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22

Maximum Likelihood and Clustering

Rather than enumerate all hypotheses{ which may be exponential in number
{ we can save a lot of time by homing in on one good hypothesis that �ts
the data well. This is the philosophy behind the maximum likelihood method,
which identi�es the setting of the parameter vector � that maximizes the
likelihood, P(Data j � ; H ).

For some models the maximum likelihood parameters can be identi�ed
instantly from the data; for more complex models, �nding the maximum like-
lihood parametersmay require an iterativ e algorithm.

For any model, it is usually easiest to work with the logarithm of the
likelihood rather than the likelihood, since likelihoods, being products of the
probabilities of many data points, tend to be very small. Likelihoods multiply;
log likelihoods add.

�

22.1 Maximum likelihood for one Gaussian

We return to the Gaussian for our �rst examples. Assume we have data
f xn gN

n=1 . The log likelihood is:

ln P(f xn gN
n=1 j �; � ) = � N ln(

p
2� � ) �

X

n

(xn � � )2=(2� 2): (22.1)

The likelihood can be expressedin terms of two functions of the data, the
samplemean

�x �
NX

n=1

xn=N; (22.2)

and the sum of squaredeviations

S �
X

n

(xn � �x)2 : (22.3)

ln P(f xn gN
n=1 j �; � ) = � N ln(

p
2� � ) � [N (� � �x)2 + S]=(2� 2): (22.4)

Becausethe likelihood dependson the data only through �x and S, these two
quantities are known as su�cien t statistics.

Example22.1. Di�eren tiate the log likelihood with respect to � and show that,
if the standard deviation is known to be� , the maximum likelihood mean
� of a Gaussianis equal to the samplemean �x, for any value of � .

Solution.

@
@�

ln P = �
N (� � �x)

� 2 (22.5)

= 0 when � = �x. 2 (22.6)
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Figure22.1. The likelihood
function for the parametersof a
Gaussiandistribution.
(a1, a2) Surfaceplot and contour
plot of the log likelihood as a
function of � and � . The data set
of N = 5 points had mean �x = 1:0
and S2 =

P
(x � �x)2 = 1:0.

(b) The posterior probabilit y of �
for various valuesof � .
(c) The posterior probabilit y of �
for various �xed valuesof � .

If we Taylor-expand the log likelihood about the maximum, we can de-
�ne approximate error bars on the maximum likelihood parameter: we use
a quadratic approximation to estimate how far from the maximum-likelihood
parameter setting we can go before the likelihood falls by somestandard fac-
tor, for example e1=2, or e4=2. In the special caseof a likelihood that is a
Gaussianfunction of the parameters, the quadratic approximation is exact.

Example22.2. Find the secondderivative of the log likelihood with respect to
� , and �nd the error bars on � , given the data and � .

Solution.
@2

@� 2 ln P = �
N
� 2 : 2 (22.7)

Comparing this curvature with the curvature of the log of a Gaussiandistri-
bution over � of standard deviation � � , exp(� � 2=(2� 2

� )), which is 1=� 2
� , we

can deducethat the error bars on � (derived from the likelihood function) are

� � =
�

p
N

: (22.8)

The error bars have this property: at the two points � = �x � � � , the likelihood
is smaller than its maximum value by a factor of e1=2.

Example22.3. Find the maximum likelihood standard deviation � of a Gaus-
sian, whosemean is known to be � , in the light of data f xn gN

n=1 . Find
the secondderivative of the log likelihood with respect to ln � , and error
bars on ln � .

Solution.The likelihood's dependenceon � is

ln P(f xn gN
n=1 j �; � ) = � N ln(

p
2� � ) �

Stot

(2� 2)
; (22.9)

where Stot =
P

n (xn � � )2. To �nd the maximum of the likelihood, we can
di�eren tiate with respect to ln � . [It's often most hygienic to di�eren tiate with
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304 22 | Maximum Likelihood and Clustering

respect to ln u rather than u, when u is a scalevariable; we usedun=d(ln u) =
nun .]

@ln P(f xn gN
n=1 j �; � )

@ln �
= � N +

Stot

� 2 (22.10)

This derivative is zero when

� 2 =
Stot

N
; (22.11)

i.e.,

� =

s
P N

n=1 (xn � � )2

N
: (22.12)

The secondderivative is

@2 ln P(f xn gN
n=1 j �; � )

@(ln � )2 = � 2
Stot

� 2 ; (22.13)

and at the maximum-likelihood value of � 2, this equals � 2N . So error bars
on ln � are

� ln � =
1

p
2N

: 2 (22.14)

. Exercise22.4.[1 ] Show that the valuesof � and ln � that jointly maximize the
likelihood are: f �; � gML =

n
�x; � N =

p
S=N

o
; where

� N �

s
P N

n=1 (xn � �x)2

N
: (22.15)

�

22.2 Maximum likelihood for a mixture of Gaussians

We now derive an algorithm for �tting a mixture of Gaussians to one-
dimensional data. In fact, this algorithm is so important to understand that,
you, gentle reader, get to derive the algorithm. Pleasework through the fol-
lowing exercise.

Exercise22.5.[2, p.312] A random variable x is assumedto have a probabilit y
distribution that is a mixture of two Gaussians,

P(x j � 1; � 2; � ) =

"
2X

k=1

pk
1

p
2� � 2

exp
�

�
(x � � k)2

2� 2

� #

; (22.16)

where the two Gaussiansare given the labels k = 1 and k = 2; the prior
probabilit y of the class label k is f p1 = 1=2; p2 = 1=2g; f � kg are the means
of the two Gaussians;and both have standard deviation � . For brevity, we
denote theseparametersby � � f f � kg; � g.

A data set consistsof N points f xngN
n=1 which are assumedto be indepen-

dent samplesfrom this distribution. Let kn denote the unknown classlabel of
the nth point.

Assuming that f � kg and � are known, show that the posterior probabilit y
of the classlabel kn of the nth point can be written as

P(kn = 1j xn ; � ) =
1

1 + exp[� (w1xn + w0)]

P(kn = 2j xn ; � ) =
1

1 + exp[+( w1xn + w0)]
;

(22.17)
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22.3: Enhancements to soft K-means 305

and give expressionsfor w1 and w0.

Assume now that the means f � kg are not known, and that we wish to
infer them from the data f xngN

n=1 . (The standard deviation � is known.) In
the remainder of this question we will derive an iterativ e algorithm for �nding
valuesfor f � kg that maximize the likelihood,

P(f xngN
n=1 j f � kg; � ) =

Y

n

P(xn j f � kg; � ): (22.18)

Let L denote the log of the likelihood. Show that the derivative of the log
likelihood with respect to � k is given by

@
@� k

L =
X

n

pkjn
(xn � � k)

� 2 ; (22.19)

where pkjn � P(kn = k j xn ; � ) appearedabove at equation (22.17).
Show, neglecting terms in @

@� k
P(kn = k j xn ; � ), that the secondderivative

is approximately given by

@2

@� 2
k

L = �
X

n

pkjn
1
� 2 : (22.20)

Henceshow that from an initial state � 1; � 2, an approximate Newton{Raphson
step updates theseparameters to � 0

1; � 0
2, where

� 0
k =

P
n pkjnxnP

n pkjn
: (22.21)

[The Newton{Raphson method for maximizing L(� ) updates � to � 0 = � �h
@L
@�

.
@2L
@� 2

i
.]

0 1 2 3 4 5 6

Assuming that � = 1, sketch a contour plot of the likelihood function L as a
function of � 1 and � 2 for the data set shown above. The data set consistsof
32 points. Describe the peaksin your sketch and indicate their widths.

Notice that the algorithm you have derived for maximizing the likelihood
is identical to the soft K-means algorithm of section20.4. Now that it is clear
that clustering can be viewed as mixture-density-modelling, we are able to
derive enhancements to the K-means algorithm, which rectify the problems
we noted earlier.

�

22.3 Enhancements to soft K-means

Algorithm 22.2 shows a version of the soft-K-means algorithm corresponding
to a modelling assumption that each cluster is a sphericalGaussianhaving its
own width (each cluster has its own � (k) = 1/ � 2

k ). The algorithm updatesthe
lengthscales� k for itself. The algorithm also includes cluster weight parame-
ters � 1; � 2; : : : ; � K which also update themselves,allowing accuratemodelling
of data from clusters of unequal weights. This algorithm is demonstrated in
�gure 22.3for two data setsthat we've seenbefore. The secondexampleshows
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Assignmen t step . The responsibilities are

r (n)
k =

� k
1

(
p

2� � k ) I exp
�

�
1
� 2

k
d(m (k) ; x (n) )

�

P
k0 � k

1
(
p

2� � k 0) I exp
�

�
1

� 2
k0

d(m (k0) ; x (n) )
� (22.22)

where I is the dimensionality of x.

Up date step . Each cluster's parameters,m (k) , � k , and � 2
k , are adjusted

to match the data points that it is responsible for.

m (k) =

X

n

r (n)
k x (n)

R(k)
(22.23)

� 2
k =

X

n

r (n)
k (x (n) � m (k) )2

I R(k)
(22.24)

� k =
R(k)

P
k R(k)

(22.25)

where R(k) is the total responsibilit y of mean k,

R(k) =
X

n

r (n)
k : (22.26)

Algorithm 22.2. The soft K-means
algorithm, version 2.

t = 0 t = 1 t = 2 t = 3 t = 9

t = 0 t = 1 t = 10 t = 20 t = 30 t = 35

Figure22.3. Soft K-means
algorithm, with K = 2, applied
(a) to the 40-point data set of
�gure 20.3; (b) to the little 'n'
large data set of �gure 20.5.

r (n)
k =

� k
1

Q I
i =1

p
2� � (k)

i

exp

 

�
IX

i =1

(m(k)
i � x (n)

i )2
.

2(� (k)
i )2

!

P
k0 (numerator, with k0 in place of k)

(22.27)

� 2
i

(k)
=

X

n

r (n)
k (x (n)

i � m(k)
i )2

R(k)
(22.28)

Algorithm 22.4. The soft K-means
algorithm, version 3, which
corresponds to a model of
axis-aligned Gaussians.
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t = 0 t = 10 t = 20 t = 30 Figure22.5. Soft K-means
algorithm, version 3, applied to
the data consisting of two
cigar-shaped clusters. K = 2 (c.f.
�gure 20.6).

t = 0 t = 10 t = 20 t = 26 t = 32 Figure22.6. Soft K-means
algorithm, version 3, applied to
the little 'n' large data set. K = 2.

that convergencecan take a long time, but eventually the algorithm identi�es
the small cluster and the large cluster.

Soft K-means, version 2, is a maximum-likelihood algorithm for �tting a
mixture of spherical Gaussiansto data { `spherical'meaningthat the variance A proof that the algorithm does

indeed maximize the likelihood is
deferred to section 33.7.

of the Gaussianis the samein all directions. This algorithm is still no good
at modelling the cigar-shaped clusters of �gure 20.6. If we wish to model the
clustersby axis-alignedGaussianswith possibly-unequalvariances,we replace
the assignment rule (22.22) and the variance update rule (22.24) by the rules
(22.27) and (22.28) displayed in algorithm 22.4.

This third version of soft K-means is demonstrated in �gure 22.5 on the
`two cigars' data set of �gure 20.6. After 30 iterations, the algorithm has
correctly located the two clusters. Figure 22.6 shows the same algorithm
applied to the little 'n' largedata set,where,again, the correct cluster locations
are found.

�

22.4 A fatal 
a w of maximum likelihood

Finally, �gure 22.7soundsa cautionary note: when we �t K = 4 meansto our
�rst toy data set, we sometimes�nd that very small clusters form, covering
just one or two data points. This is a pathological property of soft K-means
clustering, versions2 and 3.

. Exercise22.6.[2 ] Investigate what happens if one mean m (k) sits exactly on
top of one data point; show that if the variance � 2

k is su�cien tly small,

t = 0 t = 5 t = 10 t = 20 Figure22.7. Soft K means
algorithm applied to a data set of
40 points. K = 4. Notice that at
convergence,one very small
cluster has formed betweentwo
data points.
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then no return is possible: � 2
k becomesever smaller.

KABOOM!

Soft K-meanscanblow up. Put onecluster exactly on onedata point and let its
variancego to zero{ you can obtain an arbitrarily large likelihood! Maximum
likelihood methodscanbreak down by �nding highly tuned modelsthat �t part
of the data perfectly. This phenomenonis known as over�tting. The reason
we are not interested in thesesolutions with enormouslikelihood is this: sure,
these parameter-settings may have enormous posterior probabilit y density,
but the density is large over only a very small volume of parameter space.So
the probabilit y mass associated with theselikelihood spikes is usually tiny.

We concludethat maximum likelihood methods are not a satisfactory gen-
eral solution to data modelling problems: the likelihood may be in�nitely large
at certain parameter settings. Even if the likelihood doesnot have in�nitely-
large spikes,the maximum of the likelihood is often unrepresentativ e, in high-
dimensional problems.

Even in low-dimensional problems, maximum likelihood solutions can be
unrepresentativ e. As you may know from basic statistics, the maximum like-
lihood estimator (22.15) for a Gaussian'sstandard deviation, � N , is a biased
estimator, a topic that we'll take up in Chapter 24.

The maximum a posteriori (MAP) method

A popular replacement for maximizing the likelihood is maximizing the
Bayesian posterior probabilit y density of the parameters instead. However,
multiplying the likelihood by a prior and maximizing the posterior does
not make the above problems go away; the posterior density often also has
in�nitely-large spikes, and the maximum of the posterior probabilit y density
is often unrepresentativ e of the whole posterior distribution. Think back to
the concept of typicalit y, which we encountered in Chapter 4: in high dimen-
sions, most of the probabilit y mass is in a typical set whose properties are
quite di�eren t from the points that have the maximum probabilit y density.
Maxima are atypical.

A further reasonfor disliking the maximum a posteriori is that it is basis-
dependent. If we make a nonlinear change of basis from the parameter � to
the parameter u = f (� ) then the probabilit y density of � is transformed to

P(u) = P(� )

�
�
�
�
@�
@u

�
�
�
� : (22.29)

The maximum of the density P(u) will usually not coincidewith the maximum
of the density P(� ). (For �gures illustrating such nonlinear changesof basis,
seethe next chapter.) It seemsundesirable to use a method whoseanswers
changewhen we changerepresentation.

Further reading

The soft K-means algorithm is at the heart of the automatic classi�cation
package,AutoClass (Hanson et al., 1991b;Hansonet al., 1991a).



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981

You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

22.5: Further exercises 309

�

22.5 Further exercises

Exerciseswhere maximum likelihood may be useful

Exercise22.7.[3 ] Make a version of the K-means algorithm that models the
data as a mixture of K arbitrary Gaussians,i.e., Gaussiansthat are not
constrained to be axis-aligned.

. Exercise22.8.[2 ] (a) A photon counter is pointed at a remote star for one
minute, in order to infer the brightness, i.e., the rate of photons
arriving at the counter per minute, � . Assuming the number of
photons collected r has a Poissondistribution with mean � ,

P(r j � ) = exp(� � )
� r

r !
; (22.30)

what is the maximum likelihood estimate for � , given r = 9? Find
error bars on ln � .

(b) Samesituation, but now we assumethat the counter detects not
only photons from the star but also `background' photons. The
background rate of photons is known to be b= 13 photons per
minute. We assumethe number of photons collected, r , hasa Pois-
sondistribution with mean� + b. Now, givenr = 9 detectedphotons,
what is the maximum likelihood estimate for � ? Comment on this
answer, discussingalsothe Bayesianposterior distribution, and the
`unbiasedestimator' of sampling theory, �̂ � r � b.

Exercise22.9.[2 ] A bent coin is tossedN times, giving Na headsand Nb tails.
Assume a beta distribution prior for the probabilit y of heads, p, for
example the uniform distribution. Find the maximum likelihood and
maximum a posteriori values of p, then �nd the maximum likelihood
and maximum a posteriori valuesof the logit a � ln[p=(1� p)]. Compare
with the predictive distribution, i.e., the probabilit y that the next toss
will comeup heads.

. Exercise22.10.[2 ] Two men looked through prison bars; one saw stars, the
other tried to infer where the window frame was.

(xmin ; ymin )

(xmax ; ymax )

?

?

?

? ?
?

From the other side of a room, you look through a window and see
stars at locations f (xn ; yn )g. You can't seethe window edgesbecause
it is totally dark apart from the stars. Assuming the window is rectan-
gular and that the visible stars's locations are independently randomly
distributed, what are the inferred valuesof (xmin ; ymin , xmax , ymax ), ac-
cording to maximum likelihood? Sketch the likelihood as a function of
xmax , for �xed xmin , ymin , and ymax .

. Exercise22.11.[3 ] A sailor infers his location (x; y) by measuringthe bearings

b

b

b

�
�

�
�

�
�

��

(x1 ; y1)
A

A
A

A
A

A
A

A
A

(x2 ; y2)

Q
Q

Q
Q

QQ

(x3 ; y3)

Figure22.8. The standard way of
drawing three slightly inconsistent
bearingson a chart producesa
triangle called a cocked hat.
Where is the sailor?

of three buoys whoselocations (xn ; yn ) are given on his chart. Let the
true bearingsof the buoys be � n . Assuming that his measurement ~� n of
each bearing is subject to Gaussiannoiseof small standard deviation � ,
what is his inferred location, by maximum likelihood?

The sailor's rule of thumb says that the boat's position can be taken to
be the centre of the cocked hat, the triangle producedby the intersection
of the three measuredbearings(�gure 22.8). Can you persuadehim that
the maximum likelihood answer is better?
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. Exercise22.12.[3, p.312] Maximum likelihood �tting of an exponential-family
model.

Assume that a variable x comesfrom a probabilit y distribution of the
form

P(x j w) =
1

Z (w)
exp

 
X

k

wk f k(x)

!

; (22.31)

where the functions f k(x) are given, and the parametersw = f wkg are
not known. A data set f x (n)g of N points is supplied.

Show by di�eren tiating the log likelihood that the maximum-likelihood
parametersw ML satisfy

X

x

P(x j w ML )f k(x) =
1
N

X

n

f k(x (n) ); (22.32)

wherethe left-hand sum is over all x , and the right-hand sum is over the
data points. A shorthand for this result is that each function-average
under the �tted model must equal the function-average found in the
data:

hf k i P (x j w ML ) = hf k i Data : (22.33)

. Exercise22.13.[3 ] `Maximumentropy' �tting of modelsto constraints.

When confronted by a probabilit y distribution P(x) about which only a
few facts are known, the maximum entropy principle (maxent) o�ers a
rule for choosing a distribution that satis�es those constraints. Accord-
ing to maxent, you should select the P(x) that maximizes the entropy

H =
X

x

P(x) log1=P(x); (22.34)

subject to the constraints. Assuming the constraints assert that the
averagesof certain functions f k(x) are known, i.e.,

hf k i P (x ) = Fk ; (22.35)

show, by introducing Lagrange multipliers (one for each constraint, in-
cluding normalization), that the maximum-entropy distribution has the
form

P(x)Maxent =
1
Z

exp

 
X

k

wk f k(x)

!

; (22.36)

where the parameters Z and f wkg are set such that the constraints
(22.35) are satis�ed.

And hencethe maximum entropy method givesidentical results to max-
imum likelihood �tting of an exponential-family model (previous exer-
cise).

The maximum entropy method has sometimesbeen recommendedas a
method for assigning prior distributions in Bayesian modelling. While
the outcomesof the maximum entropy method are sometimesinteresting
and thought-provoking, I do not advocate maxent as the approach to
assigningpriors.
Maximum entropy is also sometimes proposed as a method for solv-
ing inference problems { for example, `given that the mean score of
this unfair six-sided die is 2.5, what is its probabilit y distribution
(p1; p2; p3; p4; p5; p6)?' I think it is a bad idea to usemaximum entropy in
this way; it can give very silly answers. The correct way to solve inference
problems is to useBayes' theorem.
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Exerciseswhere maximum likelihood and MAP havedi�culties

. Exercise22.14.[2 ] This exerciseexplores the idea that maximizing a proba-
bilit y density is a poor way to �nd a point that is representativ e of
the density. Consider a Gaussiandistribution in a k-dimensional space,
P(w) = (1=

p
2� � W )k exp(�

P k
1 w2

i =2� 2
W ). Show that nearly all of the

probabilit y mass of a Gaussian is in a thin shell of radius r =
p

k� W

and of thickness proportional to r =
p

k. For example, in 1000 dimen-
sions,90% of the massof a Gaussianwith � W = 1 is in a shell of radius
31.6 and thickness2.8. However, the probabilit y density at the origin is
ek=2 ' 10217 times bigger than the density at this shell where most of
the probabilit y massis.

Now consider two Gaussiandensities in 1000 dimensionsthat di�er in
radius � W by just 1%, and that contain equal total probabilit y mass.
Show that the maximum probabilit y density is greater at the centre of
the Gaussianwith smaller � W by a factor of � exp(0:01k) ' 20000.

In ill-p osedproblems,a typical posterior distribution is often a weighted
superposition of Gaussianswith varying meansand standard deviations,
so the true posterior has a skew peak, with the maximum of the prob-
abilit y density located near the mean of the Gaussiandistribution that
has the smallest standard deviation, not the Gaussianwith the greatest
weight.

. Exercise22.15.[3 ] The sevenscientists. N datapoints f xng are drawn from
N distributions, all of which are Gaussianwith a common mean � but
with di�eren t unknown standard deviations � n . What are the maximum
likelihood parameters �; f � n g given the data? For example, seven

-30 -20 -10 0 10 20

A B C D-G

Scientist xn

A � 27.020
B 3.570
C 8.191
D 9.898
E 9.603
F 9.945
G 10.056

Figure22.9. Seven measurements
f xn g of a parameter � by seven
scientists each having his own
noise-level � n .

scientists (A, B, C, D, E, F, G) with wildly-di�ering experimental skills
measure� . You expect someof them to do accurate work (i.e., to have
small � n ), and someof them to turn in wildly inaccurate answers (i.e.,
to have enormous� n ). Figure 22.9 shows their seven results. What is
� , and how reliable is each scientist?

I hope you agreethat, intuitiv ely, it looks prett y certain that A and B
are both inept measurers,that D{G are better, and that the true value
of � is somewherecloseto 10. But what doesmaximizing the likelihood
tell you?

Exercise22.16.[3 ] Problemswith MAP method. A collection of widgets i =
1: : : k have a property called `wodge', wi , which we measure,widget by
widget, in noisy experiments with a known noise level � � = 1:0. Our
model for these quantities is that they come from a Gaussian prior
P(wi j � ) = Normal(0; 1/ � ), where � = 1=� 2

W is not known. Our prior
for this variance is 
at over log � W from � W = 0:1 to � W = 10.

Scenario 1. Supposefour widgets have beenmeasuredand give the fol-
lowing data: f d1; d2; d3; d4g = f 2.2, � 2:2, 2.8, � 2:8g. We are interested
in inferring the wodgesof thesefour widgets.

(a) Find the valuesof w and � that maximize the posterior probabilit y
P(w; log � j d).

(b) Marginalize over � and �nd the posterior probabilit y density of w
given the data. [Integration skills required. SeeMacKay (1999a)for
solution.] Find maxima of P(w j d). [Answer: two maxima { oneat
w MP = f 1:8; � 1:8; 2:2; � 2:2g; with error bars on all four parameters
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(obtained from Gaussianapproximation to the posterior) � 0:9; and
one at w 0

MP = f 0:03; � 0:03; 0:04; � 0:04g with error bars � 0:1.]

Scenario 2. Supposein addition to the four measurements above we are
now informed that there are four more widgets that have beenmeasured
with a much lessaccurate instrument, having � 0

� = 100:0. Thus we now
have both well-determined and ill-determined parameters,asin a typical
ill-p osedproblem. The data from these measurements were a string of
uninformativ e values, f d5; d6; d7; d8g = f 100, � 100; 100, � 100g.

We are again asked to infer the wodgesof the widgets. Intuitiv ely, our
inferencesabout the well-measuredwidgets should be negligibly a�ected
by this vacuous information about the poorly-measured widgets. But
what happensto the MAP method?

(a) Find the valuesof w and � that maximize the posterior probabilit y
P(w; log � j d).

(b) Find maxima of P(w j d). [Answer: only one maximum, w MP =
f 0:03, � 0:03, 0:03, � 0:03, 0:0001, � 0:0001,0:0001, � 0:0001g, with
error bars on all eight parameters � 0:11.]

�

22.6 Solutions

Solution to exercise22.5 (p.304). Figure 22.10 shows a contour plot of the
0 1 2 3 54

0

1

2

3

5

4

Figure22.10. The likelihood as a
function of � 1 and � 2.

likelihood function for the 32 data points. The peaksare prett y-near centred
on the points (1; 5) and (5; 1), and are prett y-near circular in their contours.
The width of each of the peaksis a standard deviation of � =

p
16 = 1/4. The

peaksare roughly Gaussianin shape.

Solution to exercise22.12(p.310). The log likelihood is:

ln P(f x (n)gj w) = � N ln Z (w) +
X

n

X

k

wk f k(x (n) ): (22.37)

@
@wk

ln P(f x (n) gj w) = � N
@

@wk
ln Z (w) +

X

n

f k(x): (22.38)

Now, the fun part is what happenswhen we di�eren tiate the log of the nor-
malizing constant:

@
@wk

ln Z (w) =
1

Z (w)

X

x

@
@wk

exp

 
X

k0

wk0f k0(x)

!

=
1

Z (w)

X

x

exp

 
X

k0

wk0f k0(x)

!

f k(x) =
X

x

P(x j w)f k (x); (22.39)

so

@
@wk

ln P(f x (n) gj w) = � N
X

x

P(x j w)f k (x) +
X

n

f k (x); (22.40)

and at the maximum of the likelihood,

X

x

P(x j w ML )f k (x) =
1
N

X

n

f k(x (n) ): (22.41)
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23

Useful Probabilit y Distributions
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r

Figure23.1. The binomial
distribution P(r j f = 0:3; N = 10),
on a linear scale(top) and a
logarithmic scale(bottom).

In Bayesiandata modelling, there's a small collection of probabilit y distribu-
tions that comeup again and again. The purposeof this chapter is to intro-
duce thesedistributions so that they won't be intimidating when encountered
in combat situations.

There is no need to memorizeany of them, except perhapsthe Gaussian;
if a distribution is important enough,it will memorizeitself, and otherwise, it
can easily be looked up.

�

23.1 Distributions over integers

Binomial, Poisson,exponential
We already encountered the binomial distribution and the Poissondistribution
on page2.

The binomial distribution for an integer r with parameters f (the bias,
f 2 [0; 1]) and N (the number of trials) is:

P(r j f ; N ) =
�

N
r

�
f r (1 � f )N � r r 2 f 0; 1; 2; : : : ; N g: (23.1)

The binomial distribution arises, for example, when we 
ip a bent coin,
with bias f , N times, and observe the number of heads,r .

The Poissondistribution with parameter � > 0 is:

P(r j � ) = e� � � r

r !
r 2 f 0; 1; 2; : : :g: (23.2)

The Poisson distribution arises, for example, when we count the number of
photons r that arrive in a pixel during a �xed interval, given that the mean
intensity on the pixel corresponds to an averagenumber of photons � .
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1e-05
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0.01

0.1

1

0 5 10 15

r

Figure23.2. The Poisson
distribution P(r j � = 2:7), on a
linear scale(top) and a
logarithmic scale(bottom).

The exponential distribution on integers,,

P(r j f ) = f r (1 � f ) r 2 (0; 1; 2; : : : ; 1 ); (23.3)

arisesin waiting problems. How long will you have to wait until a six is rolled,
if a fair six-sided dice is rolled? Answer: the probabilit y distribution of the
number of rolls, r , is exponential over integerswith parameter f = 5=6. The
distribution may also be written

P(r j f ) = (1 � f ) e� �r r 2 (0; 1; 2; : : : ; 1 ); (23.4)

where � = log(1=f ).

313
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�

23.2 Distributions over unbounded real numbers

Gaussian,Student, Cauchy, biexponential, inverse-cosh.
The Gaussiandistribution or normal distribution with mean � and standard
deviation � is

P(x j �; � ) =
1
Z

exp
�

�
(x � � )2

2� 2

�
x 2 (�1 ; 1 ); (23.5)

where
Z =

p
2� � 2: (23.6)

It is sometimesuseful to work with the quantit y � � 1=� 2, which is called the
precision parameter of the Gaussian.

A sample z from a standard univariate Gaussian can be generated by
computing

z = cos(2� u1)
p

2ln(1=u2); (23.7)

where u1 and u2 are uniformly distributed in (0; 1). A secondsample z2 =
sin(2� u1)

p
2ln(1=u2), independent of the �rst, can then be obtained for free.

The Gaussiandistribution is widely used and often assertedto be a very
common distribution in the real world, but I am sceptical about this asser-
tion. Yes, unimodal distributions may be common; but a Gaussian is a spe-
cial, rather extreme, unimodal distribution. It has very light tails: the log-
probabilit y-density decreasesquadratically. The typical deviation of x from �
is � , but the respective probabilities that x deviates from � by more than 2� ,
3� , 4� , and 5� , are 0:046, 0.003, 6 � 10� 5, and 6 � 10� 7. In my experience,
deviations from a mean four or �v e times greater than the typical deviation
may be rare, but not as rare as6� 10� 5! I therefore urge caution in the useof
Gaussiandistributions: if a variable that is modelled with a Gaussianactually
has a heavier-tailed distribution, the rest of the model will contort itself to
reducethe deviations of the outliers, like a sheetof paper being crushedby a
rubber band.

. Exercise23.1.[1 ] Pick a variable that is supposedlybell-shaped in probabilit y
distribution, gather data, and make a plot of the variable's empirical
distribution. Show the distribution as a histogram on a log scaleand
investigate whether the tails are well-modelled by a Gaussiandistribu-
tion. [One example of a variable to study is the amplitude of an audio
signal.]

One distribution with heavier tails than a Gaussianis a mixture of Gaus-
sians. A mixture of two Gaussians,for example, is de�ned by two means,
two standard deviations, and two mixing coe�cien ts � 1 and � 2, satisfying
� 1 + � 2 = 1, � i � 0.

P(x j � 1; � 1; � 1; � 2; � 2; � 2) =
� 1p
2� � 1

exp
�

� (x � � 1 )2

2� 2
1

�
+

� 2p
2� � 2

exp
�

� (x � � 2 )2

2� 2
2

�
:

If we take an appropriately weighted mixture of an in�nite number of
Gaussians,all having mean � , we obtain a Student- t distribution ,

P(x j �; s;n) =
1
Z

1
(1 + (x � � )2=(ns2)) (n+1) =2

; (23.8)

where
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Figure23.3. Three unimodal
distributions. Two Student
distributions, with parameters
(m; s) = (1; 1) (heavy line) (a
Cauchy distribution) and (2; 4)
(light line), and a Gaussian
distribution with mean � = 3 and
standard deviation � = 3 (dashed
line), shown on linear vertical
scales(top) and logarithmic
vertical scales(bottom). Notice
that the heavy tails of the Cauchy
distribution are scarcelyevident
in the upper `bell-shaped curve'.

Z =
p

� ns2 �( n=2)
�(( n + 1)=2)

(23.9)
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and n is called the number of degreesof freedomand � is the gammafunction.
If n > 1 then the Student distribution (23.8) has a mean and that mean is
� . If n > 2 the distribution also has a �nite variance, � 2 = ns2=(n � 2).
As n ! 1 , the Student distribution approachesthe normal distribution with
mean � and standard deviation s. The Student distribution arises both in
classicalstatistics (as the sampling-theoretic distribution of certain statistics)
and in Bayesianinference(as the probabilit y distribution of a variable coming
from a Gaussiandistribution whosestandard deviation we aren't sure of).

In the special casen = 1, the Student distribution is called the Cauchy
distribution .

A distribution whosetails are intermediate in heavinessbetweenStudent
and Gaussianis the biexponential distribution ,

P(x j �; s) =
1
Z

exp
�

�
jx � � j

s

�
x 2 (�1 ; 1 ) (23.10)

where
Z = 2s: (23.11)

The inverse-coshdistribution

P(x j � ) /
1

[cosh(� x)]1=�
(23.12)

is a popular model in independent component analysis. In the limit of large � ,
the probabilit y distribution P(x j � ) becomesa biexponential distribution. In
the limit � ! 0 P(x j � ) approachesa Gaussianwith mean zero and variance
1=� .

�

23.3 Distributions over positive real numbers

Exponential,gamma,inverse-gamma,and log-normal.
The exponential distribution ,

P(x j s) =
1
Z

exp
�

�
x
s

�
x 2 (0; 1 ); (23.13)

where
Z = s; (23.14)

arisesin waiting problems. How long will you have to wait for a bus in Pois-
sonville, given that busesarrive independently at random with one every s
minutes on average? Answer: the probabilit y distribution of your wait, x, is
exponential with mean s.

The gammadistribution is like a Gaussiandistribution, exceptwhereasthe
Gaussiangoes from �1 to 1 , gamma distributions go from 0 to 1 . Just as
the Gaussiandistribution has two parameters� and � which control the mean
and width of the distribution, the gammadistribution has two parameters. It
is the product of the one-parameterexponential distribution (23.13) with a
polynomial, xc� 1. The exponent c in the polynomial is the secondparameter.

P(x j s; c) = �( x; s; c) =
1
Z

� x
s

� c� 1
exp

�
�

x
s

�
; 0 � x < 1 (23.15)

where
Z = �( c)s: (23.16)



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981

You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

316 23 | Useful Probabilit y Distributions

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 2 4 6 8 10

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

-4 -2 0 2 4

0.0001

0.001

0.01

0.1

1

0 2 4 6 8 10

0.0001

0.001

0.01

0.1

-4 -2 0 2 4

x l = logx

Figure23.4. Two gamma
distributions, with parameters
(s; c) = (1; 3) (heavy lines) and
10; 0:3 (light lines), shown on
linear vertical scales(top) and
logarithmic vertical scales
(bottom); and shown as a
function of x on the left (23.15)
and l = logx on the right (23.18).

This is a simple peaked distribution with mean sc and variance s2c.
It is often natural to represent a positive real variable x in terms of its

logarithm l = logx. The probabilit y density of l is

P(l) = P(x(l))

�
�
�
�
@x
@l

�
�
�
� = P(x(l))x(l ) (23.17)

=
1
Z l

�
x(l )

s

� c

exp
�

�
x(l )

s

�
; (23.18)

where
Z l = �( c): (23.19)

[The gamma distribution is named after its normalizing constant { an odd
convention, it seemsto me!]

Figure 23.4 shows a couple of gamma distributions as a function of x and
of l . Notice that where the original gamma distribution (23.15) may have a
`spike' at x = 0, the distribution over l never has such a spike. The spike is
an artefact of a bad choice of basis.

In the limit sc = 1; c ! 0, we obtain the noninformative prior for a scale
parameter, the 1=x prior. This improper prior is callednoninformativebecause
it has no associated length scale,no characteristic value of x, so it prefers all
values of x equally. It is invariant under the reparameterization x = mx. If
we transform the 1=x probabilit y density into a density over l = logx we �nd
the latter density is uniform.

. Exercise23.2.[1 ] Imagine that we reparameterizea positive variable x in terms
of its cube root, u = x1=3. If the probabilit y density of x is the improper
distribution 1=x, what is the probabilit y density of u?

The gamma distribution is always a unimodal density over l = logx, and,
as can be seenin the �gures, it is asymmetric. If x has a gammadistribution,
and we decideto work in terms of the inverseof x, v = 1=x, we obtain a new
distribution, in which the density over l is 
ipp ed left-for-right: the probabilit y
density of v is called an inverse-gammadistribution ,

P(v j s; c) =
1

Zv

�
1
sv

� c+1

exp
�

�
1
sv

�
; 0 � v < 1 (23.20)

where
Zv = �( c)=s: (23.21)
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Figure23.5. Two inversegamma
distributions, with parameters
(s; c) = (1; 3) (heavy lines) and
10; 0:3 (light lines), shown on
linear vertical scales(top) and
logarithmic vertical scales
(bottom); and shown as a
function of x on the left and
l = logx on the right.

Gamma and inversegammadistributions crop up in many inferenceprob-
lems in which a positive quantit y is inferred from data. Examples include
inferring the variance of Gaussiannoise from somenoise samples,and infer-
ring the rate parameter of a Poissondistribution from the count.

Gamma distributions also arise naturally in the distributions of waiting
times between Poisson-distributed events. Given a Poissonprocesswith rate
� , the probabilit y density of the arrival time x of the mth event is

� (�x )m� 1

(m� 1)!
e� �x : (23.22)

Log-normal distribution

Another distribution over a positive real number x is the log-normal distribu-
tion, which is the distribution that results when l = ln x has a normal distri-
bution. We de�ne m to be the median value of x, and s to be the standard
deviation of ln x.

P(l j m; s) =
1
Z

exp
�

�
(l � ln m)2

2s2

�
l 2 (�1 ; 1 ); (23.23)

where
Z =

p
2� s2; (23.24)

implies

P(x j m; s) =
1
x

exp
�

�
(ln x � ln m)2

2s2

�
x 2 (0; 1 ): (23.25)
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Figure23.6. Two log-normal
distributions, with parameters
(m; s) = (3; 1:8) (heavy line) and
(3; 0:7) (light line), shown on
linear vertical scales(top) and
logarithmic vertical scales
(bottom). [Yes, they really do
have the samevalue of the
median, m = 3.]

�

23.4 Distributions over periodic variables

A periodic variable � is a real number 2 [0; 2� ] having the property that � = 0
and � = 2� are equivalent.

A distribution that plays for periodic variablesthe role played by the Gaus-
sian distribution for real variables is the Von Mises distribution :

P(� j �; � ) =
1
Z

exp(� cos(� � � )) � 2 (0; 2� ): (23.26)

The normalizing constant is Z = 2� I 0(� ), where I 0(x) is a modi�ed Bessel
function.
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A distribution that arisesfrom Brownian di�usion around the circle is the
wrapped Gaussiandistribution,

P(� j �; � ) =
1X

n= �1

Normal(� ; (� + 2� n); � ) � 2 (0; 2� ): (23.27)

�

23.5 Distributions over probabilities

Beta distribution, Dirichlet distribution, entropic distribution
The beta distribution is a probabilit y density over a variable p that is a prob-
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Figure23.7. Three beta
distributions, with
(u1; u2) = (0:3; 1), (1:3; 1), and
(12; 2). The upper �gure shows
P(p j u1; u2) as a function of p; the
lower shows the corresponding
density over the logit ,

ln
p

1 � p
:

Notice how well-behaved the
densitiesare as a function of the
logit.

abilit y, p 2 (0; 1):

P(p j u1; u2) =
1

Z (u1; u2)
pu1 � 1(1 � p)u2 � 1: (23.28)

The parametersu1; u2 may take any positive value. The normalizing constant
is the beta function.

Z (u1; u2) =
�( u1)�( u2)
�( u1 + u2)

(23.29)

Special casesinclude the uniform distribution { u1 = 1; u2 = 1; the Je�reys
prior { u1 = 0:5; u2 = 0:5; and the improper Laplace prior { u1 = 0; u2 = 0. If
we transform the beta distribution to the corresponding density over the logit
l � ln p/ (1 � p), we�nd it is always a pleasant bell-shapeddensity over l , while
the density over p may have singularities at p = 0 and p = 1 (�gure 23.7).

More dimensions

The Dirichlet distribution is a density over an I -dimensional vector p whose
I components are positive and sum to 1. The beta distribution is a special
case of a Dirichlet distribution with I = 2. The Dirichlet distribution is
parameterized by a measureu (a vector with all coe�cien ts u i > 0) which
I will write here as u = � m, where m is a normalized measureover the I
components (

P
mi = 1), and � is positive:

P(p j � m) =
1

Z (� m)

IY

i =1

p�m i � 1
i � (

P
i pi � 1) � Dirichlet (I ) (pj� m) (23.30)

The function � (x) is the Dirac delta function which restricts the distribution
to the simplex such that p is normalized, i.e.,

P
i pi = 1. The normalizing

constant of the Dirichlet distribution is:

Z (� m) =
Y

i

�( �m i ) / �( � ) : (23.31)

The vector m is the mean of the probabilit y distribution:
Z

Dirichlet (I ) (pj� m) p dIp = m: (23.32)

When working with a probabilit y vector p, it is often helpful to work in the
`softmax basis', in which, for example, a three-dimensional probabilit y p =
(p1; p2; p3) is represented by three numbersa1; a2; a3 satisfying a1 + a2+ a3 = 0
and

pi =
1
Z

eai ; where Z =
P

i eai . (23.33)

This nonlinear transformation is analogousto the � ! ln � transformation
for a scalevariable and the logit transformation for a single probabilit y, p !
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u = (20; 10; 7) u = (0:2; 1; 2) u = (0:2; 0:3; 0:15)
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Figure23.8. Three Dirichlet
distributions over a
three-dimensionalprobabilit y
vector (p1; p2; p3). The upper
�gures show 1000random draws
from each distribution, showing
the valuesof p1 and p2 on the two
axes. p3 = 1 � (p1 + p2). The
triangle in the �rst �gure is the
simplex of legal probabilit y
distributions.
The lower �gures show the same
points in the `softmax' basis
(equation (23.33)). The two axes
show a1 and a2. a3 = � a1 � a2.

ln p
1� p . In the softmax basis, the ugly minus-onesin the exponents in the

Dirichlet distribution (23.30) disappear, and the density is given by:

P(a j � m) /
1

Z (� m)

IY

i =1

p�m i
i � (

P
i ai ) : (23.34)

The role of � can be characterized in two ways. First, the parameter � mea-
suresthe sharpnessof the distribution (�gure 23.8); it measureshow di�eren t
we expect typical samplesp from the distribution to be from the meanm, just
asthe precision� = 1/ � 2 of a Gaussianmeasureshow far samplesstray from its
mean. A large value of � producesa distribution over p that is sharply peaked
around m. The e�ect of � in higher-dimensionalsituations can be visualized
by drawing a typical samplefrom the distribution Dirichlet (I ) (pj� m), with m
set to the uniform vector m i = 1/ I , and making a Zipf plot, that is, a ranked
plot of the valuesof the components pi . It is traditional to plot both pi (ver-
tical axis) and the rank (horizontal axis) on logarithmic scalesso that power
law relationships appear as straight lines. Figure 23.9 shows theseplots for a
single samplefrom ensembles with I = 100and I = 1000and with � from 0.1
to 1000. For large � , the plot is shallow with many components having simi-
lar values. For small � , typically one component pi receivesan overwhelming
shareof the probabilit y, and of the small probabilit y that remainsto be shared
amongthe other components, another component pi 0 receivesa similarly large
share. In the limit as � goes to zero, the plot tends to an increasingly steep
power law.
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Figure23.9. Zipf plots for random
samplesfrom Dirichlet
distributions with various values
of � = 0:1 : : : 1000. For each value
of I = 100 or 1000and each � ,
one samplep from the Dirichlet
distribution was generated. The
Zipf plot shows the probabilities
pi , ranked by magnitude, versus
their rank.

Second,we can characterize the role of � in terms of the predictive dis-
tribution that results when we observe samples from p and obtain counts
F = (F1; F2; : : : ; FI ) of the possible outcomes. The value of � de�nes the
number of samplesfrom p that are required in order that the data dominate
over the prior in predictions.

Exercise23.3.[3 ] The Dirichlet distribution satis�es a nice additivit y property.
Imagine that a biasedsix-sideddie hastwo red facesand four blue faces.
The die is rolled N times and two Bayesiansexamine the outcomesin
order to infer the bias of the die and make predictions. One Bayesian
has accessto the red/blue colour outcomesonly, and he infers a two-
component probabilit y vector (pR ; pB ). The other Bayesian has access
to each full outcome: he can seewhich of the six facescame up, and
he infers a six-component probabilit y vector (p1; p2; p3; p4; p5; p6), where
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pR = p1 + p2 and pB = p3 + p4 + p5 + p6. Assuming that the sec-
ond Bayesianassignsa Dirichlet distribution to (p1; p2; p3; p4; p5; p6) with
hyperparameters(u1; u2; u3; u4; u5; u6), show that, in order for the �rst
Bayesian'sinferencesto be consistent with thoseof the secondBayesian,
the �rst Bayesian'sprior should be a Dirichlet distribution with hyper-
parameters((u1 + u2); (u3 + u4 + u5 + u6)).

Hint: a brute-force approach is to compute the integral P(pR ; pB ) =R
d6p P(p j u) � (pR � (p1 + p2)) � (pB � (p3 + p4 + p5 + p6)). A cheaper

approach is to compute the predictive distributions, given arbitrary data
(F1; F2; F3; F4; F5; F6), and �nd the condition for the two predictive dis-
tributions to match for all data.

The entropic distribution for a probabilit y vector p is sometimesused in
the `maximum entropy' image reconstruction communit y.

P(p j � m) =
1

Z (� )
exp[�H (p)] � (

P
i pi � 1) ; (23.35)

where H (p) =
P

i pi log1=pi .

Further reading

See(MacKay and Peto, 1995) for fun with Dirichlets.

�

23.6 Further exercises

Exercise23.4.[2 ] N datapoints f xng are drawn from a gamma distribution
P(x j s; c) = �( x; s; c) with unknown parameterss and c. What are the
maximum likelihood parameterss and c?


