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CONTENTS CONTENTS

Notation and Nomenclature

A Matrix

Ajj Matrix indexed for some purpose

A; Matrix indexed for some purpose

AU Matrix indexed for some purpose

A" Matrix indexed for some purpose or

The n.th power of a square matrix

Al The inverse matrix of the matrix A

AT The pseudo inverse matrix of the matrix A (see Sec. 3.6)
Al/2 The square root of a matrix (if unique), not elementwise

(A)i;  The (4,7).th entry of the matrix A
A;; The (4, 7).th entry of the matrix A
[A];; The ij-submatrix, i.e. A with i.th row and j.th column deleted

a Vector
a; Vector indexed for some purpose
a; The i.th element of the vector a
a Scalar
Rz Real part of a scalar
Rz Real part of a vector
RZ Real part of a matrix
Sz Imaginary part of a scalar
Sz Imaginary part of a vector
SZ Imaginary part of a matrix

det(A) Determinant of A

Tr(A)  Trace of the matrix A

diag(A) Diagonal matrix of the matrix A, i.e. (diag(A))i; = ;;4;;
vec(A)  The vector-version of the matrix A (see Sec. 9.2.2)

[|A]| Matrix norm (subscript if any denotes what norm)

AT Transposed matrix

A~ Complex conjugated matrix

AH Transposed and complex conjugated matrix (Hermitian)

A oB Hadamard (elementwise) product
A ® B Kronecker product

0 The null matrix. Zero in all entries.

I The identity matrix
Jii The single-entry matrix, 1 at (i,5) and zero elsewhere
b A positive definite matrix

A A diagonal matrix
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1 BASICS

1 Basics

(AB)™' = B'A!
(ABC..)"! = ..c'B'A!

(A7) = (AT

(A+B)Y = AT4+BT

(AB)Y = BTAT
(ABC...)T = ..C"BTAT

(A~ = (AaTHH

(A+B)Y = AH L BY

(AB)T = BHAH
(ABC...)# = ..cHB"AHY

1.1 Trace and Determinants

Tr(A) = > Ay

Tr(A) = >\, A; = eig(A)

Tr(A) = Tr(AT)

Ti(AB) = Ti(BA)
Tr(A+B) = Tr(A)+ Tr(B)
Tr(ABC) = Tr(BCA) = Tr(CAB)

det(A) = LN A = eig(A)
det(AB) = det(A)det(B)
det(A™!) = 1/det(A)

det(T+uv?’) = 14ulv

1.2 The Special Case 2x2
Consider the matrix A
A= A A
Ay Ago
Determinant and trace
det(A) = A11A22 - A12A21

Tr(A) = A1 + Ax

Eigenvalues
A — X Tr(A) +det(A) =0
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1.2 The Special Case 2x2

1 BASICS

Tr(A) 4+ /Tr(A)2 — 4det(A)

AL = 5
A+ A= TI‘(A)
Eigenvectors
_ Aiz
AL — An
Inverse 1
A7t =

det(A)

N Tr(A) — /Tr(A)2 — 4det(A)
5 =
2
)\1)\2 = det(A)

Vo Aqp
Ao — Ay
Asy  —App
A An
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2 DERIVATIVES

2 Derivatives

This section is covering differentiation of a number of expressions with respect to
a matrix X. Note that it is always assumed that X has no special structure, i.e.
that the elements of X are independent (e.g. not symmetric, Toeplitz, positive
definite). See section 2.5 for differentiation of structured matrices. The basic
assumptions can be written in a formula as

0Xy
3Xij

= 031,015

that is for e.g. vector forms,

Gl Blow Bl
dyl|, oy dy|; Oy yly; Oy

The following rules are general and very useful when deriving the differential of
an expression ([13]):

0A = 0 (A is a constant) (1)
d(aX) = adX (2)
IX+Y) = 9X+0Y (3)
O(Tr(X)) = Tr(9X) (4)
OXY) = (9X)Y + X(0Y) (5)
IXoY) = (0X)oY +Xo (JY) (6)
(X®Y) = X)®2Y +X®(dY) (7)
IXh = -XHox)X! (8)
d(det(X)) = det(X)Tr(X '0X) (9)
d(In(det(X))) = Tr(X '9X) (10)
oxT = (ox)T (11)
ox = (ax)H (12)

2.1 Derivatives of a Determinant

2.1.1 General form

0 det(Y)

o = det(Y)Tr [Y 18‘1

ox

2.1.2 Linear forms

ddet(X) .
9 det(AXB)

X = det(AXB)(X )T = det(AXB)(XT)~!
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2.2 Derivatives of an Inverse 2 DERIVATIVES

2.1.3 Square forms
If X is square and invertible, then

0 det(XTAX)

_ T -T
X = 2det(XTAX)X

If X is not square but A is symmetric, then

ddet(XTAX)

X =2det(XTAX)AX(XTAX) !

If X is not square and A is not symmetric, then

9 det(XTAX)

X = det(XTAX)(AX(XTAX) ™ + ATX(XTATX)™Y)  (13)

2.1.4 Other nonlinear forms

Some special cases are (See [8, 7])

alndeatgz(TX)\ _ ax )T

alnd;;g(TX) R

81n|(;1;3(t(X)\ (XN = (X))
adeati)(cxk) = kdet(X")XT

2.2 Derivatives of an Inverse

From [19] we have the basic identity

from which it follows
a(g);_)kl = (XX
7‘9"@;{_% = X Tab"X 7
7‘9(162(;;_1) — —det(X (X7
7@%(%?—13) = —(X'BAX )T
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2.3 Derivatives of Matrices, Vectors and Scalar Forms

2 DERIVATIVES

2.3 Derivatives of Matrices, Vectors and Scalar Forms

2.3.1 First Order

OxTa _ daTx
ox - ox
0a’Xb T
5 S
0aTXTh T
X ba
OaTXa B 0aTXTa
ox oX
0X -
8Xij
O(XA)i; _
0K, DB
OXTA)y;
Tox... Sin(A)mj

2.3.2 Second Order

(9)2 - Z Xlemn

i klmn
bTXTXc
0X
9(Bx +b)TC(Dx + d)
0x
3(XTBX)M
90X,
8(XTBX)
0X;;

aa

(J7"A)ij

(J™A )45

2 Z Xy
kl

X (bc! 4 cb?)

B”C(Dx +d) + D"C"(Bx +b)

61 (XTB) i + 0r; (BX)

X"BJY + J'BX

(J9) 1y = Girdii

See Sec 8.2 for useful properties of the Single-entry matrix J%

OxTBx

ox

obTXTDXc

0X

0X

i(Xlo +¢)TD(Xb +¢)

(B+B")x
D”Xbc” + DXcb”

(D +D”)(Xb + c)b”
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2.3 Derivatives of Matrices, Vectors and Scalar Forms 2 DERIVATIVES

Assume W is symmetric, then

%(x —As)TW(x - As) = —2ATW(x — As)
%(x -s)"W(x—s) = —2W(x—s)

%(x —As)TW(x — As) = 2W(x — As)

%(x —As)TW(x —As) = —2W(x — As)sT

2.3.3 Higher order and non-linear

a T~nyp — r\T T n—1—r\T
oxd X'b= ;(X) ab” (X ) (14)
9 n—1
7aT(Xn)Tan — [anlfrabT(Xn)TXr
0X —
+(}(T)T}(nabT()(nflfr)T} (15)

See B.1.1 for a proof.
Assume s and r are functions of x, i.e. s = s(x),r = r(x), and that A is a
constant, then

d . [os]" o [or
a—xs Ar = [(%J Ar +s A[(%J

2.3.4 Gradient and Hessian

Using the above we have for the gradient and the hessian

f = xTAx+bTx
szg = (A+AD)x+Db
* ox
*f T
oxoxT AtA
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2.4 Derivatives of Traces

2 DERIVATIVES

2.4 Derivatives of Traces

2.4.1 First Order

0

9 T

9 T
X Tr(X*A)

9 T

2.4.2 Second Order

aiXTr(XQ)
aiXTr(X2B)
%Tr(XTBX)
%Tr(XBXT)

%Tr(AXBX)
aiXTr(XTX)
a%Tr(BXXT)
aiXTr(BTXTCXB)
aiXTr [X"BXC]
)

7 T
7% H(AXBX'C)

é%ﬂﬂAXb+chXb+@ﬂ

See [7].

AT
ATBT

BA

2x”

(XB +BX)”

BX +B’X

XB” + XB

ATXTBT + BTXTAT
2X

(B+B")X
C'XBB” + CXBB”
BXC +B'xXC”
ATCTXB” + CAXB

2AT(AXD +c)b”

(16)
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2.5 Derivatives of Structured Matrices 2 DERIVATIVES

2.4.3 Higher Order

0

—=Tr(XF) = k(XFHT
7x (X") ( )
9 k—1
v k _ I k—r—1\T
x Tr(AX") ;(X AX )
2 Tr [BTX"CXX"CXB] = CXX"CXBB”
+CTXBBTXTCTX
+CXBB X"CxX
+CTxXxX’cTXBB”
2.4.4 Other
)

8—XTr(AX’1B) = (X'BAX )T = _X"TATBTX T

Assume B and C to be symmetric, then

iTr[(XTCX)*lA] = —(CX(XTCX) (A + AT)(XTCX) !

X
aiXTr[(XTCX)*l(XTBX)} = 2CX(XTCX) 'XTBX(XTCX) !
+2BX(XTCX) !
See [7].

2.5 Derivatives of Structured Matrices

Assume that the matrix A has some structure, i.e. symmetric, toeplitz, etc.
In that case the derivatives of the previous section does not apply in general.
Instead, consider the following general rule for differentiating a scalar function

f(A)

0A

df of 8Akl_,HH8fr HA

dAy; ~ 4= DAy 0A; DA,

The matrix differentiated with respect to itself is in this document referred to
as the structure matriz of A and is defined simply by

0A

— S§W
aAij

If A has no special structure we have simply S¥ = J¥, that is, the structure
matrix is simply the singleentry matrix. Many structures have a representation
in singleentry matrices, see Sec. 8.2.6 for more examples of structure matrices.
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2.5 Derivatives of Structured Matrices 2 DERIVATIVES

2.5.1 The Chain Rule

Sometimes the objective is to find the derivative of a matrix which is a function
of another matrix. Let U = f(X), the goal is to find the derivative of the

function g(U) with respect to X:
99(U) _ 99(f(X))

0X 0X
Then the Chain Rule can then be written the following way:

9g(U) _ 9¢(U) _ 99(U) dui

Using matrix notation, this can be written as:

d9(U) 0g(U) ; OU
0X;,; =T oU )Taxij]

2.5.2 Symmetric
If A is symmetric, then S¥ = J¥ + JJ* — J¥J% and therefore

S 31 2] o3
dA ~ |9A| " |9A &1 9A

That is, e.g., ([5], [20]):

OTr(AX) .
T = A+A — (AOI), see (23)
Ddet(X) S et
o = (X)X — (X oT))
dlndet(X) 1 4

2.5.3 Diagonal
If X is diagonal, then ([13]):

2.5.4 Toeplitz

(17)

(18)

(19)

(23)

Like symmetric matrices and diagonal matrices also Toeplitz matrices has a
special structure which should be taken into account when the derivative with

respect to a matrix with Toeplitz structure.
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2.5 Derivatives of Structured Matrices 2 DERIVATIVES

OTr(AT)

24
T (24)
OTr(TA)
N oT
Tr(A) Te((AT )1 (AT 1] —1,2) Ap1
Te((AT]1,)) Tr(A)
= Te(((AT ) 1n]2,m 1) - Te(((AT 1] 1,2)
: . - : Tr((AT],1)
Aln Tr([AT 1002, n—1)  Tr(1AT]1,) Tr(A)
= a(A)

As it can be seen, the derivative at(A) also has a Toeplitz structure. Each value
in the diagonal is the sum of all the diagonal valued in A, the values in the
diagonals next to the main diagonal equal the sum of the diagonal next to the
main diagonal in A”. This result is only valid for the unconstrained Toeplitz
matrix. If the Toeplitz matrix also is symmetric, the same derivative yields

OTr(AT)  O0Tr(TA)
oT B oT
= a(A)+a(A)T —a(A)olI (25)
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3 INVERSES

3 Inverses

3.1 Basic
3.1.1 Definition
The inverse A~' of a matrix A € C"*" is defined such that

AATT=ATTA =T, (26)
where I is the n x n identity matrix. If A™" exists, A is said to be nonsingular.
Otherwise, A is said to be singular (see e.g. [9]).
3.1.2 Cofactors and Adjoint

The submatriz of a matrix A, denoted by [A];; is a (n — 1) x (n — 1) matrix
obtained by deleting the ith row and the jth column of A. The (i,7) cofactor
of a matrix is defined as

cof(A,i,7) = (—1)" det([A];;), (27)
The matriz of cofactors can be created from the cofactors

cof(A,1,1) - cof(A,1,n)

cof(A) = cof(A, 1, j) (28)
cof(A,n,1) - cof(A,n,n)

The adjoint matrix is the transpose of the cofactor matrix

adj(A) = (cof(A))", (29)

3.1.3 Determinant

The determinant of a matrix A € C"*" is defined as (see [9])

det(A) = Zn:(—l)jHAU det ([A]1;)

j=1

ZH:AleOf(A, l,j) (30)

j=1

3.1.4 Construction

The inverse matrix can be constructed, using the adjoint matrix, by

Al =

det(A) adj(A) (31)
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3.2 Exact Relations 3 INVERSES

3.1.5 Condition number

The condition number of a matrix ¢(A) is the ratio between the largest and the
smallest singular value of a matrix (see Section 5.2 on singular values),

s

A =T

The condition number can be used to measure how singular a matrix is. If the
condition number is large, it indicates that the matrix is nearly singular. The
condition number can also be estimated from the matrix norms. Here

c(A) = [|A] - A7, (32)

where || - || is a norm such as e.g the 1-norm, the 2-norm, the co-norm or the
Frobenius norm (see Sec 9.4 for more on matrix norms).

3.2 Exact Relations
3.2.1 The Woodbury identity

(A+CBCT) '=A"'-A"'CcB'+CTA!C)ICTA!
If P, R are positive definite, then (see [22])

P '+B'R'B)"'B"R! =PBT(BPB” +R)!

3.2.2 The Kailath Variant

(A+BC)'=A"1'-A'B@I+CA'B)'cA!
See [4] page 153.

3.2.3 The Searle Set of Identities
The following set of identities, can be found in [17], page 151,
I+A HP=AA+T)!
(A+BBT)"'B=A"'B(I+BTA!'B)"!
(A7'+B)"'=AA+B)"'B=B(A+B)'A
A-AA+B)'A=B-B(A+B)'B
A'+B'=A"1'A+B)B™!
I+AB)"'=1-A(I+BA)"'B
(I+AB)'A=A(I+BA)™!
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3.3 Implication on Inverses 3 INVERSES

3.3 Implication on Inverses

(A+B)'=A"14+B! = AB'A=BA'B
See [17].

3.3.1 A PosDef identity
Assume P, R to be positive definite and invertible, then
P +B'R'B)"'B"R! = PBT(BPB” + R)"!

See [22].
3.4 Approximations

I+A) P =T-A+A% A%+ ..
A-AT+A)TA=T- A if A large and symmetric

If 02 is small then

(Q +0'2M)71 o Qfl _ 02Q71MQ71

3.5 Generalized Inverse
3.5.1 Definition

A generalized inverse matrix of the matrix A is any matrix A~ such that (see

[18])
AATA=A

The matrix A~ is not unique.

3.6 Pseudo Inverse
3.6.1 Definition

The pseudo inverse (or Moore-Penrose inverse) of a matrix A is the matrix AT
that fulfils

I AATA=A

IT ATAAT = AT
111 AA™T symmetric
v AT A symmetric

The matrix AT is unique and does always exist.

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: FEBRUARY 16, 2006, Page 17



3.6 Pseudo Inverse 3 INVERSES

3.6.2 Properties
Assume AT to be the pseudo-inverse of A, then (See [3])

(AH)F = A
(AT = (AT
(cA)" = (/A"
(ATA)JF — A+(AT)+
(AAT)" = (AT)*A*
Assume A to have full rank, then
(AAT)(AAT) = AAT
(ATA)YATA) = ATA
Tr(AAT) = rank(AAT) (See [18])
Tr(ATA) = rank(ATA) (See [18])

3.6.3 Construction
Assume that A has full rank, then

A nxn Square rank(A)=n = At=A"!
A nxm Broad rank(A)=n = AT =AT(AAT)"!
A nxm Tall rank(A)=m = AT =(ATA)"1AT

Assume A does not have full rank, i.e. A isnxm and rank(A) = < min(n,m).
The pseudo inverse A1 can be constructed from the singular value decomposi-
tion A = UDVT, by

AT =vDtU”

A different way is this: There does always exists two matrices C n x r and D
r x m of rank r, such that A = CD. Using these matrices it holds that

AT =DT(DD")"(cTc)"'cT

See [3].
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4 COMPLEX MATRICES

4 Complex Matrices

4.1 Complex Derivatives

In order to differentiate an expression f(z) with respect to a complex z, the
Cauchy-Riemann equations have to be satisfied ([7]):

df(z) _ OR(f(2)) | .0S(f(2)

dz =~ Rz + oORz (33)
and W) ORUE) | S
z . z ) zZ
iz~ a3, T o3 (34)
or in a more compact form:
of(z)  .0f(2)
932 s (35)

A complex function that satisfies the Cauchy-Riemann equations for points in a
region R is said yo be analytic in this region R. In general, expressions involving
complex conjugate or conjugate transpose do not satisfy the Cauchy-Riemann
equations. In order to avoid this problem, a more generalized definition of
complex derivative is used ([16], [6]):

e Generalized Complex Derivative:

df(z) _1,0f(z) .0f(2)

dz ’5(63% 718%2) (36)
e Conjugate Complex Derivative

df(z) _100f(z)  .0f(2)

o~ tiass ) (37)

The Generalized Complex Derivative equals the normal derivative, when f is an
analytic function. For a non-analytic function such as f(z) = z*, the derivative
equals zero. The Conjugate Complex Derivative equals zero, when f is an
analytic function. The Conjugate Complex Derivative has e.g been used by [14]
when deriving a complex gradient.

Notiee: i), 0F) | Of(:)
zZ z . z
dz 7 ORz Tt 03z

e Complex Gradient Vector: If f is a real function of a complex vector z,
then the complex gradient vector is given by ([11, p. 798])

df (2)

(38)

Vi) = 29 (39)
0f(z) .0f(z)
Rz 9%z
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4.1 Complex Derivatives 4 COMPLEX MATRICES

e Complex Gradient Matrix: If f is a real function of a complex matrix Z,
then the complex gradient matrix is given by ([2])

df (Z)

vz = T (40
of(Z) .0f(Z)
= owz o3z

These expressions can be used for gradient descent algorithms.

4.1.1 The Chain Rule for complex numbers

The chain rule is a little more complicated when the function of a complex
u = f(x) is non-analytic. For a non-analytic function, the following chain rule
can be applied ([7])

dg(u) _ Og Ou g Ou” (41)
ox oudx  Ou* Ox
_ 990u (89*>*3u*
- Oudz ou ox

Notice, if the function is analytic, the second term reduces to zero, and the func-
tion is reduced to the normal well-known chain rule. For the matrix derivative
of a scalar function g(U), the chain rule can be written the following way:
og(U 9g(U *
09(U)  Tr((ZIHTou)  Tr((Z2)TouU)

X X + X (42)

4.1.2 Complex Derivatives of Traces

If the derivatives involve complex numbers, the conjugate transpose is often in-
volved. The most useful way to show complex derivative is to show the derivative
with respect to the real and the imaginary part separately. An easy example is:

OTr(X*)  oTr(X")

OMX — ORX I (43)
OTr(X*)  oTx(XY)
B™xX L aex ! (44)

Since the two results have the same sign, the conjugate complex derivative (37)
should be used.

OTr(X)  0Tr(X7")

X~ omx (45)
OTr(X)  oTx(X")
Tex ~aex - ! (46)

Here, the two results have different signs, the generalized complex derivative
(36) should be used. Hereby, it can be seen that (16) holds even if X is a
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4.1 Complex Derivatives 4 COMPLEX MATRICES

complex number.

oTr(AX™)
ORX = A “n
OTr(AXY)
—ex . — A (48)
oTr(AX™)  r
“oax - A (49)
OTr(AX™)
P S (50)
oTr(XX")  om(X"X)
ORX  ORX = X (51)
OTe(XX?)  om(XPX)
T S5 ¢ = 29X (52)

By inserting (51) and (52) in (36) and (37), it can be seen that

oTr(XX") .,

—x =X (53)
oTr(XX")

—ox X (54)

Since the function Tr(XX*) is a real function of the complex matrix X, the
complex gradient matrix (40) is given by

ITr(XXH)

Hy _
VI (XXT) = 25—

= 2X (55)

4.1.3 Complex Derivative Involving Determinants

Here, a calculation example is provided. The objective is to find the derivative
of det(X* AX) with respect to X € C™*". The derivative is found with respect
to the real part and the imaginary part of X, by use of (9) and (5), det(X” AX)
can be calculated as (see Sec. B.1.2 for details)

ddet(X"AX) 1 (8det(XHAX) - ,8det(XHAX))
09X -2 ORX TTsX
= det(X7AX)((X7TAX)'X7A)" (56)
and the complex conjugate derivative yields
ddet(X"AX) 1 <8det(XHAX) N .8det(XHAX))
X" ) aRX TTTaSX
= det(XTAX)AX(XH AX)™! (57)
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5 DECOMPOSITIONS

5 Decompositions

5.1 Eigenvalues and Eigenvectors
5.1.1 Definition

The eigenvectors v and eigenvalues A are the ones satisfying
AV,L' = )\LVL
AV = VD, (D)ZJ = 61’]’)\1‘

where the columns of V are the vectors v;

5.1.2 General Properties

eig(AB) = eig(BA)
Aisnxm = At most min(n,m) distinct \;
rank(A) =r = At most r non-zero \;

5.1.3 Symmetric

Assume A is symmetric, then

vvl =1 (i.e. V is orthogonal)
A€ R (i.e. A; is real)
Tr(AP) = YA
eig(I+cA) = 14c\
eig(A—cl) = N\ —c
eig(A™h) = At

For a symmetric, positive matrix A,

cig(ATA) = eig(AAT) = eig(A) o eig(A) (58)

5.2 Singular Value Decomposition

Any n x m matrix A can be written as
A =UDV”

where
= eigenvectors of AAT nxn

diag(eig(AAT)) nxm
= eigenvectors of ATA m xm

<oc
[
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5.2 Singular Value Decomposition 5 DECOMPOSITIONS

5.2.1 Symmetric Square decomposed into squares
Assume A to be n x n and symmetric. Then
— T
[A]=[V][D][V"]
where D is diagonal with the eigenvalues of A and V is orthogonal and the
eigenvectors of A.
5.2.2 Square decomposed into squares
Assume A € R™*"™. Then
_ T
[A]=[V][D][U"]
where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.
5.2.3 Square decomposed into rectangular

Assume V,D,UT = 0 then we can expand the SVD of A into

[Al=[vIv.] o] [or]

*

where the SVD of A is A = VDUT.

5.2.4 Rectangular decomposition I
Assume A isn xXxm
[ A J=[VI][D][ U" ]

where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.

5.2.5 Rectangular decomposition II

Assume A isn xm
[ A ]=[ v ]| D u”
5.2.6 Rectangular decomposition III
Assume A isn xm
[ A ]=[V][ D ]| U

where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: FEBRUARY 16, 2006, Page 23



5.3 Triangular Decomposition 5 DECOMPOSITIONS

5.3 Triangular Decomposition
5.3.1 Cholesky-decomposition

Assume A is positive definite, then
A=B'B

where B is a unique upper triangular matrix.
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6 STATISTICS AND PROBABILITY

6 Statistics and Probability

6.1 Definition of Moments

Assume x € R™*! is a random variable

6.1.1 Mean

The vector of means, m, is defined by
(m); = (z;)

6.1.2 Covariance

The matrix of covariance M is defined by

(M)ij = ((wi = (@) (25 — (;)))

or alternatively as

6.1.3 Third moments

The matrix of third centralized moments — in some contexts referred to as
coskewness — is defined using the notation

m) = (@i — (2:)(@; — (2;) 2k — (@)

as
M; = {m(‘?m(?m(?;g

where ;" denotes all elements within the given index. M3 can alternatively be
expressed as
M; = ((x —m)(x —m)" ® (x —m)")

6.1.4 Fourth moments

The matrix of fourth centralized moments — in some contexts referred to as
cokurtosis — is defined using the notation

min = (@i — (@) (25 — (&) @r — (@) (@ — (1))

as

(

M, = Bty 8y

m.1M01---

4 4 4 4 4
1)2m(2)2m(722||m(1)nm(2)nm(§1)n:|

or alternatively as

M, = ((x — m)(x —m)” @ (x —m)” @ (x —m)")
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6.2 Expectation of Linear Combinatidins STATISTICS AND PROBABILITY

6.2 Expectation of Linear Combinations
6.2.1 Linear Forms

Assume X and x to be a matrix and a vector of random variables. Then (see
See [18])
E[AXB+C]=AEX|B+C

Var[Ax] = AVar[x]AT
Cov[Ax, By] = ACov[x,y|B”

Assume x to be a stochastic vector with mean m, then (see [7])

E[Ax+b] = Am+b
E[Ax] = Am
Ex+b] = m+b

6.2.2 Quadratic Forms

Assume A is symmetric, ¢ = E[x] and ¥ = Var[x]. Assume also that all
coordinates x; are independent, have the same central moments 1, 2, ti3, t4
and denote a = diag(A). Then (See [18])

ExTAx] = Tr(AZ) + ¢’ Ac

Var[x” Ax] = 2u5Tr(A?) + 4poc” A%c + 4usc” Aa + (ug — 3p3)a’a

Also, assume x to be a stochastic vector with mean m, and covariance M. Then
(see [7])

E[(Ax+a)(Bx+b)T] = AMB? 4 (Am + a)(Bm + b)”
Exx'] = M+ mm”
E[xaTx] = M+ mmT)a
ExTax”] = a’(M+mm")
E[(Ax)(Ax)T] = AM+mm”)AT
El(x+a)(x+a)’] = M+ (m+a)(m+a)’

E[(Ax +a)" (Bx + b) = Tr(AMB?) + (Am +a)”(Bm + b)

[ x| = Tr(M)+m’m
E[(Ax)T(Ax)] = Tr(AMAT)+ (Am)"(Am)

J (
] (
E[xT Ax] Tr(AM) + m” Am
)] (
E[(x+ a)T(x + a)l Tr(M) + (m + a)” (m + a)

See [7].
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6.3 Weighted Scalar Variable 6 STATISTICS AND PROBABILITY

6.2.3 Cubic Forms

Assume x to be a stochastic vector with independent coordinates, mean m,
covariance M and central moments vz = E[(x — m)3]. Then (see [7])

E[(Ax+a)(Bx +b)'(Cx+c)] = Adiag(B'C)vs
+Tr(BMCT)(Am + a)
+AMCT (Bm + b)
+(AMB7 + (Am + a)(Bm + b)”)(Cm + ¢)
Exx'x] = v3+2Mm + (Tr(M) + m”m)m
E[(Ax+a)(Ax+a)"(Ax+a)] = Adiag(ATA)v;
+2AMAT + (Ax + a)(Ax +a)"](Am + a)
+Tr(AMAT)(Am + a)

E[(Ax +a)b"(Cx +c)(Dx+d)!'] = (Ax+a)b’(CMD? + (Cm + c¢)(Dm +d)7)
+(AMCT + (Am + a)(Cm + ¢)")b(Dm + d)”
+b”(Cm + ¢)(AMD” — (Am + a)(Dm +d)?)

6.3 Weighted Scalar Variable

Assume x € R™*! is a random variable, w € R™*! is a vector of constants and
y is the linear combination y = w’x. Assume further that m, My, M3, M,
denotes the mean, covariance, and central third and fourth moment matrix of
the variable x. Then it holds that

= WTIII

WTM2W
wiMsw @ w
= WMwWROWRW

(y
<(y (y)?
y>)3
)

=
@
o~
\/\/\/\/

—~
—~
@

—~
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7 GAUSSIANS

7 (Gaussians

7.1 Basics
7.1.1 Density and normalization

The density of x ~ N(m, X) is

*;ex flemT “l(x—m
PO = s e |~ e m) " o m

Note that if x is d-dimensional, then det(27X) = (27)¢ det(X).

Integration and normalization

/exp {—;(x —m)"EZ " (x - m)} dx = \/det(27X)

/ exp |:;XTAX + bTx} dx = \/det(2rA—1) exp BbTAlb]

/exp [—;Tr(STAS) + I&(BTS)} dS = /det(2rA~1) exp BTr(BTA‘lB)}

The derivatives of the density are

W) )2 x— m)
2
76:382T =p(x) (2*1(x —m)(x-—m)'x"! - 2*1)

7.1.2 Marginal Distribution

Assume x ~ Nx(p, X) where
_ | Xa _ | Ma _ | Za
(] (2] (3

p(Xa) = N, (Bg,Z0)
p(xb) = Nxb(/'l’baxb)

then

7.1.3 Conditional Distribution

Assume x ~ Ny (i, X) where

Xq 1 X
<lel eeli] =15
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7 GAUSSIANS

7.1 Basics

then
P(Xal%5) = N, (j1a, a) {gi - gféﬁbb_llg%—ub)
p(xp]%a) = Ny (f10, ) {gz - ;@fi%ilfg‘j‘““)

7.1.4 Linear combination
Assume x ~ N (m,,X,) and y ~ N (m,,X,) then
Ax+ By +c~N(Am, + Bm, +c¢,AX,A” + BE,B”)

7.1.5 Rearranging Means

Nax[m, 2] = \/det(%é:;f;)A) " N [ATm, (AT 1A)]

7.1.6 Rearranging into squared form
If A is symmetric, then

1 1 1
——xTAx+bTx = —§(x —A D) TAx— A b))+ 5loTA—llo
1 1
——Tr(XTAX)+Tr(BTX) = —iTr[(X—A‘lB)TA(X—A‘lB)]+§Tr(BTA‘1B)
7.1.7 Sum of two squared forms
In vector formulation (assuming X, 3o are symmetric)
1 Ty—1
—5(x—my)" 3y (x —my)
1 _
—*(X — mg)TEz 1(X — 1’112)

= —l(x — mC)TZ];l(x —m.)+C

221 _ 21—1 +22—1
m, = (TP +EH)7NE M my + 25 my)
1
C = =" +mis ) (ET + 27073 ' my + 35 'm,)

2
1
—5 (mlTﬁll_lml + ngglmg)
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7.2 Moments 7 GAUSSIANS

In a trace formulation (assuming X, ¥y are symmetric)
1 _
S TH(X — My)TET (X - M)
1 _
S TH(X — M) 55 (X~ My))

_ —%Tr[(X ~M)TE X - M)+ C

Ec—l _ 21_1+E2_1
Mo = (B0 +3,1) 7 (2 M+ 5, M)
1
C = ST[ETM+ 27 M) (B + 577 ST M + 37 My)

1
fiTr(MlTZ)l_lMl + MZI3; M)

7.1.8 Product of gaussian densities

Let Nx(m, X) denote a density of x, then
Nx(mb 21) : Nx(m27 22) = Cch(mm Ec)

ce = Nm,(mg, (3] + 35))
1 1 . B
= ex ——(m; — m > +2 m: — m
Vdet(27m(E1 + X)) P 2( 1 2)" (E1 2)” (my 2)
m. = (74207 m + 25 my)
Ec = (21_1+22—1)—1

but note that the product is not normalized as a density of x.

7.2 Moments

7.2.1 Mean and covariance of linear forms
First and second moments. Assume x ~ A (m, )

E(x) =m

Cov(x,x) = Var(x) = £ = B(xx") — Bx)E(x") = E(xx") — mm?
As for any other distribution is holds for gaussians that
E[AX] = AE[X
Var[Ax] = AVar[x]AT
Cov[Ax, By] = ACov[x, y|B”
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7.2 Moments 7 GAUSSIANS

7.2.2 Mean and variance of square forms

Mean and variance of square forms: Assume x ~ A (m, X)

ExxT) = Y+ mmT
ExTAx] = Tr(AX)+m”Am

Var(x"Ax) = 20'Tr(A?) +40°m” A’m
] = m-m)TA(m-m')+Tr(AX)

Assume x ~ N(0,0%I) and A and B to be symmetric, then

Cov(x” Ax,x"Bx) = 20'Tr(AB)
7.2.3 Cubic forms
Exb"xx"] = mb’ (M +mm?”)+ (M +mm”)bm”
+b"m(M — mm™)

7.2.4 Mean of Quartic Forms

ExxTxxT] = 2(Z+mm”)? + m"m(Z - mm”)
+Tr(Z)(E + mm?)
Exx"Axx"T] = (Z+mm”)(A +AT)(Z 4+ mm7)
+m?Am(Z — mm”) + TH{AZ(Z + mm’))
ExTxxTx] = 2Tr(Z?) +4m”Tm + (Tr(X) + m" ' m)?
ExTAxx"Bx] = Tr[AXB+B")Z] + m” (A +AT)Z(B +B")m

+(Tr(AE) + m” Am)(Tr(BE) + m” Bm)

ElaTxb?xcTxd"x]
= (@72 + mm”)b)(c’(Z + mm7T)d)
+@" (= + mmT)c)(b”(Z + mmT)d)
+@" (= + mm”)d)(bT (X + mm7T)c) — 2a’ mb” mc”’ md" m

E[(Ax +a)(Bx +b)"(Cx + ¢)(Dx + d)7]

= [AZB” + (Am + a)(Bm + b)7][CED” + (Cm + ¢)(Dm + d)”]
+[AXCT + (Am + a)(Cm + ¢)7][ BED” + (Bm + b)(Dm + d)”]
+(Bm +b)"(Cm + ¢)[AZD? — (Am + a)(Dm + d)7]
+Tr(BECT)[AED” + (Am + a)(Dm +d)”]
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7.3  Miscellaneous 7 GAUSSIANS

E[(Ax +a)T(Bx + b)(Cx + ¢)* (Dx + d)]

= Tr[AZ(C'D + D?C)=B”]
+[(Am +a)"B + (Bm + b)" A]Z[CT (Dm + d) + D" (Cm + ¢))
+[Tr(AZB?) + (Am + a)” (Bm + b)][Tr(CED?) + (Cm + ¢)” (Dm + d)]

See [7].

7.2.5 Moments
Ex] = Zpkmk
k

Cov(x) = Z Z prpr (S + mpmj — mymj,)
ko k!

7.3 Miscellaneous
7.3.1 Whitening
Assume x ~ N (m, X) then

z=3%"12(x —m) ~ N(0,1)
Conversely having z ~ N(0,I) one can generate data x ~ A (m,X) by setting
x=3"2z4+m~N(m,X)

Note that /2 means the matrix which fulfils 3/231/2 = 3 and that it exists
and is unique since X is positive definite.

7.3.2 The Chi-Square connection
Assume x ~ N (m, ) and x to be n dimensional, then
z=(x-m)TEZ 7 (x—m)~ 32

where x2 denotes the Chi square distribution with n degrees of freedom.

7.3.3 Entropy

Entropy of a D-dimensional gaussian

H(x)=— /N(m, ) In N (m, X)dx = In y/det(27X) + g

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: FEBRUARY 16, 2006, Page 32



7.4 Mixture of Gaussians 7 GAUSSIANS

7.4 Mixture of Gaussians
7.4.1 Density

The variable x is distributed as a mixture of gaussians if it has the density

1 -
—i(x — mk)TEkl(x — mk)

Zpk«/det Qrsy) P

where p sum to 1 and the Xy all are positive definite.

7.4.2 Derivatives
Defining p(s) = Y, prNa(12y, ) one get

dInp(s) piNs(p;, 25) 0
B — In[p;Na(p;, 25
Op; >k PeNs (1, i) Op; n[piNs(pj: 35)]
JNS(/'Ljvzj) i
> PiNs (b ) £
dInp(s) piNs(p;, ;) 9
- — In[p;Ns(p;, 3,
o > PENs (1, k) O n[piNs(p;, 35)]
pJNS(/l‘jvzj) 1
= 72 _
Ekpst(Nk,Ek)[ k (S /J’k)]
O1np(s) piNe(p;, B5) 0
- 1 (s, 3
azj Zk pst(H/k, Ek) ox [pJN (I'I’J J)]
ijS(:u'jvzj) }
2

>k NS (1, i)

But pr and ¥j needs to be constrained.

[Ej D s s —py) 2]
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8 SPECIAL MATRICES

8 Special Matrices

8.1 Units, Permutation and Shift
8.1.1 Unit vector
Let e; € R™*! be the ith unit vector, i.e. the vector which is zero in all entries

except the ¢th at which it is 1.

8.1.2 Rows and Columns

ithrowof A = elA

K2

j.th column of A = Ae;

8.1.3 Permutations

Let P be some permutation matrix, e.g.

0 1 0 el
P=(1 00 :[62 e eg]: elT
0 0 1 el
For permutation matrices it holds that
PP’ =1
and that
elA
AP = [ Ae; Ae; Aeg ] PA = e?A
elA
3

That is, the first is a matrix which has columns of A but in permuted sequence
and the second is a matrix which has the rows of A but in the permuted se-
quence.

8.1.4 Translation, Shift or Lag Operators

Let L denote the lag (or ’translation’ or ’shift’) operator defined on a 4 x 4
example by

0 0 0O
10 0 0
L_OIOO
0010

i.e. a matrix of zeros with one on the sub-diagonal, (L);; = 0; j+1. With some
signal z; for t = 1, ..., N, the n.th power of the lag operator shifts the indices,
ie.
0 for t=1,..,n
n _ PRRS)
(L"), = { Ti—p for t=n+1,...,N
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8.2 The Singleentry Matrix 8 SPECIAL MATRICES

A related but slightly different matrix is the 'recurrent shifted’ operator defined
on a 4x4 example by

=

I
OO = O
o R OO
_= o OO
oo o

i.e. a matrix defined by (I:)U = 0ij+1 + 0i16j aim)- On a signal x it has the
effect .
(L"x); =z, t =[(t—n) mod N]+1

That is, L is like the shift operator L except that it 'wraps’ the signal as if it
was periodic and shifted (substituting the zeros with the rear end of the signal).
Note that L is invertible and orthogonal, i.e.

L'=1L"

8.2 The Singleentry Matrix
8.2.1 Definition

The single-entry matrix J¥ € R"*" is defined as the matrix which is zero
everywhere except in the entry (4,7) in which it is 1. In a 4 x 4 example one
might have

0000
3 | 0 0 10
T =10 00 0

0000

The single-entry matrix is very useful when working with derivatives of expres-
sions involving matrices.
8.2.2 Swap and Zeros

Assume A to be n x m and J¥ to be m x p
AJ7=]0 0 ... A; ... 0]

i.e. an n X p matrix of zeros with the i.th column of A in place of the j.th
column. Assume A to be n x m and J¥ to be p x n

0

[« IECIIRY

JIiA=| A

o%.
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8.2 The Singleentry Matrix 8 SPECIAL MATRICES

i.e. an p X m matrix of zeros with the j.th row of A in the placed of the i.th
rOw.

8.2.3 Rewriting product of elements

AikBlj = (ATeieTBT kl =

8.2.4 Properties of the Singleentry Matrix

Ifi=j
JUJu = Ju (Jij)T(Jij)T — Ji

Jij(Jij)T — Jij (JZ])TJ?] _ Jij

Ifij

Jij(Jij)T _ Ji (Jz‘j)TJij — Jii
8.2.5 The Singleentry Matrix in Scalar Expressions
Assume A isn x m and J is m X n, then
Tr(AJY) = Tr(JYA) = (AT);;
Assume A isn xn, Jisn x m and B is m x n, then
Tr(AJYB) = (ATBT),;
Tr(AJB) = (BA),
Tr(AJYJYB) = diag(ATB”),;
Assume A isn x n, J¥ is n x m B is m x n, then
xTAJBx = (ATxx"BT),;

xTAJY9J9Bx = diag(ATxxTBT)ij
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8.3 Symmetric and Antisymmetric 8 SPECIAL MATRICES

8.2.6 Structure Matrices

The structure matrix is defined by

0A _gii
3A1-j
If A has no special structure then
SV =J9

If A is symmetric then

SY = Ji 4 39t — JH 34
8.3 Symmetric and Antisymmetric
8.3.1 Symmetric
The matrix A is said to be symmetric if

A =A"

Symmetric matrices have many important properties, e.g. that their eigenvalues
are real and eigenvalues orthogonal.
8.3.2 Antisymmetric

The antisymmetric matrix is also known as the skew symmetric matrix. It has
the following property from which it is defined

A=-AT

Hereby, it can be seen that the antisymmetric matrices always have a zero
diagonal. The n X n antisymmetric matrices also have the following properties.

det(AT) = det(—A) = (—1)"det(A)
—det(A) = det(—A)=0, ifnisodd

8.4 Vandermonde Matrices

A Vandermonde matrix has the form [12]

1 v vd - ot
1 vy v -0 it

v| 7" ] (59)
1 v, v2 - ot

The transpose of V is also said to a Vandermonde matrix. The determinant is
given by [21]

det V =] > j(vi —vy) (60)

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: FEBRUARY 16, 2006, Page 37



8.5 Toeplitz Matrices 8 SPECIAL MATRICES

8.5 Toeplitz Matrices

A Toeplitz matrix T is a matrix where the elements of each diagonal is the
same. In the n X n square case, it has the following structure:

t11 tiz o tin to 12 B, P
t Tl t :
T — 21 _ 1 (61)
. R t12 . t1
thy - t21 tnn t_(n-1)y - t-1  to

A Toeplitz matrix is persymmetric. If a matrix is persymmetric (or orthosym-
metric), it means that the matrix is symmetric about its northeast-southwest
diagonal (anti-diagonal) [9]. Persymmetric matrices is a larger class of matrices,
since a persymmetric matrix not necessarily has a Toeplitz structure. There are
some special cases of Toeplitz matrices. The symmetric Toeplitz matrix is given
by:

tO ty SRR P
T= 2 (62)
: . . t1
t(n-1)y -+ to
The circular Toeplitz matrix:
to 11 th—1
tn
Tc = (63)
: . . t1
t1 o o1 b
The upper triangular Toeplitz matrix:
o t1 -0 tpoa
™= " ] (64)
Doy
0 --- 0 to
and the lower triangular Toeplitz matrix:
to 0 0
T, = t-1 (65)
: 0
t_(n—1) t1 o
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8.5.1 Properties of Toeplitz Matrices

The Toeplitz matrix has some computational advantages. The addition of two
Toeplitz matrices can be done with O(n) flops, multiplication of two Toeplitz
matrices can be done in O(nlnn) flops. Toeplitz equation systems can be solved
in O(n?) flops. The inverse of a positive definite Toeplitz matrix can be found
in O(n?) flops too. The inverse of a Toeplitz matrix is persymmetric. The
product of two lower triangular Toeplitz matrices is a Toeplitz matrix. More
information on Toeplitz matrices and circulant matrices can be found in [10, 7].

8.6 The DFT Matrix

The DFT matrix is an N x N symmetric matrix W, where the k, nth element

is given by -
—j2nkn

Wkt =e™n (66)

Thus the discrete Fourier transform (DFT) can be expressed as
N-1
X(k)= > x(n)Wg" (67)
n=0
Likewise the inverse discrete Fourier transform (IDFT) can be expressed as
| N1
_ —kn
() = & ; X(kywy*. (68)

The DFT of the vector x = [x(0), z(1),--- ,z(N —1)]T can be written in matrix
form as

X = Wyx, (69)
where X = [X(0), X(1),--- ,2(N — 1)]7. The IDFT is similarly given as
x = Wy'X. (70)
Some properties of Wy exist:
Wy o= %W}‘V (71)
WyW3y = NI (72)
Wy = WX (73)
If Wy = e %", then [15]
Wt = —w (74)

Notice, the DFT matrix is a Vandermonde Matrix.
The following important relation between the circulant matrix and the dis-
crete Fourier transform (DFT) exists

To =Wy (Io(Wyt))Wy, (75)

where t = [to,t1,- -+ ,t,_1]7 is the first row of Tc.
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8.7 Positive Definite and Semi-definite Matrices
8.7.1 Definitions

A matrix A is positive definite if and only if
xT'Ax >0, Vx

A matrix A is positive semi-definite if and only if
xTAx > 0, Vx

Note that if A is positive definite, then A is also positive semi-definite.

8.7.2 Eigenvalues

The following holds with respect to the eigenvalues:

A pos. def. < eig(A)>0
A pos. semi-def. & eig(A) >0
8.7.3 Trace

The following holds with respect to the trace:

A pos. def. = Tr(A)>0
A pos. semi-def. = Tr(A)>0
8.7.4 Inverse

If A is positive definite, then A is invertible and A~! is also positive definite.

8.7.5 Diagonal
If A is positive definite, then A;; > 0, Vi

8.7.6 Decomposition I

The matrix A is positive semi-definite of rank r < there exists a matrix B of
rank r such that A = BB

The matrix A is positive definite < there exists an invertible matrix B such
that A = BB”
8.7.7 Decomposition IT

Assume A is an n X n positive semi-definite, then there exists an n X r matrix
B of rank r such that BTAB =1.
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8.7.8 Equation with zeros
Assume A is positive semi-definite, then X7TAX =0 = AX=0

8.7.9 Rank of product
Assume A is positive definite, then rank(BABT) = rank(B)

8.7.10 Positive definite property

If A is n x n positive definite and B is r x n of rank r, then BAB7 is positive
definite.

8.7.11 Outer Product

If X is n x r, where n < r and rank(X) = n, then XX7 is positive definite.

8.7.12 Small pertubations

If A is positive definite and B is symmetric, then A —¢B is positive definite for
sufficiently small ¢.

8.8 Block matrices

Let A;; denote the ijth block of A.

8.8.1 Multiplication

Assuming the dimensions of the blocks matches we have

{A11A12}{B11B12}
Agl ‘ A22 B21 ‘ B22

_ [ A11Bii + A1sBy | A1Bis + A1pByy
A3 Bi1 + A2xBoy ‘ A31Bi2 + AxBao

8.8.2 The Determinant
The determinant can be expressed as by the use of

C = A11—A12A2_21A21
Co = Ap—AyAjlAp

as

det ({ Au | Ar }) = det(Agz) - det(Cy) = det(Aq1) - det(Ca)
Aoy | Ag
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8.8.3 The Inverse

The inverse can be expressed as by the use of

C, = A —ApAL Ay
Cy = Agp—AyAlAp
as .
|: A11 A12 :| _ |: Cl_l ‘ —A1_11A12CQ_1 :|
Ao | Ay —C; A AL ‘ C;'
_ [ AL+ AT ALC  ALAL —ClAbA,, ]
—A, Ay ClY | Ay + AL Ay ClTARAS

8.8.4 Block diagonal

For block diagonal matrices we have
o] [ i
0 | Ay 0 | (Age)™"
A 0
det ({%ﬁ}) = det(All) : det(Agz)

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: FEBRUARY 16, 2006, Page 42



9 FUNCTIONS AND OPERATORS

9 Functions and Operators
9.1 Functions and Series
9.1.1 Finite Series
X"-DX-I) ' =T+X+X* ..+ X!

9.1.2 Taylor Expansion of Scalar Function

Consider some scalar function f(x) which takes the vector x as an argument.
This we can Taylor expand around xg

£ 2= x0) + (x0) (x — x0) + 5 (¢ — x0) " H(0) (¢ — x0)

where
af(x)

0x Ixo ~ oxoxT X0

g(xo) =

9.1.3 Matrix Functions by Infinite Series

As for analytical functions in one dimension, one can define a matrix function
for square matrices X by an infinite series

£(X) = i X"
n=0

assuming the limit exists and is finite. If the coefficients ¢, fulfils ) c,2™ < oo,
then one can prove that the above series exists and is finite, see [1]. Thus for
any analytical function f(x) there exists a corresponding matrix function f(x)
constructed by the Taylor expansion. Using this one can prove the following
results:

1) A matrix A is a zero of its own characteristic polynomium [1]:

p(A) =det(IX— A) =) "¢, \" = pA)=0

2) If A is square it holds that [1]
A=UBU ' = fA)=UfBU!
3) A useful fact when using power series is that

A" — Oforn — oo if A| <1
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9.1.4 Exponential Matrix Function

In analogy to the ordinary scalar exponential function, one can define exponen-
tial and logarithmic matrix functions:

A= S lanoqiagla
A = Z%ﬁ =T+A+ A%+
A = S L par—1oasla
N St
n=0
— 1
eh = Y (LA =T+tA+ S17A
n!
n=0

i
M8
=
=
I

>

1 1
InI+A) =A—§A2+§A3—

Some of the properties of the exponential function are [1]
eAeB = ATB if AB =BA
(eA)fl _ efA

%em = Ae!A = ¢tAA, teR

%Tr( A) = Tr(Ae')
det(e?) = T

9.1.5 Trigonometric Functions

) 0 nA2n+1 1 3 1 5
sin(A) = Z Gn T 1 —A—iA +§A -
e nAQn 1 1
cos(A) = Z =1- 2'A + EA‘*—...

9.2 Kronecker and Vec Operator
9.2.1 The Kronecker Product

The Kronecker product of an m X n matrix A and an r X ¢ matrix B, is an
mr X ng matrix, A ® B defined as

A11B A12B AlnB

A21B AQQB AgnB
A®B= ) .

AmiB AnB . An,B
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The Kronecker product has the following properties (see [13])

A(B+C) = AB+A®C
A®B # B®A
A B®C) = (A®B)®C
(asA ®apB) = asap(A®B)
(AeB)T = ATgBT
(A®B)(Ce®D) = AC®BD
(AoB)™' = A 'eB™!
rank(A ® B) = rank(A)rank(B)

)
Tr(A®B) = Tr(A)Tr(B)
det(A®B) = det(A)rank(B) det(B)rank(A)

9.2.2 The Vec Operator

The vec-operator applied on a matrix A stacks the columns into a vector, i.e.
for a 2 x 2 matrix

An
[ An Aw _ | Axn
A= { Ay As } veelA) =1y,
Aso
Properties of the vec-operator include (see [13])
vec(AXB) = (BT ® A)vec(X)
Tr(ATB) vec(A) vec(B)
vec(A+B) = vec(A) + vec(B)
vec(@wA) = «-vec(A)

9.3 Solutions to Systems of Equations
9.3.1 Existence in Linear Systems

Assume A is n X m and consider the linear system
Ax=Db
Construct the augmented matrix B = [A b] then

Condition Solution

rank(A) = rank(B) = Unique solution x
rank(A) = rank(B) < Many solutions x
rank(A) < rank(B) No solutions x

m
m
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9.3.2 Standard Square

Assume A is square and invertible, then

Ax=Db = x=A"1b

9.3.3 Degenerated Square
9.3.4 Over-determined Rectangular

Assume A to be n x m, n > m (tall) and rank(A) = m, then
Ax=b = x=(ATA)'ATb=A"b

that is if there exists a solution x at all! If there is no solution the following
can be useful:

Ax=Db = Xmin = ATb
Now Xin is the vector x which minimizes ||Ax — b||?, i.e. the vector which is

"least wrong”. The matrix A* is the pseudo-inverse of A. See [3].

9.3.5 Under-determined Rectangular
Assume A is n x m and n < m ("broad”).
Ax=Db = Xmin = AT(AAT)"1b

The equation have many solutions x. But x,,;, is the solution which minimizes
||Ax — b||? and also the solution with the smallest norm ||x||>. The same holds
for a matrix version: Assume A is n x m, X is m x n and B is n X n, then

AX=B = X,.=A"B

The equation have many solutions X. But X,,;, is the solution which minimizes
||AX — BJ|? and also the solution with the smallest norm ||X||2. See [3].

Similar but different: Assume A is square n X n and the matrices Bg, By
are n X N, where N > n, then if By has maximal rank

AB) =B, = A, = BBl (BoBJ)™!
where A,,;, denotes the matrix which is optimal in a least square sense. An

interpretation is that A is the linear approximation which maps the columns
vectors of By into the columns vectors of Bj.

9.3.6 Linear form and zeros

Ax =0, Vx = A=0
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9.3.7 Square form and zeros

If A is symmetric, then

xTAx =0, Vx = A=0

9.3.8 The Lyapunov Equation

AX+XB=C
vec(X) = (I® A + BT @ 1) 'vec(C)
See Sec 9.2.1 and 9.2.2 for details on the Kronecker product and the vec operator.

9.3.9 Encapsulating Sum

>, AXB, =C
vee(X) = (X, Bf @ An)71 vec(C)
See Sec 9.2.1 and 9.2.2 for details on the Kronecker product and the vec operator.

9.4 Matrix Norms
9.4.1 Definitions

A matrix norm is a mapping which fulfils

Al = 0 JA[[=0=A=0

llcAll = |[c[||A[l, ceR
I[A+B|[ < [A[l+]B]|
9.4.2 Examples
[[A[lx = max; ), |4yl
[|A]]2 = max eig(ATA)
Al[, = (max)x),—1 [|[Ax]|,)"/?
[Allo = max;} ;A
[|A]|F = 1/2” |A;;]? = /Tr(AAH) (Frobenius)
|Allnae = maxi; [Ay|
[Allkr = [sing(A)|li  (Ky Fan)

where sing(A) is the vector of singular values of the matrix A.
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9.4.3 Inequalities

E. H. Rasmussen has in yet unpublished material derived and collected the
following inequalities. They are collected in a table as below, assuming A is an
m x n, and d = min{m,n}

[Allmaz  [|All: (Al [[All2 [[Allr[[Allgr

n
I[A]l2 vmn Vvn
I|[A[lp Vvmn Vvn
[|AllkF mnd vnd vV d

which are to be read as, e.g.

[ Al maz 1 1 1 1 1

PN m moym Jm Jm

|| A]o n vnooon vn
vm 1 1
vm o Vd 1
md

S

A]l2 < Vm - [[Alls

9.4.4 Condition Number

The 2-norm of A equals y/(max(eig(ATA))) [9, p.57]. For a symmetric, positive
definite matrix, this reduces to max(eig(A)) The condition number based on the
2-norm thus reduces to

IALalIA™" |2 = max(eig(A)) max(eig(A~) = 2o SER) (70

9.5 Rank
9.5.1 Sylvester’s Inequality

If Aism xn and Bisn x r, then

rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)}

9.6 Integral Involving Dirac Delta Functions

Assuming A to be square, then

/p(s)é(x — As)ds = detl(A)p(Ailx)

Assuming A to be "underdetermined”, i.e. "tall”, then

/ p(s)d(x — As)ds = { \/ﬁp(“x) if x=AA*x }
0

elsewhere

See [8].
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9.7 Miscellaneous

For any A it holds that
rank(A) = rank(AT) = rank(AAT) = rank(AT A)
It holds that

A is positive definite < 3B invertible, such that A = BBT

9.7.1 Orthogonal matrix
If A is orthogonal, then det(A) = +1.
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A  ONE-DIMENSIONAL RESULTS

A One-dimensional Results

A.1 Gaussian

A.1.1 Density

p(z) = \/21? exp <—(x2;5)2)

A.1.2 Normalization

_(S*u)2
/6 202 ds = V2mwo?

/e—(aacz-f—bac-i-c)dm /7 exp |: 4&0:|
/602x2+61$+00daj _ —4eaco
7462

A.1.3 Derivatives

Op(x
do o

e _ afenr |

N—

Il
3
—~
S—
| =
r
—~

8
Ml
=
N—
[V}

|
—
—_

A.1.4 Completing the Squares

e + 1 +co = —a(z —b)? +w

le 1¢2
—_ = b:—— = - — C
a = co 5 e w 462+ 0

or

02x2+clw—|—coz— 5 (@
20
—c1 9 —1 ci

H= 202 7= 202 - 4(32
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A.1.5 Moments
If the density is expressed by

(s —p) ] or p(z)= Cexp(02$2 +cz)

1
p(l’) - m eXp |:_ 202

then the first few basic moments are

() = wn = 32 )
@) = o - =+ ()
2
Dl e Dk
2 2
(@') = pl46p2e?+30t = (ﬁ) +6(°le) (ﬁ)+3(i)

and the central moments are

(@=p) = 0 =0
(- = o = [5]
(@=w? =0 =0
(@—wh = 30" = 3[L]

A kind of pseudo-moments (un-normalized integrals) can easily be derived as

2
/exp(cQ:E2 + cx)zdr = Z{z") = ,/L exp [ 4 } (")
—C2 —402

From the un-centralized moments one can derive other entities like

(2%) — (x)? = o = 5
3\ _ 2 _ 2 _ 2261
(%) = (@) (z) = 20°u = Ga)?
2
(@h) = @2 = 200440 = lp[1-4]

A.2 One Dimensional Mixture of Gaussians

A.2.1 Density and Normalization

K
&) — Pk 1 (s —pp)?
p(s) zk: 2ol p{ 5 oT ]

A.2.2 Moments
An useful fact of MoG, is that

@) =3 pula™)
k
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A.2 One Dimensional Mixture of Gaussidns ONE-DIMENSIONAL RESULTS

where (-)) denotes average with respect to the k.th component. We can calculate
the first four moments from the densities

o) — L I G O
P =D s p{2 o7 ]

px) = ppCrexp [craz® + ]

k
as
() = Xk Prbk = D uPk %:;}
i 2
@) = Spmlod+ud) = Yo |5k + (3
u 2
@) = Xy ee(Bou+ ) = T |y [3- 5k
2 2 2
<$4> = Zk Pk(ﬂi + 6#%”/% + 30%) = Zk Pk (2¢:1k2) [(26&12) - 62:,32 + 3”
If all the gaussians are centered, i.e. pug = 0 for all k, then
(xy = 0 = 0
(x?) = 2ok Pkai = 5Pk [%}
(%) = 0 = 0
2
(zt) = Dk /’k?’aé = 25 PK3 [%}
From the un-centralized moments one can derive other entities like
<.’II2> - <.T>2 = Zk,k’ PkPk’ [/J/i + O'I% — /J/k/f[/k'}
(@) — (@) (x) = Dpp pror [3ohun + pi — (0} + pi) ]
(') = (@) = Y prpw (1 + 6piof + 30y — (0f + ) (0f + )]

A.2.3 Derivatives

Defining p(s) = Y. pxNs(p, 07) we get for a parameter 6; of the j.th compo-

nent
olnp(s)  piNs(uj,03)  Oln(piNs(pj, 0%))
0; Y peN(pk, 0F) 90,
that is,
dlnp(s) piNs(115,07%) 1
;e eeNs(un,o}) pj
olnp(s)  piNs(uy,03) (s —py)
O B Ek PN (1, 0'13) 0]2'
Onp(s) _ pNe(uj0}) 1 l(s - ) 1]
do; >k PeNs (i, 03) 0 o3
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Note that pp must be constrained to be proper ratios. Defining the ratios by
pj =€’ />, e, we obtain

ol

Olnp(s) dlnp(s) Ipy

ar; 2 o or, here o =m0 = p)
B Proofs and Details
B.1 Misc Proofs
B.1.1 Proof of Equation 14
Essentially we need to calculate

(X" )kt d

0Xi;  0Xy Z Ko Ky K

K UL yeeey Un—1
= 576715“17qu1 U2 "'Xun—lJ
Xk w1 Ousi0us - Xy 0

+Xk’u1 XU177142 "'(Sunfluiahj

n—1

= ) (X)X
r=0

n—1
_ Z(XrJinnflfr)kl
r=0

Using the properties of the single entry matrix found in Sec. 8.2.4, the result
follows easily.

B.1.2 Details on Eq. 78

ddet(XTAX) = det(XTAX)Tr[(X7AX) 19X AX)]
= det(XTAX)T[(XHFAX)HOXH)AX + XHH(AX))]
det(X" AX) (Tr[(X" AX)~'o(X ") AX]
+Tr[(XP AX) I XT9(AX)])
= det(X"AX) (Tr[AX (X" AX) 19X )]
+Tr[(X7TAX) ' XTAI(X)))
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First, the derivative is found with respect to the real part of X

9 det(X? AX) det (X AX) (Tr[AX(xHAX)—la(xH)]
IRX ORX
Tr[(XHAX)—leAa(X)])
ORX

= det(X"AX)(AX(XTAX) ™ + (XTAX)'XTA)T)

Through the calculations, (16) and (47) were used. In addition, by use of (48),
the derivative is found with respect to the imaginary part of X

iadet(XHAX) — det(X7AX) <Tr[AX(XHAX)‘18(XH)]
93X 93X
+Tr[(XHAX)*1XHA8(X)])
ISX

= det(XTAX)(AX(XTAX) ™ — (XTAX)'XTA)T)

Hence, derivative yields

ddet(XH AX) 1 <a det(X7AX)  9det(X" AX) )
oX 2 ORX TTsX
—  det(XTAX)((XTAX)'XTA)"

and the complex conjugate derivative yields

ddet(X"AX) 1 (8det(XHAX)+_8det(XHAX))
X" -2 ORX TTTsX
= det(XTAX)AX (X7 AX)™!

Notice, for real X, A, the sum of (56) and (57) is reduced to (13).
Similar calculations yield

ddet(XAX") 1 <6det(XAXH)_,8det(XAXH))
oX ) ORX TTTaSX
—  det(XAXT)(AX" (xAXT)"1)T (77)
and
ddet(XAX") 1 <8det(XAXH) ,8det(XAXH))
X ) aRX TTTaSX
= det(XAXT)(XAX")"IXA (78)
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