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Announcements and Agenda

Announcements

I have posted the third and final question for Assignment 4.
Assignment 4 is due Wednesday, November 26 at 3PM.

Our fourth and final guest presenter will be Jonathan Panuelos who
will discuss “computational mechanics” which relates to the
simulation of physical systems. His presentation is this coming
Wednesday, November 19.

The second and final quiz will be held Friday, November 28 in the
usual tutorial room BA 2139.

Today’s Agenda

Continue Social networks
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Preferential attachment models
Preferential attachnment models (also called “rich get richer” models) are
probabilistic generative models explaining how various networks can be
generated. Namely, after starting with some small graph, when we add a
new node u, we create a number of links between u to some number m of
randomly chosen existing nodes v1, v2, . . . , vm. The probability of choosing
a vi is proportional to the current degree of vi .

These models have been used to help explain the structure of the web as
well as social networks. Furthermore, networks generated by such a
process have some nice structural properties allowing for substantially
more efficient algorithms than one can obtain for arbitrary graphs.

For such models, there are both provable analytic results as well as
experimental evidence on synthetic and real networks that support
provable results that follow from the model. Remember, a model is just a
model. A network model is a simplification of real networks; they may not
account for many aspects in a real network or may not even be a good
model of a real network.
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Consequences for networks generated by a
preferential attachment process

There are many properties, believed and sometimees proven. about
preferential attachment network models that do not hold for uniformly
generated random graphs (e.g., if we create random sparse graphs with
constant average degree by choosing each possible edge with say
probability proportional to 1

n ).

One of the most interesting and consequential properties is that vertex
degrees satisfy a power law distribution in expectation. Specifically, the
expectation P(d) of the fraction of nodes whose degree is d is proportional
to d−γ for some γ ≥ 1. Such a distribution is said to have a fat tail.

In a uniformaly random sparse graph (with average degree davg ), with high
probability , the fraction of nodes having a large degree d > davg is
proportional to c−d for some c > 1.
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The Barabasi and Albert preferential model
Barabasi and Albert [1999] specified a particular preferential attachment
model and conjectured that the vertex degrees satisfy a power law in
which the fraction of nodes having degree d is proportional to d−3.

They obtained γ ≈ 2.9 by experiments and gave a simple heuristic
argument suggesting that γ = 3. That is, P(d) is proportional to d−3

Bollobas et al [2001] prove a result corresponding to this conjectured
power law. Namely, they show for all d ≤ n1/15 that the expected degree
distribution is a power law distribution with γ = 3 asymptotically (with n)
where n is the number of vertices.

Note: It is known that an actual realized distribution may be far from its
expectation, However, for small degree values, the degree distribution is
close to the expectation.

When we say that a distribution P(d) is a power law distribtion this is
often meant to be a ”with high probability” whereas many results for
networks generated by a preferential attachment process the power law is
usually only in expectation. 5 / 47



Proven or observed properties of nodes in a social
network generated by preferential attachment
models

In addition to the power law phenomena, other properies of social
networks have been observed. For example, a relatively large number of
nodes u have the following properties:

high clustering coefficient defined as : (u,v),(u,w),(v ,w)∈E
(u,v),(u,w)∈E . That is,

mutual friends of u are likely to be friends.

high centrality ; e,g, nodes on many pairs of shortest paths.

Brautbar and Kearns refer to such nodes as “interesting indiviudals” and
these individuals might be candidates for being “highly influential
individuals”. Bonato et al [2015] refers to such nodes as the elites of a
social network.
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Other proven or observed properties of networks
generated by preferentical attachment models

correlation between the degree of a node u and the degrees of the
neighbouring nodes.

the graph has small diameter; suggesting “6 degrees of separation
phenomena”

relatively large dense subgraph “communities”‘.

rapid mixing (for random walks to approach stationary distribution)

relatively small (almost) dominating sets.

For those interested, In my spring CSC303 webpage, I have posted a
number of papers on elites in a social network and preferential attachment.
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Some social network phenomena we want consider

We will quickly present a number of studies that illustrate the use of graph
structure in obtaining information in a social-network. We will consider:

The centrality and influence of a node.

Detecting communities.

Detecting the romantic relation in a Facebook network

The importance of triadic closure and low clustering coefficient.

The six degrees of separation phenomena
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Florentine marriages and “centrality”
Medici family connecte (by marriage)d to more families, but not by
much
More important: Medici’s lie between most pairs of families

I shortest paths between two families: coordination, communication
I Medici’s lie on 52% of all shortest paths; Guadagni 25%; Strozzi 10%

Figure: see [Jackson, Ch 1]
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Example of communities and central nodes

Mining Social Network Data

Mining social networks also has long history in social sciences.

E.g. Wayne Zachary’s Ph.D. work (1970-72): observe social
ties and rivalries in a university karate club.

During his observation, conflicts intensified and group split.

Split could be explained by minimum cut in social network.

Jon Kleinberg Challenges in Mining Social Network Data

Figure: Zachary Karate Club [1977]. A min cut partition of the network. Note
the centrality of nodes 1 and 34, the club president and the instructor. 10 / 47



How graph structure can reveal personal
information: Detecting the romantic relation in
Facebook

There is an interesting paper by Backstrom and Kleinberg
(http://arxiv.org/abs/1310.6753) on detecting “the” romantic
relation in a subgraph of facebook users who specify that they are in
such a relationship.

Backstrom anbd Kleinberg construct two datasets of randomly
sampled Facebook users: (i) an extended data set consisting of 1.3
million users declaring a spouse or relationship partner, each with
between 50 and 2000 friends and (ii) a smaller data set extracted
from neighbourhoods of the above data set (used for the more
computationally demanding experimental studies).

The main experimental results are nearly identical for both data sets.

11 / 47



Detecting the romantic relation (continued)

They consider various graph strucutral features of edges, including
1 the embeddedness of an edge (A,B) which is the number of mutual

friends of A and B.
2 various forms of a new dispersion measure of an edge (A,B) where high

dispersion intuitively means that the mutual neighbours of A and B are
not “well-connected” to each other in the graph without A and B.

3 One definition of dispersion given in the paper is the number of pairs
(s, t) of mutual friends of u and v such that (s, t) /∈ E and s, t have no
common neighbours except for u and v .

They also consider various “interaction features” including
1 the number of photos in which both A and B appear.
2 the number of profile views within the last 90 days.
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Embeddedness and disperison example from paper

Figure 1. A network neighborhood, contributed by a Facebook em-
ployee (drawn as the circled node at the center), and displayed as an
example in the work of Marlow et al [21]. Two clear clusters with highly
embedded links are visible at the top and right of the diagram; in the
lower left of the diagram are smaller, sparser clusters together with a
node that bridges between these clusters.

gests a natural predictor for identifying a user u’s partner: se-
lect the link from u of maximum embeddedness, and propose
the other end v of this link as u’s partner.

We will evaluate this embeddedness-based predictor, and oth-
ers, according to their performance: the fraction of instances
on which they correctly identify the partner. Under this mea-
sure, embeddedness achieves a performance of 24.7% —
which both provides evidence about the power of structural
information for this task, but also offers a baseline that other
approaches can potentially exceed.

Next, we show that it is possible to achieve more than twice
the performance of this embeddedness baseline using our new
network measure, dispersion. In addition to this relative im-
provement, the performance of our dispersion measure is very
high in an absolute sense — for example, on married users in
our sample, the friend who scores highest under this disper-
sion measure is the user’s spouse over 60% of the time. Since
each user in our sample has at least 50 friends, this perfor-
mance is more than 30 times higher than random guessing,
which would produce a performance of at most 2%.

Theoretical Basis for Dispersion.
We motivate the dispersion measure by first highlighting a
basic limitation of embeddedness as a predictor, drawing on
the theory of social foci [10]. Many individuals have large
clusters of friends corresponding to well-defined foci of in-
teraction in their lives, such as their cluster of co-workers or
the cluster of people with whom they attended college. Since
many people within these clusters know each other, the clus-
ters contain links of very high embeddedness, even though
they do not necessarily correspond to particularly strong ties.
In contrast, the links to a person’s relationship partner or other
closest friends may have lower embeddedness, but they will
often involve mutual neighbors from several different foci, re-
flecting the fact that the social orbits of these close friends are
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Figure 2. A synthetic example network neighborhood for a user u; the
links from u to b, c, and f all have embeddedness 5 (the highest value in
this neighborhood), whereas the link from u to h has an embeddedness
of 4. On the other hand, nodes u and h are the unique pair of interme-
diaries from the nodes c and f to the nodes j and k; the u-h link has
greater dispersion than the links from u to b, c, and f .

not bounded within any one focus — consider, for example, a
husband who knows several of his wife’s co-workers, family
members, and former classmates, even though these people
belong to different foci and do not know each other.

Thus, instead of embeddedness, we propose that the link be-
tween an individual u and his or her partner v should display a
‘dispersed’ structure: the mutual neighbors of u and v are not
well-connected to one another, and hence u and v act jointly
as the only intermediaries between these different parts of the
network. (See Figure 2 for an illustration.)

We now formulate a sequence of definitions that captures this
idea of dispersion. To begin, we take the subgraph Gu in-
duced on u and all neighbors of u, and for a node v in Gu we
define Cuv to be the set of common neighbors of u and v. To
express the idea that pairs of nodes in Cuv should be far apart
in Gu when we do not consider the two-step paths through
u and v themselves, we define the absolute dispersion of the
u-v link, disp(u, v), to be the sum of all pairwise distances
between nodes in Cuv , as measured in Gu − {u, v}; that is,

disp(u, v) =
∑

s,t∈Cuv

dv(s, t),

where dv is a distance function on the nodes of Cuv . The
function dv need not be the standard graph-theoretic distance;
different choices of dv will give rise to different measures
of absolute dispersion. As we discuss in more detail below,
among a large class of possible distance functions, we ulti-
mately find the best performance when we define dv(s, t) to
be the function equal to 1 when s and t are not directly linked
and also have no common neighbors in Gu other than u and
v, and equal to 0 otherwise. For the present discussion, we
will use this distance function as the basis for our measures
of dispersion; below we consider the effect of alternative dis-
tance functions. For example, in Figure 2, disp(u, h) = 4 un-
der this definition and distance function, since there are four
pairs of nodes in Cuh that are not directly linked and also
have no neighbors in common in Gu − {u, h}. In contrast,
disp(u, b) = 1 in Figure 2, since a and e form the only pair
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Qualitative results from Backstrom and Kleinberg
The goal is to predict (for each user in the data set) which of their
friendship edges is the romantic relation. Note that each user has
between 50 and 2000 friends and assuming say a median of 200 users,
a random guess would have prediction accuracy of 1/200 = .5%

Various disperson measures do better than the embeddedness measure
in its ability to predict the correct romantic relationship. Why would
high dispersion be a better measure than high embeddedness?

By itself, dispersion outperforms various interaction features.

For most measures, performance is better for male users and also
better for data when restricted to marriage as the relationship.

By combining many features, structural and interaction, the best
performance is achieved using machine learning classification
algorithms based on these many features.

There are a number of other interesting observations but for me the
main result is the predictive power provided by graph structure
although there will generally be a limit to what can be learned solely
from graph structure.
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Some experimental results for the fraction of correct
predictions

Recall that we argue that the fraction might be .005 when randomly
choosing an edge. Do you find anything surprising?
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Figure 3. Performance of (disp(u, v) + b)↵/(emb(u, v) + c) as a func-
tion of ↵, when choosing optimal values of b and c.

type embed rec.disp. photo prof.view.
all 0.247 0.506 0.415 0.301
married 0.321 0.607 0.449 0.210
married (fem) 0.296 0.551 0.391 0.202
married (male) 0.347 0.667 0.511 0.220
engaged 0.179 0.446 0.442 0.391
engaged (fem) 0.171 0.399 0.386 0.401
engaged (male) 0.185 0.490 0.495 0.381
relationship 0.132 0.344 0.347 0.441
relationship (fem) 0.139 0.316 0.290 0.467
relationship (male) 0.125 0.369 0.399 0.418

Figure 4. The performance of different measures for identifying spouses
and romantic partners: the numbers in the table give the precision at the
first position — the fraction of instances in which the user ranked first by
the measure is in fact the true partner. Averaged over all instances, re-
cursive dispersion performs approximately twice as well as the standard
notion of embeddedness, and also better overall than measures based on
profile viewing and presence in the same photo.

of non-neighboring nodes in Cub that have no neighbors in
common in Gu � {u, b}.

Strengthenings of Dispersion.
We can learn a function that predicts whether or not v is
the partner of u in terms of the two variables disp(u, v)
and emb(u, v), where the latter denotes the embeddedness
of the u-v link. We find that performance is highest for
functions that are monotonically increasing in disp(u, v) and
monotonically decreasing in emb(u, v): for a fixed value of
disp(u, v), increased embeddedness is in fact a negative pre-
dictor of whether v is the partner of u. A simple combina-
tion of these two quantities that comes within a few percent
of more complicated functional forms can be obtained by the
expression disp(u, v)/emb(u, v), which we term the normal-
ized dispersion norm(u, v) since it normalizes the absolute
dispersion by the embeddedness. Predicting u’s partner to
be the individual v maximizing norm(u, v) gives the correct
answer in 48.0% of all instances.

There are two strengthenings of the normalized dispersion
that lead to increased performance. The first is to rank nodes
by a function of the form (disp(u, v) + b)↵/(emb(u, v) + c).
Searching over choices of ↵, b, and c leads to maximum per-
formance of 50.5% at ↵ = 0.61, b = 0, and c = 5; see
Figure 3. Alternately, one can strengthen performance by ap-

type embed rec.disp. photo prof.view.
all 0.391 0.688 0.528 0.389
married 0.462 0.758 0.561 0.319
married (fem) 0.488 0.764 0.538 0.350
married (male) 0.435 0.751 0.586 0.287
engaged 0.335 0.652 0.553 0.457
engaged (fem) 0.375 0.674 0.536 0.492
engaged (male) 0.296 0.630 0.568 0.424
relationship 0.277 0.572 0.460 0.498
relationship (fem) 0.318 0.600 0.440 0.545
relationship (male) 0.239 0.546 0.479 0.455

Figure 5. The performance of the four measures from Figure 4 when
the goal is to identify the partner or a family member in the first position
of the ranked list. The difference in performance between the genders
has largely vanished, and in some cases is inverted relative to Figure 4.

plying the idea of dispersion recursively — identifying nodes
v for which the u-v link achieves a high normalized disper-
sion based on a set of common neighbors Cuv who, in turn,
also have high normalized dispersion in their links with u. To
carry out this recursive idea, we assign values to the nodes
reflecting the dispersion of their links with u, and then update
these values in terms of the dispersion values associated with
other nodes. Specifically, we initially define xv = 1 for all
neighbors v of u, and then iteratively update each xv to be

P
w2Cuv

x2
w + 2

P
s,t2Cuv

dv(s, t)xsxt

emb(u, v)
.

Note that after the first iteration, xv is 1+2 ·norm(u, v), and
hence ranking nodes by xv after the first iteration is equiv-
alent to ranking nodes by norm(u, v). We find the highest
performance when we rank nodes by the values of xv after
the third iteration. For purposes of later discussion, we will
call this value xv in the third iteration the recursive disper-
sion rec(u, v), and will focus on this as the main examplar
from our family of related dispersion-based measures. (See
the Appendix for further mathematical properties of the re-
cursive dispersion.)

PERFORMANCE OF STRUCTURAL AND INTERACTION
MEASURES
We summarize the performance of our methods in Figure 4.
Looking initially at just the first two columns in the top row of
numbers (‘all’), we have the overall performance of embed-
dedness and recursive dispersion — the fraction of instances
on which the highest-ranked node under these measures is
in fact the partner. As we will see below in the discussion
around Figure 6, recursive dispersion also has higher perfor-
mance than a wide range of other basic structural measures.

We can also compare these structural measures to features de-
rived from a variety of different forms of real-time interaction
between users — including the viewing of profiles, sending of
messages, and co-presence at events. The use of such ‘inter-
action features’ as a comparison baseline is motivated by the
way in which tie strength can be estimated from the volume of
interaction between two people [8, 17]. Within this category
of interaction features, the two that consistently display the
best performance are to rank neighbors of u by the number of

type max. max. all. all. comb.
struct. inter. struct. inter.

all 0.506 0.415 0.531 0.560 0.705
married 0.607 0.449 0.624 0.526 0.716
engaged 0.446 0.442 0.472 0.615 0.708
relationship 0.344 0.441 0.377 0.605 0.682

Figure 10. The performance of methods based on machine learning
that combine sets of features. The first two columns show the highest
performing individual structural and interaction features; the third and
fourth columns show the highest performance of machine learning clas-
sifiers that combine structural and interaction features respectively; and
the fifth column shows the performance of a classifier that combines all
structural and interaction features together.

links over their time on Facebook, and it is also correlated
with the time since the relationship was first reported. (As we
will see later in Figure 11, performance varies as a function
of this latter quantity as well.) To understand whether there
is any effect of a user’s time on site beyond its relation to
these other parameters, we consider a subset of users where
we restrict the neighborhood size to lie between 100 and 150,
and the time since the relationship was reported to lie between
100 and 200 days. Figure 9 shows that for this subset, there is
a weak increase in performance as a function of time on site;
while the effect is not strong, it points to a further source of
enhanced performance for users with mature neighborhoods.

COMBINING FEATURES USING MACHINE LEARNING
Different features may capture different aspects of the user’s
neighborhood, and so it is natural to ask how well we can pre-
dict partners when combining information from many struc-
tural or interaction features via machine learning.

Machine Learning Techniques.
For our machine learning experiments, we compute 48 struc-
tural features and 72 interaction features for all of the nodes
in the neighborhoods from our primary dataset. This gives us
a total of approximately 18.7 million labeled instances with
120 features each — each instance consists of a node v in
a neighborhood Gu, with a positive label indicating v is the
partner of u, or a negative label indicating v is not.

The 48 structural features are the absolute and normalized
dispersion based on six distinct distance functions defined for
Figure 6, as well as the recursive versions using iterations 2
through 7 (recall that the recursive dispersion corresponds to
the third iteration, and is hence included). The 72 interac-
tion features represent a broad range of properties including
the number of photos in which u and v are jointly tagged,
the number of times u has viewed v’s profile over the last 30,
60, and 90 days, the number of messages sent from u to v,
the number of times that u has ‘liked’ v’s content and vice
versa, and measures based on a number of forms of interac-
tion closely related to these.

To improve the performance of the learning algorithms, we
transformed each of the 120 features into 4 different versions:
(a) the raw feature, (b) a normalized version of the feature
with mean 0 and standard deviation 1, (c) a rank version of
the feature (where the individual with highest score on this
feature has rank 1, and other individuals are sorted in ascend-
ing rank order from there), and (d) a rank-normalized version

where we divide (c) by total number of friends a user has.
Thus, the input to our machine learning algorithms has 480
features derived from 120 values per instance. In addition to
the full set of features, we also compute performance using
only the structural features, and only the interaction features.

We performed initial experiments with different machine
learning algorithms and found that gradient tree boosting [13]
out-performed logistic regression, as well as other tree-based
methods. Thus, all of our in-depth analysis is conducted with
this algorithm. In our experiments, we divide the data so that
50% of the users go into a training set and 50% go into a test
set. We perform 12 such divisions into sets A and B; for each
division we train on set A and test on B, and then train on B
and test on A. For each user u, we average over the 12 runs in
which u was a test user to get a final prediction.

Performance of Machine Learning Methods.
We find (Figure 10) that by using boosted decision trees to
combine all of the 48 structural features we analyzed, we can
increase performance from 50.8% to 53.1%. We can use the
same technique to predict relationships based on interaction
features. We find that, overall, interaction features perform
slightly better than structural features (56.0% vs. 53.1%),
though for married users, structural features do much better
(62.4% vs. 52.6%). In addition, on all categories we find that
the combination of interaction features and structural features
significantly outperforms either on its own. When combining
all features with boosted trees, the top predicted friend is the
user’s partner 70.5% of the time.

Machine Learning to Predict Relationship Status.
Earlier we noted that our focus is on the problem of identify-
ing relationship partners for users where we know that they
are in a relationship. It is natural to ask about the connec-
tion to a related but distinct question — estimating whether
an arbitrary user is in a relationship or not.

This latter question is quite a different issue, and it seems
likely to be more challenging and to require a different set of
techniques. To see why, consider a user u who has a link of
high dispersion to a user v. If we know that u is in a rela-
tionship, then v is a good candidate to be the partner. But our
point from the outset has been that methods based on disper-
sion are useful more generally to identify individuals v with
interesting connections to u, in the sense that they have been
introduced into multiple foci that u belongs to. A user u can
and generally will have such friends even when u is not in
a romantic relationship. For example, Figure 5 suggests that
family members often have this property, and this can apply
to users who are not in romantic relationships as well as to
users in such relationships. Thus, simply knowing that u has
links of high dispersion should not necessarily give us much
leverage in estimating whether u is in a relationship.

We now describe some basic machine-learning results that
bear out this intuition. We took approximately 129,000 Face-
book users, sampled uniformly over all users of age at least
20 with between 50 and 2000 friends. 40% of these users
were single, while the remaining were either in a relation-
ship, engaged, or married. We attempt two different predic-
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