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Midterm Test and Solutions
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Closed book. 1-page, single-sided cheat sheet allowed (8.5x11in, no more than 6000 characters, 12pt
font or larger if typed). No other aids allowed.

50 minutes. 7 pages. 4 questions. 50 points. Write all answers on the test booklet, using the backs
of pages if necessary. The last page is blank. Clear, concise answers will receive more marks than
long, rambling ones. Unless specified otherwise, all answers should be justified. Good luck!

I don’t know policy: If you do not know the answer to a question (or part), and you write
“I don’t know”, you will receive 20% of the marks of that question (or part). If you just leave a
question blank with no such statement, you will get 0 marks for that question.



1. (12 points) For each of the following statements, state whether it is true or false (without
giving an explanation):

(a) A problem is ill-conditioned if its solution is highly sensitive to small changes in the
problem data.

ANSWER: True

(b) If a matrix, A, is non-singular, then the number of solutions to the linear system Ax = b
depends on the particular choice of right-hand side vector b.

ANSWER: False

(c¢) A symmetric positive definite matrix is always well-conditioned.

ANSWER: False

(d) The conditioning of a problem depends on the algorithm used to solve it.
ANSWER: False

(e) Once the LU factorization of a matrix has been computed to solve a linear system, then
subsequent linear systems with the same matrix but different right-hand-side vectors can
be solved without refactoring the matrix.

ANSWER: True

(f) If Ais an n x n non-singular matrix, then cond(A) = cond(A™1).

ANSWER: True



2. (15 points total) In a floating-point number system having an underflow level of UFL = 1073,
which of the computations below will incur an underflow? Explain why. In each case where
underflow occurs, is it reasonable to simply set the quantity that underflows to zero? Explain

why.

(a) (5 points) a =02+ %, withb=1, ¢c=10"%.

ANSWER: Underflow occurs because ¢> = 107% < UFL. It is reasonable to set the
underflow to 0 (i.e., to set ¢® to 0), since b* + 2 =1+ 107" ~ 1 =? + 0.

(b) (5 points) a = v/b? + 2, with b=c=10"1.

ANSWER: Underflow occurs because b* = 10738 < UFL and because ¢ = 10738 <
UFL. Tt is not reasonable to set the underflows to 0 (i.e., to set ? and ¢ to 0), since
b2 + ¢ = 2 x 10738, whereas setting both 5? and ¢? to 0 would mean that > + ¢? = 0,

which represents an error of 100%.

(c) (5 points) u= (vxw)/(y x z), withv =107 w =107y =10"2¢, 2 = 1072

ANSWER: Underflow occurs because v x w = 10738 < UFL and because y x z = 10738 <
UFL. It is not reasonable to set the underflows to 0 (i.e., to set both v x w and y x z to
0) since (v x w)/(y X z) = 1, whereas setting v x w and y X z to 0 leads to 0/0 = NaN.



3. (12 points) Suppose A, B and C' are non-singular n x n matrices, and b is an n-vector. How
would you efficiently evaluate the following expression without computing any matrix inverses:

CHA+ B NI +5A)b

Compute ¢ = b + 5(Ab). [so ¢ = (I+5A)b]
Compute L1 and Ul, the LU factorization of B.

Solve Llx = c by substitution.
Solve Uly = x by substitution. [so y = inv(B)c]
Compute d = Ac + y. [so d = (A+inv(B))c = (A+inv(B) (I+5A)b]

Compute L2 and U2, the LU factorization of C.

Solve L2v = d by substitution.

Solve U2w = v by substitution. [so w = inv(C)d = inv(C) (A+inv(B)) (I+5A)Db]
Return w.



4. (11 points total) Linear Least Squares.

Suppose you are using Householder transformations to compute the QR factorization of the
following matrix:

2 2 4

4 5 1
A:

1 3 9

2 7 12

(a) (2 points) How many Householder transformations are required? .

ANSWER: 3, one for each column.

(b) (5 points) Specify the first Householder transformation, H = I —2(voT)/(vTv), i.e., give
the vector v.

ANSWER: Let a = (2,4,1,2)T. Then ||a| = V22 + 42+ 12 + 22 = 5.
So, v =a— (—5,0,0,0)" = (7,4,1,2)7.



(c¢) (2 points) What does the first column of A become as a result of applying the first
Houscholder transformation?

ANSWER: (—5,0,0,0)7

(d) (2 points) What does the first column of A then become as a result of applying the
second Householder transformation?

ANSWER: (—5,0,0,0)7



This page is for answers and rough work



