
Unsupervised SVM Learningx1; : : : ; xm 2 X i.i.d. sample from P� extreme view: unsupervised learning = density estimation� easier problem: for � 2 (0; 1℄, 
ompute a region R su
h thatP(R) � �;i.e., estimate quantiles of a distribution, not its density.� be
omes well-posed using a regularizer: �nd \smoothest" regionthat 
ontains a 
ertain fra
tion of the probability mass� given only the training data, we will get a trade-o�: try toen
lose many training points (more than �) in a smooth region

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

oo

B. S
h�olkopf, Canberra, February 2002



�-Soft Margin Separation
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For � 2 (0; 1℄, 
omputeminw2H;�2Rm;�2R 12kwk2+ 1mPi �i � ��subje
t to hw;�(xi)i � ���i; �i � 0 for all i:Result:� the de
ision fun
tion f (x) = sgn(hw;�(x)i��) will be positivefor \most" examples xi 
ontained in the training set� kwk will be small, hen
e the separation from the origin largeRelated approa
hes: en
lose data in a sphere [49, 60℄ B. S
h�olkopf, Canberra, February 2002



Deriving the Dual Problem

Using multipliers �i; �i � 0, we introdu
e a LagrangianL = kwk22 + 1�mXi �i���Xi �i(hw;�(xi)i��+ �i)�Xi �i�i;and set the derivatives w.r.t. the primal variables w; �; � equal tozero, yielding w =Xi �i�(xi); (5)

�i = 1�m � �i � 1�m; (6)Xi �i = 1: (7)Patterns with �i > 0 are Support Ve
tors. B. S
h�olkopf, Canberra, February 2002



Dual Problem
min�2Rm 12Pij �i�jk(xi; xj)subje
t to 0 � �i � 1�m; Pi�i = 1:

The de
ision fun
tion is
f (x) = sgn0�Xi �ik(xi; x)� �1A :

| a thresholded sparsi�ed Parzen windows estimatorB. S
h�olkopf, Canberra, February 2002



Support Ve
tors and Outliers

SV := fi j �i > 0g; OL := fi j �i > 0g

The KKT-Conditions imply:� �i > 0 =) �i = 1=(�m), hen
e OL � SV� SV nOL � fi j Pj �jk(xj; xi)� � = 0g
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The Meaning of �

Proposition.(i) jOLjm � � � jSV jm(ii) Suppose P does not 
ontain dis
rete 
omponents, andthe kernel is analyti
 and non-
onstant. With probability 1,asymptoti
ally, jOLjm = � = jSV jm :
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Toy Examples using k(x; y) = exp(�kx�yk2
 )

�, width 
 0.5, 0.5 0.5, 0.5 0.1, 0.5 0.5, 0.1SVs/OLs 0.54, 0.43 0.59, 0.47 0.24, 0.03 0.65, 0.38
B. S
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Variants of the Dual Problem, II

� 
an modify the approa
h to separate from some point otherthan the origin� { the mean of some (s
ar
e) negative data points{ the mean of the training set (\quantile" PCA)
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Resistan
e
Proposition 5 Lo
al movements of outliers parallel to w donot 
hange the hyperplane.
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USPS Handwritten Digit Outlier Dete
tion

Typi
al examples (random sele
tion):

6 9 2 8 1 8 8 6 5 3

2 3 8 7 0 3 0 8 2 7

Present experiment: perform outlier dete
tion on the 2007-elementUSPS test set (using � = 5%)(training time: < 1 min.)Next slides: the outliers, ranked by their \badness"B. S
h�olkopf, Canberra, February 2002
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Other Appli
ations

� Jet engine 
ondition monitoring [29℄�Network intrusion dete
tion (Wankadia et al., 2001)
B. S
h�olkopf, Canberra, February 2002




