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Maximum Likelihood and Clustering

Rather than enumerate all hypotheses{ which may be exponertial in number
{ we can save a lot of time by homing in on one good hypothesisthat ts
the data well. This is the philosophy behind the maximum likelihood method,
which identi es the setting of the parameter vector that maximizes the
likelihood, P(Dataj ;H).

For some models the maximum likelihood parameters can be identi ed
instantly from the data; for more complex models, nding the maximum like-
lihood parametersmay require an iterativ e algorithm.

For any model, it is usually easiestto work with the logarithm of the
likelihood rather than the likelihood, since likelihoods, being products of the
probabilities of many data points, tend to be very small. Likelihoods multiply;
log likelihoods add.

22.1 Maximum likelihood for one Gaussian

We return to the Gaussianfor our rst examples. Assume we have data
fxnoh_, . The log likelihood is:

_ X
InP(fxngNeyj; ) = N |n(IO 2 ) (Xn  )?=(2 ?): (22.1)
n
The likelihood can be expressedin terms of two functions of the data, the

samplemean

X
X Xn=N; (22.2)

and the sum of squaredeviations
X
S (xn X)?: (22.3)

INPExngh=yj; )= N|n(p7) IN(  x)%+ S]=(2 ?): (22.4)

Becausethe likelihood dependson the data only through x and S, thesetwo
quarntities are known assu cien t statistics.

Example22.1. Di eren tiate the log likelihood with respectto and show that,
if the standard deviation is known to be , the maximum likelihood mean
of a Gaussianis equal to the samplemeanx, for any value of

Solution.

8 - NC X
0 when = x. 2 (22.6)

(22.5)
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If we Taylor-expand the log likelihood about the maximum, we can de-
ne approximate error bars on the maximum likelihood parameter: we use
a quadratic approximation to estimate how far from the maximum-likelihood
parameter setting we can go beforethe likelihood falls by somestandard fac-
tor, for example ™2, or *2. In the special caseof a likelihood that is a
Gaussianfunction of the parameters,the quadratic approximation is exact.

Example22.2. Find the secondderivative of the log likelihood with respect to
,and nd the error barson , given the data and

Solution. &

@InP = 2 (22.7)
Comparing this curvature with the curvature of the log of a Gaussiandistri-
bution over of standard deviation , exp( 2=(2 2)), which is 1= 2, we

can deducethat the error barson (derived from the likelihood function) are

= p—=: 22.8
pﬁ ( )
The error bars have this property: at the two points = x , the likelihood

is smaller than its maximum value by a factor of e'2.

Example22.3. Find the maximum likelihood standard deviation of a Gaus-
sian, whosemean is known to be , in the light of data fxng,ﬁ‘:l. Find
the secondderivative of the log likelihood with respectto In , and error
bars on In

Solution. The likelihood's dependenceon is

Stot_.

. p__
NP(Exagherj; )= NIn(C 2 ) o

(22.9)

P
where St = ,(Xn )2. To nd the maximum of the likelihood, we can
di erentiate with respectto In . [It's often most hygienic to di eren tiate with
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304 22| Maximum Likelihood and Clustering

respect to In u rather than u, when u is a scalevariable; we usedu"=d(In u) =

nu".]
@n P(angr’}Ll i) Stot
= N+ — 22.10
an 3 (22.10)
This derivative is zerowhen s,
2 _ Stot .
= 22.11
o (22.11)
ie., S
P 2
— n=1 (Xn ) .
= =" - 22.12
. (22.12)
The secondderivative is
@INPExaghy i ) Stot
= = 2 : 22.13
an v > (22.13)
and at the maximum-likelihood value of 2, this equals 2N. So error bars
oniln are 1
= p—: 2 22.14
In Pm ( )

. Exercise22.4!1] shaw that the vgluesof andIny that jointly maximize the
likelihood are: f; gw = X; v = SN ; where

S
N 2
\ W: (22.15)

22.2 Maximum likelihood for a mixture of Gaussians

We now derive an algorithm for tting a mixture of Gaussiansto one-
dimensional data. In fact, this algorithm is soimportant to understand that,
you, gertle reader, get to derive the algorithm. Pleasework through the fol-
lowing exercise.

i% Exercise22.5[% P-313 A random variable x is assumedto have a probability
distribution that is a mixture of two Gaussians
" #
. x 1 x )2
PXji 1 21 )=  PP=—=exp 55—
k=1 2 2 2

(22.16)

where the two Gaussiansare given the labels k = 1 and k = 2; the prior
probability of the classlabel k is fp; = 1=2;p, = 1=2g; f g are the means
of the two Gaussians;and both have standard deviation . For brevity, we
denote these parameters by ff o, 0.

A data set consistsof N points fx,g)-; which are assumedto be indepen-
dent samplesfrom this distribution. Let k, denotethe unknown classlabel of
the nth point.

Assumingthat f ygand are known, shaw that the posterior probability
of the classlabel k, of the nth point can be written as

o 1
Plkn=11%n: ) 1+ exp[ (WiXn + Wo)]
) (22.17)
P(kn=2jXn; )

1+ exp[+(wixp + Wo)];
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22.3: Enhancemerts to soft K-means 305

and give expressionsfor wy and wg.

Assume now that the meansf g are not known, and that we wish to
infer them from the data fx,g\-, . (The standard deviation is known.) In
the remainder of this questionwe will derive an iterativ e algorithm for nding
valuesfor f g that maximize the likelihood,

Y
P(fxndh=1 if kg )= P(aif kg ) (22.18)

n

Let L denote the log of the likelihood. Show that the derivative of the log
likelihood with respectto  is given by
@ X (Xn k)

@t P (22.19)

wherepy, P(kn=KkjXxn; ) appearedabove at equation (22.17).

Shaw, neglecting terms in @T@iP(kn =Kkjxn; ), that the secondderivative
is approximately given by
@ X 1
@—EL = pkjn —2: (2220)
n
Henceshaw that from aninitial state 1; », anapproximate Newton{Raphson
step updatesthese parametersto  $; 9, where
P
inX
0~ _pn PhinXn, (22.21)
n Bkjn

hrhe Newton{Raphson method for maximizing L( ) updates to 0=

@ @L
@ @2
0 1 2 3 4 5 6
Assumingthat = 1, sketch a contour plot of the likelihood function L asa

function of ; and » for the data set shavn above. The data set consistsof
32 points. Describe the peaksin your sketch and indicate their widths.

Notice that the algorithm you have derived for maximizing the likelihood
is identical to the soft K-meansalgorithm of section 20.4. Now that it is clear
that clustering can be viewed as mixture-density-modelling, we are able to
derive enhancemets to the K-means algorithm, which rectify the problems
we noted earlier.

22.3 Enhancements to soft K-means

Algorithm 22.2 shaws a version of the soft-K-means algorithm corresponding
to a modelling assumptionthat ead cluster is a spherical Gaussianhaving its
own width (ead cluster hasits own ) = 1/ 2). The algorithm updatesthe
lengthscales , for itself. The algorithm alsoincludes cluster weight parame-

of data from clusters of unequal weights. This algorithm is demonstrated in
gure 22.3for two data setsthat we've seenbefore. The secondexampleshows
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Assignmen t step. The responsibilities are
1 L im0
kP &P dm™ixt)
r(M = k (22.22)
P 1 L em (<. ()
KO kfﬁ exp  — d(m™7;x)

kO
where | is the dimensionality of x.

Up date step. Each cluster's parameters,m®), , and 2, are adjusted
to match the data points that it is responsible for.
X

riMy(m
(k) = _n _
m 5 (22.23)
rf(n)(x(n) m(k))2
2 _ n
= = (22.24)
R(K)
‘= P—k = (22.25)
where R®) is the total responsibility of meank,
X
R =" M. (22.26)
n
t=0 t=1 t=2 t=3 t=9

Maximum Likelihood and Clustering

Algorithm 22.2 The soft K-means
algorithm, version 2.

Figure22.3 Soft K-means
algorithm, with K = 2, applied
(a) to the 40-point data set of
gure 20.3;(b) to the little 'n’
large data set of gure 20.5.
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i=1
o (numerator, with k%in place of k) (22.27)

1
kf?l p 2— (K) eXp
r(n) - i=1p i
K }

(MM my2
20 _ n

: RK)

(22.28)

Algorithm 22.4 The soft K-means
algorithm, version 3, which
correspondsto a model of
axis-aligned Gaussians.



22.4: A fatal aw of maximum likelihood

that corvergencecan take a long time, but evertually the algorithm identi es
the small cluster and the large cluster.

Soft K-means, version 2, is a maximum-likelihood algorithm for tting a
mixture of spheri@l Gaussiansto data { “spherical' meaningthat the variance
of the Gaussianis the samein all directions. This algorithm is still no good
at modelling the cigar-shaped clusters of gure 20.6. If we wish to model the
clustersby axis-aligned Gaussianswith possibly-unequalvariances,we replace
the assignmen rule (22.22) and the variance update rule (22.24) by the rules
(22.27) and (22.28) displayed in algorithm 22.4.

This third version of soft K-means is demonstrated in gure 22.5on the
‘two cigars' data set of gure 20.6. After 30 iterations, the algorithm has
correctly located the two clusters. Figure 22.6 shows the same algorithm
appliedto the little 'n' large data set, where,again, the correct cluster locations
are found.

22.4 A fatal aw of maximum likelihood

Finally, gure 22.7 soundsa cautionary note: whenwe t K = 4 meansto our
rst toy data set, we sometimes nd that very small clusters form, covering
just one or two data points. This is a pathological property of soft K-means
clustering, versions2 and 3.

. Exercise22.6/2] Investigate what happens if one mean m®) sits exactly on
top of one data point; show that if the variance ,f is su cien tly small,
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Figure22.5 Soft K-means
algorithm, version 3, applied to
the data consisting of two
cigar-shaped clusters. K = 2 (c.f.
gure 20.6).

Figure22.6 Soft K-means
algorithm, version 3, applied to
the little 'n' large data set. K = 2.

A proof that the algorithm does
indeed maximize the likelihood is
deferredto section 33.7.

Figure22.7. Soft K means
algorithm applied to a data set of
40 points. K = 4. Notice that at
corvergence,one very small
cluster has formed betweentwo
data points.
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then no return is possible: 2 becomesever smaller.

KABOOM!

Soft K-meanscanblow up. Put onecluster exactly on onedata point and let its
variance goto zero{ you can obtain an arbitrarily large likelihood! Maximum
likelihood methods canbreak down by nding highly tuned modelsthat t part
of the data perfectly. This phenomenonis known as over tting. The reason
we are not interestedin thesesolutions with enormouslikelihood is this: sure,
these parameter-settings may have enormous posterior probability density,
but the density is large over only a very small volume of parameter space. So
the probability mass assaiated with theselikelihood spikesis usually tiny.

We concludethat maximum likelihood methods are not a satisfactory gen-
eral solution to data modelling problems: the likelihood may bein nitely large
at certain parameter settings. Even if the likelihood doesnot have in nitely-
large spikes,the maximum of the likelihood is often unrepresenativ e, in high-
dimensional problems.

Even in low-dimensional problems, maximum likelihood solutions can be
unrepresenative. As you may know from basic statistics, the maximum like-
lihood estimator (22.15) for a Gaussian'sstandard deviation, , is a biasel
estimator, a topic that we'll take up in Chapter 24.

The maximum a posteriori (MAP) methal

A popular replacemen for maximizing the likelihood is maximizing the
Bayesian posterior probability density of the parametersinstead. Howeer,
multiplying the likelihood by a prior and maximizing the posterior does
not make the above problems go away; the posterior density often also has
in nitely-large  spikes, and the maximum of the posterior probability density
is often unrepresenativ e of the whole posterior distribution. Think bad to
the conceptof typicality, which we encourtered in Chapter 4: in high dimen-
sions, most of the probability massis in a typical set whose properties are
quite dierent from the points that have the maximum probability density.
Maxima are atypical.

A further reasonfor disliking the maximum a posteriori is that it is basis-
dependent If we make a nonlinear change of basis from the parameter to
the parameteru = f () then the probability density of is transformed to

P(u)=P() % ; (22.29)

The maximum of the density P (u) will usually not coincidewith the maximum
of the density P( ). (For gures illustrating suc nonlinear changesof basis,
seethe next chapter.) It seemsundesirableto use a method whose answers
change when we changerepresertation.

Further reading

The soft K-means algorithm is at the heart of the automatic classi cation
padkage, AutoClass (Hanson et al., 1991b;Hansonet al., 1991a).
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22.5 Further exercises

Exerciseswhere maximum likelihood may be useful

Exercise22.7[3] Make a version of the K-means algorithm that models the
data asa mixture of K arbitrary Gaussians,i.e., Gaussiansthat are not
constrained to be axis-aligned.

. Exercise22.8/] (a) A photon courter is pointed at a remote star for one
minute, in order to infer the brightness, i.e., the rate of photons
arriving at the courter per minute, . Assuming the number of
photons collectedr has a Poissondistribution with mean

r

Prj )=exp( )=

oK (22.30)

what is the maximum likelihood estimate for , givenr = 9? Find
error bars on In

(b) Samesituation, but now we assumethat the courter detects not
only photons from the star but also "badkground' photons. The
badkground rate of photons is known to be b= 13 photons per
minute. We assumethe number of photons collected, r, hasa Pois-
sondistribution with mean +b. Now, givenr = 9 detectedphotons,
what is the maximum likelihood estimate for ? Commert on this
answer, discussingalsothe Bayesianposterior distribution, and the
“unbiased estimator' of sampling theory, * r b,

Exercise22.9[2] A bert coin is tossedN times, giving N, headsand Ny, tails.
Assume a beta distribution prior for the probability of heads, p, for
example the uniform distribution. Find the maximum likelihood and
maximum a posteriori values of p, then nd the maximum likelihood
and maximum a posteriori valuesofthe logit a In[pH1 p)]. Compare
with the predictive distribution, i.e., the probability that the next toss
will comeup heads.

. Exercise22.10?] Two men looked through prison bars; one saw stars, the
other tried to infer where the window frame was.

From the other side of a room, you look through a window and see
stars at locations f(xn;yn)g. You can't seethe window edgesbecause
it is totally dark apart from the stars. Assuming the window is rectan-

gular and that the visible stars's locations are independertly randomly

distributed, what are the inferred valuesof (Xmin; Ymin» Xmax, ¥Ymax), ac-
cording to maximum likelihood? Sketch the likelihood as a function of

Xmax, for xed Xmin, Ymin, @and Ymax.

. Exercise22.11131 A sailor infers his location (x; y) by measuringthe bearings
of three buoys whoselocations (xn;yn) are given on his chart. Let the
true bearingsof the buoys be . Assumingthat his measuremen 7, of
eadt bearing is subject to Gaussiannoiseof small standard deviation ,
what is his inferred location, by maximum likelihood?

The sailor's rule of thumb says that the boat's position can be taken to
be the certre of the cocked hat, the triangle producedby the intersection
of the three measuredbearings( gure 22.8). Can you persuadehim that
the maximum likelihood answer is better?

309
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. Exercise22.12!3 P-312 Maximum likelihood tting of an exponential-family
model.

Assumethat a variable x comesfrom a probability distribution of the
form !

X
P(xjw) = T%N)exp wifr(X) ; (22.31)
k

where the functions f(x) are given, and the parametersw = fwyg are
not known. A data setfx(g of N points is supplied.

Show by di erentiating the log likelihood that the maximum-likelihood
parametersw,, satisfy

X
PO w0 = o i), (2232)

X n
wherethe left-hand sumis over all x, and the right-hand sum s over the
data points. A shorthand for this result is that ead function-average
under the tted model must equal the function-average found in the

data:

Mip o jwi ) = Mkipata (22.33)

. Exercise22.13[%] “Maximumentropy' tting of modelsto constraints.

When confronted by a probability distribution P (x) about which only a

few facts are known, the maximum erntropy principle (maxent) oers a

rule for chaosing a distribution that satis es those constraints. Accord-

ing to maxent, you should selectthe P (x) that maximizesthe erntropy
X

H= P (x) log1=P(x); (22.34)
X
subject to the constraints. Assuming the constraints assert that the
averagesof certain functions f (x) are known, i.e.,

Mip o) = Fi (22.35)

show, by introducing Lagrange multipliers (one for ead constraint, in-

cluding normalization), that the maximum-erntropy distribution hasthe

form !

1 X

Z exp wifr(X) (22.36)
k

where the parameters Z and fwyg are set such that the constraints

(22.35) are satis ed.

And hencethe maximum entropy method givesidentical resultsto max-
imum likelihood tting of an exponertial-family model (previous exer-
cise).

P (X)Maxent =

The maximum entropy method has sometimesbeen recommendedas a
method for assigning prior distributions in Bayesian modelling. While
the outcomesof the maximum entropy method are sometimesinteresting
and thought-provoking, | do not advocate maxernt as the approacd to
assigningpriors.

Maximum ertropy is also sometimes proposed as a method for solv-
ing inference problems { for example, "given that the mean score of
this unfair six-sided die is 2.5, what is its probability distribution
(p1; P2; P3; Pa; Ps; Ps)?' | think it is a bad ideato usemaximum entropy in
this way; it cangive very silly answers. The correct way to solve inference
problemsis to use Bayes' theorem.
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Exerciseswhere maximum likelihood and MAP havedi culties

. Exercise22.1421 This exerciseexplores the idea that maximizing a proba-
bility density is a poor way to nd a point that is represetative of
the density. Fg:%sidera Gau§§iandistribution in a k-dimensional space,
PWw) = (1= 2 w)kexp( Xw2=2 2). Shaw that nearly all pf the
probability mass of a Gaussianis irbgthin shellof radius r = =~ k
and of thickness proportional to r= k. For example, in 1000 dimen-
sions, 90% of the massof a Gaussianwith , = 1isin a shell of radius
31.6 and thickness2.8. Howewer, the probability density at the origin is . .t
e=2 ' 10?17 times bigger than the density at this shell where most of ¥
the probability massis.

B CD-G

Now consider two Gaussiandensitiesin 1000 dimensionsthat dier in %0 20 -0 0 10 20

radius , by just 1%, and that cortain equal total probability mass.
Show that the maximum probability density is greater at the certre of Sciertist Xn
the Gaussianwith smaller ,, by afactor of exp(0:01k) ' 20000.

A 27020
In ill-p osedproblems, a typical posterior distribution is often a weighted B 3570
superposition of Gaussianswith varying meansand standard deviations, C 8.191
so the true posterior has a skew peak, with the maximum of the prob- D 0.898
ability density located near the mean of the Gaussiandistribution that E 9.603
hasthe smallest standard deviation, not the Gaussianwith the greatest = 0.945
weight. G 10056

. Exercise2_2.1§.[3]_ The sevensci_entists N dqtapo?nts fx,g are drawn from Figure22.9. Se\en measuremets
N distributions, all of which are Gaussianwith a commonmean but  {x g of a parameter by sewen
with di erent unknown standard deviations . What arethe maximum sciertists eac having his own
likelihood parameters ; f ,g given the data?  For example, seven  noise-lewl .
sciertists (A, B, C, D, E, F, G) with wildly-di ering experimental skills
measure . You expect someof them to do accurate work (i.e., to have
small ), and someof them to turn in wildly inaccurate answers (i.e.,
to have enormous ). Figure 22.9 shows their sewen results. What is

, and how reliable is ead scientist?

| hope you agreethat, intuitiv ely, it looks pretty certain that A and B
are both inept measurersthat D{G are better, and that the true value
of is somewherecloseto 10. But what doesmaximizing the likelihood
tell you?

Exercise22.16[3] Problemswith MAP method. A collection of widgets i =
1:::k have a property called "wodge', w;, which we measure,widget by

widget, in noisy experiments with a known noise level = 1:0. Our
model for these quartities is that they come from a Gaussian prior
P(wij ) = Normal(0;V¥ ), where =1= 2 is not known. Our prior

for this varianceis at overlog ,, from ,, = 0:1to , = 10.

Scenaio 1. Supposefour widgets have been measuredand give the fol-
lowing data: fdy;do;ds;dsg= 2.2, 2:2,2.8, 2:8g. We are interested
in inferring the wodgesof these four widgets.

(a) Find the valuesof w and that maximize the posterior probability
P(w;log jd).

(b) Marginalize over and nd the posterior probability density of w
giventhe data. [Integration skills required. SeeMacKay (1999a)for
solution.] Find maxima of P(w jd). [Answer: two maxima { oneat
wywe = f1:8; 1:8;2:2; 2:2g; with error barson all four parameters
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(obtained from Gaussianapproximation to the posterior) 0:9; and
oneat w0, = f0:03 0:03,0:04 0:04g with error bars 0:1.]

Scenaio 2. Supposein addition to the four measuremets above we are
now informed that there are four more widgets that have beenmeasured
with a much lessaccurate instrument, having °= 1000. Thus we now
have both well-determined and ill-determined parameters,asin atypical
ill-p osedproblem. The data from these measuremets were a string of
uninformativ e values, f ds; dg; d7; dgg = 100, 100 100, 10Qy.

We are again asked to infer the wodgesof the widgets. Intuitiv ely, our
inferencesabout the well-measuredwidgets should be negligibly a ected
by this vacuousinformation about the poorly-measured widgets. But
what happensto the MAP method?

(a) Find the valuesof w and that maximize the posterior probability .
P(w:log jd). -

(b) Find maxima of P(wjd). [Answer: only one maximum, W, = )

f0:03, 0:03,0:03, 0:03,0:0001, 0:0001,0:0001, 0:0001g, with 18

error bars on all eight parameters 0:11.] 12

© 1

22.6 Solutions .

0 1 2 3 4 5
Solutionto exercise22.5(p.304). Figure 22.10 shows a corntour plot of the
likelihood function for the 32 data points. The peaksare pretty-near certred
on the points (1;5) and (5; 1), and are pretty-near circular irb their cortours.
The width of ead of the peaksis a standard deviation of = 16= 1/4. The
peaksare roughly Gaussianin shape.

Figure22.1Q The likelihood asa
function of ; and ».

Solutionto exercise22.12(p.310). The log likelihood is:

X X
InP({FxMgjw) = NInZ(w)+ Wik (x(M): (22.37)
n k
X
O hpExMgiw)= N-Znzw)+ () (22.38)
k @y

n

Now, the fun part is what happenswhen we di erentiate the log of the nor-

malizing constart:
|

@ 1 X @ X
—InZ(w) = —— —ex wcof o(X
av (w) Zw) . @v p . kof ko(X)
|
1 X X ' X
= —— exp wiof o(X)  fr(x) = P(xjw)fk(x); (22.39)
Z(w) < o <
o)
@ X X
— InP@ExMgjw)= N PXjw)feX)+  fr(X); (22.40)
k X n
and at the maximum of the likelihood,
1 X
P(xjw )Tk(¥) = T fr(x(M): (22.41)

X n
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23

Useful Probability Distributions

In Bayesiandata modelling, there's a small collection of probability distribu- 0s |
tions that comeup again and again. The purposeof this chapter is to intro- 025 1
duce thesedistributions sothat they won't be intimidating when encourtered 015 1
in combat situations. 0% ‘ ‘ I
There is no needto memorizeany of them, except perhapsthe Gaussian; P A
if a distribution is important enough,it will memorizeitself, and otherwise, it
can easily be looked up. o_i ]
0.01 4
0.001
23.1 Distributions over integers 00001 4
1e-05
Binomial, Poisson,exponential T e, Q,JO
We already encourtered the binomial distribution and the Poissondistribution r
on pageZ2.

. . L . . . Figure23.1 The binomial
The binomial distribution for an integer r with parametersf (the bias,  yciipition P(rjf = 0:3 N = 10),

f 2 [0;1]) and N (the number of trials) is: on a linear scale(top) and a
logarithmic scale(bottom).

. N
P(rifiNy= frfa@ H)N " r2f0;1;2:::;Ng: (23.1)
The binomial distribution arises, for example, when we ip a bent coin, 025
with biasf, N times, and obsene the number of heads,r. o
The Poissondistribution with parameter > 0is: 0(;;
r ‘0 ‘ ‘ 1
P(rj )=e o r2f0;1;2:::0: (23.2) e w
: 1
0.1
The Poissondistribution arises, for example, when we count the number of 0.01
. . . . . . 0.001
photons r that arrive in a pixel during a xed interval, given that the mean 0.0001
intensity on the pixel correspondsto an averagenumber of photons . Lo ‘ ‘ ‘
. N
The exponertial distribution on integers, e 5 0 15
r

P(rif)=1f"(x f) r2(0;12:::;1); (23.3) Figure23.2 The Poisson

L . . . . . distribution P(rj =27),ona
arisesin waiting problems. How long will you have to wait until asixisrolled, |inear scale(top) and a

if a fair six-sided dice is rolled? Answer: the probability distribution of the  |ogarithmic scale(bottom).
number of rolls, r, is exponertial over integerswith parameterf = 5=6. The
distribution may also be written

Prif) =1 f)e " r2(0;12:::;1); (23.4)
where = log(1=f).
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23.2 Distributions over unbounded real numbers

GaussianStudent, Cauchy biexponential, inverse-cosh.
The Gaussiandistribution or normal distribution with mean and standard
deviation is

ooy L (x_)? 1
P(xj; )=Zexp —5— x2(1 1) (23.5)
where D
z= 2 = (23.6)
It is sometimesusefulto work with the quantity 1= 2, which is called the

precision parameter of the Gaussian.

A sample z from a standard univariate Gaussian can be generated by
computing p
z=coq2 uj) 2In(l=uy); (23.7)

where u; and u, are uniformly distributed in (0;1). A secondsamplez, =
sin(2 u1) 2In(1=w), independert of the rst, canthen be obtained for free.
The Gaussiandistribution is widely usedand often assertedto be a very
common distribution in the real world, but | am sceptical about this asser-
tion. Yes, unimodal distributions may be common; but a Gaussianis a spe-
cial, rather extreme, unimodal distribution. It has very light tails: the log-
probabilit y-density decreasegjuadratically. The typical deviation of x from
is , but the respective probabilities that x deviatesfrom by morethan 2 ,
3,4 ,and5 , are 0:046,0.003,6 10 °, and6 10 ’. In my experience,
deviations from a mean four or v e times greater than the typical deviation
may berare, but not asrare as6 10 °! | therefore urge caution in the useof
Gaussiandistributions: if a variable that is modelled with a Gaussianactually os
has a heavier-tailed distribution, the rest of the model will cortort itself to 04
reducethe deviations of the outliers, like a sheetof paper being crushedby a 03
rubber band. °21

0.1

. Exercise23.1[1] Pick a variable that is supposedly bell-shaped in probability
distribution, gather data, and make a plot of the variable's empirical

distribution. Shaw the distribution as a histogram on a log scale and 01
investigate whether the tails are well-modelled by a Gaussiandistribu- 001 1
tion. [One example of a variable to study is the amplitude of an audio 000t 1
signal.]

00001 +—

One distribution with heavier tails than a Gaussianis a mixture of Gaus-
sians A mixture of two Gaussians,for example, is de ned by two means, rjgyre23.3 Three unimodal
two standard deviations, and two mixing coecients ; and ,, satisfying  distributions. Two Studert

1+ 2=1, § O distributions, with parameters
(m;s) = (1;1) (heavy line) (a
S _ 1 (x_ 1)? 2 (x__2)% . Caudy distribution) and (2;4)
P(x L1 25 2 = p——ex +p—=—ex : y ;
X] 4 1 122 2) 2 1 P 2§ "2, P 23 (light line), and a Gaussian

distribution with mean = 3 and
If we take an appropriately weighted mixture of an in nite number of  standard deviation = 3 (dashed

Gaussians,all having mean , we obtain a Student-t distribution , line), shavn on linear vertical
scales(top) and logarithmic
R £ 1 ) vertical scales(bottom). Notice
Pxjssin) = 2(1 + (x )2=(ns?))(n+1) =2 (23.8) that the heavy tails of the Cauchy
distribution are scarcelyevident
where in the upper “bell-shaped curve'.
pP—— n=2
Z= ns2 ( ) (23.9)

((n+1)=2)
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23.3: Distributions over positiv e real numbers 315

and n is called the number of degreesof freedomand  is the gammafunction.
If n > 1 then the Student distribution (23.8) has a mean and that mean is

If n > 2 the distribution also has a nite variance, 2 = ns’=(n  2).
Asn! 1 ,the Student distribution approacesthe normal distribution with
mean and standard deviation s. The Studernt distribution arisesboth in
classicalstatistics (as the sampling-theoretic distribution of certain statistics)
and in Bayesianinference(as the probability distribution of a variable coming
from a Gaussiandistribution whosestandard deviation we aren't sure of).

In the special casen = 1, the Studert distribution is called the Caudcy
distribution .

A distribution whosetails are intermediate in heaviness between Student
and Gaussianis the biexponertial distribution ,

P(Xj; s)= Zlexp JXTJ x2 (1 ;1) (23.10)
where
Z = 2s: (23.11)
The inverse-coshdistribution
1
Pxj ) —— 23.12
CIIT feosi 1™ (23.12)

is a popular model in independert componert analysis. In the limit of large
the probability distribution P(x]j ) becomesa biexponertial distribution. In
the limit ! O0P(xj ) approachesa Gaussianwith mean zero and variance
1= .

23.3 Distributions over positive real numbers

Exponential, gamma,inverse-gammaand log-namal.
The exponertial distribution ,

P(xjs) = Ziexp X2 (0;1); (23.13)
where
Z=s; (23.14)

arisesin waiting problems. How long will you have to wait for a bus in Pois-
sonville, given that busesarrive independertly at random with one ewvery s
minutes on average? Answer: the probability distribution of your wait, x, is
exponertial with means.

The gammadistribution is like a Gaussiandistribution, exceptwhereasthe
Gaussiangoesfrom 1 to 1 , gammadistributions gofrom Oto 1 . Just as
the Gaussiandistribution hastwo parameters and which cortrol the mean
and width of the distribution, the gammadistribution hastwo parameters. It
is the product of the one-parameterexponertial distribution (23.13) with a
polynomial, x¢ 1. The exponert cin the polynomial is the secondparameter.

c1 X

P(xjs;c) = (Xx;s;0 = exp S ;0 x<1 (23.15)

0| X

z
where
Z= (0s: (23.16)



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

316 23| Useful Probability Distributions

08 - Figure23.4 Two gamma
o6 | distributions, with parameters
oa 1 (s;c) = (1;3) (heavy lines) and
03 10; 0:3 (light lines), shown on

| linear vertical scales(top) and

logarithmic vertical scales

(bottom); and showvn asa
function of x on the left (23.15)
and | = logx on the right (23.18).

Oo0o00o000o0
oRNMwhuON®OR

0.1 -
0.01 1
|

0.001 -

0.0001
0 2 4 6 8 10 4 2 0 2 a4

X | = logx

This is a simple peaked distribution with mean sc and variance s2c.
It is often natural to represen a positive real variable x in terms of its
logarithm | = logx. The probability density of | is

P() = Px() % = Px()x() (23.17)
_ 1 ox() ° x(1) .
= 7 s exp - (23.18)
where
Z = (o (23.19)

[The gamma distribution is named after its normalizing constart { an odd
convertion, it seemsto me!]

Figure 23.4 shaws a couple of gamma distributions as a function of x and
of I. Notice that where the original gamma distribution (23.15) may have a
‘spike' at x = 0, the distribution over | never has such a spike. The spike is
an artefact of a bad choice of basis.

In the limit sc= 1;c! 0, we obtain the noninformative prior for a scale
parameter, the 1=x prior. This improper prior is called noninformative because
it has no assaiated length scale,no characteristic value of x, soit prefersall
values of x equally. It is invariant under the reparameterization x = mx. If
we transform the 1=x probability density into a density over | = logx we nd
the latter density is uniform.

. Exercise23.2!!] Imagine that we reparameterizea positive variable x in terms
of its cuberoot, u = x3. If the probability density of x is the improper
distribution 1=x, what is the probability density of u?

The gammadistribution is always a unimodal density over | = logx, and,
ascan be seenin the gures, it is asymmetric. If X hasa gammadistribution,
and we decideto work in terms of the inverseof x, v = 1=x, we obtain a new
distribution, in which the density over | is ipp edleft-for-right: the probability
density of v is called an inverse-gammadistribution ,

1 ct+l

P(vjs;c):zi = exp s_lv ;0 v<l1l (23.20)
\%

where
Z,= (0=s: (23.21)
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0.8 -
0.7
06 -
0.5 -
04 -
0.3 -
0.2 -
01 -

01 -
0.01 1
|
0.001 -

0.0001

4 2 0 2 4

% logv

Gamma and inversegammadistributions crop up in many inferenceprob-
lems in which a positive quartity is inferred from data. Examples include
inferring the variance of Gaussiannoise from somenoise samples,and infer-
ring the rate parameter of a Poissondistribution from the court.

Gamma distributions also arise naturally in the distributions of waiting
times between Poisson-distributed everts. Given a Poissonprocesswith rate

, the probability density of the arrival time x of the mth evert is

(X )m 1
T (23.22)

Log-normal distribution

Another distribution over a positive real number x is the log-normal distribu-
tion, which is the distribution that results when| = In x has a normal distri-
bution. We de ne m to be the median value of x, and s to be the standard
deviation of In x.

1 (I Inm)? L
P(jm;s) = zexp o2 12(1 ;1); (23.23)
where p
Z= 2s% (23.24)
implies
o1 (Inx Inm)2 N
P(xjm;s) = ; exp o5 x2(0;1): (23.25)

23.4 Distributions over periodic variables

A periodic variable is areal number?2 [0;2 ] having the property that = 0
and = 2 areequivalert.

A distribution that plays for periodic variablesthe role played by the Gaus-
sian distribution for real variablesis the Von Mises distribution :
2 (0;2):

) = 1exp( cos( ) (23.26)

P(j; Z

The normalizing constart is Z = 2 Ig( ), where lo(X) is a modi ed Bessel
function.
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Figure23.5 Two inversegamma
distributions, with parameters
(s;c) = (1;3) (heavy lines) and
1G; 0:3 (light lines), shown on
linear vertical scales(top) and
logarithmic vertical scales
(bottom); and showvn asa
function of x on the left and

| = logx on the right.

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

0.1

0.01

0.001

0.0001

0 1 2 3 4 5

Figure23.6. Two log-normal
distributions, with parameters
(m; s) = (3;1:8) (heavy line) and
(3;0:7) (light line), shovn on
linear vertical scales(top) and
logarithmic vertical scales
(bottom). [Yes,they really do
have the samevalue of the
median, m = 3]
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A distribution that arisesfrom Brownian di usion around the circle is the
wrapped Gaussiandistribution,

P(j; )= Normal( ;( + 2 n); ) 2(0;2): (23.27)

n=1

23.5 Distributions over probabilities

Beta distribution, Dirichlet distribution, entropic distribution
The beta distribution is a probability density over a variable p that is a prob-
ability, p 2 (0;1):
(23.28)

P(pjusi;uz) = pit 11 p)te

Z(ug;uy)
The parametersuq; u, may take any positive value. The normalizing constart
is the beta function.

(uz) (u2)

(ug+ up)

Special casesinclude the uniform distribution { u;= 1;u,=1; the Je reys
prior { u; = 0:5;u, = 0:5; and the improper Laplace prior { uy=0;uz= 0. If
we transform the beta distribution to the corresponding density over the logit
I Inp/ (1 p),wend it isalwaysapleasan bell-shapeddensity over |, while
the density over p may have singularities at p= 0 and p= 1 (gure 23.7).

Z(ug;up) = (23.29)

More dimensions

The Dirichlet distribution is a density over an | -dimensional vector p whose
| componerts are positive and sum to 1. The beta distribution is a special
caseof a Dirichlet distribution with | = 2. The Dirichlet distribution is
parameterized by a measureu (a vector with all coe cien ts u; > 0) which
I will write hgreasu = m, where m is a normalized measureover the |

componerts ( m; = 1), and s positive:

¥ P

i M1 Dirichlet!)(pj m
Z( m) - pl (pj )

P(pj (23.30)

m) = i 1)
The function (x) is the Dirac delta function wq_i,ch restricts the distribution
to the simplex sudh that p is normalized, i.e., ;p; = 1. The normalizing

constart of the Dirichlet distribution is:

Y
Z( m)= (m)/(): (23.31)
i
The vector m is the mean of the probability distribution:
z
Dirichlet!)(pj m)pd'p = m: (23.32)

When working with a probability vector p, it is often helpful to work in the
“softmax basis', in which, for example, a three-dimensional probability p =
(p1; p2; p3) is represerted by three numbersas; ay; az satisfyinga;+ a,+az = 0
and

b= A, (23.33)

This nonlinear transformation is analogousto the ! In transformation
for a scalevariable and the logit transformation for a single probability, p!

1 .
' % whereZ =
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Useful Probability Distributions

Figure23.7. Three beta
distributions, with
(ug;uz) = (0:3;1), (1:3;1), and
(12;2). The upper gure shows
P (pjuz;uz) asa function of p; the
lower shows the corresponding
density over the logit,
p .

In T o
Notice how well-behaved the
densitiesare as a function of the
logit.
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u = (20;10;7) u= (0212 (0:2;0:3;0:15) Figure 23.8 Three Dirichlet
distributions over a
three-dimensional probabilit y
vector (p1; p2; p3)- The upper
gures shov 1000random draws
from ead distribution, showing
the valuesof p; and p, on the two
axes.ps= 1 (p1+ p2). The

u-=
™y

L

2

8 . — o triangle in the rst gure is the
; S simplex of legal probability
4 4 4 . distributions.
. ; . ol s The lower gures show the same
- points in the “softmax' basis
. al 4 (equation (23.33)). The two axes
shova; anday. a3 = a; ap.
8 8 4 0 4 8 B8 4 0 4 8 8 8 4 0 4 8

In ﬁ In the softmax basis, the ugly minus-onesin the exponerts in the
Dirichlet distribution (23.30) disappear, and the density is given by:

P(aj m)/ 1Vm'P-' 23.34

(aj ) mizlpi ( ja): (23.34)
The role of can be characterizedin two ways. First, the parameter mea-
suresthe sharpnessof the distribution (gure 23.8);it measureshow di erent
we expect typical samplesp from the distribution to befrom the meanm, just
asthe precision = ¥ 2 of a Gaussianmeasureshow far samplesstray from its

mean. A largevalue of producesa distribution over p that is sharply peaked 1 ' = }oo

around m. The e ect of in higher-dimensionalsituations can be visualized AN -
by drawing a typical samplefrom the distribution Dirichlet!)(pj m), with m orl 1g§§ """ 7
setto the uniform vector m; = ¥1, and making a Zipf plot, that is, a ranked

plot of the valuesof the componerts p;. It is traditional to plot both p; (ver- oo p |
tical axis) and the rank (horizontal axis) on logarithmic scalesso that power
law relationships appear as straight lines. Figure 23.9 shavs these plots for a 000t
single samplefrom ensenbleswith | = 100and | = 1000and with  from 0.1 ‘
to 1000. For large , the plot is shallov with many componerts having simi- ~ ***1 10 T
lar values. For small , typically one componert p; receivesan overwhelming I = 1000
shareof the probability, and of the small probability that remainsto be shared ‘ T
amongthe other componerts, another componert pjo receivesa similarly large oa [l o]
share. In the limit as goesto zero, the plot tends to an increasingly steep AT
power law. .\ T
Second,we can characterize the role of  in terms of the predictive dis- oo } ]
tribution that results when we obsene samplesfrom p and obtain courts "
F = (Fy;F2;:::;F)) of the possible outcomes. The value of de nes the
number of samplesfrom p that are required in order that the data dominate 1005 |
over the prior in predictions.

oot bl N T 4

\ !
0.0001 [ 1‘ i '

1‘0 1(;0 1000
Figure23.9. Zipf plots for random
Exercise23.3[3! The Dirichlet distribution satis es a nice additivit y property.  samplesfrom Diric hlet
Imagine that a biasedsix-sideddie hastwo red facesand four blue faces.  distributions with various values
The die is rolled N times and two Bayesiansexamine the outcomesin ~ ©f = 0:1:::1000. For ead value
order to infer the bias of the die and make predictions. One Bayesian g];]le S_aé]o?eor %r%?g?ﬁg g"iir?g hlet
has accessto the red/blue colour outcomesonly, and he infers a two- distributign I?/vas generated. The
componert probability vector (pr;ps). The other Bayesian has access  zipf plot shows the probabilities
to ead full outcome: he can seewhich of the six facescame up, and  p;, ranked by magnitude, versus
he infers a six-componert probability vector (pt; p2; p3; Pa; Ps; Pe), Where  their rank.
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Pr = p1t+ p2 and pg = p3+ ps+ ps+ ps. Assuming that the sec-
ond Bayesianassignsa Diric hlet distribution to (pz1; p2; Ps; Pa; Ps; Ps) With

hyperparameters(uy; Uz; Us; Ua; Us; Ug), show that, in order for the rst

Bayesian'sinferencesto be consistert with those of the secondBayesian,
the rst Bayesian'sprior should be a Dirichlet distribution with hyper-
parameters((uy + U2); (Uz + ug + Us + Ug)).

Hint: a brute-force approac is to compute the integral P(pr;ps) =

d®pP(pju) (pr  (P1+ p2)) (Pe  (P3+ Pa+ Ps+ Pe)). A cheaper
approad is to compute the predictive distributions, given arbitrary data

(F1;F2; F3;F4; Fs;Fg), and nd the condition for the two predictive dis-
tributions to match for all data.

The entropic distribution for a probability vector p is sometimesusedin
the ‘'maximum entropy' image reconstruction community.

P
P(pj m)= %exp[H ®1 D (23.35)

P
whereH(p) = ;pilogl=p.

Further reading

See(MacKay and Peto, 1995) for fun with Dirichlets.

23.6 Further exercises

Exercise23.42] N datapoints fx,g are drawn from a gamma distribution
P(xjs;c) = ( x;s;c) with unknown parameterss and c. What are the
maximum likelihood parameterss and c?



