; and
(j, S, vj(S)), (j, S, v′

j(S)), (j, S, ǫ), and(j, S, v∗)
for all j 6= i and S ⊆ M . In other words,I1

contains all of the input items consistent with the
valuation functions we defined above, plus values
of ǫ andv∗ for each set and each bidderj 6= i.

We know thatA must have some initial ordering
overI, and hence overI1. Consider the first item
in I1 under this ordering. We consider different
cases for the nature of this item.

Case 1: (j, S, t), j 6= i. Then t ∈
{vj(S), v′

j(S), ǫ, v∗}. Suppose first thatt =
vj(S), and consider the input instanceI1 corre-
sponding to a declaration of valuationg by bid-
der i and valuationvj for each bidderj 6= i.
Then I1 ⊆ I1 and (j, S, vj(S)) ∈ I1, so item
(j, S, vj(S)) will be considered first by algorithm
A on inputI1.
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Sincev−i ∈ V +
−i, it must be thatvj(S) > 0 and

hence, sinceA is greedy,A will allocate setS to
bidder j. Then it must be that, in the final allo-
cation, bidderi is not allocatedM . Thus bidderi
obtains a value of at mostǫ, and all other bidders
can obtain a total welfare of at most(k − 1)v∗, for
a total social welfare of at most(k − 1)v∗ + ǫ. On
the other hand, a total ofx = k2v∗ is possible by
allocatingM to bidderi. Then as long asǫ < v∗

the approximation ratio obtained byA is at leastk,
a contradiction.

The other cases fort are handled similarly.
Case 2:(i, S, f(S)), a ∈ S or b ∈ S. By sym-

metry we can assumea ∈ S. Consider the input
instanceI2 in which bidderi declares valuation
f , and every other bidderj 6= i declares valua-
tion vj . Then(i, S, f(S)) ∈ I2 ⊆ I1, soA will
consider item(i, S, f(S)) first on inputI2. Since
f(S) = x > 0 andA is greedy, the algorithm will
assign setS to bidderi.

Suppose that in the final allocation, bidderi
is allocated some setT ⊇ S. Then sincea ∈
T , we know thatpi(T, v−i) ≥ pi({a}, v−i) >
pi({b}, v−i). But notef(T ) = f({ak}) = x, so
thatf(T ) − pi(T ) < f({b}) − pi({b}). In other
words,A does not maximize the utility of playeri,
so by Theorem 2.1A is not incentive compatible,
a contradiction.

Case 3:(i, S, g(S)), a ∈ S or b ∈ S. This case
leads to a contradiction in the same way as Case 2.

Case 4:(i, S, h(S)), a ∈ S or b ∈ S. This case
leads to a contradiction in the same way as Case 2.

Case 5:(i, S, t), a 6∈ S and b 6∈ S. Then from
the definitions off , g, andh, we must havet = 0.
Thus when processing this item,A is free to allo-
cateS to bidderi or not. If A does not allocateS
to i, then we will consider thenextitem considered
by the algorithmA, and repeat our case analysis.
The case analysis proceeds in the same way, since
no objects would have been allocated. This pro-
cess must terminate, as algorithmA must eventu-
ally consider some setS that contains eithera or
b.

Suppose, on the other hand, thatA does allo-
cateS to i. Then consider the input instanceI3 in
which bidderi declares valuationh and all other
bidders declare the following valuationfS :

fS(T ) =

{

v∗ if S ⊆ T

ǫ otherwise.

We note that valuationfS defines the value of any
set to be eitherǫ or v∗, so in particularI3 ⊆ I1.
Since(i, S, 0) ∈ I3, this item will be considered
first by A on inputI3, andS will be allocated to
playeri. But then in the final allocation each bid-
der can obtain a welfare of at mostǫ, for a total
welfare of at mostkǫ. On the other hand, a welfare
of v∗ was possible by allocatingS to any bidder
other than bidderi. Thus, if we chooseǫ < v∗/k2

we conclude thatA has an approximation ratio of
at leastk, a contradiction.

We have shown that every case leads to a con-
tradiction, completing the proof of Claim 3.6.

Claim 3.8: There existsa∗ ∈ M such that
|S(a∗)| ≥ k/2.

Proof. We note that

∑

i∈N

∑

a∈M
|Ti(a)|≥k/2

1 =
∑

i∈N

(m−k/2) = n(m−k/2).

Rearranging order of summation, we also have

∑

i∈N

∑

a∈M
|Ti(a)|≥k/2

1 =
∑

a∈M

∑

i∈N
|Ti(a)|≥k/2

1 =
∑

a∈M

|S(a)|.

We conclude that
∑

a∈M |S(a)| = n(m−k/2), so
there must exist somea∗ ∈ M such that|S(a∗)| ≥
n(m−k/2)

m . We know that eithern ≥ m = k or
m ≥ n = k; in either case we obtain|S(a∗)| ≥
n(m−k/2)

m ≥ k/2 as required.

Theorem 4.1: Any greedy priority algorithm for
the combinatorial auction problem that uses ob-
jects as items is not incentive compatible. This
holds even if the bidders are assumed to be sub-
modular.

Proof. Suppose for contradiction thatA is an in-
centive compatible truthful greedy priority algo-
rithm. Consider an instance of the combinatorial
auction with M = {a1, a2, a3}. Suppose that
bidder1 declares the following valuation function:
v1(S) = 9 + |S| for all S 6= ∅. It is easy to ver-
ify that this is indeed submodular. Then by Theo-
rem 2.1 this valuation defines a critical pricep2(S)
for each subsetS ⊆ M . Consider the critical
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prices for all subsets of size 2 and suppose with-
out loss of generality that{a1, a2} has the small-
est. That is,p2({a1, a2}) ≤ p2({a2, a3}) and
p2({a1, a2}) ≤ p2({a1, a3}).

We now define a valuation functionv2 to be de-
clared by bidder 2. The motivation forv2 is that
items a1 and a2 will have lower values thana3

when considered individually, but will have a large
value when taken together.

v2({a1}) = v2({a2}) = 9

v2({a3}) = 11

v2({a1, a2}) = 18

v2({a1, a3}) = v2({a2, a3}) = 17

v2({a1, a2, a3}) = 18.

The reader is encouraged to verify that this valua-
tion is submodular.

Given as input the valuationsv1 andv2, algo-
rithm A must consider each object in turn, and as-
sign that object to the player who obtains the great-
est marginal utility from it. The algorithm is free to
choose the order in which the items are considered.
However, regardless of the order, the only possible
outcomes are that bidder 2 is allocated{a1, a3} or
bidder 2 is allocated{a2, a3}. This can be seen
by examining each of the 6 possible orderings of
items, or by noticing that the first item considered
will go to bidder 2 if and only if it isa3, that bidder
1 will never be allocated a second object, and that
bidder 2 will never be allocated a third object.

We will assume without loss of generality that
bidder 2 is allocated{a1, a3}. Then, by Theorem
2.1,

v2({a1, a3})−p2({a1, a3}) ≥ v2({a1, a2})−p2({a1, a2}).

Sincev2({a1, a3}) = 17 andv2({a1, a2}) = 18,
this implies that

p2({a1, a2}) > p2({a1, a3})

which contradicts the minimality ofp2({a1, a2}).
We have now proved the result for the case of

exactly two bidders and three objects. The result
follows more generally by noticing that we may
add additional players who value all sets at 0, and
additional items for which no players have value,
without affecting the above construction.
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