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1. {16 points total) True or False.

For each of the following statements, state whether it is true or false, without giving a expla-
nation (2 points each): '

{(a) There are arbitrarily many different mathematical functions that interpolate a given set
of data points.

{(b) Points that minimize a nonlinear function are inherently less accurately determined than
points for which a nonlinear function has a zero value.

T

¢) Newton’s method for sdlving nonlinear equations is an example of a fixed-point iteration
q

scheme.
T

(d) The eigenvalues of a matrix are not necessarily all distinct.

(e) At the solution to a linear least squares problem Az = b, the residual r = b — Az is
orthogonal to span(4).

g

!

{f) An underdetermined sysiem of linear equations Ax = b, where A Is an m X n mafrix
with m < n, always has a solution.

+

(g) Using higher-precision arithmetic will make an ill-conditioned problem better condi-

tioned.

(k) Every n x n matrix has n linearly-independent eigenvectors.

F

continued on page 4
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2. {7 points total) Approximation and Computer Arithmetic.

Consider the expression

l—-2 14z
assuming z # +1.

{a} (2 points) For what range of values of z is it difficult to compute this expression accu-
rately in fioating-point arithmetic?
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continued on page 5§
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(b) (5 polats) Give an equivalent expression such that, for the range of « in part (a), the
computation is more accurate in floating-point arithmetic.
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continued on page §
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3. (10 points total) Systems of Linear Equations.

Suppose A, B and ' are non-singular n % n matrices, and b is an n-vector. How would you
efficiently evaluate the following expression without computing any maftrix inverses:
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continued on page 7
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4. (11 points total) Linear Least Squares.

Suppose you are using Householder transformations to compute the QR factorization of the
following matrix: '

[ N
B e b =
[P o BN

1

(a) (2 points) How many Householder transformations are required?

b,

{(b) (5 points) Specify the first Householder transformation. (i.e., Give the vector v for the
transformation.)
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continued on page &
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{c) (2 points) What does the first column of A become as a result of applying the first
Householder transformation?

-

A
, 0 | | |
g ™~ ¢ uqmj o -1 7(\*'9“1 pm} b
) ¢

(d} (2 points) What does the first column of A then become as a result of applying the
second Houssholder transformation?
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continued on page 9
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5. (10 points total} Nonlinear Equations.

(a) {5 points) Consider the following iterative method:

SV ) YA CY)
e T )

Show that it is mathematically equivalent to the secant method for solving the scalar
non-linear equation f(z) = 0.
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continued on page 10
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(b) (5 points) When implemented in finite-precision floating-point arithmetic, what advan-
tages or disadvantages does the formula given in patt {a) have over the formula for the
secant method given in class (and in the text)?
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6. (15 points total) Optimization.

This question is about the function z%e®.

(a) {4 points) What are the critical points of the function?

X
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continued on page 12
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(b) (4 points} Characterize each critical point as & minimum, maximum or inflection point.
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{¢) (2 points) Does the function have a global minimum or maximum?
1 X
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conitinued on page 14
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(d) (8 points) Assuming the function has a minimum; what is the Newton iteration for
finding it?
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continued on page 15
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(e) (2 points) If the starting guess for finding the minimum has an accuracy of 2 bits, how
many iterations are required to obtain an accuracy of 53 bits?

e 8 1y by e guadickic convenince

"
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continued on page 15
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7. (8 points total) Interpolation.

For each case below, write a formal algorithm for evaluating a polynomial at a given argument
using Horner’s nested evaluation scheme. Be sure to state clearly what the input to each
algorithm is,

(a) (4 points) For a polynomial expressed in terms of the monomial basis
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continued on page 17
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(b} {4 points) For a polynomial expressed in Newton form
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continued on page 18
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8. (13 points total) Eigenvalues.

(a) (4 points) Prove that the eigenvalues of a positive-definite matrix are all positive.
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continued on page 19
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{b) (9 points) What are the eigenvalues and corresponding eigenvectors of the following
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' This page is for answers and rough work.
A
o M "

w2 = %2
y ==
¥ =237 UX
X -
X -2 -
7 = 2 =t !
* 2 |
-1 T .
Q; ¢ Gn ‘?VMU?C,?L@V )
. P

continued on page £1
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Total marks = 90

This page is for answers and rough work.

END OF EXAM



