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Problem Description

Model

Definition

a set of m machines {M1 . . .Mm}
Each event consists of a Job arriving or leaving

A Job J consists of a weight w

The online algorithm is unaware of both future arrivals and
departures

The load of a machine is the total weight of active jobs on the
machine.
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Summary of Variations

Duration

Machines Unknown Known Permanent

Identical 2− 1
m [5] ? 2− ε

Related Θ(1) [7, 6] Θ(1) Θ(1)
Restricted Θ(

√
m) [6] O(logmT ),Ω(

√
m) Θ(logm)

Unrelated O(m),Ω( m
logm )[1] O(logmT ),Ω(

√
m) Θ(logm)

Table: Results for every combination of Machine Model and Job
Duration. T is largest weight

smallest weight . m is the number of machines.
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Competitive Ratio

Definition

load(m, t) = load on machine m at time t

loadOPT (m, t) = algorithm’s load for an optimal offline algorithm

r =
maxt,m load(m, t)

maxt′,m′ loadOPT (m′, t ′)
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Momentary Competitive Ratio

Definition

load(m, t) = largest difference between online and offline

loadOPT = load for an optimal offline algorithm

r = maxt

(
maxmload(m, t)

maxm′ loadOPT (m′, t)

)
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Deterministic model

Theorem

There is a 2− 1
m competitive algorithm for temporary tasks on

identical machines.
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Theorem

There is a 2− 1
m competitive algorithm for temporary tasks on

identical machines.

Lower Bound

Any deterministic online algorithm for load balancing of temporary
tasks has competitive ratio of at-least 2− 1

m .
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Case 1: m(m-1) unit weight jobs arrive
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Case 1: All jobs except for m-1 on one machine depart
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Deterministic model

Case 1: m-1 jobs of weight m-1 arrive
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Case 2: m(m-1) unit weight jobs arrive
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Case 2: All jobs except for m-1 on one machine depart
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Deterministic model

Case 2: m-1 jobs of weight m-1 arrive
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Deterministic model

Case 2: One jobs of weight m arrives
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Randomized model

Theorem

Any lower bound for the deterministic model where the optimal
value of the load is known in advance is also a lower bound on
randomized algorithms of the same problem.

Lemma (Yao’s theorem)

The lower bound for the competitive ratio of deterministic
algorithms on any distribution on the input is also a lower bound
for randomized algorithms.
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Randomized model

Definition

T = {σ1, . . . σn} be a set of inputs to a deterministic algorithm D
with fixed optimal load.
Consider σworst , the input corresponding to the worst case cost
Con. Then σworst ∈ T .
let S be a random sequence of inputs separated by periods with no
active jobs.Then COST (S) = maxσ∈S COST (σ).

P(COST (S) < Con) = P(σworst 6∈ S) = (1− 1

| T |
)len(S)

= (1− 1

| T |
)|T |k

≤ e−k
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Randomized model

Definition

T = {σ1, . . . σn} be a set of inputs to a deterministic algorithm D
with fixed optimal load.
Consider σworst , the input corresponding to the worst case cost
Con. Then σworst ∈ T .
let S be a random sequence of inputs separated by periods with no
active jobs.Then COST (S) = maxσ∈S COST (σ).

E[COST (S)] ≥ P(COST (S) < Con) ∗ Copt

+ P(COST (S) = Con) ∗ Con

= e−k ∗ Copt + (1− e−k) ∗ Con

= (0) + (1− 0) ∗ Con

= Con
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Randomized model

Theorem

Any deterministic online algorithm for load balancing of temporary
tasks has competitive ratio of at least 2− 2

m+1 even if the optimal
load is known in advance.

Case 1 and 2 Have different optimal loads
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m2 unit jobs arrive



Online Load Balancing of Temporary Jobs

Identical machines

Randomized model

All jobs except for m on one machine depart
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Randomized model

m jobs of weight m arrive
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