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ALGORITHMS MAKING DECISIONS

Bails

Hiring

Loans

Ads

Self-Driving Cars

Organ Exchange



Computational Social Choice

Algorithms for aggregating individual preferences 
towards collective decisions

COMPUTATIONAL SOCIAL CHOICE



REASONABLE COLLECTIVE DECISIONS

Fairness

Elicitation

Efficiency

Incentives

Ethics



CAKE CUTTING

• Formally introduced by Steinhaus [1948]

• 𝑛 agents

• Cake modeled as [0,1]

• Allocate the cake
◦ 𝐴𝑖 is the part given to agent 𝑖

◦ Can be union of several disjoint intervals



AGENT VALUATIONS

• Each agent 𝑖 has an integrable density function 𝑓𝑖: 0,1 → ℝ+

• 𝑣𝑖 𝑋 = 𝑥∈𝑋׬
𝑓𝑖 𝑥 𝑑𝑥

• Normalization: 0׬

1
𝑓𝑖 𝑥 𝑑𝑥 = 1

◦ Without loss of generality



EXAMPLE
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• Agent 1 wants [0, Τ1
3] uniformly and 

does not want anything else

• Agent 2 wants the entire cake 
uniformly

• Agent 3 wants [ Τ2
3 , 1] uniformly 

and does not want anything else

• Value density functions

0 ൗ1
3

1ൗ2
3

1

2

3



EXAMPLE
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• Consider the following allocation

• 𝐴1 = 0, Τ1
9 ⇒ 𝑣1 𝐴1 = Τ1

3

• 𝐴2 = Τ1
9 , Τ8

9 ⇒ 𝑣2 𝐴2 = Τ7
9

• 𝐴3 = Τ8
9 , 1 ⇒ 𝑣3 𝐴3 = Τ1

3

• Each of three agents is getting at 
least one-third of their value, which 
seems fair in some sense

• But agent 1 and 3 are envious of 
how well agent 2 is treated

• Value density functions

0 ൗ1
3

1ൗ2
3
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2

3



EXAMPLE
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• Consider the following allocation

• 𝐴1 = 0, Τ1
6 ⇒ 𝑣1 𝐴1 = Τ1

2

• 𝐴2 = Τ1
6 , Τ5

6 ⇒ 𝑣2 𝐴2 = Τ2
3

• 𝐴3 = Τ5
6 , 1 ⇒ 𝑣3 𝐴3 = Τ1

2

• Now agent 1 and 3 are not envious 
of what agent 2 is given, even 
though agent 2 has more utility than 
them

• Value density functions

0 ൗ1
3

1ൗ2
3

1

2

3



COMPLEXITY

• Inputs are functions
◦ Infinitely many bits may be needed to fully represent the 

input

◦ Query complexity is more useful

• Robertson-Webb Model
◦ Eval𝑖(𝑥, 𝑦) returns 𝑣𝑖 𝑥, 𝑦

◦ Cut𝑖(𝑥, 𝛼) returns 𝑦 such that 𝑣𝑖 𝑥, 𝑦 = 𝛼
𝑥 𝑦

𝛼

eval output

cut output



THREE CLASSIC FAIRNESS DESIDERATA

• Proportionality (Prop):  ∀𝑖 ∈ 𝑁: 𝑣𝑖 𝐴𝑖 ≥ Τ1
𝑛

◦ Each agent should receive her “fair share” of the utility.

• Envy-Freeness (EF):  ∀𝑖, 𝑗 ∈ 𝑁: 𝑣𝑖 𝐴𝑖 ≥ 𝑣𝑖(𝐴𝑗)

◦ No agent should wish to swap her allocation with another agent.

• Envy-freeness implies proportionality (Why?)



Proportionality



PROPORTIONALITY : 𝑛 = 2 AGENTS

• CUT-AND-CHOOSE

◦ Agent 1 cuts the cake at 𝑥 such that 𝑣1 0, 𝑥 = 𝑣1 𝑥, 1 = Τ1 2

◦ Agent 2 chooses the piece that she prefers.

• Elegant protocol
◦ Envy-free for 2 agents

◦ Needs only one cut and one eval query (optimal)

• More agents?



PROPORTIONALITY: DUBINS-SPANIER

1/3 1/3 ≥ 1/3

Animation Credit: Ariel Procaccia



PROPORTIONALITY: DUBINS-SPANIER

• DUBINS-SPANIER

◦ Referee starts a knife at 0 and moves the knife to the right.

◦ Repeat: When the piece to the left of the knife is worth 1/𝑛 to an agent, the agent shouts 
“stop”, receives the piece, and exits.

◦ When only one agent remains, she gets the remaining piece.

• Can be implemented easily in Robertson-Webb model
◦ When [𝑥, 1] is left, ask each remaining agent 𝑖 to cut at 𝑦𝑖 so that 𝑣𝑖 𝑥, 𝑦𝑖 = 1/𝑛, and give 

agent 𝑖∗ ∈ arg min𝑖 𝑦𝑖 the piece [𝑥, 𝑦𝑖∗]

• Query complexity: Θ(𝑛2)



EVEN-PAZ

Animation Credit: Ariel Procaccia



PROPORTIONALITY: EVEN-PAZ

• EVEN-PAZ

• Input:
◦ Interval [𝑥, 𝑦], number of agents 𝑛 (assume a power of 2 for simplicity)

• Recursive procedure:
◦ If 𝑛 = 1, give [𝑥, 𝑦] to the single agent.

◦ Otherwise:

• Each agent 𝑖 marks 𝑧𝑖 such that 𝑣𝑖 𝑥, 𝑧𝑖 = 𝑣𝑖 𝑧𝑖 , 𝑦

• 𝑧∗ = Τ𝑛 2 th mark from the left.

• Recurse on [𝑥, 𝑧∗] with the left 𝑛/2 agents, and on [𝑧∗, 𝑦] with the right 𝑛/2 agents.

• Query complexity: Θ(𝑛 log 𝑛)



COMPLEXITY OF PROPORTIONALITY

• Theorem [Edmonds and Pruhs, 2006]:
◦ Any protocol returning a proportional allocation needs Ω(𝑛 log 𝑛) queries in the Robertson-

Webb model.

• Hence, EVEN-PAZ is provably (asymptotically) optimal!



Envy-Freeness



ENVY-FREENESS : FEW AGENTS

• 𝑛 = 2 agents : CUT-AND-CHOOSE (2 queries)

• 𝑛 = 3 agents : SELFRIDGE-CONWAY (14 queries) Gets complex pretty quickly!



ENVY-FREENESS : FEW AGENTS

• [Brams and Taylor, 1995]
◦ The first finite (but unbounded) protocol for any number of agents

• [Aziz and Mackenzie, 2016a]
◦ The first bounded protocol for 4 agents (at most 203 queries)

• [Amanatidis et al., 2018]
◦ A simplified version of the above protocol for 4 agents (at most 171 queries)



ENVY-FREENESS

• Theorem [Aziz and Mackenzie, 2016b]
◦ There exists a bounded protocol for computing an envy-free allocation with 𝑛 agents, which 

requires 𝑂(𝑛𝑛𝑛𝑛𝑛𝑛

) queries

• Theorem [Procaccia, 2009]
Any protocol for finding an envy-free allocation requires Ω(𝑛2) queries.

Open Problem

Bridge the gap between 𝑂(𝑛𝑛𝑛𝑛𝑛𝑛

) upper bound and 
Ω 𝑛2 lower bound for envy-free cake-cutting



INDIVISIBLE GOODS

• Estate (inheritance) division

• Divorce settlement

• Friends splitting jointly purchased items

• ...





EXPLAINABILITY
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