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1. (16 points total) True or False.

For each of the following statements, state whether it is true or false, without giving a expla-
nation (2 points each):

(a)

The choice of algorithm for solving a problem has no effect on the propagated data error.

Floating point numbers are distributed uniformly throughout their range.

If a matrix has a very small determinant, then it has a very high condition number.

The product of two symmetric matrices is symmetric.

Multiplication by an orthogonal matrix preserves the Euclidean norm of a vector.

If the n X n matrix ) is a Householder transformation and x is an arbitrary n-vector,
then the last k components of Qx are zero, for some k < n.

Newton’s method of solving equations is an example of a fixed-point iteration scheme.

In minimizing a unimodal function of one variable by golden section search, the point
discarded at each iteration is always the point having the largest function value.

continued on page 4
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2. (5 points total) Approximations and Computer Arithmetic.

If z ~ y , then we would expect some cancellation in computing log(z) —log(y). On the other
hand, log(x) — log(y) = log(x/y), and the latter involves no cancellation. Does this mean
that computing log(z/y) is likely to give a better result? (Hint: for what values is the log
function sensitive?)

continued on page 5
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3. (10 points total) Systems of Linear Equations.

Suppose A, B and C are non-singular n X n matrices, and b is an n-vector. How would you
efficiently evaluate the following expression without computing any matrix inverses:

(A7 +50) (2T — B7)(A™1 +4C)b

continued on page 6
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4. (10 points total) Linear Least Squares.

(a) (b points) Set up the linear least squares system Ax = b for fitting the model function
f(t,x) = 21 + x2e! + 236! to the five data points (0, 1), (1,2), (2,3), (3,5) and (4,7).

continued on page 7



Name: Student No.: CSC338H5S page 7 of 21

(b) (5 points) Consider the vector

Specify a Householder transformation matrix that annihilates all but the first component
of a.

continued on page 8
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5. (10 points total) Nonlinear Equations.

(a) (5 points) What is the convergence rate for Newton’s method for finding the root x = 2
of the equation (z —1)(x —2)2=107?

continued on page 9
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(b) (5 points) What is the convergence rate for Newton’s method for finding the root = = 2
of the equation (z —1)%(x —2)=107?

continued on page 10
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6. (15 points total) Nonlinear Equations.

We wish to solve the equation (z —1)? —2 = 0.

(a) (5 points) With 2o = 2 as the starting point, what is the value of z; if we use Newton’s
method?

continued on page 11
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(b) (5 points) With xp = 2 and z; = 3 as the starting points, what is the value of x3 if we
use the secant method?

continued on page 12
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(¢) (5 points) If we assume the starting guess has an accuracy of 4 bits, how many iterations
would be necessary to attain 24-bit accuracy if we use Newton’s method?

continued on page 13
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7. (10 points total) Optimization.

Suppose that a real-valued function f is unimodal on the interval [a,b], and z; and zy are
points in the interval such that x; < z9 and f(z1) < f(z2).

(a) (5 points) What is the shortest interval in which you know the minimum of f must lie?

continued on page 14
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(b) (5 points) How would your answer change if we happened to have f(x1) = f(z2).

continued on page 15
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8. (10 points total) Optimization.

We wish to find the minimum of the function f(z) = 23/3 — 2z + 1.

(a) (5 points) With 29 = 1 as the starting point, what is the value of z; if we use Newton’s
method?

continued on page 16
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(b) (5 points) If we assume the starting guess has an accuracy of 2 bits, how many iterations
would be necessary to attain 53-bit accuracy if we use Newton’s method?

continued on page 17
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9. (14 points total) Interpolation.
Given the three data points (—1,1), (0,0) and (1,1),

(a) (5 points) Determine the interpolating polynomial using the Lagrange basis.

continued on page 18
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(b) (5 points) Determine the interpolating polynomial using the Newton basis.

continued on page 19
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(¢) (4 points) Show that the two representations give the same polynomial.

continued on page 20
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This page is for answers and rough work.

continued on page 21
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This page is for answers and rough work.

Total marks = 100 END OF EXAM





