430 SEARCHING 6.2.2

A factor of n can actually be removed from the running time if we make
use of a “monotonicity” property. Let (7, /) denote an element of E(i,7); we
need not compute the entire set R(3, /) » & single representative is sufficient. Onca
we have found r(z,; — 1) and r(z + 1, 7}, the result of exercise 27 proves that
we may always assume that

r(,J — 1) <7(,5) < 1@+ 1,5) (17)

when the weights are nonnegative, This limits the search for the minimum,
since only r(¢ + 1,5) — r(i,j — 1) + 1 values of & need to be examined in (18)
instead of ; — 7. The total amount of work when J — 1 = d is now bounded by
the telescoping series

> i+ 1,5) — 16,5 — 1) -+ 1) ‘
Eifﬁ =r(n—d+1,n)—r(O,d—l)+n—-d+l<2n,

hence the total running time is reduced to O(n2).
The following algorithm describes this procedure in detail,

Algorithm K (Find optimum binary search trees). Given 2n -- 1 nonnegative
weights (p1, ..., pa; qo, . - -, 9a), this algorithm constructs binary trees i(1, )
which have minimum cost for the weights (Pig1s+ -y Dii Qi - - -, g;) in the sense
defined above. Three arrays are computed, namely

cle, Jl, for 0<i<j<n, the cost of i(7, j);
rl4, 1], for 0<i<j<n, the root of (3, 7);
wlz, 7], for 0<i<j<n, the total weight of {(z, ).

The results of the algorithm are specified by the r array: If © = j, (7, 7) is null;
else its left subtree is (%, r[¢, j] — 1) and its right subtree is {(r[7, j], ).

K1. [Initialize.] For 0 < ¢ < n, set ¢ff, {] «— 0 and wlt, 7] «— ¢; and wfZ, j] «—
wli, 7 — 114+ p; + ¢; for J=1i+1,...,n. Then for 1 <j<n set
i~ 1,71 —wj— 1,71 and +[j — L,7/] 37 (This determines all the
l-node optimum trees.)

K2. [Loopond.] Dostep K3 ford = 2,3, ... , m, then terminate the algorithm.

K3. {Loop on j.] (We have already determined the optimum trees of less than
d nodes. This step determines all the d-node optimum trees.) Do step K4
forj=d,d+1,..., n

K4. [Find ¢z, j1, r[7,j].] Set i« j — d. Then set

eft, j] &= wli, 5] 4+ min ;s 1y e < rtipr g (li, b — 1] 4= clk, 71),

and set r[7, 7] to a value of k for which the minimum oeeurs. (Exercise 2
proves that rfs, 7 — 1] < r[{ + 1,7]) §
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»16. [25] Is the deletion operation commutative? That is, if Algorithm D is used to
delete X and then Y, is the resuiting tree the same as if Algorithm D is used to delete
Y and then X7
17. [25] Show that if the roles of left and right are completely reversed in Algorithm D,
it 1s easy to extend the algorithm so that it deletes a given node from a right-ihreaded
tree, preserving the necessary threads. (CI. cxercise 2.)
18. [M 21} Show that Zipi's law yields (12).
19, [Af23] What is the approximate average number of comparisons, {11), when the
input probabilities satisfy the “80-20" law defined in Eqgs. 6.1-11, 12?
20. [M20] Suppose we have inserted keys into a tree in order of decreasing frequency
P12 P22 -+ 2 py. Can this tree be substantially worse than the optimum search
tree?
21. [M26] Ii p, g, r are probabilities chosen at random, subject to the condition that
7+ g+ r = 1, what are the probabilities that trees I, II, ITI, IV, V of (13) are optimal,
respectively? {Consider the relative areas of the regions in Fig. 14.)
22, [M20] Prove that r{f, 7 — 1] is never greater than r[¢- 1, 7] when step K4 of
Algorithm K is periormed.

»23. [M23] Find an optimum binary search tree for the case n = 40, with weights

pr =56, pp=p3 =+ =pas=1 go=q1 =+ =qe0 =0, {Don’t use a
computer.) ;

24, [Af25] Given that p, = ¢, = 0 and that the other weights are nonnegative,
prove that an optimum tree for (21, ..., Px; 90, - - - , §2) May be obtained by replacing

=) by

in any optimum iree for (p1, . .., Pne1; €0, - -+ ; Gu1).
25. |M20] Let A and B be nonempty sets of real numbers, and define A < B if the
following property holds:

(e A, b€ B and b <a) implies (eacB and be A).

(a) Prove that this relation is transitive on nonempty sets. (b) Prove or disprove:
A< Bifandonlyif A < AUBX B,

26. [M22] Let (p1, ..., Paj g0, - - -, Gn) be nonnegative weights, where p, 4 ¢. = =.
Prove that as x varies from 0 to o, while {(p1,..., Pn_1; g0, ..., gn_1) are held con-
stant, the cost ¢{0, n) of an optimum binary search tree is a “convex, continuous,
piece-wise lincar” function of x with integer slopes. In other words, prove that there
exist positive integers lg > I > -+- > I and real constants 0 = zp < 21 < -+ <
I € Zma1 = © and yo € y1 <+ +* < Ym such that ¢(0,n) = y,-+ hhr when
Ko< oy, for0 < b < m.

27. [A138] The object of this exercise is to prove that the sets of roots R(%, ) of
optimum binary search trees satisfy

Il terms of the relation defined in exercise 25, whenever the weights (p1, ..., pu;
70, . .., qa) arc nonnegative. The proof is by induction on j — %; our task is to prove
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that (0, n — 1) < R(0, n), assuming that n > 2 and that the above relation holg.
forj — ¢ < n. [By left-right symmetry it follows that B0, n) < R(1, n).]
a) Prove that R(0, n — 1) < R(0, ) if Pn = qn = 0. (Sce exercise 24.)
b) Let pn--g. = z. In the notation of exercise 26, let Ry be the set R(0, n) of
optimum roots when z, < z < )41, and let R; be the set of optimum roots
when £ = z;. Prove that

RyS RS RISR<--<R.< R,

Hence by part (a) and exercise 25 we have B(0, n — 1) < R(0, n) for all 2.
[Hint: Consider the case z = x;, and assume that both the trees

()
(€O, r — 1) #r,n) 10,5 — 1) t{s, n)
[%] at level ! at level I/

are optimum, with s < rand{ > I'. Use the induction hypothesis to prove that therc
is an optimum tree with reot (r) such that is at level ', and an optimum tree with
root (8) such that [n] is at level 7]

28. [24] Use some macro-assembly language to define a “optimum binary search”
macro, whose parameter is a nested specification of an optimum binary tree.

29. [40] What is the worst possible binary search tree for the 31 most common English
words, using the frequency data of Fig. 12?

30. [M46] Prove or disprove that the costs of optimum binary search trees satisfy
¢t )+ e+ 1,7 —1) 2 ¢t,7 — 1)+ eli+ 1, 7).

31. [M20] (a) If the weights (go, ..., ¢5) in (22) are (2,3, 1, 1, 3, 2), respectively,
what is the weighted path length of the tree? (b) What is the weighted path length
of the optimum binary search tree having this sequence of weights?

»32. [322] (T. C. Hu and A. C. Tucker.) Prove that the new node weights ¢; + 4,
formed during Phase 1 of the Hu-Tucker algorithm are created in nondecreasing order.
33. [M41] In order to find the binary search tree which minimizes the running time
of Program T, we should minimize the quantity 7C + C1 instead of simply minimizing
the number of comparisons C. * Develop an aigorithm which finds eptimum binary
search trees when different costs are associated with left and right branches in the tree.
(Incidentally when the right cost is twice the left cost, and the node frequencies arc
all equal, the Fibonaceci trees turn out to be optimum. Cf. L. E. Stanfel, JACM 17
(1970}, 508-517.)

34. [41] Write a computer program for the Hu-Tucker slgorithm, using O(n) units
of storage and O(n log n) units of time.

35. [M23] Show that the codewords constructed in the proof of Theorem G have the
property that C; never begins with C; when ¢ = ;.

36. [M126] Generalizing the upper bound of Theorem G, prove that the cost of anv
optimum binary search tree with nonnegative weights must be less than

28+ gologz (S/q0}+ D (pi-F qi) logz (S/(pi+ ¢0)),

1<ign

where S = 9o+ X 1<i<q (p; -+ ¢:) is the total weight.



