
Statistical Learning Theory

• When a pattern or regularity is found in data, is it 
real or spurious?

• i.e., can it be used for prediction?
• Learning theories address this issue.
• Statistical Learning Theory was started by Vapnik
and Chervonenkis in the 1960s (aka VC theory).

• Provides bounds on prediction error.
• An early motivation for SVMs.
• Main concepts: capacity and VC dimension.



Prediction

• Problem:  given x, predict y.
– i.e., find a function f such that y = f(x).

• Usually, no function works perfectly.

• Instead, find a function that minimizes the 
expected error, which is called the risk.

• Error is measured by a cost function, c(x,y,z), 
where  z = predicted value of y given x.

• Assume data comes from a distribution, P(x,y).



A data distribution 
for a regression problem



The function that minimizes risk
(as measured by squared error)



Limitations

• We do not know the data distribution.

• We may not even know its form                   
(e.g., Gaussian, Poisson, etc).

• We only have a sample of data from the 
distribution.



A random sample of 20 points



Actual risk v.s. Empirical risk

• R(f) denotes the actual risk of function f.
– We cannot minimize actual risk, since we do not 
know the data distribution.

• Remp(f) denotes the empirical risk of function f.
– We can minimize empirical risk, since it depends 
only on the data sample.

• But we must be careful, since a function with 
low empirical risk can have high actual risk.
– This is called overfitting.



No Free Lunch Theorem

If the class of functions is completely 
unrestricted, then
– Two functions can fit the training data perfectly 
but make completely opposite predictions.

– Since they behave identically on the training data, 
it is impossible to say which one makes better 
predictions.

– Learning and prediction are therefore impossible.



The Importan
e of the Set of Fun
tions

What about allowing all fun
tions from X to f�1g?Training set (x1; y1); : : : ; (xm; ym) 2 X � f�1gTest patterns �x1; : : : ; �x �m 2 X ;su
h that f�x1; : : : ; �x �mg \ fx1; : : : ;xmg = fg.For any f there exists f� s.t.: 1. f�(xi) = f (xi) for all i2. f�(�xj) 6= f (�xj) for all j.Based on the training set alone, there is no means of 
hoosingwhi
h one is better. On the test set, however, they give oppositeresults. There is 'no free lun
h' [32, 73℄.�! a restri
tion must be pla
ed on the fun
tions that we allow
B. S
h�olkopf, Canberra, February 2002



Restricting the class of functions

• To make accurate predictions, the class of 
functions must be restricted.
– This is true of any approach to machine learning, 
statistical or non‐statistical.

• In statistical learning theory, one limits the 
capacity of the class of functions (e.g., via the 
VC dimension).

• In Bayesian learning, one places prior 
distributions over the class of functions.



Empirical risk is a random variable

• Given a fixed function, f, the empirical risk 
depends only on the data set.

• Since the data set is random, the empirical risk 
is random.

• Remp(f) is therefore a random variable.

• As such, it has a mean and variance.



R(f): the actual risk of function f
depends on the  data distribution



Remp(f): empirical risk of function f
for data set 1



Remp(f): empirical risk of function f
for data set 2



Remp(f): empirical risk of function f
for data set 3



Histogram of Remp(f)
for 10,000 data sets of 20 points each



Different functions, 
different random variables

• Each function has its own actual risk and 
empirical risk.

• The empirical risks for different functions 
represent different random variables.
– i.e.,  If f1, f2 and f3 are different functions, then 
Remp(f1), Remp(f2) and Remp(f3) are different random 
variables.



Function  f1



Function  f2



Function  f3



Histogram of empirical risk of f1
for 10,000 data sets of 50 points each



Histogram of empirical risk of f2
for 10,000 data sets of 50 points each



Histogram of empirical risk of f3
for 10,000 data sets of 50 points each



Properties of empirical risk

• Empirical risk is an unbiased estimate of actual 
risk:  E[Remp(f)] = R(f).

• The variance of the empirical risk decreases as 
the size of the data sample increases.

• Thus, as the data sample gets larger, then with 
high probability, Remp(f) gets closer to R(f).

• This is called convergence in probability.



Function f and 20 data points



Function f and 50 data points



Function f and 200 data points



Function f and 1000 data points



Histogram of empirical risk of f
for 10,000 data sets of 20 points each



Histogram of empirical risk of f
for 10,000 data sets of 50 points each



Histogram of empirical risk of f
for 10,000 data sets of 200 points each



Histogram of empirical risk of f
for 10,000 data sets of 1000 points each



Chernoff bound

• The law of large numbers tells us that Remp(f) 
converges in probability to R(f).

• The Chernoff bound tells us how fast it 
convergences.

• It also tells us something about actual risk by 
placing confidence intervals on it.

• All without knowing the data distribution!

• Note:  f is any fixed function.



Learning by minimizing empirical risk

• Let fm be a function that minimizes empirical 
risk for a given sample of m data points.

• Let fopt be a function that minimizes actual 
risk.

• Does R(fm) converge in probability to R(fopt) ?

• Our results so far do not answer this question 
since fm is not fixed but depends on the data.



Detailed Analysis

� loss �i := 12jf (xi)� yij in f0; 1g� the �i are independent Bernoulli trials� empiri
al mean 1mPmi=1 �i (by def: equals Remp[f ℄)� expe
ted value E [�℄ (equals R[f ℄)
B. S
h�olkopf, Canberra, February 2002



Cherno�'s Bound
P8<:

������ 1m mXi=1 �i � E [�℄������ � �9=; � 2 exp(�2m�2)

� here, P refers to the probability of getting a sample �1; : : : ; �mwith the property ��� 1mPmi=1 �i � E [�℄��� � � (is a produ
t mea-sure)Useful 
orollary: Given a 2m-sample of Bernoulli trials, we have

P8<:
������ 1m mXi=1 �i � 1m 2mXi=m+1 �i
������ � �9=; � 4 exp �m�22 ! :B. S
h�olkopf, Canberra, February 2002



Cherno�'s Bound, II

Translate this ba
k into ma
hine learning terminology: the prob-ability of obtaining anm-sample where the training error and testerror di�er by more than � > 0 is bounded byP���Remp[f ℄�R[f ℄�� � �	 � 2 exp(�2m�2):

� refers to one �xed f� not allowed to look at the data before 
hoosing f , hen
e notsuitable as a bound on the test error of a learning algorithmusing empiri
al risk minimization
B. S
h�olkopf, Canberra, February 2002



Consisten
y and Uniform Convergen
e

Risk

Function class

R

Remp

f f fopt m

R[f]

R     [f]emp

B. S
h�olkopf, Canberra, February 2002



Two Observations

� denote the minimizer of R by fopt. ThenR[f ℄�R[fopt℄ � 0for all f 2 F .� denote the minimizer of Remp by fm. ThenRemp[f ℄�Remp[fm℄ � 0for all f 2 F .� In parti
ular, we haveR[fm℄�R[fopt℄ � 0and Remp[fopt℄�Remp[fm℄ � 0:B. S
h�olkopf, Canberra, February 2002



The sum of these two inequalities satis�es0 � R[fm℄�R[fopt℄ +Remp[fopt℄�Remp[fm℄= R[fm℄�Remp[fm℄ +Remp[fopt℄�R[fopt℄� supf2F(R[f ℄�Remp[f ℄) + (Remp[fopt℄�R[fopt℄):

� se
ond half of RHS: fopt is �xed (independent of training sam-ple), hen
e by Cherno�: for all � > 0,limm!1PfjRemp[fopt℄�R[fopt℄j > �g = 0(\
onvergen
e in probability")

B. S
h�olkopf, Canberra, February 2002



� If the �rst half of RHS also 
onverges to zero (in probability),i.e., limm!1Pf supf2F(R[f ℄�Remp[f ℄) > �g = 0;for all � > 0, then R[fm℄�R[fopt℄ ! 0Remp[fopt℄�Remp[fm℄ ! 0in probability | in this 
ase, empiri
al risk minimization 
anbe seen to be 
onsistent.

B. S
h�olkopf, Canberra, February 2002



Uniform Convergen
e (Vapnik & Chervonenkis)

Ne
essary and suÆ
ient 
onditions for 
onsisten
y of empiri
alrisk minimization (ERM):One-sided 
onvergen
e, uniformly over all fun
tions that 
an beimplemented by the learning ma
hine.limm!1Pf supf2F(R[f ℄�Remp[f ℄) > �g = 0for all � > 0.� note that this takes into a

ount the whole set of fun
tions that
an be implemented by the learning ma
hine� this is hard to 
he
k for a learning ma
hineAre there properties of learning ma
hines (� sets of fun
tions)whi
h ensure uniform 
onvergen
e of risk? B. S
h�olkopf, Canberra, February 2002



How to Prove a VC BoundTake a 
loser look at Pfsupf2F(R[f ℄�Remp[f ℄) > �g.Plan:� if the fun
tion 
lass F 
ontains only one fun
tion, then Cher-no�'s bound suÆ
es:Pf supf2F(R[f ℄�Remp[f ℄) > �g � 2 exp(�2m�2):

� if there are �nitely many fun
tions, we use the 'union bound'� even if there are in�nitely many, then on any �nite samplethere are e�e
tively only �nitely many (use symmetrizationand 
apa
ity 
on
epts)

B. S
h�olkopf, Canberra, February 2002



The Case of Two Fun
tionsSuppose F = ff1; f2g: RewritePf supf2F(R[f ℄�Remp[f ℄) > �g = P(C1� [ C2� );whereCi� := f(x1; y1); : : : ; (xm; ym) j (R[fi℄�Remp[fi℄) > �gdenotes the event that the risks of fi di�er by more than �.The RHS equalsP(C1� [ C2� ) = P(C1� ) + P(C2� )� P(C1� \ C2� )� P(C1� ) + P(C2� ):Hen
e by Cherno�'s boundPf supf2F(R[f ℄�Remp[f ℄) > �g � P(C1� ) + P(C2� )� 2 � 2 exp(�2m�2):B. S
h�olkopf, Canberra, February 2002



The Union BoundSimilarly, if F = ff1; : : : ; fng, we havePf supf2F(R[f ℄�Remp[f ℄) > �g = P(C1� [ � � � [ Cn� );and P(C1� [ � � � [ Cn� ) � nXi=1 P(Ci�):Use Cherno� for ea
h summand, to get an extra fa
tor n in thebound.Note: this be
omes an equality if and only if all the events involvedare disjoint.

B. S
h�olkopf, Canberra, February 2002



In�nite Fun
tion Classes

�Note: empiri
al risk only refers to m points. On these points,the fun
tions of F 
an take at most 2m values� for Remp, the fun
tion 
lass thus \looks" �nite� how about R?� need to use a tri
k

B. S
h�olkopf, Canberra, February 2002



Symmetrization

Lemma 1 (Vapnik & Chervonenkis (e.g., [63, 19℄))For m�2 � 2 we havePf supf2F(R[f ℄�Remp[f ℄) > �g � 2Pf supf2F(Remp[f ℄�R0emp[f ℄) > �=2gHere, the �rst P refers to the distribution of iid samples ofsize m, while the se
ond one refers to iid samples of size 2m.In the latter 
ase, Remp measures the loss on the �rst half ofthe sample, and R0emp on the se
ond half.
B. S
h�olkopf, Canberra, February 2002



Shattering CoeÆ
ient

�Hen
e, we only need to 
onsider the maximum size of F on 2mpoints. Call it N (F ; 2m).� N (F ; 2m) = max. number of di�erent outputs (y1; : : : ; y2m)that the fun
tion 
lass 
an generate on 2m points | in otherwords, the max. number of di�erent ways the fun
tion 
lass 
anseparate 2m points into two 
lasses.� N (F ; 2m) � 22m� if N (F ; 2m) = 22m, then the fun
tion 
lass is said to shatter2m points.

B. S
h�olkopf, Canberra, February 2002



Putting Everything Together

We now use (1) symmetrization, (2) the shattering 
oeÆ
ient, and(3) the union bound, to get

Pfsupf2F(R[f ℄�Remp[f ℄) > �g� 2Pfsupf2F(Remp[f ℄�R0emp[f ℄) > �=2g= 2Pf(Remp[f1℄�R0emp[f1℄) > �=2 _: : :_ (Remp[fN (F ;2m)℄�R0emp[fN (F ;2m)℄) > �=2g� N (F ;2m)Xn=1 2Pf(Remp[fn℄� R0emp[fn℄) > �=2g:
B. S
h�olkopf, Canberra, February 2002




td.Use Cherno�'s bound for ea
h term:�

P8<: 1m mXi=1 �i � 1m 2mXi=m+1 �i � �9=; � 2 exp �m�22 ! :This yieldsPf supf2F(R[f ℄�Remp[f ℄) > �g � 4N (F ; 2m) exp �m�28 ! :� provided thatN (F ; 2m) does not grow exponentially inm, thisis nontrivial� su
h bounds are 
alled VC type inequalities� two types of randomness: (1) the P refers to the drawing ofthe training examples, and (2) R[f ℄ is an expe
tation over thedrawing of test examples.� A rigorous treatment would need to use a se
ond randomization over permutations of the 2m-sample,see [53℄. B. S
h�olkopf, Canberra, February 2002



Con�den
e IntervalsRewrite the bound: spe
ify the probability with whi
h we want Rto be 
lose to Remp, and solve for �:With a probability of at least 1� Æ,

R[f ℄ � Remp[f ℄ +s 8m�ln(N (F ; 2m)) + ln 4Æ�:This bound holds independent of f ; in parti
ular, it holds for thefun
tion fm minimizing the empiri
al risk.
B. S
h�olkopf, Canberra, February 2002



Dis
ussion
� tighter bounds are available (better 
onstants et
. | 
f. ShaharMendelson's tutorial)� 
annot minimize the bound over f� other 
apa
ity 
on
epts 
an be used

B. S
h�olkopf, Canberra, February 2002



VC EntropyOn an example (x; y), f 
auses a loss
(x; y; f (x)) := 12jf (x)� yj 2 f0; 1g:For a larger sample (x1; y1) : : : ; (xm; ym), the di�erent fun
tionsf 2 F lead to a set of loss ve
tors�f = (
(x1; y1; f (x1)); : : : ; 
(xm; ym; f (xm)));whose 
ardinality we denote byN (F ; (x1; y1) : : : ; (xm; ym)) :The VC entropy is de�ned asHF(m) = E [lnN (F ; (x1; y1) : : : ; (xm; ym))℄ ;where the expe
tation is taken over the random generation of them-sample (x1; y1) : : : ; (xm; ym) from P.HF(m)=m! 0 () uniform 
onvergen
e of risks (hen
e 
onsis-ten
y) B. S
h�olkopf, Canberra, February 2002



Further PR Capa
ity Con
epts

� ex
hange 'E' and 'ln': annealed entropy .

HannF (m)=m! 0() exponentially fast uniform 
onvergen
e� take 'max' instead of 'E': growth fun
tion.Note that GF(m) = lnN (F ;m).GF(m)=m! 0() exponential 
onvergen
e for all underlyingdistributions P.GF(m) = m � ln(2) for all m () for any m, all loss ve
tors
an be generated, i.e., the m points 
an be 
hosen su
h that byusing fun
tions of the learning ma
hine, they 
an be separatedin all 2m possible ways (shattered). B. S
h�olkopf, Canberra, February 2002



Stru
ture of the Growth Fun
tionEither GF(m) = m � ln(2) for all m 2 NOr there exists some maximal m for whi
h the above is possible.Call this number the VC-dimension, and denote it by h. Form > h, GF(m) � h�lnmh + 1� :

Nothing \in between" linear growth and logarithmi
 growth ispossible.

B. S
h�olkopf, Canberra, February 2002



VC-Dimension: Example

Half-spa
es in R 2:f (x; y) = sgn(a + bx + 
y); with parameters a; b; 
 2 R

� Clearly, we 
an shatter three non-
ollinear points.� But we 
an never shatter four points.�Hen
e the VC dimension is h = 3 (in this 
ase, equal to thenumber of parameters)
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A Typi
al Bound for Pattern Re
ognition

For any f 2 F and m > h, with a probability of at least 1� Æ,R[f ℄ � Remp[f ℄ + �� hm; log(Æ)m �

holds, where the 
on�den
e term � is de�ned as

�� hm; log(Æ)m � =
vuuth�log 2mh + 1�� log(Æ=4)m :

� does this mean, that we 
an learn anything?� The study of the 
onsisten
y of ERM has thus led to 
on
eptsand results whi
h lets us formulate a better indu
tion prin
iple:we 
an use this bound to get a low risk!� in pra
ti
e: use as a guideline for designing algorithmsB. S
h�olkopf, Canberra, February 2002



Examples of Indu
tion Prin
iples

� Empiri
al risk minimization: minimizeRemp[f ℄ = 1m mXi=1 12jf (xi)� yij

�Minimum des
ription length: minimize some measure of thedes
ription length of the sequen
e (x1; y1); : : : ; (xm; ym) by afun
tion f .� Stru
tural risk minimization (SRM) [63℄: minimize the RHSof R[f ℄ � Remp[f ℄ + �� hm� :To this end, introdu
e a stru
ture on F .Learning ma
hine � a set of fun
tions and an indu
tion prin
ipleB. S
h�olkopf, Canberra, February 2002



SRM: The Pi
ture
R(f* )

h

training error

capacity term

error

Sn−1 Sn Sn+1

structure

bound on test error

B. S
h�olkopf, Canberra, February 2002



Finding a Good Fun
tion Class

� re
all: separating hyperplanes in R 2 have a VC dimension of 3.�more generally: separating hyperplanes in RN have a VC di-mension of N + 1.� hen
e: separating hyperplanes in high-dimensional featurespa
es have extremely large VC dimension, and may not gener-alize well� however, margin hyperplanes 
an still have a small VC dimen-sion

B. S
h�olkopf, Canberra, February 2002



Separating Hyperplane
w

◆

◆

◆

◆

●
●

●

●
● {x | <w  x> + b = 0},

<w  x> + b > 0,

<w  x> + b < 0,
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Canoni
al Hyperplanes [64℄

Note: if 
 6= 0, thenfxj hw;xi + b = 0g = fxj h
w;xi + 
b = 0g:Hen
e (
w; 
b) des
ribes the same hyperplane as (w; b).De�nition: The hyperplane is in 
anoni
al form w.r.t. X� =fx1; : : : ;xrg if minxi2X j hw;xii + bj = 1:

Note that for 
anoni
al hyperplanes, the distan
e of the 
losestpoint to the hyperplane (\margin") is 1=kwk:minxi2X ���D wkwk;xiE + bkwk��� = 1kwk:
B. S
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Theorem 2 (Vapnik [63℄)Consider hyperplanes hw;xi = 0where w is normalized su
h that they are in 
anoni
al formw.r.t. a set of points X� = fx1; : : : ;xrg, i.e.,mini=1;:::;r j hw;xii j = 1:The set of de
ision fun
tions fw(x) = sgn hx;wi de�ned onX� and satisfying the 
onstraint kwk � � has a VC dimensionsatisfying h � R2�2:Here, R is the radius of the smallest sphere around the origin
ontaining X�.
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x

x

x

γ
1

γ
2

xx
R

recall γ > 2/Λ
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Proof Strategy (Gurvits, 1997)

Assume that x1; : : : ;xr are shattered by 
anoni
al hyperplaneswith kwk � �, i.e., for all y1; : : : ; yr 2 f�1g, there exists a wsu
h that yi hw;xii � 1 for all i = 1; : : : ; r: (1)Two steps:� prove that the more points we want to shatter (1), the largerkPri=1 yixik must be� upper bound the size of kPri=1 yixik in terms of RCombining the two tells us how many points we 
an at most shat-ter.
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Part ISumming (1) over i = 1; : : : ; r yields*w;0� rXi=1 yixi
1A+ � r:

By the Cau
hy-S
hwarz inequality, on the other hand, we have*w;0� rXi=1 yixi
1A+ � kwk





 rXi=1 yixi






 � �





 rXi=1 yixi






 :Combine both: r� �







 rXi=1 yixi






 : (2)B. S
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Part IIConsider independent random labels yi 2 f�1g, uniformly dis-tributed (Radema
her variables).

E264





 rXi=1 yixi







2375 = rXi=1 E
24*yixi; rXj=1 yjxj
+35

= rXi=1 E
24*yixi;0�0�Xj 6=i yjxj
1A + yixi1A+35

= rXi=1
0�0�Xj 6=i E �
yixi; yjxj��
1A +E [hyixi; yixii℄1A

= rXi=1 E hkyixik2i =
rXi=1 E hkxik2iB. S
h�olkopf, Canberra, February 2002



Part II, 
td.
Sin
e kxik � R, we get

E264





 rXi=1 yixi







2375 � rR2:

� This holds for the expe
tation over the random 
hoi
es of thelabels, hen
e there must be at least one set of labels for whi
hit also holds true. Use this set.Hen
e 





 rXi=1 yixi







2 � rR2:

B. S
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Part I and II Combined

Part I: � r��2 � kPri=1 yixik2Part II: kPri=1 yixik2 � rR2

Hen
e r2�2 � rR2;i.e., r � R2�2:
B. S
h�olkopf, Canberra, February 2002
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